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ABSTRACT: We study correlation functions of a conserved spin-1 current .J,, in three dimen-
sional Conformal Field Theories (CFTs). We investigate the constraints imposed by permu-
tation symmetry and current conservation on the form of three point functions (J,J,Oa ¢)
and the four point function (J,J,J,J,) and identify the minimal set of independent cross-
ing symmetry conditions. We obtain a recurrence relation for conformal blocks for generic
spin-1 operators in three dimensions. In the process, we improve several technical points,
facilitating the use of recurrence relations. By applying the machinery of the numerical
conformal bootstrap we obtain universal bounds on the dimensions of certain light opera-
tors as well as the central charge. Highlights of our results include numerical evidence for
the conformal collider bound and new constraints on the parameters of the critical O(2)
model. The results obtained in this work apply to any unitary, three dimensional CFT.
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1 Introduction

The classification of all Conformal Field Theories (CFTs) is the ambitious dream that
drives the systematic development of the conformal bootstrap program [1, 2]. Almost ten
years ago it was observed that the constraint of crossing symmetry can be recast into
an infinite set of linear and quadratic equations, whose feasibility can be studied numer-
ically [3-6]. Since then, the numerical conformal bootstrap has been successfully applied
to four-point functions of scalar operators in several spacetime dimensions [7-14], and to
spin—% operators in three dimensions [15, 16]. This has led to spectacular results, such
as the most precise determination of the three dimensional Ising model critical exponents
and its spectrum [17-19], a partial classification of O(NN)-models in three dimensions [20],
and interesting insights on superconformal theories with and without Lagrangian formu-
lation [21-31]; see [32] for a review and a comprehensive list of references. In this paper,
we consider the next step in complexity: correlators of vector operators. In particular we
study the four-point function of a conserved current.

Any local CFT with a continuous global symmetry contains a conserved current .J,,
whose flux through the boundary of a region B measures the total charge inside this region.!
This property is encoded in the Ward identity,

/83 Azt (Ju(@)O1(21) .- Onln)) = —(O1(21) .- Onlwn)) S, (L1)

r,€EB

where n* is the unit normal to the boundary of the region B and ¢; are the charges of the
local operators ;. We shall study the four-point function of J, which is an observable
that exists in any CFT with a continuous global symmetry. This will allow us to constrain
the spectrum of operators that appear in the Operator Product Expansion (OPE) of two
currents. In three spacetime dimensions, these neutral operators can be classified by their

IThe existence of a conserved current follows from the Noether theorem in any Lagrangian CFT. How-
ever, we do not know of a more general (bootstrap) proof of this statement.



Allowed region in the parity even/odd scalar sector (A=23)
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Figure 1. Exclusion plot in the plane (Aar ,Ay ) corresponding to the lightest parity even and
parity odd scalars appearing in the OPE of two equal conserved currents. The orange shaded
region is allowed. The blue region would be excluded by bootstrap constraints on the correlator of
four parity odd scalars, see section 3 for details.

scaling dimension A, SO(3) spin ¢ and parity.? More precisely, we will study the conformal
block decomposition

J J

Gn(1) - Tusla) = 3 S AT , (1.2

O pg J J

where Af]p}o are the coefficients of the operator O in the OPE of two currents. The index

p,q run over a finite range, which depends on the spin and parity of the operator O. The

symbol ;O—C( stands for the conformal blocks that are labeled by p, ¢ and the quantum

numbers A, ¢ and parity of O. This is described in detail in section 2. Following the
usual bootstrap strategy, we then impose crossing symmetry of this four-point function.
However, due to current conservation, not all crossing equations are linearly independent.
In section 2, we explain how to select a minimal set of independent crossing equations to
be imposed numerically. With these ingredients and assuming unitarity, we applied the
usual bootstrap semi-definite programming method (SDPB) to constrain the spectrum of
neutral operators and some OPE coefficients Af]z)}o.

In figure 1, we show our result for the excluded region of the plane (A, A, ), where
A;t denotes the scaling dimension of the lightest parity even/odd neutral spin-¢ operator.
This curve was calculated using up to A = 23 derivatives of the crossing equations at the
crossing symmetric point (451 components). The parameter A is defined in eq. (2.61).
In this plot, we represented several known theories to verify that they all fall inside the
allowed region. On one hand, the theories of a free Dirac fermion and of a free complex
scalar field lie well within the allowed region. On the other hand, the critical O(2)-model

2We shall restrict our analysis to parity invariant CFTs. It would be interesting to relax this condition
since there are many examples of parity breaking 3D CFTs involving Chern-Simons gauge fields.



Lower bound on C7 (A=9,11,...,21,23)
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Figure 2. Lower bound on the central charge normalized to the one of a free complex scalar as a
function of . The vertical dashed lines corresponds to the conformal collider bound —1 < 12y < 1.
We impose that the first spin-2 operator after 7),, has dimension larger than 3.5 (see section 3 for
explanation).

and the generalized free theory (GFVF) of a current seem to play an important role in
determining the boundary of the allowed region. Our results suggest that these theories
sit at kinks of the optimal boundary corresponding to A = co.

The stress-energy tensor appears in the OPE of two currents,

O — 22,% 3C;
Tu(@)J,(0) = ¢y = =Tutv |162(@) + 1295 (@) Tup (0) + ... 1.3
where TH = THI and the dots represent the contributions from all other operators besides

the identity and the stress tensor T,3. There are two independent tensor structures®

compatible with conservation and permutation symmetry. The conformal Ward identities
relate the overall coefficient to the OPE coefficient of the identity operator (Cy) but the
relative coefficient 7y is an independent parameter that characterises the CF'T. In particular,
it controls the high frequency/low temperature behaviour of the conductivity [33]. In the
holographic context, v corresponds to a higher derivative coupling between two photons and
a graviton in the bulk. In particular, v vanishes for Einstein-Maxwell theory. The conformal
collider analysis of [34] gives rise to the bounds —1 < 127 < 1 (see also [35-37]). This
bound was recently proven using only unitarity and convergence of the OPE expansion [38]
(also see [39] for an alternative approach). The bound is saturated by free complex bosons
(12y = —1) and free fermions (12y = 1).

In figure 2, we plot the minimal value of the central charge C't as a function of « and
for several values of A (number of derivatives of the crossing equations imposed). In dashed

3Their explicit form is:

/\&/\

tfjf(f) 6T (.0, x + 24, 68 +32,7,7°%° — 56,,T°T
?gf(i) 23:(”51,):17 7250‘557395“'\ 7% — 36,,7°%" .



lines we plot the conformal collider bounds and the value of the central charge Cr of the
minimal theories that saturate them: a free complex scalar and a free Dirac fermion. It is
encouraging to notice that the lower bound on Cr grows very rapidly outside the region
—1 <12y < 1. We suspect it diverges when A — co. On the other hand, for —1 < 12y < 1
the lower bound on C'r seems to be converging to a finite curve as we increase A.

Figures 1 and 2 are just an appetiser for the results presented in section 3. To facilitate
the interpretation of our results we listed in appendix A some known 3D CFTs with a
continuous global symmetry. In section 2, we summarize the steps involved in setting
up the numerical conformal bootstrap approach to the four point function of a conserved
current, leaving many details to appendices B, C, D, E and F. Finally, we conclude in
section 4 with a discussion of future work.

2 Setup

In this section we define our notation for three and four point correlation functions of spin 1
currents. We will often work in general spacetime dimension d and specialize to d = 3 at the
end. Through this section we will work in embedding space, see [40] for a detailed review.

In the embedding formalism each operator Oa ¢ is associated to a field ®a (P, Z),
polynomial in the (d + 2)-dimensional polarization vector Z, such that

D(A\P;aZ + BP) = N2 ®(P; Z). (2.1)
We fix the normalization of the operators such that:

¢
Hiy

(Pa(Pr, Z1)PAp(Po, Z2)) = (Pr)>

(2.2)

where P;; = —2PF; - P;. The quantity Hi2 entering the above equation, together with V; ;.
are the building blocks needed to construct higher point correlation functions. They are
defined as:

(Zi - Zj)(P; - Pj) — (Zi - Pj)(Z; - 1)
(P - Py) ’
- _(Zi-P)(P-Py) — (Zi- P) (P P))
‘/'L,jk = :
V/—2(P; - P)(P; - P)(P; - Py)

Hz'j =

2.1 Three point functions (JJ(’)X,Q

In order to decompose the four-point function (JJJJ) in conformal blocks, we need to
understand the structure of the OPE of two currents J x J. This is equivalent to classifying
all the conformal invariant three-point functions (J.J (’)i ¢)- Since we are assuming the CFT
is parity preserving, the three-point functions (J.J (’)X ») Will not involve the e-tensor while
the three-point functions (JJO, ,) will do. 7



Let us start by writing the most general form of the three-point function between two
equal vector operators (of dimension d — 1) and a parity even operator,
A A A
(J(P1,21)J (Pa, Z2)OR ,(P3, Z3)) (Pr2)* 172 (Pr13) 2 (Po3) 2 =
1 2 .
AS}O+%%%€+AS}O+H12V3€ if£=0
3 _ .
_ >\(130+ (H13V2*H23V1)V38 ! if £>1,0dd (2.4)
A 2 oy HiaVi+

JJO+V1V23‘@£+>\(]}@+ )
+)‘f]}o+ (H13V2+H23V1)V3E_1+)\§}O+H13H23V3€_2 if £>2,even

(4)

Jjo+ are undetermined constants and we used the notation

where \
Vi=Vias, Vo =Vag3i, V3 ="Va12. (2.5)

In this expression, we only imposed conformal and permutation symmetry. To impose
conservation of J(Pj, Z7), it is enough to demand that the embedding space differential
operator % . 8iZ1 annihilates the three-point function. This further reduces the number

of independent constants. In the case of a scalar operator, conservation implies A\ =

JJO+
A%MASI}O + leaving only one free constant. In the case of odd spin, conservation implies

/\S 7o+ = 0, which means that a parity even, spin odd operator cannot appear in the OPE
J x J. Finally, in the case of even spin ¢ > 2 we find

@ d=A—=2)(d=A—-1AD |+ (Ad—A—=2)+63d—2A—4) + 2) \)

_ JJO+ JJO+
JJO* (2d —A+{¢—4)(2d— A+ —2) ’
1 2
@ A=A DAY a0,
JJOT 2d—A+0—2 ’

which reduces the number of independent structures down to 2.

Let us now turn our attention to the three point function of two conserved currents
and one parity odd operator Oz,e' In d < 4 one can use the e-tensor to make parity
odd conformally invariant three point functions. Indeed, any parity odd structure can be
obtained by multiplying parity even structures by e-tensors. In d = 3, there are three
parity odd building blocks:

€ij = E(Zi, Zj,Pl,PQ,Pg) (Z,j = 1,2,3) . (26)

Conformal invariance and permutation symmetry restricts the tensor structures to be:*

A+1 A+1 A+1
(J(Py, 20) (Py, 25) O ,(P3, Z3)) (Pra)= "2 (Prg) "2 (Pos) 2 =
AN eV if£=0
A (e13Va+eas Vi) VET if (=1
o JJO-\€13V2 €23 1) 3 1 (2 7)
)‘L(Iz}(’)* (e13V2 _523V1)V§£_1 ‘*‘)\Sﬂ}@f (€13H23 —623H13)V3£_2 if £>2, even
LA (e13VateasVi)VE AP (e13Hos+exsHig) V2 if £>3,0dd

4As explained in appendix B, the structure e12V4 is not independent of the ones we used for £ > 2. Struc-
tures involving an e tensor contracted with three polarization vectors can also be expressed in terms of €;;.



(4)

where \ JJo- are undetermined constants. Current conservation then fixes
¢
@ _A=2-(=1) (9
Arjo- = TA g3 "o (2:8)

for £ > 2. In the case £ = 0, conservation is automatic and )\Sl}o_ is a free parameter. In

(2
JJO-
that can appear in the OPE of two equal currents.

the case £ = 1, conservation implies that A = 0. In other words, no spin 1 operator

In summary, the number of independent constants in the three-point function (.J.J Oi /)
is given in the following table:

Parity
Spin Dimension + -
(=0 A>1/2 1 1
(=1 A>2 0 0
{>2even | A>/1+1 2 1
£>3o0dd | A>/0+1 0 1

Finally, let us comment on the special cases when O saturates the unitarity bound.
For ¢ > 1 this happens when O is a conserved current with A = £+ d — 2. It is easy to
check that the three-point function (2.4) of O are automatically conserved at Pj if we set
A = {4+ d— 2. On the other hand, conservation of O~ (Ps) implies that the three-point
functions (2.7) vanish for ¢ > 2. For ¢ = 2 conservation follows from A = 3. This is
consistent with the fact that it is possible to couple the currents to the stress tensor with
a parity odd three-point function in theories that violate parity. For ¢ = 0, one should
impose 0?0 = 0 when A = 1. This implies that the three-point function (JJO) must

2
vanish for both £ parity.

2.1.1 Special case: (JJT},)

Let us study in detail the three point function of two identical conserved currents and
the energy momentum tensor. As discussed in the previous section there are only two
independent structures. The three-point function is given by (2.4) with £ =2, A = d and

A= (@2=3d—4ady)c, A}, =(1-2d-4d*y)C, (2.9)
A%T = —2d(1 + 4v)C, )\34}T =9 (diQ — 4’yd> C, (2.10)
where i — 9
C = 2(53 __1)2)Sdcj, (2.11)
is related via the conformal Ward identity to the current two-point function
(J(Py, 20) (Py, Z2) = cJ(PfS;l . (212)

The symbol Sg = 27T%/F(%l) is the volume of a (d — 1)-dimensional sphere and v is an
independent parameter that appears in the OPE (1.3). The parameter  controls the



anisotropy of the energy correlator of a state created by the current [34, 36, 37]. Positivity
of this energy correlator implies the bounds

1 1

L Y L 2.1
4d =7 = 4dd—2)° (2.13)

which are saturated by free scalars and free fermions, respectively. This bound was recently
proven relying only on unitarity and OPE convergence [38]. The parameter « also has a
nice physical meaning from the perspective of the dual AdS description. The current
three-point function can be computed from the bulk action

1
Saas = Cy / d™ iy [—4FWF’“’ +yL*WHTPE,, Fy), (2.14)

where L is the AdS radius, W is the Weyl tensor and F' is the field strength of the bulk
gauge field dual to the current. In this form, it is clear that v does not contribute to the
two-point function of the current in the vacuum.

In the conformal bootstrap analysis of the four-point function (JJJJ) we normalize
all operators to have unit two-point function. Recall that the stress tensor has a natural
normalization due to the Ward identities,

2
H12

(T(Pr, Z1)T (P, Z2)) = Cr (Pro)° (2.15)
That means that we should multiply the OPE coefficients (2.10) by
1
(2.16)

C;VCr'

This shows that C is not accessible in the bootstrap analysis of (JJJJ). On the other
hand, C'r does affect the OPE coefficients of normalized operators. For comparison, we
recall the values of Cr for free theories [41]. Each real scalar field contributes

1 d
Cr=——. 2.17
T s2d—1 (2.17)
Each Dirac field contributes
1d (4
— — %[4] 2.1
CT S(% ) 2 ) ( 8)

d
where 2[2] is the dimension of the Dirac ~v-matrices in d spacetime dimensions. Notice that

in d = 3, a complex scalar contributes the same as a Dirac fermion

3
free

, 2.1
Cr S22 16w? (2.19)

This is the minimal matter content of free theories with a U(1) global symmetry.



2.2 Four point function (JJJJ)

The general structure of the four point function is®
ol
(J(Pr, Z1) ... J(Py, Za)) = (Pry Po)d 1 ZS: fs(u,0) Qs({F; Zi}) (2.20)
where
" PyoPsy v Py Po3 (2.21)
Pi3Pyy’ Pi3Poy’ '

are the usual conformal invariant cross ratios and (s encode tensor structures in the
embedding formalism. In table 1 we list all the parity even structures ()5 contributing to
the four point function. In general dimension they are 43. As explained below, when d = 3
they reduce to 41. In addition, since we are considering equal conserved currents, there are
two permutations which leave unchanged the conformal invariants u,v: 1234 — 2143 and
1234 — 3412. The action of these permutations simply sends one structure into another.
The final effect is to reduce the number of independent functions fs(u,v) that appear
in (2.20) to 19 (17 for d = 3). The transformation properties of each tensor structure,
together with a list of the independent ones is reported in table 1.

2.2.1 Crossing symmetry

The crossing symmetry 1234 — 2134 sends the cross ratios (u,v) into (%, %) As usual in
the conformal bootstrap analysis, this crossing symmetry follows automatically from the
conformal block expansion in the (12)(34) channel associated to the three-point functions
studied in section 2.1.

On the other hand, the crossing symmetry 1234 — 3214 is not satisfied by the confor-
mal blocks in the (12)(34) channel and gives rise to non-trivial constraints on the operator

spectrum and OPE coefficients. The crossing symmetry 1234 — 3214 leads to®
folu,v) = Y [Cialoy fo(v), (2.22)

S/

where the matrix [Cy3] is a permutation, which can be decomposed as follows
[Cis] = [M]”

where [P] is a diagonal matrix with diagonal entries equal to £1. This leads to a simpler

" P [H] (2.23)

form of the crossing equations. Introducing new functions fs(u,v) = Y . [M],fs(u,v)
(see appendix D for the precise definitions), the crossing equations simplify to

ﬁ(u,v):—ﬁ(v,u), s=1,2,...,7ands = 19,
Fs(u,v) = fo(v,u), s=28,9,...,18. (2.24)

In other words, we have 8 odd and 11 even functions under the crossing symmetry u < v.
We will see that the functions fig and fig9 will disappear in 3 dimensions, hence the choice
to put them at the end of the list.

5The factor of v1~¢ is convenient to make the crossing equations simpler.

5These equations are derived for \/u++/v # 1 where all the 43 tensor structures are linearly independent.
By continuity, the equations also hold for any w and v. This is indeed the case for the free theory examples
discussed in appendix A.



2.2.2 Conservation

In the numerical conformal bootstrap approach one writes the four point function as a sum
of conformal blocks and imposes (a truncated version) of the 19 crossing equations (2.24).
Fortunately, we can use conservation of the external currents to reduce this large number
of crossing equations. Imposing conservation directly on the four point function produces
a set of differential constraints that the functions fs(u,v) must satisfy. The four point
function of three vectors and one scalar operator contains 14 independent tensor structures
(in any dimension). As a consequence, each conservation condition will produce 14 first
order differential equations of the form

19
Z {[K(u,v)]isfs(u, v) + [K“(u,v)]is0ufs(u,v) + [K”(u,v)]isavfs(u,v)] =0, (2.25)
s=1
where ¢ = 1,...,14. The first important observation is that the conformal block de-
7

composition’ automatically satisfies these equations.® The second observation is that the
equations (2.25) are crossing symmetric. In other words, applying the crossing symmetry
u <> v to (2.25) and using (2.24) we obtain an equivalent set of differential equations. This
means that if we use these differential equations to determine the functions fg evolving
from a crossing symmetric “initial condition”, then crossing symmetry is guaranteed ev-
erywhere. Therefore, if we start from a conformal block decomposition, it is sufficient to
impose crossing symmetry on a minimal set of data about the functions fs that determines
these functions everywhere via the differential equations (2.25).

To make this idea more precise it is convenient to introduce new coordinates

1
t=u—v, y:u+v—§, (2.26)

which are represented in figure 3. We will think of the ¢ as time and y as space. Crossing
symmetry (2.24) means that 8 functions fare odd under time-reversal, while the remaining
11 functions are even. The conservation equations (2.25) become the following first order
time evolution equations

19
> [[K]isfs + [KY)is0y fs + [Kt]isatfs] =0, i=1,...,14, (2.27)
s=1

where [K'] = [K%] — [KY] and [KY] = [KY] + [K"] are 14 x 19 matrices.

One can check that the matrix [K*] has rank 12.° That means that we can evolve 12
functions fs starting from an initial time slice, which we choose to be ¢ = 0. Since the
functions ]?s are either even or odd under ¢ — —t, crossing symmetric boundary conditions
are obtained by simply imposing the odd ones to vanish on the line ¢ = 0, while the even
ones are left unconstrained. One can explicitly check that the (7 dimensional) Kernel of

"See for instance (2.54) in the next section.

8In fact, we used this to cross check the computation of the conformal blocks.

%In fact, this is true for a generic choice of time coordinate around the point u = v = 1/4. The exception
being the coordinate y. In this special case, the rank of [KY] is 10.
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Figure 3. Change of coordinates from the usual cross ratio u and v to the new ones y = u+v—1/2
and ¢ = u —v. The conservation equation can be used to evolve 12 functions (6 even and 6 odd
under the action of [P]) from the line ¢ = 0 to the full plane. We can further evolve 2 functions (1
even and 1 odd) from the point (¢,y) = (0,0), to the line ¢t = 0.

[K'] decomposes in two orthogonal subspaces (of dimension 5 and 2) associated to the
eigenvalues £1 of the crossing symmetry matrix [P] defined in (2.23). This means that we
can evolve 8 — 2 = 6 odd functions and 11 — 5 = 6 even functions. One possible choice
is ﬁ,...,ﬁ; and ﬁ,ﬁ,ﬁo,ﬁl,EQ,ﬁ4. Hence, by using 12 out of the 14 conservation
equations we reduced to the set of crossing symmetry conditions:

fs(u,u) = for s =1,2,3,4,5,6
Fs(u,v) = f;(v,u) for s =7,19 (2.28)
Fs(u,v) = fi(v, ) for s = 13,15,16,17, 18

Note that the boundary condition on the line doesn’t constrain the even functions: any
initial condition ]?S, s = 8,9,10,11,12,14 will be automatically evolved into a crossing
symmetric function.

In fact, this is still not the minimal set of data where we can impose crossing symmetry.
We will use the two remaining conservation equations to reduce further the set of crossing
symmetry equations. The remaining conservation equations are not evolution equations.
They are two constraint equations on the initial data at ¢ = 0. One can check that at t = 0,
the first constraint equation only involves odd functions and the second only involves even
functions. More precisely, the first constraint equation can be written as

0y f3(0,9) = > As()9y £5(0,y) +ZB )£5(0,y), (2.29)
s#3
where the sum runs over the odd functions (s =1,2,...,7 and s = 19) and the coefficients

As(y) and Bg(y) are regular at the crossing symmetric point y = 0. This means that
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it is sufficient to impose J%(t = 0,y = 0) = 0 because this equation will ensure that
fg(t = 0,y) = 0 for any y. Since the second constraint equation only involves even functions,
which are unconstrained at the initial surface t = 0 it is not useful to further reduce the
crossing symmetry constraints.

In the end the minimal set of crossing symmetry conditions is:

f3(1/4,1/4) = (2.30)
( Ju) = for s =1,2,4,5,6 (2.31)
fs(u,v) = —fs(v u) for s =7,19 (2.32)

fo(u,v) = fi(v,0) for s =13,15,16,17,18 (2.33)

where we went back to the original coordinates u and v. In agreement with [42] in general
d there are 7 equations in the “bulk”; additionally there are five constraints on the line
and one at a crossing-symmetric point. We remark that our analysis of the conservation
equations is valid only in a local neighbourhood of the crossing symmetric point v =
v = 1/4. However, this is sufficient for the numerical bootstrap algorithm where we only
consider a finite number of derivatives of the crossing equations at u = v = 1/4.

2.2.3 Three dimensions

In three dimensions not all 43 tensor structures of the four point function are linearly
independent. The easiest way to see this is to consider the embedding space tensor

Wii-Ae = ZI4 742 pis pa pis piel, (2.34)
which vanishes identically in R4 for d = 3. On the other hand, for any d, the contraction
W12)(34) = NA1 By - - - NAg B Wf;l“"% Wﬁl“'Bﬁ can be written as a linear combination of the 43
tensor structures ()5 that form a basis for four-point functions of vector primary operators.
Therefore, in d = 3 this gives rise to a linear relation between the 43 tensor structures Q.
Using the 3 invariants W(12)34), W(13)(24) and W(14)(23) we obtain 2 independent relations
between the structures @, in d = 3. These constraints can be found in appendix F. We
use these to express the structures Q31 and Q49 in terms of the other QS According to
the definitions in appendix D, this corresponds to the functions f18 and f19 The entire
argument about the conservation equations proceeds in the same way just dropping these
two functions.

In the end the minimal set of crossing symmetry conditions in d = 3 is as follows. It
includes five equations in the “bulk” [42], five constraints on a line, and one at a point:

fr(u,v) = = fr(v,u) (2.35)
Fs(u,v) = fi(v, ) for s = 13,15,16,17 (2.36)
fs(u u) =0 for s =1,2,4,5,6 (2.37)
Fa(1/4,1/4) = (2.38)

00ne can check the identity W(12)34) + Wasy2a) — Wiaay(23) = 0 for any d.
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A=AY Ay

Figure 4. The picture represents the conformal multiplet Hp of an operator O with dimension
A and spin ¢. The arrows represent the descendant operators and the horizontal and vertical axis
are labeled respectively by the conformal dimensions and the spin. When the primary operator O
has dimension A = A%, its descendant Q4 (with dimension A4 = A% + n4 and spin £4) becomes
primary. The state O4 and all its descendants form a conformal multiplet of null states Hep , .

2.3 Conformal blocks

In this work we computed the conformal blocks (CB) for four external currents using the
recurrence relation of [43-45]. The existence of such recurrence relation comes from the
study of the analytic properties of the CBs as functions of the conformal dimension A
of the exchanged operator . To see this, it is convenient to rewrite the CBs in radial

quantization as follows

: (0101 02| ) (| O30,40)
> oG = Y (oo : (2:39)
p,q |OC)EHO

where Hp is the conformal multiplet associated to the primary operator O. Tuning the
conformal dimension A to some special values A%, it happens that one of the descendant
|O4) (with dimension Ay = A% +ny4 and spin £4) becomes primary. Namely K#|O4) =0
where K* is the generator of special conformal transformations. When this happens, |0 4)
becomes null, and so do all its descendants. Thus the representation Ho becomes reducible
and it contains an irreducible sub representation He, of null states as shown schematically
in figure 4.
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From formula (2.39) it is clear that the conformal blocks Gg’q) have poles'! at A = A%
because of the contribution of all the null states in Hp,. All these contributions together
form a conformal block associated to the exchange of O4. Accordingly, the residue at the
pole A = A% is proportional to the conformal block Gp,,

GHY=3%" W a8 Lo ((a-ay)D), (2.40)
r'q
where the (RA)pqpq are coefficients which depend on the representation of the operator O.
The previous discussion explains the pole structure of the conformal blocks. To com-
plete the recurrence relation we also need to obtain the asymptotic of conformal blocks
when A — oo. To this end it is convenient to write the conformal blocks in the basis of
four-point function tensor structures as we did in (2.20),

Ao Azg

Do) 2 (Pua) 2
GEV({P; Z;)) = (B)  (R) Zg (r,n) Qs({Ps; Zi}) - (241)

A1+A9o A5+A4

(Pr2) "2 (Paa)

Here r and 1 = cos @ are the radial coordinates of [46], defined by

; z ; z
re = — — re ¥ = — 2.42
(14++v1—2)? (1+V1-7%)? (2.42)
where u = 2Z and v = (1 — 2)(1 — Z). The conformal blocks are not regular at A — oo

because of the essential singularity go(r,n) o (4r)2, however we can factor it out and
define a new function ho which is well behaved

R () = (4r) 280 (rm) — W, (rm). (2.43)

So far the discussion was schematic and valid for any conformal block. We now want

to give more details for the case of four external vectors in three dimensions. We shall

construct the conformal blocks for generic external vector operators and only at the end

we will specialize to the particular case of equal conserved currents. The goal is to find the
conformal blocks

Wl () pg=1...5, (2.44)
W () pa=1...4, (2.45)

where'? s = 1,...43. We obtain a set of recurrence relations for the conformal blocks

'1n [44] it was shown that there can exist only simple poles in odd dimensions. In even dimensions higher
order poles can appear. However the CBs for even dimensions can be obtained by analytic continuation
from the odd dimensional case.

12The actual independent structures are 41, but we find it more convenient to work in the 43—dimensional
space and project out the final result into the 41—dimensional space.
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which are diagonal in the label s but which couple the labels p, g,

(Rya) Ar)a (g
W o) =1+ 30 Y AWA* ) )

,q’ 1AcAy
(Rya) (Ar)™ (o)
i Z 2 ﬁqqu* W d) (), (2.46)
p,q’ 1AeA_
R A (4T) /7 ’
h(Apgq)s(T n) = hg;lq_)s Z Z XCIPqA* h(ApAZX)_ﬁ(T’, 0
7q/ 1Ac AL

(R_a)pqpg (47)"4 ')
+ Z Z A— A hastat,s(T51)- (2.47)
pqd=1AcA_

Here the label A stands for (T',n) where T is one of the four types I, II, III, IV and n is an
integer belonging to the set Sy which can be finite or infinite depending on 7. In particular

DD DD SRS DS D o 05

AcAL T=LILIII neSr AcA_ T=IV neSr

we have

We present here a table which specifies the labels A, St, A%, na, £4.

A Sr A%, na  la
ILn [1,00) 1-4—n n L+n
IL,n [1,/] 240—n n {—n (2.49)
111, n 1, 00) 5—n 2n 4
IV,n |[1,min(2,¢)] 2-n 2n—-1 (

Further details about the table (2.49) can be found in the appendix E. The conformal
blocks at large dimension h, are computed exactly by solving the Casimir equation at
leading order in the large A expansion as explained in appendix E.4. The coefficients R
can be conveniently written in terms of three contributions

(RiA)pqp’q’ = (Mj(ﬂ)pp Qa ( gcx))qq” (2~50)

where the coefficient ) and the matrix M arise because of the different normalization of
the two and three point functions involving the primary descendants Q4. Schematically,

(04102 = (U (010 40 (- a3 (251)
(0102]0)® =3~ (M), (010]0)0) . (2.52)

/

p

In appendix E.3 we further detail how to obtain the coefficients R.
Notice that with formulas (2.46)—(2.47) one can obtain all the blocks correspondent to
four generic external vector operators. In this work however we only need the blocks for
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conserved and equal currents. To obtain them we contract the labels p, ¢ of the blocks with
some matrices m+ which come from the conservation of the 3-point function of (JJOT)
explained in section 2.1. We further contract the index s with a matrix [M] which simplifies
the crossing equation of 4 equal vector operators as explained in section 2.2,

a0 (r,m) = 1d§j 2 > (ma)y (ma)gg o8 (rm). (2.53)
prq

Here the matrix m4 is 2 x 5 while the matrix m_ is 1 x 4, therefore p, ¢ = 1,2 for the parity
even case and p,q = 1 for the parity odd case. In appendix E.5 we give the precise form
of such matrices. The matrix [M] is 19 x 43 and it is defined in appendix D. It is worth
to stress that since the equations (2.46)—(2.47) are diagonal in s, it is possible to compute
only some structures, without having to compute the others. In the following sections we
will drop the tilde symbol above the labels p, ¢, s.

Using the OPE channel (12)(34), one obtains the following conformal block expansion!?

Folu,0) =SSP 2D 55D (w,v) (2.54)

O pyg

where the functions fwere defined in section 2.2.2. For further details we refer the reader
to appendix E.
2.4 Bootstrap equations

Plugging the conformal blocks decomposition (2.54) into the three dimensional crossing
equations (2.35) we explicitly obtain 11 conditions which can be nicely written in vector
notation as

- Z (XL(;}OJF X‘(Iz}OJr > Vaer (%E;) ) + Z ( 93(%)2 Var+ Z (XJJO—)Q Vae- .

o+ JJO+ O+,0=0 o4
£>2,even

(2.55)

Here AEI?J(% ,i = 1,2 are the OPE coefficients defined in section E, while )\JJO_ = )‘(J}O* for
scalars and JjOo- = )‘S}O for higher £. In particular, for the stress energy tensor we have:
T _ O V31— 129) 5@ _ [Or VB(6—-12y) 5 56

JJT — ’ JJT — ( . )

CT 8 CT 4

Finally, VA+, VM_ are 11-dimensional vectors and VAH is a 11-vector of 2 x 2 matrices.
Introducing the (anti)symmetric combination of conformal blocks defined in (2.53),

FLD (u,0) = 388 (u,0) — g&8) (v,u),
ALY (u,0) = g8 (u,0) + 58D (v,u), (2.57)

13Tn appendix E, we compute the conformal blocks in a three-point function basis which is different from

the one of section 2.1, therefore the coefficients /\S o are just a linear transformation of the coefficients AP J JO
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we have

. . SIH 55 1)
Hpo+3(3, 1) {IAzf,s(%, 1) s[ﬁ@f;ﬁ(z 3)]
Haov,1(u, u) Hag—a(u,u) _olhh
[gA0+72(u’ ) Ifo,Z(“a ) S[Ii(ApZ;r),Q(uvu)]
gA0+74(u, u) I::TM,A(u, w) S[If(AéJr)A(Ua )]
. IfA0+,5(U, u) . {{Mfﬁ(% u) . S[{{féiﬁ(ua )
Vay = | Haopo(w,w) | Vaee = | Hao-s(uw,u) | Vaey = | s[HGY (u,u)] |- (2.58)
§A0+,7(U7U) {IAE—J(U7U) s[]jgéi)j(uv ’U)]
Faot13(u,v) Fae-13(u,v) S[Fg?éi),w(“v”)]
5AO+,15 (u, ’U) €A€—715 (uv U) S[ﬁépéi) 15(u’ ’U)]
Fpo+,16(u,v) Fag—16(u,v) =(p,q)
F
= = s[Fay16(t:0)]
Faoy17(u,v) Fae—17(u,v) 7(p,q)
S[Fazy17(u,0)]

For any 2 x 2 matrix M, s[M] = (M + M7T)/2 selects its symmetric part. In the above
expression we omitted the (p, ¢) upper indices when only one conserved conformal block is
allowed, namely for parity even scalars and parity odd operators.

2.5 Setting up the semi-definite programming

The feasibility of the above set of equations can be constrained using semidefinite program-
ming (SDP). We refer to [12] for details. To rule out a hypothetical CFT spectrum, we
must find a linear functional « such that

aVo+] >0, for the identity operator,

af _‘AJ’_] >0, for all scalar operators,

a[VMJr] =0, for all parity even operators in the spectrum with £ even, (2.59)
a[VAg_] >0, for all parity odd operators in the spectrum with any ¢ # 1.

Here, the notation “> 0” means “is positive semidefinite”. Since the 11 crossing equations
have a different dependence on the conformal invariants w,v, it’s worth spelling out the
explicit form of the linear functional o« we consider in this work. Let us remind the reader
the definition of the usual coordinates z,z:

u=zz v=(1-2)(1-7%) (2.60)
Then, we define the family of linear functionals « acting on an 11-dimensional vector,
whose entries are functions of z,%z

6 A2

alV] = a1\n <2, 2) + Z z ;im0 Vi(z,1 — z)

=2 m=0

1
2=3

11
+30 N im0 OLVi(2,%)

1=7 m+n<A

(2.61)

z=z=

1
2
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Although we didn’t write it explicitly, the linear functionals are parametrized by the in-
teger A, which indicates the order of derivatives considered. Notice that the action of the
functional on a vector of matrices results in a matrix, while its action on a vector of scalar
functions produces a number. The existence of such a functional for a hypothetical CFT
spectrum implies the inconsistency of this spectrum with crossing symmetry. In addition
to any explicit assumptions placed on the allowed values of A, we impose that all operators
must satisfy the unitarity bound

AZ{e+d—2£>0 (2:62)

d—2 ’
5 =0

where d = 3 is the spacetime dimension.

The more information about the spectrum we use in (2.59), the easier it is to find a
functional a that excludes the putative CFT. In this work we mainly focus on assumptions
about the minimal values of operator dimensions in given sectors and the value of parameter
~ defined in section 2.1.1.

We will review the exact SDP problem to solve case by case in the next section.

3 Results

In this section we present the results of our numerical investigations. In what follows Azt
will denote the dimension of the first parity even/odd neutral spin ¢ operator. We will also
use (AZ‘E)’ to denote the second operator in the same sector.

3.1 Bounds on operator dimensions

We begin our journey in the space of CFTs with global symmetries by inspecting the
constraints imposed by crossing symmetry on the spectrum of scalar operators. As reviewed
in section 2.1, the OPE J x J contains both parity even and parity odd scalars. The
first issue we want to address is how large can the dimensions of these operators be.
To answer this question we solved the semi-definite problem (2.59) with the assumption
that all scalar parity-even/odd operators have dimension larger than Aac correspondingly.
The allowed region is shown in figure 5. The very first surprising result is that crossing
symmetry is able to constrain the plane AS“ ,A, into a closed region, meaning that all
CFTs with global symmetry must have parity even and parity odd scalar operators. This
is completely universal: this result is only based on unitarity and associativity of the OPE.
To our knowledge this is the first completely general result for 3D unitary CFT with global
Symmetry.14

Let us now describe the shape of figure 5. If we regard the boundary of the allowed
region as a function (Ay )™ of AJ, then it can only be a monotonic non-increasing
function.!®> Hence we expect the allowed region to be shaped by existing CFTs with the

14 All previous results in the bootstrap literature assumed at least the presence of a scalar or fermion
operator with a given fixed dimension; theories with extended supersymmetry represent an exception:
scalars are contained in certain protected super-multiplets.

!5Tf we can not exclude a theory with A} = a and A; = b then we cannot exclude theories with A < a
and Ay <b.
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Allowed region in the parity even/odd scalar sector (A=11,15,19,23)
Ay

e Free Boson

12¢ s GFVF

o Free Fermion

10¢

1 3 o \\
1 [ ——— - -
05 1 oo 2 : ; 5

Figure 5. Allowed region consistent with crossing symmetry assuming that all the parity-even
scalars appearing in the OPE J x J have dimension larger than Aar and all parity-odd scalars have
dimensions larger than A;. The orange shaded region is allowed. Marks correspond to known
CFTs: free complex boson ((Ad,Ay) = (1,7)), free Dirac fermion ((Ad,Ay) = (4,2)) and GFVF
((AF,Ay) = (4,5)). The red vertical line corresponds to the approximate dimension of the lightest
singlet operator in the interacting O(2) model: A(T = 1.5117. The blue shading shows the region
excluded by bootstrapping the four point function of identical parity odd scalars with the dimension
A, . See text for more details. The best bound has been computed at A = 23 while gray lines
correspond to A = 11,15, 19.

largest gap in the scalar sector. There are three solvable models that we can place in the
Aar, A plane: a free massless complex scalar field ¢, a free massless 3d Dirac fermion 1
and a Generalized Free Vector Field (GFVF). In the free scalar field case, the U(1) current
OPE schematically reads:

JuxJy~ ¢'p  +ePPyl0,00705¢010,0,6+..., Af=1,A; =7. (3.1)
parity-even parity-odd

In the free fermion case, we find

— \2 — _
JuxJy~ (Qy)" + Yy +..., Aj =4, A5 =2. (3.2)

S—— ~

parity-even  parity-odd
Finally, the GFVF is equivalent to a free photon in AdS4. From the three dimensional
point of view it corresponds to a conserved current with a standard 2 point function,
and all higher point correlators satisfying Wick theorem. In this case the lightest scalar
operators are given by

Jux Jy~ T M+ P04 ..., Af =4, A; =5. (3.3)
~—— —_————
parity-even parity-odd
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Notice that the GFVF is technically a so called dead-end CFT, since it doesn’t contain
relevant scalar operators. On the other hand it doesn’t contain a local energy momentum
tensor either, since it corresponds to a U(1) gauge theory on a fixed AdS background
(infinite central charge Cr and no dynamical gravity).

These solvable CFTs are marked in figure 5 as described in the caption. While the
boundary of the allowed region is close to the GFVF point, it is quite far from the point of
free boson theory. Instead it starts at higher values A and after a small plateau it displays
a kink for values of AO+ seemingly in correspondence to the interacting O(2) model. To our
knowledge the dimension of the leading parity odd scalar in this model is not known, neither
in the e-expansion nor in the 1/N expansion. Accordingly, we conjecture that the lightest
parity odd operator in (3.1) in critical O(2) theory acquires a positive anomalous dimension.

One additional feature of figure 5 is the region extending to values A larger than
4 but requiring at the same time parity odd scalars with small dimension. Let us call
¢~ the parity odd scalar operator with smallest dimension. The OPE of ¢~ with itself
would contain a parity even scalar operator'® with dimension Ag . Then, by bootstrapping
the four point function (¢~ ¢~ ¢~ ¢~) we can obtain an independent bound of the form
Ad < f(Ay), for some function f. This bounds has been already obtained in past works
focused on the three dimensional Ising model [11, 12, 17]. For this work we extended these
results to larger values of Ay . The blue shading in figure 5 represents the disallowed region.
We expect that the use of mixed correlators of scalars and conserved currents will shed
light on the fate of this region.

The existence of a CFTs with large gaps in the scalar sector, namely the GFVF, shapes
the bound shown in figure 5 for 1.6 < AJ < 4 and could potentially hide other theories
in the bulk of the allowed region. In order to better probe this region we explored the
constraints on theories with a finite value of the central charge. To do that, we modified the
conditions (2.59) and looked for a linear functional that satisfies the following requirements:

a [‘70+ + Cji:i Xr(1)T - Vag - XT(w)] =1, (normalization)
Sr) = V2 (f{ﬁy) 7
o[Val] > 0, A>AFE=0 (3.4)
a[_'MJr]tO, A>{0+1,0>2even
a[Vae_] >0, A>AG, =0
a[Vae] 20, A>0+1,0>2

Compared to (2.59) we have modified the normalization condition in order to input a
specific value of v and we have used (2.56). It is straightforward to show that the bound
obtained with a functional satisfying (3.4) only applies to CFTs with Cp < Cp®.

16Unless there is symmetry argument preventing this from happening, this operator must coincide with
the smallest dimension parity even scalar operator entering the J x J OPE.
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y=—1/12, Cr= Ci* (A=19) y=—1/24, Cr= Ci* (A=19)

Ay Ay
107 107
8 8
6t 6
4t 4
2r . 2 -
L 1 L L L L Aa' L 1 L L L L Aa'
1 2 3 4 5 1 2 3 4 5
y=0, Cr= Cf*¢ (A=19) y=1/48, Cr=< Cli*¢ (A=19)
Ay Ay
10 10
8 8
L] ‘ L]
6 6
4t 4
2r - 2 -
L Il L L L L Aa L Il L L L L Aa
1 2 3 4 5 1 2 3 4 5
y=1/24, Cr=< C** (A=19) y=1/16, Cr= C*¢ (A=19)
Ay Ay
10; 10
8 8
6 6
4t 4
2r . 2 -
L Il L L L L Aa- L Il L L L L Aa-
1 2 3 4 5 1 2 3 4 5
v=1/12, Cr= C;*° (A=19) Summary: Cr= C7*° (A=19)
Ay Ag
10 10
8 8
L] L]
6t 6
4t 4
2r - 2 -
L 1 L L L L Aa' L 1 L L L L Aa'
1 2 3 4 5 1 2 3 4 5

Figure 6. Allowed region assuming that all parity-even scalars appearing in the OPE J x J have
dimension larger than AJ and all parity-odd scalars have dimensions larger than A;. We also
impose small central charge Cr < CIF°® and fix 7 to specific values within the range 12]y| < 1. The
bound has been computed at A = 19. See figure 5 for marks legend.

In figure 6, we again show the allowed region in the plane (A(J)r ,Ay) but requiring small
central charge Cp < CF* = gfee and for several specific values of the parameter v defined

in (1.3). As expected, this excludes the GFVF which effectively has infinite central charge.
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Allowed region in the parity even/odd scalar sector, Cr=< Clee (A=19)

e

Figure 7. Three dimensional view of figure 6.

More interestingly, one can observe that varying the parameter vy the bounds smoothly
interpolates two very different regimes. For  ~ 1/12, the free fermion theory drives the
shape of the bound, while as we decrease «, the allowed region is entirely concentrated at
smaller Ad but large A, . Notice also that the maximum of A; is not reached at the free
boson theory but at slightly larger values of v and Aa' . These results are also shown as a
3D plot in figure 7.

In figure 8 we show the upper bound on the dimension of the second lightest parity even
scalar operator (AJ) as a function of Aj. We performed the analysis with and without
forbidding relevant scalar parity odd operators. Next, in figure 9 we show the bound on
the dimension of the first non conserved spin-2 parity even operator (A;)’ . Notice that
A = 3 because the dimension of the stress tensor is fixed.!” Interestingly, both bounds
display a kink structure in the proximity of the location of the O(2) model. On the other
hand both the maximal allowed values of (AJ) and (AF)" at the kink are much larger
than the ones of the free O(2) model. It would be surprising if the interacting critical
O(2) model displayed such large anomalous dimensions. At this stage, it is unclear if the
kink feature is related to the O(2) model. It would be interesting to include correlations
functions of charged operators in our bootstrap study to further explore this region. We
leave this mixed correlator analysis for the future. Finally, notice that in figure 9 the region
A > 4.52 is excluded if we also take into account the constraints coming from the four
point function of the lightest parity-odd scalar appearing in J x J (see figure 5).

"However, we do not exclude solutions where the OPE coefficient of the stress tensor vanishes (Cr = 00).
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Upper bound on (AJ)' as a function of A§ (Ag=1/2, 3; A=19)
(A9
6.5/

o Free Boson

6.0 = 002)
5.5¢
5.0t
4.5¢

4.0 °

5t : : : : A}
395 1.0 1.5 2.0 25 30 0

Figure 8. Upper bound on (Ag )’, the dimension of the second lowest parity-even scalar operator
appearing in the OPE J x J when we assume that the theory contains a scalar parity-even operator
with dimension Aj. The red dot corresponds to the free boson ((Ag, (Ag)') = (1,4)), and green
dot corresponds to interacting O(2) theory, while points for the free fermion and GFVF lie outside
the range of the plot. Lower curve assumes theory has no relevant scalar parity-odd operators. The
bounds have been computed with A = 19.

3.2 Central charge bounds

A well established feature of the conformal bootstrap is the possibility to place upper
bounds on OPE coefficients, or equivalently a lower bound on C7 [5, 7, 9]. In this section
we investigate the minimal value of the central charge that a CFT with a continuous local
global symmetry is allowed to have, as a function of the parameter . To find such a bound,
we search for a functional « satisfying the properties:

Q[XT(V)T : %2+ : XT(’V)} =1, (normalization)

8 \ 10— 24y
a[Vay] =0, A>1/2,0=0
a[[ﬁMJ > 0, A> (23)'75 =2 (35
a[Vaey] = 0, A>/0+1,0>2even
a[Vae_] >0, A>1/2,0=0
a[Vae-] >0, A>04+1,0>2

Notice that compared to (2.59) we have eliminated the assumption of the functional «
being positive on the identity operator contribution. As shown later, we will instead min-
imize —a[% +]. Also, by fixing the normalization we input a specific value of . Here

XT(’Y) = /Cr/Cliee (XSI}T, XSZ}T) is a two dimensional vector of OPE coefficients, with
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Upper bound on (A3)" as a function of A§ (A=23)
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Figure 9. Allowed region consistent with crossing symmetry assuming that all parity-even scalars
appearing in the OPE J x J have dimension larger than Asr and all parity-even spin-2 opera-
tors (except the energy momentum tensor) have dimensions larger than AJ. No other assump-
tion is imposed. The shaded region is allowed. Marks correspond to known CFTs: free boson
(AF, (AT)) = (1,4)), free fermion (A, (AT)) = (4,6)) and GFVF ((AF, (AF)) = (4,4)). The
vertical red line corresponds to the central value of the allowed dimensions of the smallest dimen-
sion singlet operator in the O(2) model: AJ = 1.5117. The shaded blue region is excluded by
bootstrapping the four point function of the first parity odd scalar operator. See figure 5. The
bound has been computed at A = 23.

each component being a linear function of v, and we have used (2.56). Finally, we intro-
duced a gap in the spin 2 even sector, and assume that, besides the energy momentum
tensor, whose dimension saturates the unitarity bound, all the parity-even spin-2 opera-
tors satisfy [Op—2] > (AJ). We will come back to this assumption later. Applying the
functional to the crossing equations (2.55) and using the results of section 2.1.1 one obtains

Cfree .
g < —afVo4]. (3.6)
T

—

Therefore, the optimal bounds on C7 will be set by the functional minimizing —a[Vj ],
subject to the constraints (3.5).

In figure 2, presented in the introduction, we show our best bound on the central charge
as a function of v and how the bound improves when increasing the numerical power A.
As expected, inside the interval |12y| < 1, the bound seems to converge to a finite value,
while outside it improves by a order one factor at each step.

In figure 10 we display the zoomed version of the same plot. As discussed in sec-
tion 2.1.1, the two extremes of the interval 12|y| < 1 are saturated by the free complex
boson and the free fermion theory. In [47], it was shown that when - assumes the extremal
values, the CFT must necessarily be free, i.e. all the correlators of the CFT must be equal
to those of a corresponding (bosonic or fermionic) free theory. One would therefore expect
the bound to approach the value of the central charge of a free complex boson or free
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Lower bound on Cr (A=11,15,19,23) Lower bound on Cr (A=23)
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Figure 10. a) Zoom in on the region |12y| < 1 of the lower bound on the central charge normalized
to the central charge of a free complex boson as a function of the parameter v defined in (1.3). The
shaded region is allowed. Different curves corresponds to increasing the number of derivatives in-
cluded in the numerical problem. The bounds have been computed at A = 11, 15,19, 23. The dashed
line corresponds to a linear extrapolation in A~!. b) Best bound on central charge in linear scale.

fermion given in eq. (2.19) at the extremes of the allowed interval. This doesn’t appear to
be the case with the current numerical power. Nevertheless we might hope to approach
the optimal bound in the limit A — oco. In figure 11 we show a linear extrapolation of
the bounds computed at v = +1/12 for A = 11,...,25. For v = 1/12 a linear extrapo-
lation (upper blue line in figure 11) is consistent with an asymptotic bound Cp > ngee'
Extrapolating the bound for v = —1/12 is trickier. Although we expect the bound to be
Cr > C%"ee, the linear fit (bottom red line in figure 11) clearly gives an asymptotic value
smaller than C%ee. Most likely, the linear extrapolation in A simply does not capture the
infinite number of derivatives limit. It is plausible that the apparent convergence of the
bound to a value smaller that C’rf,fee is due to some hypothetical CFT with Cp < Crf,fee and y
close to —1/12. With the current numerical power we cannot make a conclusive statement
confirming or ruling out such a theory.

An interesting feature of figure 10 is that the central charge bound is well below C%ee
not only near 12|y| = 1 but in the whole region 12|y| < 1. Based on previous works on con-
formal bootstrap [11, 17] we are keen to consider this as an indication that there might exist
a number of CFTs whose central charge is smaller than the free theory one. A largely ac-
cepted lore suggests that the central charge measures the number of degree of freedom in the
theory.'® Accordingly we expect a CFT with the central charge smaller than C%“ee to have
minimal possible gloabal symmetry, i.e. only a global U(1). The critical O(2)-model is the
only known example of such a theory with Cr & 0.944. The other possible candidate, the
N = 2 Gross-Neveu model is in fact expected to have a central charge larger than C’;fee (see
appendix A for a review). The critical O(2)-model clearly can not explain the current shape
of the bound. As the numerics improves, A — oo, we expect the optimal bound to become
significantly stronger and be saturated by the hypothetical new theories with Cp < C{}fee.

18This is clearly the case for free theories and CFTs that are perturbatively away from a free theory.
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Extrapolation: y=—1/12 (red),y=1/12 (blue)
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Figure 11. Extrapolation of the bound on central charge normalized to Cf*® as a function of
the number of derivatives included in the semidefinite-programming A. The upper (blue) lines
corresponds to a linear fit of the bounds at v = 1/12. In the limit A — oo the extrapolation
approaches the value 1. The lower curves correspond to a linear (red continuous) and quadratic
(red dashed) fit of the bounds at v = —1/12. The linear fit predicts an asymptotic bound much
smaller than the free theory one. Other fits may predict a value of C'p closer to C’éfee. This is
exemplified by the quadratic fit.

Let us now discuss the role of the gap in the spin-2 parity even sector. The key
observation is that the proof of the conformal collider bound (2.13) elegantly obtained
in [38] relies on the assumption of the existence of a single energy momentum tensor. If
instead a CFT possesses several conserved spin-2 operators, the bound (2.13) must be
replaced by a bound on a weighted sum over the corresponding +’s:

1 1
_ < e L )
5 < d " wiy; < T (3.7)

Unfortunately, in our bootstrap analysis with a finite truncation parameter A, any parity
even spin-2 operator of dimension close to 3 is almost indistinguishable from another stress-
tensor. This is precisely the role played by the gap (A3)’ in (3.5): imposing a single energy
momentum tensor corresponds to input a gap strictly larger than 3. In figure 12 we show
the impact of this gap on the lower bound on the central charge of the theory. As expected,
the effect is stronger in the region disallowed by the bound (2.13) because the imposed gap
on the spin-2 sector implies uniqueness of the stress tensor. On the other hand, imposing
a gap like (AT)" = 3.5 probably excludes most CFT’s with global symmetry bigger than
U(1). For example, consider the OPE of two conserved currents in the O(3)-model:

T x JE D 6% N yr Ty + AsoOif, (3.8)

where the spin-2 operator Oﬁf, transforms in the symmetric traceless representation of O(3).
When we restrict to a unique current, for instance to ¢ = k = 3, the operator 02,3/ is a
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Lower bound on C7 when (A})' = 3, 3.5 (A=23)
Cr/Clee

Figure 12. Lower bound on the central charge as a function of the parameter v defined in (1.3).
The grey line corresponds to not imposing any gap between the energy momentum tensor and the
next spin-2 parity even operator. The blue line shows how a gap (AJ)’ = 3.5 impacts the strength
of the bound. While inside the interval |12-y| < 1 the bound is marginally affected, the effect outside
the interval is dramatic.

singlet of the U(1) generated by J, 3 and we expect its dimension to be perturbatively close
to the unitarity bound. A similar argument holds for all O(N > 2) models: generically
there can be more than one spin-2 operator entering the J x J OPE, whose anomalous
dimension is 1/N suppressed. We expect that to properly constraint these theories one has
to bootstrap the four-point functions of full set of conserved currents.

A final comment regarding the comparison between our analysis and the case of boot-
strapping the stress-tensor four-point function is in order. Since the 3 point function of
three stress tensors is structurally different from the one of two stress tensor and a non
conserved spin-2 operator, there is no contribution in the 4 point function that could fake
a second energy momentum tensor. As a consequence, the uniqueness of T}, is automatic
and in principle there is no need to impose a gap in the spin-2 even sector.

3.3 Central charge bounds with spectrum assumptions

In this section we investigate how the bounds on the central charge change when we intro-
duce additional assumptions on the spectrum of scalar operators or in the spin-4 parity-even
sector. We therefore replace the conditions (3.5) with the following conditions

aXr(NT - Va4 - Ar(7)] = 1, (normalization)

a[Vay] > 0, A>AF =0

a[Vaey] = 0, A> (A7) =2

a[Vari] =0, A>Af =4 (3.9)
oz[_’MJr]tO, A>0+1,0>4, L even

a[Var_] =0, A>A;,l=0

alVae-] = 0, A>0+1,0>2
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Lower bound on Cr (A§=1/2, Ay=3, A=23) Lower bound on Cr (A§=3, Aj=1/2, A=23)
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Figure 13. a) Lower bound on the central charge normalized to the central charge of a free complex
boson as a function of the parameter 7 defined in (1.3) assuming no relevant parity-odd scalars. b)
Lower bound on the central charge assuming no relevant parity-even scalars. The shaded regions
are excluded. The bounds have been computed at A = 23. The grey lines on both plots correspond
to the lower bound on Cr/CH®® without any assumption.

In figure 13a we show the impact of imposing the absence of relevant odd scalar op-
erators in the J x J OPE. This amounts to set Ay = 3 while keeping all the other gaps
to their minimal value consistent with unitarity. As expected, the bound on the central
charge increases for positive values of «, excluding the free fermion theory, which is indeed
ruled out by this assumption. Close to v = —1/12 the bound is almost unaffected, consis-
tent with the conjecture that the left part of the plot is driven by the free boson theory
and possibly by the critical O(2)-model. Notice that in this analysis we haven’t made
any assumption about the parity-even spectrum, and in particular no assumption about
the number of relevant parity-even scalars. A second investigation, shown in figure 13b,
solely assumes that no relevant parity-even scalar operators are present. The impact of
this assumption is more dramatic: very small room is left for theories with Cr < ngee.
Although we haven’t performed a careful extrapolation we believe this window will close
in the limit of infinite number of derivatives A — oo.

Finally, in figure 14 we combine both assumptions to study the central charge limits
for the case of dead-end CF'Ts, namely those CF'Ts without any relevant scalar operator.
As the name suggests, these CFTs would be stable under any scalar deformation and
therefore would represent an attractive point for all the renormalization group flows driven
by rotation-preserving deformations. While we expect such CFTs with a large central
charge (from weakly coupled abelian gauge theory in AdS,), there are no known examples
with small values of C'r. Interestingly, at present, our limits do not preclude the existence
of dead-end CFTs with Cr/C&ee ~ O(1).

We now move to exploring the dependence of the central charge bound on the gap in
the spin-4 parity-even sector. This can be done by tuning the parameter AI in (3.9) while
setting all other gaps to their minimal value consistent with unitarity. The value of the

—97 —



Lower bound on Cr (Aj=3, Ay=3, A=23)

Cr/Clree
5

Figure 14. Lower bound on the central charge normalized to the central charge of a free complex
boson as a function of the parameter v assuming that both parity-even and parity-odd scalar
operators are absent. The shaded region is allowed. The bounds have been computed at A = 19.
The dashed blue line corresponds to the bounds shown in figure 13a and figure 13b. The gray line
corresponds to the lower bound without any assumption.

gap AI can be considered as a knob to interpolate from free theories to holographic CFTs.
Indeed, the J xJ OPE in free CFTs contains a conserved spin-4 parity even operator. When
going to interacting CFTs, its dimension must be lifted [48] and the operator acquires a
positive anomalous dimension. On the other hand, in holographic CFTs the lightest spin 4
operator is the “double-trace” operator ~ J(,, 9y,0,5J,,,) of dimension 6, with corrections
suppressed as 1/N. As we increase the value of the gap, we exclude more and more
theories, and it is natural to expect that the only solution still consistent with crossing
symmetry are those which have a large central charge. This behavior is indeed realized in
figure 15a, where we show the lower bound on the central charge as a function of ~ for
several values of Af. As anticipated, the bound grows with the gap. By increasing the
numerical power one can presumably make the bound much stronger. In figure 15b we
performed an extrapolation in the number of derivatives of the central charge limit when
Af = 6 for the central value v = 0. The extrapolation suggests that AI = 6 implies

Cr = 00, in agreement with the holographic interpretation.

3.4 Hunting the O(2)-model

So far we have investigated bounds on the central charge under very general assumptions on
the spectrum of CFTs. However, they do not appear to be saturated by any known CFT.
The extrapolation in the number of derivatives shown in figure 11 suggests that in this limit

9Recall that the anomalous dimension A} —6 ~ 1/Cr must be negative due to Nachtman’s theo-
rem [49, 50].
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Lower bound on Cr with Aj> 5.25, 5.5, 6 (A=19) Extrapolation: y=0, A}=6 (Log—Log scale)
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Figure 15. a) Central charge bound as a function of v for several values of the gap in the
spin-4 parity even sector, AI = 5.25,5.5,6. As we increase the gap, solutions consistent with
crossing symmetry must develop a larger central charge. b) Extrapolation of the bound on Cr for
v =0,A = 6. Both axis are in logarithmic scale. Linear fit shown as a solid red line suggests that
the bound on C'7 diverges as A — oo.

we can make contact with a known result, namely the free fermion theory. On the other
hand, theories such as the O(2) model seem to remain in the bulk of the regions allowed
by crossing symmetry. In oder to understand the reason for this it is useful to inspect the
solution of crossing along the boundary extracted with the extremal functional?’ method
introduced in [51] and successfully used in [17, 19] to extract the spectrum of the three
dimensional Ising model. We observe that all the extremal solutions contain odd operators
with £ > 2 and dimension saturating the unitarity bound A, = £+ 1 (or very close to it).
On the contrary, all known theories display a larger gap. For instance, free theories and
GFVF satisfy A, = £+ 3 (see appendix A). Basically, the extra gap comes from the need
to contract e-tensor indices with derivatives.

It is natural to expect that the O(2) model also displays an extra gap for all parity
odd operators with spin ¢ > 2. Hence, in order to make contact with the O(2) model, we
replace the conditions (3.5) with the following requirements:

a[XT(’Y)T : ‘_/;’,2+ : XT(V)] =1, (normalization)

a[Vay] >0, A € [ATR, AT (¢ = 0)

a[Vay] >0, A>AF(L=0)

a[Vari] =0, A>AF (=2 (3.10)
a[Vari] =0, A>0+1,0>4, (0 even

a[Var] = 0, A>A5, =0

aVae-] = 0, A>l+75,0>2

20WWe remind the reader that on the boundary of the allowed region the solution of the truncated crossing
equation is unique and it is given by the zeros of the linear functional a.
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Lower bound on C7 (A=19) Lower bound on C7 (A=19,25)
A§€[1.5092, 1.5142]; (Af) '=3; Ap=5; AF€[1.5092, 1.5142]; (A§) '=3; Ag=5;
A= 0+1, 042, (425, (+2.8, {+3 Ay=0+2
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Figure 16. a) Lower bound on the central charge normalized to the central charge of a free complex
boson as a function of the parameter «. Different lines corresponds to increasing values of twist
of the parity odd operators of spin ¢ > 2: 7.;, = 1, 2, 2.5, 2.8, 3. b) Lower bounds on the central
charge with 7, = 2 for increasing numerical power: A = 19,23.

The novelty in the above conditions consists in raising the twist of all parity odd operators
to 7., = 1, and imposing that relevant parity even scalar must be confined in a narrow
interval A € [AMR AMX] = [1.5092, 1.5142], for which we take the rigorous bound from
previous bootstrap studies [18]. In figure 16a we show the impact of varying 7, from 1
to 3. Interestingly the bounds start developing more and more pronounced minima as
we increase the value of 7. In addition, the left part of the bound is insensitive to this
parameter, while the right part heavily depends on it. Although from figure 16a it would
be tempting to set 7;, = 3, the large spin analysis discussed below suggests that this is
not possible. Nevertheless we expect that 7;, = 2 is a safe assumption. With this choice
in (3.10), we can obtain a rigorous bound on the parameter 7 for theories with the central
charge smaller than the free theory one:

v € [—0.0824, —0.0494] rigorous (assuming (3.10), 7, = 2) (3.11)

The above interval has been computed at A = 25, however, as shown in figure 16b, the
bounds are still not converged. Using a linear extrapolation we estimate a bound

v € [-0.081(1), —0.060(1)] extrapolation (assuming (3.10), 7,; = 2) (3.12)

Let us comment on the consistency of our assumption that the dimension of the leading
twist parity odd operators of spin ¢ > 2 in the O(2) model is not too far from 3, which
is the free theory value.?! The leading correction to the dimension of these operators in
the large spin expansion has been computed in [50] using analytic bootstrap techniques. It

21Schematically, these operators have the form Ontpie ™ €vpurd Oy - - OppyJ”.

— 30 —



was found that:
12(1 — 1444?)

do; =Ro; ~t=3="—FG "7

(3.13)
Notice that the leading correction in the above formula is negative whenever ~ satisfies the
conformal collider bound. Moreover, our estimate yp(2) ~ —1 /12 is compatible with the
assumption of small anomalous dimension 502.

3.5 Comments on parity non preserving theories

While the main focus of this work was to obtain bounds on parity preserving theories, in
this section we shall argue that many of the constraints that we found should also apply
to theories which do not preserve parity.

In a parity non preserving theory, it is useless to classify local operators according
to their parity. Moreover, correlation functions do not transform in a definite way under
parity. In order to understand some important feature of the bootstrap equations for parity
non preserving theories we now explain how to generalize the discussion on three and four
point functions of sections 2.1 and 2.2. To extend the discussion on three point function
it is sufficient to say that both the parity even t* (2.4) and parity odd ¢t~ (2.7) structures
can appear for the exchange of a given operator O, schematically

IxJ~@Et+1t)0. (3.14)

In order to characterize the four point function one needs to add to the set of tensor
structures Qs of (2.20), new structures )5 which are parity odd (and therefore proportional
to the epsilon tensor), schematically

(JIJJ) ~ fQs + fs Q5 - (3.15)

Since the structures )5 and ) differ by an epsilon tensor, the crossing equations for f
and for f; do not mix, namely

fs(u,v) = ZMSS/fS/(v,u) , fs (u,v) = Z M, fo(v,u), (3.16)

for some matrices M, M’. Thus, the crossing equations (2.22) used in this work are a closed
subset of the full set of crossing equations in a non parity invariant theory. The additional
set involving f; (u,v) can be obtained generalizing the discussion of section 2.2.

Finally, in order to conclude that the constraints obtained in this work also apply to
parity breaking theories one needs to check that the functions fs(u,v) admit the same
conformal block decomposition assumed here. This is indeed the case, since the crossed
terms arising from the mixing of structures ¢+ and ¢~ in (3.14) only contributes to f;,
schematically:

fo ettt 17t o ettt et (3.17)
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Figure 17. A zoom of figure 5. The red point has been obtained bisecting along the line AJ = Ay
to 1073,

We conclude that the bounds that we obtained by studying crossing symmetry of f
are also valid for parity non preserving theories. To be precise the bounds only apply once
we give up the notion of parity of operators, therefore all the gaps Azt on the spectrum of
parity £ operators of spin ¢ should be replaced by gaps A, on the spectrum of operators
of spin ¢

AF = A (3.18)

For example the bound on the gap Ag and A, of figure 5 should be rephrased as
a bound on the gap of the first scalar operator Agy. In particular by considering the
intersection of the line AJ = Ay and the bound of figure 5 we obtain (see figure 17)

Ag < 4.158. (3.19)

The bounds on central charge of subsection 3.2 and 3.3 are left unchanged. Notice that
every time we consider a different gap in the sector AZ and A, (for a given spin /), we
should consider that the plot is valid only for A, = max[A;, A, ]. For instance the bound
in figure 12 is understood with assumptions on the gap Af on the first spin two operator
after the stress tensor. Similarly figure 14 is the bound for parity non preserving theories
with no relevant singlets (the plots 13a and 13b in this context descend trivially from 14).

4 Conclusions

In this work we have used the numerical conformal bootstrap to study the space of three
dimensional conformal field theories with (at least) a global U(1) symmetry. We did this
by analyzing the four point function of identical conserved currents. We have shown that,
analogously to the case of the correlation function of 4 scalars or 4 fermions, unitarity
and OPE associativity alone let us carve out the parameter space of CFTs. Inspecting
the allowed values of scalar operator dimensions we found that any CFT with a conserved
spin-1 current must contain both parity even and parity odd scalars. The boundary of the
allowed region displays a non trivial structure with multiple features. In particular a kink
appears close to the location of the O(2) model, providing an upper bound on the dimension

~32 -



of the first parity odd scalar Ay < 7.65(1). A similar kink is present in the bound on the
second spin-2 parity even operator. Also, we excluded the existence of dead-end CFTs with
central charge smaller than twice the central charge of a free 3d Dirac fermion. We also
explored bounds on the central charge with several assumptions on the CFT spectrum. In
this case we observed a slower numerical converge. Nevertheless we found clear evidence
of the conformal collider bounds for spin-1 currents [34-37].

The present work paves the way to many generalizations and extensions. Given the
special role that the O(2) model seems to play in our exclusion bounds, it is natural to
expect that a mixed scalar-current bootstrap analysis will allow to precisely determine the
spectrum of the theory [52]. Similarly, one could consider multiple correlators including
external fermionic charged operators in order to narrow down the location of the N = 2
Gross-Neveu model.

As mentioned several times, the results of this work are very general and apply to
CFTs with a continuous global symmetry that admits a local conserved current.?? On the
other hand, by studying a single current inside a larger symmetry, we loose the ability
to distinguish operators that are singlets under the entire global symmetry group from
those that instead are only invariant under the specific U(1) considered. As an example,
spin-2 operators with dimension close to the unitarity bound but not singlet under the
full global symmetry are difficult to distinguish from the energy momentum tensor in the
numerical analysis. As we have seen in section 3.2 this dramatically affects the bound on
the central charge. Hence, in order to obtain numerical evidences of the conformal collider
bounds we restricted to theories with a finite gap between the energy momentum tensor
and the dimension of the next spin-2 operator. While we expect this merely represents a
technical assumption for theories with global U(1) symmetry, it might not apply to CFTs
with larger symmetry group. In this case, it will be important to bootstrap the full set
of correlation functions (Jj! J;2 Ji2 Jit), with a; spanning all the generators of the global
symmetry. This set up would also allow to specify the global symmetry by inputting
the group structure constants f2¢ and to put a bound on the current central charge C.
The analysis will require a minor modification of the present framework. All necessary
conformal blocks required for this analysis have been already computed in the current
work. The main difference will be represented by the higher number of crossing conditions.

Finally, the same investigation presented in this work can be extended to higher di-
mensions with minor modifications. The recurrence relation presented in appendix E could
be generalized in order to build conformal blocks in any dimension. Alternatively, the fun-
damental results obtained in [53-55] allows us to compute the conformal blocks in four
dimensions in closed form. Moreover, the analysis of the crossing equations in section 2.2
is valid in any spacetime dimension. This direction would be of particular interest in pres-
ence of N =1 4D supersymmetry. Indeed, the U(1) R-symmetry current 7, is embedded
in the Ferrara-Zumino supermultiplet, which also contains the energy momentum tensor as
a super-descendant. The study of 7, correlation functions will provide a universal handle

22 A trivial example of a theory with a global symmetry but no conserved current is a free complex field
in AdSg11 with mass strictly larger than —(d® — 4)/4, which is the dual of a Generalized Free Field in d
spacetime-dimensions with scaling dimension A > (d — 2)/2.
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on all local SCFTs, allowing in principle to discover theories we currently know nothing
about [56].

This work represents a first exploration of an uncharted territory. Very much like
15th century navigators, we landed and explored the border of a whole new world. We
created a first map of the landscape of CFTs with global symmetries which will serve as a
roadmap for further investigations. We are confident that future expeditions will lead to
finer understanding of this space.
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A Spectrum of simple theories

A.1 Free scalar theories

The simplest example of CFT in 3 dimensions with U(1) global symmetry is the theory of
free complex scalar field ¢. The central charge of this theory Cr = C’;fee was given in (2.19).
The global U(1) current is given by the conventional expression J, = i©0,¢ — i@0,p. The
lightest parity even neutral scalar py has dimension AE{ = 1. The lightest parity-odd
scalar is more complicated. Normally, one can build a parity-odd scalar out of two vectors

A 1,0,y (A.1)

but in case of one complex field this combination vanishes. Hence the lightest parity-odd
scalar has more derivatives

iﬁuu)\J,u (5p8u<ﬂ)(3p8@) (A.2)

and is of dimension Ay = 7.
A complex field ¢ can be decomposed into two real fields. One can consider a more
general case of N free real fields ¢. This theory has O(N) global symmetry, N(N — 1)/2
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currents J,[fj] = go[iampj] and

Cr = g free (A.3)

The lightest parity-even scalar ;¢’ still has the same dimension Aar =1. When N > 14
one can combine two mutually commuting currents J;[f] Vand Jl[,k” with four distinct 4, j, k, [

into a dimension A, = 5 parity-odd scalar

oLkl _ 46“”p¢[i8u¢-78,,¢k8p¢” = —e“”le[fj]angk” . (A.4)

This operator is charged under full O(N) but is neutral under some generators, including
J,[fj Vand J,Ek”. Depending on the choice of the generator J, = wiijf the OPE two identical
Jy, will or will not include (A.4). For example the OPE of two J, = JL12] will remain
the same as in the theory of one complex boson, with Ay = 7, while the OPE of two
Ju = ( ,[}2] + JE’ZL])/QU2 will include (A.4), leading to Ay = 5.

In the theory of a free complex boson, the four-point function of currents can be easily
calculated explicitly. Using the symmetry properties of table 1 and the crossing symmetry
conditions (2.24) together with the definitions in (D.2), the vector of 43 structures in
d-dimensions can be compactly written as:

N AN AN AN AN AN~

Js= {flaf2,J?17f4,f57f5,f7,f87f97f9,f87f5,f47f77f57f5,f47f7,f5,f8,f97J?9,f87f7,f5,f57
1, o8, f20, f20, f31, f29, fas, f34, f20, 20, f34, fos, 20, f31, fao, fao, f28} (A.5)

where ﬁ =y~ 1914, (v, u). Finally, the 11 independent functions appearing in the above
equation are:

f1= ((—2 + d)2v_d/2 (qud/2 + u/? (v + Ud/2)>> /(2u),
fo= %(_2 +d)Pur D/
fy = %(_2 )2y Ly (wdﬂ 42 (U n 2vd/2)> ’
Fos = %( 2+ dytud/ 21~
fa= %( 2+ d)*u?/?v33,
i = — 52+ dyub O, (A6)
fs = _%(_2 +d)PuzlHdylog
1
far=5(=2+ Ayt ayloe (v - vd/Q) :
fr= %(—2 + al)?’u_p“%v%_g (v + vd/2> ,
faa = %(—2 +d)ut/ 22,
fs=0
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First few terms in the conformal block decomposition of (A.6) are summarized in the table
below. In particular it shows that the second lightest parity-odd scalar

P 0, POup (A7)

appearing in the OPE of two currents has dimension (Ag )’ = 4. This is because dimension
3 operator 0,90, is not a primary. Similarly, second lightest spin-2 operator p¢T),, also
has dimension (AF) = 4.

AD 2 AT T2 A2 N2
ALLAZ (N 50+)" 450002 0+ 45 (A )0+
110 4 0 0
410 4 0 0 Als 4A(XJJO*)2
6|0 256 0 0
105 710 %
48
spr w ! " olo u
131072
1010 75075 0 0 512 768
312 12 72 432 719 18432
4|2 0 0 768 757375600
ol 112 _los 117248 ) 12| oo
245 245 245 3072
g lo|  os3384 2023424 6815744 6|3 S35
72765 24255 8085 1006
10l2| 1196480 3650560 197918720 8|3 a3 (A.8)
231231 231231 231231
4 35 980 27440 03] A5t
9728
4 0 0 4427368 714 9728
171392 3384320 144711680 41656320
8|4 7623 T 7623 7623 94 11011
10]4| 132841472 _ 20922368 71189430272 8|5 737280
2147145 17745 2147145 539
7l6| 2 7623 503118 1005 E”
2301952
8 6 O 0 143'{?960 9 6 =
6208 3861504 263061504 214810624
1016]  *55° —Ss s 1017] 9305
6435 96525
98] 845 96525 5791500
2424963072
108 o0 0 2424965072

The OPE coefficients A JJo=+ in the above tables are defined in appendix E.5.

A.2 Critical O(N) models

The spectrum of critical O(N) models at large N is in many ways similar to that one of
free theories. Including leading 1/N corrections the central charge is given by [57, 58] (also
see [43] for further references)

_ N free o 40
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The main difference is the dimension of the lightest parity even scalar. At large N its
dimension approaches 2,

32
AS“:Q—?”TTNJr... (A.10)

The dimensions of the parity-odd scalars are less studied. For N = 2,3, the lightest parity
odd scalar appearing in the OPE of two currents has the same quantum numbers as (A.2)
and is expected to have dimension A, ~ 7. For N > 4 there is also a parity-odd operator in
the representation of (A.4). Thus for some generators J, = wj; Jﬁj we still expect Ay ~ 7
while for others Ay ~ 5.

For small N = 2,3,... certain dimensions and central charge are known with a good
precision from the conformal bootstrap and Monte-Carlo simulations [18, 20, 43, 59]. We
report some of them in the table below:

N 2 3 4
Crp/Cliee 0.944 1.416 1.892

A 1.51124(22) | 1.5939(10) | 1.6649(35) (A.11)
Ao 3.795(9) | 3.782(12) | 3.774(12)

Ar 1.237(4) 1.211(3) | 1.189(2)

Here ¢, are the first and second singlet scalar operators appearing in the OPE ¢, X ¢,
while Ty, is the leading scalar operator transforming in the tensor traceless representation of
O(N). Under a given U(1) C O(N), T,» decomposes into neutral and charged components.
The neutral ones are allowed to enter the OPE of the conserved current associated with
the U(1). This means that

Ad = A, (AD) = Av for O(2)
Af = Ar, (AF) = A, for O(N > 3)

A.3 Free fermion theories

In three dimensions, a free Dirac fermion ¢ is invariant under a global U(1) symmetry.
This theory has the same central charge as a free complex scalar, C'r = Céfee. The lightest
parity-odd scalar ¢1) has dimension Ay = 2, while lightest parity-even scalar (11))? has
dimension Ag = 4. The four point function of the conserved current J, = 10,3 can be
easily calculated explicitly. The four point function contains two distinct contributions f; =
fdise _ feon /T wwhere the disconnected piece f3¢ is given by (A.23), while the connected
one is given below. Also, T = Tr1 denotes the trace of the identity in y-matrix algebra
in d-dimensions, 1 = (y!)? (¥ = 2 in 3 dimensions). Following the same conventions as
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in (A.5), we have:
on =y ey 4/ (—u”g +u2(140v)+(=1+v) (—1+Ud/2> —u (1+vd/2>> ,
5o =y ey <u+u1+% —uv®? — w2 (140)+(—1+v) (1+vd/2>> ,
fom = ou/2y3—4 <71+ud/2+vd/2) :
fgonzzu%(—l-i-d)vl—g <_1+ud/2+vd/2) 7
con — gy~ 1F e (ud/2(1+v)+(—1+v) (—1+vd/2)) ,
=0, (A.12)
feon = oy 39 (1+ud/27vd/2> 7
o8 — 4215 (—1+ud/2+vd/2) ,
s = 43 ()35 (—1+ud/2+vd/2) ,
st =y eyt (ud/2(1+v)+(—1+v) (—1—|—Ud/2)) ,
f§ff“:4ud/2v1*% (—1+ud/2+vd/2) )

A first few terms in the conformal block decomposition of (A.12) are summarized in the
table below.

A1) 2 A1) F(2) AY(2) 2
All)4 ()‘JJO+) 4 )‘JJ(’)+)‘JJO+ 4 ()‘JJOJF) Alelaaiy 9
210 32
256
6101 165 0 ! 7lo| I
48 5
SO # : “ JU s
131072
1010] oz 0 0 52| 768
9 296 2752 34304 35
35 35 35 9 |2 7577600
] |2 676864 446464 3948544 7007
72765 24255 8085 613 3072
1012 182080 _ 1602560 24248320 35
21021 21021 21021 s l3 4096 (A.13)
5 |4 0 0 2240 1
1013 507904
4 0 0 36864 1573
4 278912 _ 7470080 247930880 714 9728
7623 7623 7623 3
10]4| 98435072 _ 1516617728 54330294272 9 (4] 41656320
2147145 2147145 2147145 11011
6 0 0 16632 815 73522980
6 0 0 10076160 10[5| 6356002
116544 6226944 386924544
1016] 715 G s 9|6 2801992
9|8 0 0 102960 10]7| 214810624
167903232 19305
10|8 0 0 ==

The OPE coefficients A JJo+ in the above tables are defined in appendix E.5.
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A.4 QED;

A theory of Ny Dirac fermions ¥ in 3d coupled to a U(1) gauge field A,, flows to a non-
trivial IR fixed point if N is sufficiently large. This theory has global SU(Ny) flavor
symmetry, with the currents J%, with a = 1,2,.. .,N% — 1. Flavor symmetry might be
spontaneously broken for small Ny by chiral condensate. Besides this there is a topological
U(1), with the topological current J*P oc xF. The operators charged under this U(1) are
monopole operators. When Ny is odd the theory is not parity-invariant [60]. Accordingly
we consider only even Ny such that the effective number of Majorana fermions N = 2Ny
is a multiple of four. For large N, the central charge is given by [61]

N

CT:E

(A.14)

4192 — 36072
free

14+ —— = 4
or <+ 45m2 N )

For minimal possible value N = 4 this gives Cr =~ 2.720%66. This result is valid only if
there is no spontaneous symmetry breaking.

Identifying the lightest parity even and odd scalars appearing in the OPE of two
currents requires consideration. Since monopole operators are charged under topological
U(1) they are excluded from the OPE of both J'*P x J*P and J¢ x J%. First, we consider
OPE of two J'*P which contains only SU(Ny) singlets. For large N, the lightest parity-odd
singlet scalar 1,4° has dimension [62, 63]

256

AT = Ay =24 —2_
0 0= 2T 50N

¥ (A.15)

while lightest parity-even scalar is a combination of (¢;2")? and Fﬁy of dimension

128(2 — V/7) N

Aj =B =4+ 32N

(A.16)
The OPE of two flavor currents include all fields charged in representations appearing

in the product of two adjoints. In this case the lightest parity-odd scalar is in adjoint

representation of SU(Ny), (Onzl)z- = ¢");. At leading order it has dimension [62, 63]

128

AD =Ay=92— —=° 4
0 ! 302N T

(A.17)

which is smaller than Ay. Similarly, the lightest parity-even operator is (Onzg){z]] =

YipIapp, of dimension

128
+ _ _
AO—A2—4—7T27N+... (A.18)
which is smaller than A67_ =4+ %{A}ﬁ) + ... and the dimension of the adjoint operator
O _ made out of four ¢’s, A} _ =4+ % +....

We see that in both cases at large N, AS‘ ~ 4 and A, ~ 2, and from this point of
view QEDg3 is similar to the free fermion theory.
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A.5 Gross-Neveu models

One Dirac spinor can be decomposed into two Majorana spinors. A theory of N > 2
free Majorana fermions has O(N) symmetry, while the dimension of lightest parity even
and odd scalars remain the same for all N. Upon adding a parity-odd scalar field ¢ with
quartic interaction which couples to Majorana fermions via Yukava coupling ;¢1?, the
theory flows into an interacting fixed point characterized by O(N) symmetry. The lowest
parity-odd scalar ¢ has dimension [64-66] (also see [15] for further references)

32

AT =1- 2
0 3n2N

T (A.19)

The lightest parity-even scalar ¢? has dimension

32

A =24 = +... A2
while the central charge is given by [67]
N free 8
= — 1+ ——4+... ). A.21
Or=50r TN T (A-21)

Below we compare Cr and Af, Ay for small N found using leading 1/N expansion and
Pade extrapolation of e-expansion in d = 2,4 [67, 68]?3 and bootstrap techniques [16].

N 2 3 4

N/2 +4/(972) 1.045 | 1.545 | 2.045
Cr/Clee Pade | 1.190 | 1.486 | 2.029
1—32/(37%N) 0.46 | 0.64 | 0.73
A, Pade 0.656 | 0.688 | 0.753 (A.22)
Ay Bootstrap | 0.660 | 0.724 | 0.772
2+32/(37%N) 2.54 | 2.36 | 2.27
Af  Pade 1.75 | 2.285 | 2.148
A$  Bootstrap | 2.14 | 2.17 | 2.25

It is worth noting that, similar to critical bosonic O(V) theories, central charge of Gross-
Neveu models even for small N is substantially close to the free theory counterpart.
A.6 Generalized free vector field

The generalized free vector field (GFVF) is a theory of a conserved current J, (of dimension
d — 1) with the standard two-point function and all higher-point correlation functions

#3To calculate Cr for small N we follow Pade approximation procedures developed in [67]. Namely we
employ Pades,1) or Padej; 4) choosing the one which has no poles in the interval 2 < d < 4. Namely Pade; 4)
for N = 3,4 and Padey 1) for N = 2.
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satisfying Wick theorem. In particular the four-point function of currents (J.J.J.J) includes
only the disconnected piece (all other components are zero),

fi=1, fo=ut, fy=ut0 (A.23)

This theory contains no stress-energy tensor, i.e. Cp L' — 0. The only operators present in
the spectrum are those build of J,. In particular the lightest parity even scalar J*J# has
dimension AJ = 4 and parity-odd scalar given by (A.1) has dimension A; = 5. GFVF
is dual to U(1) gauge theory in AdSs in the limit of zero Newton constant, when only
disconnected Witten diagrams contribute. In the table below, we list some OPE coefficients
that we obtained from the conformal block expansion of (JJ.JJ) in d = 3 dimensions.

= — — AC]4A Ny 0-)2
Al2GD 2 230 30 aG® ) (Ass0-)
JJO+ JIO+NJJO+ JJO+ 510 256
3
410 % 0 0 512
7o %
610 % 0 0 131072
512 910 1001
810 385 0 0 52 512
262144
1010} 595235 0 0 719 21%35576
412 0 0 512 912 6553600
9 2048 11776 161792 7007
245 245 245 613 24576
1998848 3473408 18219008 175
812 A.24
218205 72765 24255 313 65536 (A.24)
10/2| 6103040 33095680 626524160 231
693693 693693 693693 10l3] 2097152
64 0 0 294912 4719
7 714 8192
8|4 218528 6619136 235667456 3
7623 7623 7623 9 |4| 47185920
10]4] 294649856 476053504 164580294656 11011
6441435 535585 6441435 g |5 2621440
36 0 0 10485760 1617
11 10l5| 16777216
10l 1048576 _ 17825792 29360128 5577
6435 2145 55 9 |g| 2007152
10l8 0 0 1879048192 143
143 10]7| 234881024
19305

The OPE coefficients A JJo=+ in the above tables are defined in appendix E.5.

B Relations between parity odd structures

Parity odd conformally invariant three point functions can be construct using the e-tensor.
In d = 3, there are six parity odd building blocks:

€ij Ee(ZZ‘,Zj,Pl,PQ,P3) gij Ee(Pi,Pj,Zl,Zg,Zg) (Z,j: 1,2,3). (Bl)
However, not all of them are independent. To see this we use the following identity

0:det<(P1'E) (P2-E) (P3-B) (Z1-5) (%2 E) (Zs'E)>

(), (), (8), (2), (=), (%),

(B.2)
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where = is an arbitrary 5 dimensional vector. The determinant vanishes automatically
because the first row of the matrix is a linear combination of the other 5 rows. By choosing
for instance = = P} one gets

— (Pl . PQ)E(Pl, Pg, Zl, Zg, Zg) —|— (P1 . P3)6(P1, PQ, Zl, ZQ, Zg) B3)
— (Pr- Zo)e(Pr, P, P3, 21, Z3) + (P - Z3)e(Pr, Po, P, Z1, Z2) = 0 (B.4)

—

Similarly one can get two more equations by choosing = = P, P3. All together these
relations allow to express €;; in terms of linear combination of €;; only.

In addition, one can find linear relations involving only the three ¢;;. This follows
immediately if we choose = orthogonal to the three P’s. This is achieved with

A= (2P X)) = P2y X (P P) + (X )N (21 - X)), (B.5)

where
(X*)A = PP Ps) £ P (P o). (B.6)

One can easily check that

E-Z1=-2(P1 P)(Py- Ps)(Py- P3)Viss (B.7)
E-Zy=2(P - P) (P - P3)(Pa- P3)(Hig + Vi23Vo31) (B.8)
E-Z3=2(P- P2)(P1- P3)(P2- P3)(Hiz + Vi23V312) (B.9)

and conclude that (B.2) reduces to
Vigseas — (Hiz + VipsVasi)ers — (Hiz + ViasVaaz)erz = 0. (B.10)

Similarly, we can find another 2 equations by permuting the 3 points. These relations
were taken into account in the construction of conformal invariant three point functions in
section 2.1.

C Basis for four point function

Conformal invariant tensor structures for four point functions are constructed using the
building blocks H;; and V; jj defined in equation (2.3). However, not all combinations are
linearly independent. In fact, it is sufficient to use the following set:

{Hi2, H13, H14, Ha3, Hoa, H34, V1 23, V1 43, V.34, V2,14, V321, V3,41, Va 21, Va3 } (C.1)

All others can be expressed in terms of a linear combination of the above. For instance the
following identity holds:

V2P PP P)(Py - P)(P- P)Vigic + \/=2(Ps - P)(Pi - P)(P; - P)(Ps - Pi)Viy
+/=2(P;- P)(Pi - Py)(Pr- P)(Pi - P)Vig = 0. (C.2)

Out of the above list one can construct 43 tensor structure. These are listed in table 1.

— 492 —



s Qs 1234 — 3412 | 1234 — 2143 | Indep
1 Hi2H3y 1 1 1
2 Hi3Hoay 2 2 2
3 HiaHos 3 3 3
4 Hi2V321 V412 27 4 4
5 H12V3,21Va 32 26 6 5
6 H12V3,.41 V4,12 25 5 5
7 H12V3,41Va, 32 24 7 7
8 Hi3V5,14V4 12 11 20 8
9 H13V2,14Va 32 9 21 9
10 H13V234Vy 12 10 22 10
11 H13V2,34Va, 32 8 23 8
12 H14V5,14V3,01 19 16 12
13 H14V2,14V3 41 17 17 13
14 H14V234V3 21 18 18 14
15 H14V2,34V3 41 16 19 12
16 Hy3V1,23Va 12 15 12 12
17 Ho3V1 23V 32 13 13 13
18 H23V1 43Vy 12 14 14 14
19 Ho3Vi 43V 32 12 15 12
20 H34V1,23V3,01 23 8 8
21 Hy4V1,23V3,41 21 9

22 H24V1 43V3 21 22 10 10
23 H34V1,43V3,41 20 11 8
24 H34V123V52 14 7 24 7
25 H34V1 23V2 34 6 26 5
26 H34V1,43V2,14 5 25 5
27 H34Vi1 43V2 34 4 27 4
28 | V1,23V2,14V3,21Va 12 43 28 28
29 | V1,23V2,14V3,21 V4 32 39 30 29
30 | V1,23V2,14V3,41Va 12 35 29 29
31| Vi,23V2,14V3.41Va 32 31 31 31
32 | Vi,23V2,34V3,21Va 12 42 36 32
33 | Vi,23V2,34V3,21 V4 32 38 38 33
34 | V1,23V2,34V3,41 V4 12 34 37 34
35 | V1,23V2,34V3,41 V4 32 30 39 29
36 | V1,43V2,14V3,21Va 12 41 32 32
37 | V1,43V2,14V3,21 V4 32 37 34 34
38 | V1,43V2,14V3,41Va 12 33 33 33
39 | V1,43V2,14V3.41Va 32 29 35 29
40 | V1,43V2,34V3 21 Va 12 40 40 40
41 | V1,43V2,34V3,21Va 32 36 42 32
42 | V1,43V2,34V3 41 Vi 12 32 41 32
43 | V1,43V2,34V3,41 V4,32 28 43 28

Table 1. The third and fourth column show how the structures map to each other under the
special permutations that preserve the cross ratios. The 43 structures split into 19 multiplets under
these permutations. In the last column, we show in red the label of the 19 independent functions
fs(u,v) that multiply each multiplet.
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D Simplifying crossing

The functions f; are defined by the following linear map,

43

Flu,v) =" (Mg, folu,v) §=1,...,19. (D.1)

s=1

Here [M] is a 19 x 43 matrix defined by

fi = fos — f33 fs = fa

fo = foo — f32 fo = fos + f33
fa=fr— fu Fio = fao + fzo
fi=fi— fi3 fi1=fr+ fu
fs = f5 — f2 fiz = fu+ fi3

fo = fo— fio fis = f5+ fi (D.2)
fr=H—fs fia = fo + fio
Fio = fa1 — fao fis = fs

fie=fi+fs

fir = fo

fis = fa1 + fao

where we suppressed the arguments (u,v) from all functions ]73 and fs.

E Conformal blocks

In this appendix we explain how to obtain the recurrence relation for the conformal blocks
of four external vector operators in d = 3 defined in section 2.3. In particular we will show
how to compute all the ingredients of formulae (2.46)—(2.47) by using the conventions and
ideas introduced in [44].

E.1 Conventions for JJJJ

In this section we define our conventions for the conformal blocks. We are interested in
finding all the CBs for four generic external vectors

L h s . Js
9] o~
(Jidadsda) =D > +Y > O==O NN (E.1)
Ot p,g=1 Jo Jy O- p,a=1 Jo Jy

where the operators J; have spin 1 and dimension A; and OF are operators with spin ¢
dimension A and parity =+.
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As a first step we explain our convention for the labels p, ¢ of the OPE. We define the
leading OPE in terms of a linear combination of tensor structures

J2(0, 0,
OF(z,2)J1(0, 21) ~ z;z)a;) Z %)(,)i t(q)(x,z,zl,zg), (E.2)
q

where 2, are null polarization vectors. Here ~ means that we are considering only the
channel of the OPE in which OF x .J; exchanges the operator Jo (therefore omitting all
the other possible exchanged primaries), and taking into account only the leading term of
the OPE for z# — 0 (therefore omitting all the contribution of the descendant operators).
We also define

A+A1—As+/1+2 A+A—Asg+10+1

ap = 9 s o 9

(E.3)

(9)
120%*

are Lorentz invariant and satisfy

(@)

The various OPE coefficients ¢ multiply the tensor structures ¢, (x, 2, 22, 23), which

([_Ig(ux Az, A121, Aoz) = 2NN tg_)(x,z,zl,@) , (E.4)
¢l )(,ux Az, A121, Aezg) = £+1)\Z)\l>\2 téq_)(x,Z,Z]_,Zg). (E.5)

The sum over ¢ in (E.2) runs from one to five for parity even operators, since we can build

the following five structures

Tz 6(21 zz) ,

vi (T, 2,21, 22) = (2 - 2)
ﬁ)(m,z,zl,zg) =(z-2)z-21)(x - 2),
tgr)(:n,z, 21,20) = (x-2) (2 21) (@ - 20)2?, (E.6)
téi)(as,z, 21,20) = (x-2) (2 20) (@ - 21)2?,

( )=(z-2)"

Tz

Notice that for £ = 0 only ¢t() and ¢ survive and for ¢ = 1 all are allowed except t(®).
These structures are related by a simple linear transformation to the structures of the main
text. To be more precise, the basis

Tj_q) = {‘/1723‘/5731‘/3{12, H12V3€,12, H13V2731V3£5217 H23V1,23V3£521a H13H23V€3£,122} (E7)

can be related to t i E Mgy T J(rq/) by

0-10 00
10 0 00
M,=]02 —-100 (E.8)
00 0 10
00 0 -21
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Similarly for parity odd operators with generic spin there are four allowed tensor struc-
tures which can be build by using the three dimensional epsilon tensor (see appendix E.5.2)

t(l) e(x, 21, 20)(x - 2)°
t(2) e(x,z,21)(x - 22)(x - )g_1

E.9
t(g) e(x,z,29)(x - 21)(x - )e*1 (£9)
tgl_) e(z, 2, 21) (2 - 20) + €(x, 2, 22) (2 - 21)](z - 2)¢ 222

Again it is clear that for £ = 0 there is only t() and for £ = 1 only ¢t ¢ ¢(3) The basis
in embedding space

T9 = {V2,31613V3{I21, ‘/1,23623‘/},%21, H23613ngf227 H13623V3€I22} (E.10)
can be related to t D, Z Mgy 7 for ¢ > 2 by means of the following matrix
0 4 0 O
—1

m_—| 00O (B.11)
-2 -2 2 =2
11 3 _1
2 2 2 T2

E.2 Null states

In this section we write all the possible primary descendant states that can be exchanged
when the external operators are all vectors.

In d = 3 the only irreducible representations of the rotation group are traceless and
symmetric tensors of spin £. We consider such a primary state of spin ¢ and we contract it
with null polarization vectors z,, as follows

|0;2) = 2y - .. 2, 0F1£(0)]0) = O(2,0)]0) . (E.12)

It is possible to recover the expressions with the indices

v
o0g —1),

by acting with the differential operator D, of [40, 69],

OM1He () = Di ... DEtO(z, ), (E.13)

d zH

D’Z‘:<2—1—|—z-82>0§—2@-6z. (E.14)

The primary descendant states are of four possible types which are additionally labeled

by an integer n (n runs over all positive integers for type I and type II, and over a finite set

for type III and IV). We define each descendant state |O4; z) by the action of an operator

D4 (built as a linear combination of many P*, the generators of the translations) on a
primary state |O; z)

045 2) = Da|O; 2) . (E.15)
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The operators Dy can be fixed by asking that K,|O;2) = 0 when A = A%. This is
simply the requirement that when A = A%, the descendants |O4;z) become primaries.
The operators D4 can be written in the following compact form [44]

DI,n =CIn (Z . P)n, (Elﬁ)
DILn = ClI,n (DZ : P)n’ (El?)
Duip = e Vi Vs ooV, 1, (E.18)
Divp=crvn EVI Vo V1, (E.19)
where V; and £ are defined by
Vi=(j+0—j)P*=2(P-2)(P-D,), (E.20)
€ = euoP"2" D7 . (E.21)

The coefficients ¢ are unimportant normalization constants that we are free to set to any

value. For convenience, we choose

1 1
cn=1l=cvn, ciun= ( (E.22)

20 (0. M =n+d),,

We want to stress that the operators of type I,II and III, do not change the parity of
the state on which they are applied, while the one of type IV does, namely

Oy A
PalO%) = { }Oéi A
A

Using the definitions (E.16)—(E.19) and the commutation relations of the conformal algebra,
we can compute the residue ()4 at the pole A% of the inverse of the norm of the primary

(I,n), (I, n), (III, n)

V. %) (E.23)

descendant states

(O; 2|0 4; z>_1 _ &

= A AL (0;2]0;2) " + O((A - AR)"). (E.24)

The result for the four types is

2—77/

QI,n = _m’

O — (=2)™ 2n—-20-1) (=0),

,n (n—1n! (204+1) (F—-n+1),’ (E.25)
QIII = - (_4>72n (6 T %) : |

T =Dl (C+n+2) (3 -n),, "

Q - : 1

IV,n —

2n—1)1(2n —2)1 (1 — 202 (—0 —n+ Dan—2(l —n+ L)an
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E.3 The residue R4

The residue R4 is obtained using formula (2.50), where Q4 are defined in (E.25).
The matrices M4 can be defined by the action of differential operator D4 on the tensor
structures appearing in the leading OPE (E.2). For the first three types we have

(@) (@) In
tei(a: Z,21,%22) Z téAi(:c,z,zl,zg)
DA(— B < ) qq’ ($2)aiA A= E’In ’ (E'QG)
N

where the matrices M, 4 are 5 x 5 while the M_4 are 4 x 4. The exponent a4 4 is equal
to a4+ where we replace £ — ¢4 and A — A 4 n4. Moreover, we set A = A%,

The type IV is slightly different since it changes the parity of the primary state,
therefore

(@) (a)
t , t T, 2,21, %
p, LB ) Z (M) LRt R . (B.27)

(1;2 a4t qq (xQ)Ozj;A

In this case M1y is a rectangular matrix 5 x 4 while M_1y is 4 x 5.

The definitions given here can be directly used to compute M. However there can be
better strategies to implement this computation. One possible strategy is to act with each
building block differential operator contained in D4 (namely P -z, P-D,, V; and &) on
the set of tensor structures, in order to obtain a correspondent building block matrix that
rotates the tensor structures. The full result can be computed as products of these building
block matrices, as detailed in [44]. A new strategy is explained in appendix E.6.1, where
we show how to obtain M4 for the types (I,n), (I, n), (III,n) in a closed form by doing a
trivial computation.

It is worth commenting that by direct computation one can check that My, vanishes
for n > 2 which means that only two poles of type (IV,n) contribute, namely A = 0,1 as
mentioned in appendix E.6.4.

E.4 Conformal block at large A

In this section we explain how to compute hso, the large A limit of the conformal blocks.
To do so, we are going to solve the Casimir differential equation at the leading order for
large A with the appropriate initial condition for G(M jz when x19, 234 — 0.

The Casimir equation can be schematically expressed as

S0+ I GRAP Z3Y) = eas GZL (P 2:D), (5:25)

where JAP = i(PAaB - PBé?A + P <> Z). We consider the leading order in A of (E.28)
and we substitute the definitions (2.41) and Q(Mi) S(rn) = (4T)Ah(Ap££ s(r,m). The result is

a set of 43 coupled first order differential equations for the functions hg

43

he =Y Mai(r,n)he (E.29)

t=1
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where M is a 43 x 43 matrix of explicitly known rational functions of r and 1 and where
we dropped all the labels of hs (which will be reintroduced when we will fix the initial
condition of the Casimir equation). Since the 43 equations (E.29) are of the first order, we
have 43 independent solutions hgsl), labeled by s' = 1...43. We then use the ansatz

W (r,n) = A(r,n) P (r,m) (E.30)

(1)

A r, = 5 )
( n) (1 42— 2Tn)%—A12+A34 (1 24 2rn)§+A12—A34

(E.31)

to obtain a set of differential equations for the 43 functions Pégs/). This ansatz, inspired by
the solution of the scalar Casimir at large A, has the property of eliminating completely
the dependence on Ao = A1 — Ay and Agy = Az — Ay from the differential equation.
Moreover it turns out that we can easily fix all the functions Ps,(sl)(r,n) since they are
simply polynomials in r (of maximal degree 12) and n. Notice also that we are leaving d
unfixed: in fact the solution that we find works in any dimension. We can further choose

a basis such that

PE0,n) =6, 58 =1,...,43. (E.32)
The functions ho can then be written as a linear combination of the 43 functions hgsl) as
follows

hooé:l:s T n Z h(s T n fﬁ ( ) (E33)

where the functions f are constants of integration that can be fixed by imposing the
correct initial condition for the differential equation. In particular with our conventions
fzp Q)( ) = hg}fi s(0,m). Therefore we can fix them by studying the OPE limit (namely

xro — x1 and x4 — x3 which also imply r — 0) of G(Apgz. As explained in [44], by studying

the OPE limit of G(APZE we obtain the following equation, that can be used to define the
functions f,

tﬁ) (@12, I(224) - D, I(212) - 21, 22)tgt) (T34, 2, I (w34) - 23,24) f: 00
~ ¢

0(h — 1),

Q,. (E.34)

Here Qs are the 43 four point function tensor structures in the OPE limit x9 — 27 and
x4 — 3. Our choice of structures @) is such that the 43 structures remain finite and
linearly independent in this limit. The contractions with the tensor I denote I(z) -z =
2z —2x(x-2)/2% and n ~ —T12 - [(224) - T34.

As a last remark we want to stress that from this computations, all the functions

b ) ( I
hgtﬂ-,s hoggqls is

by construction related to the three dimensional case. Nevertheless to generalize it to any

were found in generic dimensions. However the leading term of the blocks
dimension it straightforward. To that end it is sufficient to replace fz(f ’? with the OPE

limit of the higher dimensional conformal blocks for the exchange of operators in the SO(d)
representations (¢, 1), (¢,2) and (¢,1,1) [70].
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E.5 Tensor structures for equal and conserved currents

In this section we obtain the matrices m4+ which are needed in order to obtain the blocks
of conserved equal currents, according to (2.53).

E.5.1 Parity even

In the OPE of two identical operators @7 = Oy there is a smaller set of allowed tensor
structures in comparison to the one defined in section E.1. The invariance under the
exchange of 01 and 02 can be easily formulated in terms of the OPE by asking that the

(9 of the OPE structures is invariant under the map

a linear combination 22:1 C(q)t“_

r — —x
21 = I(z) - 2o . (E.35)
zo = I(x) - 21

This automatically gives the following set of constraints on the coefficients ¢(9),

D ((-1)f-1)=0

@ ((=1)f = 1) +2(c® + W +260)) (=1)* =0

(c® +2¢)) (=1) + B =0 . (E.36)
(0(3) + 20(5)) (1) +c® =0

) ((-1)f-1)=0

Solving this set of constraints one can define a new set of allowed tensor structures.
From (E.36) it is clear that for £ = 0 we have just two possible structures, for even ¢ > 0
we have four, while for odd ¢ we always have one.

When O; = J; is a conserved current, we have

22:1 C(Q)tgi)(*xlv 25 21, 22)

az -8;3 J1(561,Z1) =0 — 8Z ‘895
O o (@

=0. (E37)

The conservation condition applied to the OPE provides a constraint on the allowed com-
binations of the OPE coefficients,

9. — 1) — C1)e® 4@ _
{ 2ay — 1)e® = 2(ay — 1)e® + @ (=20, +d+£+1) =0 (E.38)

—2(ay —2)e® + W (20, +2n+L+1)+ D45 =0

This implies that for ¢ = 0 there exists only one allowed structure, for £ = 1 there are two,
and for £ > 1 there are always three.

To find all the allowed structures for equal conserved currents we can solve simultane-
ously the systems (E.36) and (E.38). We decide to define the basis t of the tensor structures
for conserved and equal currents as the following linear combination of the basis of generic
external vectors

5

B0, (,2,21,22) = > (my)gp 1) (@, 2,21,22) . (F=1,2), (E.39)
p=1
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C(@=A)E+A) (A—DE+A) 2AA=2) 0 —L(A-2) .40
= A2 0 tvA_9A-to-ay1 ) (BAO

In particular for odd values of £ there are no allowed structures while in the case £ = 0 only
tW is allowed. Instead for all even ¢ > 0 both structures are allowed. The OPE coefficients
¢ in the basis ¢ are related to the ones of section E.1 by

2
cg)(% = Z )\gz?(9+ (m4)pp - (E.41)
p=1

E.5.2 Parity odd structures in three dimensions

In equation (E.9) we defined the leading OPE of two spin one operators J; and Jy with a
pseudo-tensor O~ of spin £ and dimension A. Notice that we did not include the structures

)6—1

(2,21, 22)2%(x - 2 , e(z,2,21)(z - z)(x - 2) 222, (E.42)

since they can be written as linear combinations of the previous structures t,_. In fact we
have the following two identities

2 x-z Xz T2
0 = det (:c) (z) ; <z > = 2%e(z,21,22) — (7 - 2)e(x, 21, 20) (E.43)
(" i ! u 2 u +(z - z1)e(x, 2, 29) — (x - 22)€e(xy 2, 21) ,

0 = det Ew)i <2>u Zzlzi Z’Z;i = (_z Z:c);(ze, 11,:'22 + (2 - z1)e(x, 2, 22) (E.44)
(2 29)e(x, 2,21)

which reduce the space of six possible tensor structures to just four independent ones. We

also remind that in the case of £ = 0 there is only one structure tél_), while for £ = 1 we

have three possible structures tél_), téQ_), tf_).

In the case of equal operators we need to find the linear combinations of (E.9) that
are invariant under the map (E.35). We obtain that for £ = 0,1 we can only have a single
structure, while for £ > 1 there are two. For two different conserved currents one would
have one single structure for £ = 0, two for £ = 1 and three for £ > 1. For conserved equal
currents in three dimensions we obtain just one structure %VM_ that takes two different

forms for ¢ even and ¢ odd,

ZAE—(QT’Z?ZLZQ) = Z (m*)p téii)(xvzazlaZZ) (E45)
P
with
(A —3,¢,0,0) ¢ even,
_ = E.46
" {(0,A—€—3,A+£+1,1—A) ¢>1, odd. (E-46)

For the special case ¢ = 1 there are no allowed tensor structures. For ¢ = 0 instead tap_ is
still allowed. We define the OPE coefficient ¢ in the basis ¢ by

B = Nso- (m_)y. (E.47)
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E.6 Comments on the recurrence relation

In this appendix we explain some new technical developments on the conformal block
recurrence relations which were obtained as a part of this work. Findings presented in this
section will be useful for the task of computing the full set of conformal blocks needed
to implement the numerical conformal bootstrap in any spacetime dimension and for any

“low spin” external operator.

E.6.1 New strategy to compute the matrices M4y

The matrices M 4 are not trivial to compute using the strategy proposed in appendix E.3.
This is due to the fact that the first three types (I, n), (I, n), (III, n) have the label n which
in principle can take infinitely many values. The label n is also related to the degree of the
differential operator which one has to apply to the structures, therefore it may look very
nontrivial to obtain closed form results for M 4. However there is a simple way to compute
the matrices M4 in a closed form, which we are going to explain in this section. For this

purpose we define the conformal blocks @g D in the basis of the differential operators

~

G5 = o, Go a5

where G is the scalar block. The blocks in the basis used in this paper are related to
QWP o
° A(p.9) (r',q")
G(qu = Z(no)pp’(“o)qq’G(g 7, (E.49)
p'q
where np are matrices of coefficients independent of the cross-ratios. In the differential
basis the residues at the poles are diagonal in the labels p and ¢,

(L)) )
_ m PO m
G8" =Rl L 2R Gou + 0 (3 - a3
(L.p) (R.q)
my " Qam
= A — A*A Ql(gf)tggghtGoA +0 ((A - A;l)o)
A
0 awa) 0
= A A Co, +O((A-AL)), (E.50)
A

where m%L)Q AmilR) = r4 is the residue of the scalar block and rff’q) = m%’p )Q Ang’q). The

coefficient m(j’) is morally the same as m4 since the differential part of the operator ()

clearly does not act on the residue 4. However the operators ©®) also act by shifting Aqs
(or Agy) by some units. Therefore the coefficient m(f) is trivially obtained by implementing
such shifts on m4.

Knowing mgj), it is trivial to obtain M4 in a closed form, just by performing a change
of basis from the differential basis to the one that we need. For example for the parity even

conformal blocks we got

5 In
(1), = 3 (1), m (100, A= 00 (@5
pq — A pp’ p'q
p'=1 I, n
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where

m(AL,l) _ m%@ _ m(AL,5) _ mi‘L) : (E.52)
(L,3) (L) (L,4) (L)

= 5 = 3 E53

Ma A App—A12—2 A A A1p—A12+2 ( )

(L)

and where m "~ are the scalar coeflicients [44],

— A 1
mf;) = (—2i)" <n+212+> : (E.54)
An (=n+A
L _ (i) ( +212+1)n (2h+0—n—2), (E.55)
1. (h4+L—n—1), :
" (—4)"(h —n — 1), <7h7£7ng+A12+2) <h+87721+A12)
My, = = L (E.56)

(h+n—1)

The 5 x 5 matrix na ¢ 4 implements the change of basis from the differential operator basis
to the basis (E.6) that is used in this paper,

Iy WA=—B)  (B—1) £(5— A) U0
—1 0 0 0 0
nagy = 1-8 2(8-1)8 (1-8) (1 /3)6 EDE | (B5T)
B—A—l+12B-AN)(B-A+1) (A - ) (A - p) LU
B—A WA-B)  UB-A) (B—1)¢ 9L

where f = (A2 + A + £)/2. Similarly one can obtain the matrices for the parity odd
conformal blocks. With this method we cannot fix the residue of the fourth type, since
the scalar block does not have any pole of type IV. However these are just two new poles
which can be easily investigated by a direct computation.

E.6.2 Simplifications of the recurrence relations

In this appendix we mention some interesting ways to simplify the recurrence relations
which were not adopted in this work, but could be very useful for future investigations.

The first remarkable simplification of the recurrence relation comes from equa-
tion (E.50). Using the basis of the differential operators it is possible to define a fully
diagonal recurrence relation of the form

(p q)
WG (r,m) = hEL, () + Z (d4r)" - A* A B2 (). (E.58)
Here rff’Q) is a constant which is obtained by shifting the scalar constant r4. From (E.50)

it is also clear that the labels A, £4, ng and A4 appearing in this recurrence relation
would be the same as in the scalar relation [44]. The form (E.58) is much more convenient
to compute complicated conformal blocks (for example, for four external stress tensors)
since it decouples all the recurrence relations. However, in order to obtain such a beautiful
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result, one has to pay a price. In fact in this basis function A is a polynomial in A. The
order of such polynomial depends on the choice of the external operators and it is related
to the matrix that changes basis from the usual A-independent three point functions basis
(for example the leading OPE basis (E.6) used in this paper) to the differential one (for
example (E.48) that can be obtained by implementing the change of basis (E.57) which
is A-dependent). The fact that hs is a polynomial in turn implies that to obtain hs we
need to solve the Casimir equation at sub-leading orders in large A.

Similarly one could implement the recurrence relation for the conformal blocks directly
in the basis of conserved equal currents (E.39). This was already successfully tried for one
external conserved current in general dimension [44]. This approach would also give rise to
important simplifications since we would just have 5 coupled recurrence relations instead
of 41 (an even more drastic simplification would appear in the case of four external stress
tensors). However, also in this case, the behaviour at large A of the blocks would change.
In particular since the coefficients of (E.40) are polynomial of order two in A (and we have
to contract twice these matrices with the conformal blocks), we would need to solve the
Casimir equation at four subleading orders in large A.

It is also interesting to notice that one could implement the recurrence relation for the
conformal blocks in the basis of equal vectors obtained by solving for example (E.36). This
basis is very convenient since it does not depend on A and therefore it does not modify
the behaviour at large A of the conformal blocks. It is therefore very simple to implement
such a change and it would introduce a significant simplification.

In this work we decided to stick to the most conservative recurrence relation valid for
any external vector even if we had all the ingredients necessary to apply any of the previous
simplifications (in fact we managed to solve the Casimir equation to many subleading orders
in large A). We did not further analyzed the simplified recurrence relations since the actual
algorithm was already efficient enough for the computations done in this work. However it
would be very interesting to obtain very efficient formulas for this and for more complicated
conformal blocks valid in any dimensions. To do so it may be worth to implement the ideas
mentioned in this section.

E.6.3 A new implementation of the recurrence relation

In this section we want to comment on a new way to implement the recurrence relations,
which was adopted in this work. We will exemplify the method for the case of four external
vectors in three dimensions, but one can implement it also in any other case. It is convenient
to introduce the notation

RG (o) =3 L) [ml (), (E.59)
m=0

where h(ApZ& ;[m](n) are the coefficient of the expansion in r of the conformal blocks, which

are just functions of 1. We shall drop the dependence on 7 in the following formulae for
convenience. The recurrence relation can be easily casted in the following r-independent
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Figure 18. This plot shows which information is used to compute the block h(A]%qz [m], represented

as the red dot. In order to build this block one needs to know all the h(Apé:Z,)[m] for ¢ = max|0, ¢ —

ml,....,0+mand m=m— |{ — .

form?*

(p.a) na (Fxa) @'.q)
hApﬂgl:,s[m] - ooﬁ:l: s + Z Z 4 Aizj*qthpAZA:tA,s[m - TZA] : (E6O)
A pd

Since ng > 1 it is clear how to use the formula to build h[m] from the knowledge of h[m]
(p.g

with m < m. However it is interesting to notice that the blocks h ), jg [m] for m < m are
called in the recurrence relation with different spins £4. In particular in order to know

h(ApgiZ [m] (or h(plq)ﬁ[m]) one needs to know?’ h(Aei l[ — 1] with £ = ¢ —1,¢,¢ + 1, which
can be computed knowing h(MjE 5)[m —2] with ¢ =¢—2,0—1,¢,/+1,7+2 and so on, until

h(Apg i’q )[O] with ¢ = max[0,¢—m], ..., ¢+m. Therefore formula (E.60) can be conveniently

(r.9)
Al+,s
using the information of the conformal blocks at different spins and lower value of m.

implemented as a recurrence relation in spin. In figure 18 it is shown how to build ‘" [m]

The code that we implemented uses this strategy to compute all the blocks with various
spins at once. Given the inputs of m and , it starts by computing all the blocks for m = 0
and ¢ =0,...,¢ 4+, then it computes all the blocks with m =1and £ =0,...,0 +m — 1,
and so on, until one obtain the blocks with m = m and ¢ = 0,...,¢. The output of the
algorithm is therefore a list of all the blocks with m < 7 and ¢ < /, but it also generates
blocks with higher spins and lower m. With this algorithm we were able to obtain the blocks
with m = 50 and ¢ = 40, as showed in figure 19. Each dot in the picture corresponds to

41 exact functions of A and #: h(M_: sm] for p,g=1,...5 and h(p Y sm] forp,q=1,...4

Z4Formula (E.60) is a more compact way to write (2.46)—(2.47). We hope not to confuse the reader with
this change of notation. The simbol +4 = + for the first three types, while +1v ,, = F.

Z5We put primes in the label p and ¢ to stress that we need all the blocks for any p and ¢, since (E.60)
couples those labels. On the other hand s is diagonal so we can study one vale of s at the time.
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Figure 19. Schematical representation of the computation of the blocks performed in this paper.

for a given structure s. This algorithm should be repeated 19 times, which correspond to
the number of structures s that we considered.

E.6.4 The recurrence relation in any dimension

In this section we review how to write recurrence relations for conformal blocks in any
dimension d [44, 45]. We do this in order to comment on some subtleties involving the
dependence on d of the recurrence relations.

From representation theory we know the full set of poles A% of a bosonic conformal
block G(Apf) for the exchange of the most generic SO(d) representation ¢ = (Iy,... ,l[%]).
In odd dimensions all the poles are simple and the residues at the poles A% are linear

combinations of conformal blocks G(Ap;’qél associated to the exchange of a (null) primary

descendant in the SO(d) representation €4 = (A4, l14,. .., Z[Q}A), namely
2
1 /!
R (@) ~ 55 X (Rea)raw GXL1, @1) (E.61)
.

In the following table we write the full set of poles A% and the labels associated to the
primary descendants A 4,4

A A% na lia
I, n:n e[l k1 — g k—1lp—n n li +ndjk
W, n:ne[Ll—la]| dble—k—n n  Li—ndu (E.62)
III, n:n € [l,00) d—n 2n l;
Iv, n:ne[l,l[%]] ol _p 2n —1 l;
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where k=1,..., [%], n is an integer and Ay = A% +n4. We can then reconstruct the full
conformal block by summing over all the poles in A and over the regular part. In radial
coordinates this can be done by writing

g% (r,m) = (4r) 2B (r,m) (E.63)
where
WED (rm) = 0 (rm) + Y 2(47“)”“‘(12“;)’2”3"'%@%52,3(74, 1), (E.64)
A pd A
and the regular part hgﬁl(r, n) = lima 00 h(&?z (r,n).

We would like to point out the difference between the behavior of the recurrence
relations when d is an odd integer and when it is a continuous analytic variable. The
even-dimensional case is obtained as a limit of general d.

First we want to comment on the types I, II;. We want to show that there may be
more poles associated to these types when we do not fix the spacetime dimension. In fact
the label k£ is bounded to be in the set 1,..., [g] While for any concrete integer d this
range is finite, when d is not fixed this range is virtually infinite. When d is not fixed the
range only truncates because of the choice of the external operators. In fact, at a given
pole of type A, the residue is a conformal block hp,. However O4 may be labeled by
an SO(d) representation which cannot possibly couple to the external operators, namely
04 ¢ (01 x O2)N (O3 x O4). This phenomenon is particularly relevant for the types (I, n)
(or (IIg,n)) when k > 1. In fact in these cases the SO(d) representation of 04 is different
from the one of O, since the Young tableau associated to O4 has n more boxes (or n less
boxes) in its k-th row. As an example, if we consider any choice of traceless and symmetric
external operators in any dimension, the label &k is bounded to take the values k = 1,2, 3.
When d is fixed to an odd integer instead we have a finite number of k independently of
the choice of the external operators. For example in three dimensions the types I and II;
exist just for £ = 1 and similarly for d = 5 we only have k =1, 2.

The reverse phenomenon happens for the type IV. In generic dimensions the type
(IV,n) cannot appear since n runs in the set [1, l[g]]. In fact, since d is not specified, the
label [ 4 of the exchanged operator has to vanish for any choice of the external operators.
Instead, for d integer, l[ 4 is well defined and the poles of type IV may appear depending
on the choice of the external operators.

The fact that some poles exist only in integer dimensions and that others exist only
when d is not integer may seem paradoxical, since we claim that the recurrence relations
are analytic functions of d. The resolution of the paradox comes from the fact that the
poles of type I, II; which disappear at integer values of d, are exactly replaced by the poles
of type IV which exist only at d integer.

For example in the case of 4 external vectors in generic d, besides the poles of type
I;, II; and IIT (which are present also in the scalar case), there are also new poles coming
from type Is,n = 1,2, IIo,n = 1,2, Is,n = 1, II3,n = 1. We can read their position
from the table (E.62). Once we set the value of d = 3, we obtain three new poles at
positions A = 0,1, 2. On the other hand when we consider the table (E.62) directly in three
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dimensions, we predict £ new poles of type IV at the positions A = 1,0,—1,...,—¢ + 2.
One can check that, rather magically, the residues R correspondent to type IV vanish for
n > 2 giving poles only at A = 1,0. In a similar way one can prove that the pole at
position A = 2 predicted in general dimension has a vanishing residue when d = 3.

F Details about numerical implementation

Let us describe the numerical implementation one step at a time.

1. As explained in appendix E, conformal blocks are naturally computed in a basis with
43 tensor structures. However, in three dimensions there exist two linear relations
among the 43 tensor structures, the first task we need to perform is to express the
three dimensional crossing equations in terms of the 43 (19 for equal currents) original

functions.

In our basis of tensor structures, the two linear relations read:

(u2+(—1+v)2—2u(1+v)) Q2+ (—u2—(—1+v)2+2u(1+v)) Qs +4uvQs —2v/uv/v(—1+u+v)Qq
—2vVuvo(=1+u+0)Qio+4uvQi1 +2uvv(1—u+v)Q12+2vu(1+u—v)vQ1s

+2v/u (1+u? —v—u(2+v)) Q1a+2uv/v(1—u+v) Q15 +2uv/v(1—u+v) Q16 +2vu(1+u—v)vQ17
—2v/u (—=1=u® +v+u(2+v)) Qis+2uv/v(1—u+v) Q10 +4uvQa0 — 2v/ur/v(—1+u+v)Qa1
—2v/uv/0(— 1+ u40) Q22 +4uvQas — 4uvQas +4u *v* 2 Qoo +4u 20>/ 2 Qs

—du(=140)vQs1 +4(—1+u)u* > VoQs2 — 4u(1+u)vQss —4(— 1 +u)uvQsa +4u* *v*/2 Q35
+4(—14u)u*oQ36 — A(—1+u)uvQsr — du(1+u)vQss +4u* *v>/ 2 Qs0

— 4y (1 —2u+tu? 71)) Qa0 +4(71+u)u3/2ﬁQ41 +4(71+u)u3/2\/5Q42 —duPvQu3 =0

(u2—|—(—1—|—v)2—2u(1—|—v)) Q1+ (—uz—(—1+11)2—|—2u(1+v)) Q3+2u(—14+u—v)v/vQ4
—2v/u(14+u—v)vQs5 —2v/u(1+u—v)vQs —2v/v ((—14v)* —u(14v)) Q7 +2uy/v(1 —u+v)Q12
+2vu(l+u—v)vQ13+2vu (1+u? —v—u(2+v)) Qua+2uv/v(1—u+v) Q15 +2uv/v(1—u+v) Q16
+2v/u(14+u—v)vQ17+2v/u (1+u” —v—u(2+v)) Qis+2uv/v(1 —u+v)Q1o

=20 ((=1+4v)* —u(1+v)) Q24— 2v/u(1+u—v)vQa5 — 2v/u(1+u—v)vQ26 +2u(—1+u—v)/vQ27
+4uv(1—u+0)Qas +4vu(1+u—v) > 2 Qa0 +4v/u(1+u—0)v* 2 Qz0+4v (1—(2—|—u)v+v2) Q31
+4u3/2(—1+u—v)\/{1Q32—4u(1 +u—v)vQsz3+4uv(—u+v)Qsa +4\/ﬂ(1+u—v)v3/2Q35
+4u3/2(*1+U7’U)\/5Q36*4U(U*’l})’UQ3774U(1+U*'U)'UQ38 +4\/ﬂ(1+u7v)v3/2Q39

—4u (1+u® —u(2+v)) Quo+4u*? (=14 u—2)vVoQu
+4u3/2(—1+u—v)\/5Q42+4uv(1—u+v)Q43:O (Fl)

In this project we choose to eliminate structures Q31 and Q49 using this two identities.
This is motivated by their invariance under the permutations 1234 <> 3412 and
1234 > 2143, as shown in table 1, and by the fact that they do not mix under
crossing (see eq. (2.24) and appendix D). Also, inverting (F.1) in terms of this pair
does not introduce any singularity at the crossing symmetric point u = v = 1/4.%6

260n the contrary, this choice is not optimal when performing the conformal block decomposition by
matching powers of r: this is because it would introduce additional singularities at » = 0. For such an
exercise it is more convenient to invert eq. (F.1) for Q37 and Qss.

— H8 —



Finally we plug in the expression of (31 and Q49 in the tensor structure expansion of
the four point function (2.20) to obtain the expression of the 17 independent functions
in terms of the original 19:

43 41
D7 Feluv) Qe =D £3P (u,) Qs (F.2)
s=1 s=1

Note that, despite the index s on the r.h.s. of the above expression runs from 1 to
41, there are only 17 distinct functions 3 (u,v).

2. Next, we pass to the basis that diagonalizes crossing symmetry. This is done by
defining the 17 functions fs shown in (D.2).

3. As described in [12], the problem of finding « satisfying (2.59) can be transformed
into a semidefinite program. The form of the functional « is given in (2.61). The first
step is to compute the derivatives of the vectors V. ,Vp and V;_ defined in (2.58).
To do this, we started directly from the explicit form of the conformal blocks as a
power series in the variable r defined in (2.42).

4. Once we take the derivatives and set r = 3 — 2v/2 and n = 1, these expressions
reduce to rational approximations for conformal blocks in the variable A. Keeping
only the polynomial numerator in these rational approximations, (2.59) becomes a
“polynomial matrix program” (PMP), which can be solved with SDPB [71]. We use
Mathematica to compute and store tables of derivatives of conformal blocks. An-
other Mathematica program reads these tables, computes the polynomial matrices
corresponding to the V’S, and uses the package SDPB.m to write the associated PMP
to an xml file. This xml file is then used as input to SDPB. Our settings for SDPB are
given in table 2.

As discussed in section 2.2.2, the minimal crossing constraints consist in 5 bulk equa-
tions, 5 boundary equations and one constraint at a point. Once one considers derivatives
of the crossing equations at a given point, the conservation equations (2.27) (and their
derivatives at the crossing symmetric point © = v = 1/4) simply become a set of linear
relations between various derivatives of the functions f; We explicitly checked that the set
of derivatives included in the numerical bootstrap has maximal rank, i.e. there is no linear
dependence induced by the conservation equations. Also, we explicitly checked that the
system made by the conservation equations and their derivatives at the crossing symmetric
point can be used to determine neglected components.

Because the functions involved have definite symmetric properties under z — Z, the
number of non-vanishing derivatives included for a given A is:

232+ A2

dim(a) =5 +5] 5

J+1. (F.3)

[\)



A 11 15 19 23
order 30 40 40 50
spins Sa=11 | Sa=15 | Sa=19 | Sa=23
precision 448 576 768 896
findPrimalFeasible True | True True True
findDualFeasible True | True | True True
detectPrimalFeasibleJump True | True True True
detectDualFeasibleJump True | True True True
dualityGapThreshold 10730 | 10739 | 10739 | 1077
primalErrorThreshold 10730 | 1073 | 1074 | 1077
dualErrorThreshold 10730 | 10739 | 1074 | 1077
initialMatrixScalePrimal 1010 | 1050 | 10 | 10%
initialMatrixScaleDual 1040 10%° 10%° 1090
feasibleCenteringParameter 0.1 0.1 0.1 0.1
infeasibleCenteringParameter 0.3 0.3 0.3 0.3
stepLengthReduction 0.7 0.7 0.7 0.7
choleskyStabilizeThreshold 10740 | 10749 | 107100 | 10—120
maxComplementarity 10109 | 10139 | 10%6Y 1080

Table 2. SDPB parameters for the computations of scaling dimension bounds in this work. For
C'r bounds we need to set all of the Boolean parameters in the table to False. In addition to that,
we used dualityGapThreshold = 1079, while all the rest of the parameters were kept at the same
values as for the dimension bounds.

The degree of the numerator and denominator is controlled by the order of the con-
formal blocks expansion in r, or equivalently by the number of poles kept in the recursion
relations (2.46)—(2.47). Contrary to previous conformal bootstrap works [12], we used the
obtained expressions as they are, without employing any further approximation. Approxi-
mations might be useful to push to higher number of derivatives.

Finally, we must choose which spins to include in the PMP. We have chosen the
number of spins to depend on A as follows

Sa=11 = {0,...,24} U {29, 30},
Sp—15 = {0,...,34} U {39,40},
Spa—19 = {0,...,40} U {49, 50},
Spa—23 = {0,...,40} U {44, 45,49, 50, 59,60} . (F.4)
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