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ABSTRACT: We analyse the dynamics of near-extremal Reissner-Nordstrém black holes in
asymptotically four-dimensional Anti de Sitter space (AdSs). We work in the spherically
symmetric approximation and study the thermodynamics and the response to a probe
scalar field. We find that the behaviour of the system, at low energies and to leading order
in our approximations, is well described by the Jackiw-Teitelboim (JT) model of gravity.
In fact, this behaviour can be understood from symmetry considerations and arises due
to the breaking of time reparametrisation invariance. The JT model has been analysed in
considerable detail recently and related to the behaviour of the SYK model. Our results
indicate that features in these models which arise from symmetry considerations alone are
more general and present quite universally in near-extremal black holes.

KEYwORDS: 2D Gravity, AdS-CFT Correspondence, Black Holes

ARX1v EPRINT: 1802.09547

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP09(2018)048


mailto:nayak.pranjal@gmail.com
mailto:ashish@uvic.ca
mailto:ronak@theory.tifr.res.in
mailto:sandip@theory.tifr.res.in
mailto:vishal@theory.tifr.res.in
https://arxiv.org/abs/1802.09547
https://doi.org/10.1007/JHEP09(2018)048

Contents

1 Introduction 1
2 Spherically symmetric Reissner-Nordstrém black holes 3
2.1 Time dependence 7
2.2 Thermodynamics of the AdS4 RN black hole 8
3 The four-point function 9
3.1 On-shell action 11
4 The JT model 14
4.1 Thermodynamics 17
4.2 Four-point function 18
5 S-wave reduction 20
5.1 Comparison with the JT model 22
5.2  More detailed comparison with the JT model 23
6 Conclusions 24
A Details of 4D thermodynamic calculations 26
B 4D calculation of the four-point function 27
C Relating the sources at the AdS; boundary and the near-horizon AdS-
boundary 30
D Thermodynamics of the JT model 32
E Coupling between the probe field o and the ¢ modes for JT model 33
F Dimensional reduction with sources 36

1 Introduction

Recently, a new class of solvable quantum mechanical models have gained considerable
attention. The study of these models was initiated by Sachdev and Ye, [1], and Kitaev, [2].
Subsequently these and similar models have been discussed extensively, a partial set of
references is [3-27]. We will refer to this class of models as the SYK models below. These
models have the virtue of being simple enough to be exactly solvable in the large N limit, yet
being rich enough to possess some highly non-trivial features of interacting systems. Most
notably, real time correlations in these models are found to thermalise, and out of time order
correlations were found to saturate a bound that governs the onset of chaotic behaviour.



These developments are of considerable interest from the point of view of studying
black hole dynamics, [28, 29]. It has been shown that quite generally the chaos bound is
satisfied by black holes [30]. A long standing puzzle in the study of black holes pertains
to the information loss issue. The SYK models share some highly non-trivial features
in common with black holes. In particular, as mentioned above, they saturate the chaos
bound; yet these models are consistent quantum mechanical theories which should not lead
to information loss.! One would hope that a more detailed analysis of these models could
therefore help shed light on how the information loss puzzle is resolved for black holes.

In particular, one might hope that the SYK models are related to the study of near-
extremal black holes, and quite a bit of recent investigation in AdSy/CFT; correspondence
has been directed to improve our understanding of the same, [31-58]. It was found that
the low-energy behaviour of the SYK model is characterised by the emergence of a local
conformal symmetry consisting of time-reparametrisations. This symmetry is explicitly
broken since the UV degrees of freedom do not fully decouple, and is also spontaneously
broken by the ground state. The resulting low-energy modes, which are the analogues
of Goldstone modes, are governed by an action determined by symmetry considerations
alone and their behaviour governs the low-energy dynamics of the system. In particular,
it gives rise to a linear specific heat and also to out of time order correlation functions
which saturate the chaos bound. This action, which involves a Schwarzian derivative of
the time-reparametrisations, will be referred to as the Schwarzian action below.

It was found by [33-35, 59] that many of these properties are in fact true in a two-
dimensional theory of gravity first studied by Jackiw and Teitelboim [60, 61]. The time-
reparametrisation modes do arise in this model and are governed by the Schwarzian action
which gives rise to a linear specific heat and the saturation of the chaos bound. We will
refer to this system as the JT model below.

Near-extremal black holes are known to share some properties with the JT model. For
example, their near-horizon geometry is well known to involve two-dimensional Anti-de
Sitter space, AdSsy, whose asymptotic symmetries are the time-reparametrisations referred
to above. It is also well-known that analysing the excitations above extremality for these
black holes requires one to retain more than the near-horizon AdSs region, leading to the
explicit breaking of this symmetry. These similarities suggest that the lessons learnt from
the study of SYK models could apply more generally for the study of these black holes.

This paper is devoted to studying this issue in more detail. In particular, we study
spherically symmetric near-extremal black holes in higher dimensions and analyse their dy-
namics in the spherically symmetric (S-wave) sector. For concreteness we restrict ourselves
to near-extremal Reissner-Nordstrom black holes in asymptotically AdS, spacetimes, and
consider the simplest system, gravity coupled to a Maxwell field, where they arise.

Our main results are that the thermodynamics and the low-energy behaviour of this
system is in fact well approximated by the JT model, and exhibits the breaking of time
reparametrisation symmetry with a Schwarzian action. We analyse the low-energy be-
haviour of the system by coupling it to a probe scalar field and calculate the four-point

The original SYK model involves random couplings which must be averaged over. However, similar
models can be formulated which are manifestly unitary without such an averaging over couplings, see [11, 13].



function at zero temperature.We find that this is well approximated, at leading order, by
coupling the time reparametrisation modes to the scalar field in a manner determined by
symmetry considerations, as happens in the JT model.

The paper is organised as follows. In section 2, we introduce the system of interest,
consisting of Einstein gravity and the Maxwell field and analyse some of its properties,
including near-extremal thermodynamics. In section 3, we introduce additional matter
in the form of a scalar field, analyse the resulting 4-point scalar correlator in the four-
dimensional asymptotically AdS, system, and take its low energy limit. In section 4, we
consider the JT model and show that, for a suitable choice of parameters, it reproduces
the near-extremal thermodynamics, as well as the four-point function at low energies and
zero temperature. In section 5, we carry out an S-wave reduction of the Einstein-Maxwell
system and show why it agrees with the JT model to leading order at low-energies. We
end in section 6 with conclusions and some future directions. Appendices A, B, C, D, E, F
contain important supplementary material.

Before proceeding let us mention some other important references. A thorough study of
the JT model, including the first computation of the four-point function, was done by [62].
Also, the fact that the JT model correctly captures the near-extremal thermodynamics was
noted by [34, 36]. An S-wave dimensional reduction from Einstein-Chern-Simons theory
in AdS3 was used to get the JT model with a gauge field in [63]. Also, [37] has elucidated
various possible solutions in a 2D gravity model with a dilaton and a gauge field. Relevant
works examining dimensional reduction and near-horizon physics include [64—66].

2 Spherically symmetric Reissner-Nordstrom black holes

In this section we analyse spherical charged black holes that arise in a theory of gravity
coupled to a Maxwell field in the presence of a negative cosmological constant. The action is

—L 4 _ _ 7i 4 — 1%
S_lﬁﬁG/d zv/—g (R—2A) 1 d*x\/—g Fu, F*. (2.1)

This system is well known to have the Reissner-Nordstrom black hole solution given by

ds® = —a(r)?dt* + a(r)"2dr® + b(r)* (d6* + sin6 dy?),

), . 2GM  4n(Q%+ Q)
a(r)* =1 " + 2 + 72 (2.2)
b(r)? = 12,
F = %, (2.3)
Fyp = Quysin 6. (2.4)

Here M, Q., Q,, are the mass, the electric and the magnetic charges of the black hole, and

L is the AdS4 radius,
3
L=,—. (2.5)
\ 1A

This solution is manifestly spherically symmetric and preserves the SO(3) rotational
symmetry.



An electromagnetic duality transformation under which

Qm cosy siny Qm
(&)= () (%) e

allows one to map the general solution with both electric and magnetic charges to the
purely magnetic case, where Q). = 0, and keeps the metric, eq. (2.2), invariant. We will
use this duality transformation to work with the purely magnetic case below.

It is easy to see that in the asymptotic region, r — oo, the metric, eq. (2.2), be-

comes AdSy,
r2 P2\ !
ds® = —(1 + Lz) dt® + (1 + L2) dr® + r? (al6?2 + sin?6 d(p2). (2.7)
At extremality,
1 3rd
Q%:M<T%+Lzh>v (2.8)
Th 27“,%
Mext = 6 <1 + L2>’ (29)
2
a2(r) = T2 (12 4302 4 9y 1 4?), (2.10)

r2[2
and the temperature of the black hole vanishes. To simplify the discussion we focus hence-
forth on big black holes where the horizon size is much bigger than the AdS radius,

ry, > L. (2.11)

The charge and mass are then given in terms of the horizon radius r; by

1 3rd
e 3 (2.12)
23
Moyt TL@ (2.13)

The near-horizon region of the extremal geometry, r — r;, < rp, has the metric, upto
O(=) corrections,

_ 2 L2
g2 = [T e L e g 4 g a?)|. 2.14
s 12 + =) r* + rj, (d0° + sin“f dy”) (2.14)

This is of the form AdS;xS?, where the radius of the AdS; and the S? are given by
Raasy = Lo~ = (2.15)
AdSy — L2 — \/é’ .
Rg2 = 7p. (2.16)
The asymptotic region of the AdSs geometry is given by

T —Thp
Lo

> 1. (2.17)



eq. (2.14) is a good approximation when

T —Thp

< 1. (2.18)
Th
This is consistent with eq. (2.17) for a big black hole meeting eq. (2.11), 7, > L.
Let us also note that the electrically charged extremal black hole is dual to a zero-
temperature state in the boundary field theory with a chemical potential y given by

Th

~ 75 (2.19)

I

This relation is expected from the general relation between the radial direction in gravity,
r, and the energy scale F in the field theory,

r

(2.20)

The boundary theory lives on a sphere of radius ~ L, and eq. (2.11) can be recast as

1
p> g (2.21)

The first corrections in () to the AdSyx S? metric will also be important in the
subsequent discussion. Incorporating them gives the metric,

—rp)? 4(r — L? 4(r —
ds> = — T ="n) [1 Al r’”‘)}d# + —2 [1 LA Th)]dﬁ
L3 3ry, (r—rp) 3ry, (2.92)
+7r2 [1 + M] (d6? + sin6 dp?).
Th

r—Th
Th

The region of the spacetime close to the horizon, including the O( ) corrections given
in eq. (2.22), will be called the near-horizon region below.

Black holes close to extremality, with a small temperature, will also be of interest to
us. The double zero in the metric coefficient a?(r) present in the extremal case will now
split into two single zeros located at the outer and inner horizons of the non-extremal black

hole. Denoting the two horizons by
ry =1y £ 07y, (2.23)

where, because the black hole is still close to extremality,?

5
Th <1, (2.24)
Th

we have that the temperature of the black hole is

(57“h
2For more non-extremal black holes, ry7_ = r?, but because of eq. (2.24) we can write eq. (2.23).



To avoid any confusion let us mention that in our notation r, continues to refer to the
horizon of the extremal black hole given in terms of the charge by eq. (2.12), while the
horizons in the non-extremal case are given by r, eq. (2.23).
From eq. (2.19) and eq. (2.25) we see that the condition eq. (2.24) is equivalent to
requiring that
T < p, (2.26)

for the electrically charged case.
Sufficiently close to the horizon, the difference between the extremal and non-extremal

geometries is clearly significant. However, once
T =T > 0Ty, (2.27)

the difference becomes small and the slightly non-extremal geometry is well approximated
by the extremal one, with the same charge. Note that condition eq. (2.24) makes eq. (2.27)
consistent with eq. (2.18). Therefore, at small temperature there is a region of the geometry
well approximated by the AdSs metric where the effect of the temperature is unimportant.

In fact, since we are dealing with a big black hole, eq. (2.11), it will be convenient in
the discussion which follows to take the temperature small enough so that

orp, < L, (2.28)
which implies that?
1
T K T (2.29)

This allows for a region of spacetime which lies in the asymptotic AdSs region, where
eq. (2.17) is met, and which also meets eq. (2.27) and eq. (2.18). In this region, which will
play an important role in some of the discussion that follows, the deviations due to the
finite temperature have become unimportant and the metric has asymptotically attained
the AdSs form, eq. (2.14). For brevity we will call this the asymptotic AdS, region below,
see figure 1. Before moving ahead, we write out all the limits required to locate this region
in one equation for readability,

orp K Lo~ LK —rp L1y (2.30)

We end this subsection with some comments on thermodynamics. The excess mass,
O0M, close to extremality, is related to the temperature by

2

T
M=-—T?[? 2.31
0 3G Th, ( 3 )
leading to a linear specific heat,
dsM  27% .,
C = T~ 30 TLry,. (2.32)

3This corresponds to temperatures which are smaller than the inverse-radius of the S? on which the
boundary field theory lives.



We also note that the system has a gap, corresponding to a temperature very close to

extremality, [67, 68],
G

L2y’
This is much smaller than 1/L. We will be working at temperatures 7' > Tg,;,, meeting
eq. (2.29) and eq. (2.26).

Tyap ~ (2.33)

2.1 Time dependence

We now turn to studying time-dependent perturbations of this system which preserve the
spherical symmetry. With no loss of generality, the metric is given by

ds* = gaﬁda:adxﬁ + e2%d02, (2.34)

where g, is the metric in the r —¢ plane, and e2? is the radius of the S2. These components
of the metric are general functions of (r,t). It is easy to see that the equations of motion
and Bianchi identities completely determine the gauge field which continues to be given by
egs.(2.3) and (2.4) (we use the electromagnetic duality to continue to work with the purely
magnetic case for simplicity).

By a suitable coordinate transformation the metric can be brought to the form,

ds® = —gttdt2 + gmadr2 + rde%. (2.35)
The g+ equation of motion now leads to
Ot Grr = 0= grr = gpr (7). (2.36)

The g4+ equation is first order in r and can be integrated to give

2GM  47Q? r2\ 7!
=(1- m 4 — . 2.
Grr < , + 2 + 12 ( 37)
Finally the g, equation after a further time-reparametrisation gives
2GM  47Q? r2
g =1— — O (2.38)

r2 L2
As a result we see that the most general spherically symmetric solution of the Einstein-
Maxwell system, in the presence of a cosmological constant, is the RN black hole.

The arguments above are simply a proof of Birkhoff’s theorem. Note in particular that
the static nature of the solution was not imposed to begin with and arose as a consequence
of the equations of motion, once spherical symmetry was imposed. Our conclusion, that
the RN black hole is the most general spherically symmetric solution, is to be physically
expected since there are no dynamical degrees of freedom in gravity or the gauge field in
the S-wave sector.

It is also worth noting that while the analysis above was carried out in the four-
dimensional theory, we would have reached the same conclusions in a two-dimensional
model obtained by carrying out a dimensional reduction, as is done in section 5. The



additional equations in the four-dimensional theory do not need to be used above in deriving
the Birkhoff’s theorem.

One additional point needs to be examined before we conclude that there are no dy-
namical degrees of freedom in the S-wave sector of this theory. The above argument shows
that there are no bulk degrees of freedom, but in the presence of a boundary extra bound-
ary degrees can arise. However, in asymptotically AdS, space the asymptotic symmetry
group is SO(3,2), which is just the group of exact isometries. Thus, unlike AdSs or AdS,,
here there are no extra boundary degrees of freedom.

2.2 Thermodynamics of the AdS,; RN black hole

The thermodynamics of the AdSs RN black hole is well understood. We summarise some
key points here for completeness, more details can be found in appendix A.
The Euclidean Einstein-Maxwell action is given by,

_ 1 4
§=—1o | dwVa(R—20) -

1

1
—— d3 K+ — [ d* F? 2.39

4G

where we have included the extrinsic curvature term at the asymptotic AdS4 boundary. It
will be convenient in the discussion below to work with magnetically charged black holes
for which Fj,, is given in eq. (2.4). The above action is divergent and we have to add
counter terms to make the full 4D action finite, see [69-75],

1 L?
Scoun = d3 1 —R y 2.40
© T AmGL /bdy xﬁ( M 3> (2.40)

where Rjs is the Ricci scalar of the boundary surface. We denote the regulated action by
Srog =5+ Scount-
Standard manipulations then show that the entropy of the black hole is given by

M r3 21Q? 1 2
Sent = BM — Speg = | — S — | = 2.41
ent B reg < 9 + 2GL2 G T+>ﬁ G ’ ( )
where r4 is the outer horizon of the black hole, and the temperature is given by
1 (GM  47Q* 71y
T=—|—-— — |- 2.42
2 < r? r + L2 (242)

Close to extremality, where the condition eq. (2.24) is met, the resulting free energy is
given by,

w(ry + 5rh)2

ﬁFZﬁM—Sentzﬁ(Mext_'_aM)_ G

2
Th

= BMex — B6M — ~Z. (2.43)
In the last line, we expanded to linear order in dr; and used eq. (2.31) and eq. (D.3) to

relate o7y, to M.



3 The four-point function

Next we couple the system to a scalar field. The bulk scalar is dual to a scalar operator
in the boundary theory which lives on S? x T and we will be interested in the four-point
function of this operator at low-energies and zero temperature.In this paper we will restrict
ourselves to working in the S-wave sector, invariant under the rotations of the S2. We work
with the metric in Euclidean signature in this section.

The scalar ¢ with mass m has the action

S:;/&%@U%ﬁ+m%ﬂ. (3.1)

We will consider the case m? > 0 below. The scalar field is free except for gravitational
interactions.

In the S-wave sector, the system of gravity and the gauge field have no dynamical
degrees of freedom. The presence of the scalar gives rise to the dynamics. The gravitational
interactions will give rise to a non-trivial four-point function for the scalar field. This is
analogous to effects due to the non-trivial Coulomb field for a spherically symmetric charged
distribution. We will be interested in the resulting four-point function.

We can expand ¢ in terms of modes of definite frequency, using spherical symmetry to
write it only as a function of ¢ and r,

o(t,r) = /dw et o(w,r), (3.2)

where o(w, ) in the background eq. (2.2) satisfies the equation
1 2 2 w? 2
ﬁ&“ (r*a*0r0) — = +m*)o =0. (3.3)

As is well-known, in the asymptotically AdS, region, r — oo, the w dependent term
in eq. (3.3) can be neglected and the solution goes like

o~ rRE (3.4)

where

 —3E£V9+4m2L2
= 5 .
The 2+ mode is the non-normalisable mode which dominates when r — co. We take the
boundary of AdS, to be located at

A

(3.5)

1
j%:5>>1, (3.6)

and take the asymptotic behaviour of ¢ to be

o — o(w) (%>A+ . (3.7)

The coefficient o(w) is the source in the dual field theory for frequency w.



The on-shell action is a functional of this source term, and the four-point function
in the boundary theory is given by the term in the on-shell action which contains four
powers of o(w). Here, we will be interested in probing the near-extremal geometries by
calculating this four-point function at sufficiently low frequencies. We will see below that
the non-trivial part of the four-point function arises from the near-horizon region of the
spacetime in this limit.

Let us make the required condition for the frequency to be small precise. As was
mentioned above, the extremal black hole corresponds to the field theory at chemical
potential p, eq. (2.19). We expect that the condition for small frequency should require that

w L~ (3.8)
In section 2, after eq. (2.17) we discussed the asymptotic AdSy region which meets the
conditions* eq. (2.30). We will be interested in situations where the response to the scalar
arises essentially from the region extending from the horizon to values of r lying in this
asymptotic AdSs region. As we see below this will happen if the frequency dependent term
in eq. (3.3) is small for the part of spacetime lying beyond the asymptotic AdSy region;
that is, at larger values of r.
More precisely, we see from eq. (3.3) that the frequency dependence can be neglected
compared to the mass term when

w
' 3.9
B <«Lm (3.9)

For this to hold in the asymptotic AdS, region we need®

w _(r—rp)

— L —. 3.10

- T (3.10)
For mL ~ O(1), we see that for w meeting eq. (3.8) this condition can be met for values of
r lying in the asymptotic AdSy region meeting the condition

r—7Tp Th

w K <L —=.
Ly L3

(3.11)

Since a?, which is the g;; component of the metric, monotonically increases away from
the horizon, the condition eq. (3.9) will then continue to be met by increasing r further, all
the way to the AdS, boundary, and the frequency dependence in eq. (3.3) can be neglected
in this whole region away from the near-horizon spacetime.

Once the frequency term can be neglected eq. (3.3) takes the form

1
T—Q&n (r*a*d,0) —m?s = 0. (3.12)

We see that the resulting solution, with the boundary condition eq. (3.7) is then, to the
leading order, independent of w in this region upto a multiplicative constant o(w). Denoting

4Since we will be considering small temperatures, eq. (2.28), eq. (2.17) ensures that eq. (2.27) is met.
5We will work with non-zero mass here. A similar analysis for the massless case can also be carried out.

~10 -



the r-dependent part of the solution by f(r), the factorised form of the solution away from
the horizon is

o(t,r) = /dw e“ta(w) f(r) =a(t)f(r), (3.13)

where

o(t) = /dw e“to(w). (3.14)

In contrast, in the region sufficiently close to the horizon where eq. (3.9) is not met and
the w dependent terms cannot be neglected in eq. (3.3), w enters in the radial dependence
non-trivially.

We will see below that in the region where this factorised form eq. (3.13) is valid, the
contribution to the four-point function is only a contact term. The non-contact terms in
the time-dependence arise solely from the region sufficiently close to the horizon where the
frequency dependence is more non-trivial.

3.1 On-shell action

We now turn to computing the on-shell action which arises due to the gravitational back-
reaction produced by a scalar perturbation satisfying eq. (3.3). The basic idea of the
calculation is straightforward. The scalar perturbation gives rise to a stress tensor which
perturbs the metric and results in a non-trivial on-shell action. In contrast, the gauge field
is left unchanged and does not play a role.

The stress tensor produced by the scalar is

Ty = 0,00,0 — %g,w [(00)* + m*0?] (3.15)

and is quadratic in the scalar. We are in particular interested in the four-point function on
the boundary for the operator dual to the scalar. This is obtained from terms in the on-shell
action which are quartic in the source o(t), eq. (3.7). Such terms arise from expressions
which are quadratic in the stress tensor. As mentioned above we will consider S-wave
perturbations for the scalar.

Our calculation is modeled along the lines of the discussion in [76]. We expand the
Euclidean metric as

ds® = a2(r) (1 + hy) dt® + (1 + hyy) dr?

a?(r)

+ 2hy dt dr + b2 (r) (1 + hee) (d6* + sin®0 dp?), (3.16)

where the perturbations are only functions of ¢ and r. Note that the metric perturbations
which arise also preserve spherical symmetry.

We will work in the gauge where h,. = hy = 0. It is easy to see in general that the
on-shell action dependent on the scalar is given by

b2
SOS = —W/dt dr ((ZthtTtt + 2h99T99> . (317)

See appendix B for more details.
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As discussed in appendix B, by using the equations of motion for the metric perturba-
tions and the conservation equations for the stress tensor, one gets that this on-shell action
is given by

213 l
Sos = —87T2G/dt dr <2ab/b TrraltTtr I (1 + 2;—;) TtrathTt,) . (3.18)
The r integral is from the horizon to the AdS, boundary. We will be considering scalar per-
turbations with non-zero frequency here, so the factors of inverse powers of 9, in eq. (3.18)
are well defined and should not cause any alarm. For example, a%Ttr ~ (T{,)Ttr if Ty ~ et

We can now analyse the contribution to the r integral in eq. (3.18) from the region
discussed previously where the w dependent term in the scalar equation, eq. (3.3), is negli-
gible. As discussed above, in this region the scalar field takes the form eq. (3.13). Inserting
this in eq. (3.18) we see that the contribution to the four-point function from this region
is a contact term. This is because both terms on the r.h.s. of eq. (3.18) involve one factor
of the stress tensor with no inverse derivative of time acting on it. In the first term on the
r.h.s. of eq. (3.18) this is the first factor of 7)., and in the second term it is the factor of
Ti-. These factors of the stress tensor in turn involve two powers of the scalar source term
at the same time. As a result the contribution to the scalar four-point function is a contact
term, as is explained in more detail in appendix B.

We will not be interested in the contact term contributions to the four-point function
here. For our purposes therefore the four-point function can be calculated entirely from
the region where the frequency dependent term in the scalar equation cannot be neglected,
and eq. (3.9) is not met. For small frequency meeting condition eq. (3.10), this region lies
in the near-horizon spacetime, extending from the horizon to the asymptotic AdS, region
where both eq. (2.18) and eq. (2.17) are met.

The summary so far of this subsection then is that we can calculate the four-point
function for small frequencies by cutting off the radial integral in eq. (3.18) at a location
r = r. where eq. (2.18) and eq. (2.17) are both met,

Te —Th

Near-horizon limit: <1, (3.19)
Th

Te —Th

Near AdSy boundary: > 1, (3.20)

and eq. (3.11) is also met so that
Te —Th

L3

w < (3.21)

The region r > r. only gives rise to contact terms. See figure 1.

This result is of course what one would have expected from the relation between the
energy scale in the boundary and the radial direction in the bulk. Since we are interested
in low frequencies, only the deep interior region of the geometry, at small values of r,
should have contributed as we find above. We see that for sufficiently small values of w
the holographic screen can in effect be moved from the AdS4 boundary to r = r. located
at the boundary of the AdS, region. This process of moving the screen is the holographic
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Figure 1. The near-extremal geometry. For r — oo the geometry is asymptotically AdSy. r — 7,
where ”T_h” < 1, =™ > 1, is the asymptotic AdS;xS? region. The horizon at extremality is

at r =ry.

analogue of moving the RG scale in the field theory from the deep UV close to a cut-off
which is closer to the energy scales of interest.

One additional point remains to be clarified. To fully specify the calculation in terms
of data only in the region r < r. we also need to relate the value of the scalar field at the
AdS,4 boundary to its value at the new screen r = r.. The value at r. effectively gives rise
to a source in the low-energy theory in the AdSsy region. As we discuss in some detail in
appendix C, up to terms which are suppressed at low frequencies, the source we introduce
at the screen r = r. is related to the source in eq. (3.7) at the AdS4 boundary by a rescaling.
This rescaling is the analogue of wave function renormalization and is to be expected from
the analogy to the RG transformation in the field theory. Once this rescaling is carried
out the result for the four-point function will not depend on where precisely the screen is
located, i.e. on how r. is chosen.

In view of the above discussion, the integral in the on-shell action eq. (3.18) can be
restricted to the near-horizon AdSy region, from the horizon to 7., with the remaining

integral r > r. giving rise to contact terms,

2a%0% 1 2a’b 1
= —87r2G/dt/ ( @ Ty —T: — a’b? (1 a >TtT > + contact terms

O ba 82
(3.22)
Now notice that in the second term above we can approximate ( 20 b) o~ Qb‘} b For
example, near r = r,., which lies in the asymptotic AdSs region, eq. (2.30),
2 (r — Th)Q
a4 = ——5
L3
1
/
a = —
Ly’
b= Th,
Vo~ 1, (3.23)
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so that
a'b o Th

— 1. .24
Va r—mp > (3.24)

For smaller values of r near the horizon the Lh.s. in eq. (3.24) is even bigger since a — 0.

As a result the leading term in the on-shell action becomes®

~ 167G dt d?" 7 rrgtT —b’a b TtraQT (325)

where the quantities a, b etc. take the values in (3.23); because of the b3, eq. (3.25) scales
like 7“%.
We will see below that this leading term is reproduced in the JT theory at zero
temperature.
In what follows, it will be convenient to use a new coordinate z defined as
L3

z= o) (3.26)

For the extremal case we get, after converting between r and z coordinates,

; > 1 1
S ~ 167G % /dt/ dzz (th(?Qth — thzaTZZ>, (3.27)
2 [ t t

. L?
with 0. = - e
c

We see below that eq. (3.27) will be reproduced by the JT model for a suitable choice
of parameters.

4 The JT model

In this section we discuss the JT model in more detail and show that it reproduces the be-
haviour of the four-dimensional near-extremal RN system discussed above at low energies.

The JT model was discussed in [33, 34, 60, 61] and consists of a scalar ¢, called the
dilaton, coupled to gravity in two-dimensions with the action

r2
\fK) </d2:c\f¢(R Ag) +2 ﬁw{).
2G bdy
(4.1)
The first term is topological and gives rise to the ground state entropy for the extremal

2
_ " 2
Syt = 4G</d$\/§R+2

bdy

black hole. The second term is dynamical. We will work in Euclidean space here.

In section 5, we will carry out the S-wave reduction of the four-dimensional Einstein-
Maxwell system and show that the low-energy dynamics is effectively described by the JT
theory. The coefficients in the action, eq. (4.1), have been chosen to agree with the S-wave
reduction, with G being the four-dimensional Newton’s constant, and r;, being the attractor

®More correctly, the lower limit of the r integral in eq. (3.22), eq. (3.25) is the outer horizon, which is
at rp only in the extremal, or zero temperature, case.
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value of the radius of the S?, i.e., its value at the horizon of the extremal black hole. The
two-dimensional cosmological constant Ay is related to the AdSy radius Lg, eq. (2.15), by

Ap=——=. (4.2)

In addition to the terms above we will see below that a counter term is needed on the
boundary so that one gets finite results for the thermodynamics and response. This is of

the form )

.
Sy = —L . 4.3
‘= Gy bdyﬁqﬁ (4.3)

The full action then becomes

Syp— — T /d2 R—Ay) +2 K) 4 b 44
IT= 50 r/g¢( 2) + bdy\f’ﬂb +GL2 bdy\ﬁﬁbv (4.4)

where we have left out the topological term.

The equation of motion from varying ¢ tells us that the geometry must be AdSs with
no corrections. The non-trivial behaviour of this system therefore arises because of the
presence of a boundary. As the boundary changes, its extrinsic curvature and induced
metric change, and this gives rise to a varying on-shell action.

To be more specific, take AdSs space (Euclidean) in Poincaré coordinates,

_ L3

2
dS—Zi2

(dt* + dz?), (4.5)

and consider a boundary in the asymptotic region, z < Lo. We start with the boundary
at z =9, L% < 1. For small fluctuations, the resulting boundary can now be described by
the curve,

z2(1—¢€(t) =4, (4.6)

where €(t) parametrises the fluctuations.
It is convenient to change coordinates,

t=1+e(t) — AQG;(tA), (4.7)
z=2(1+¢€(1)). (4.8)
In these new coordinates the metric takes the form
ds* = 52% (1 + hy) di® + 523 dz?, (4.9)
with
hyy = —€" (1) 42, (4.10)

and the boundary is at 2 = 0. The fluctuations are now parametrised by hy. Eq. (4.9)
corresponds to choosing the Fefferman-Graham (FG) gauge.

We will find it convenient to work in the (£, 2) coordinates below, in which the boundary
is fixed at coordinate value § and hy is turned on. To avoid clutter we will drop the hats
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on the new coordinates and refer to them now on as (¢,z), with a metric of the form
eq. (4.9). We see that the coordinate transformation eq. (4.7), eq. (4.8) involves a time
reparametrisation, and from eq. (4.9) we see that this transformation is an asymptotic
isometry, since hy vanishes as z — 0, but is not zero in general.

More generally, even in the presence of other fields which we will introduce later, the
boundary conditions we will impose on the field ¢ and hy are as follows,

o="1,

z
hy — —€" ()22, (4.12)

(4.11)

as z — d. These correspond to the dilaton being fixed (Dirichlet boundary condition) and
to hy vanishing, with the coefficient of the leading 2% behaviour being a general function
of time.

Let us now show that for the action eq. (4.4) these boundary conditions give rise to a
well defined variational principle.

Expanding the action to quadratic order we get

S=—Th [ yp-02he+ ] 4 T [ poun (4.13)
= —— T |— - . .
2G 2Tt z 2G bdy =
The boundary terms obtained when carrying out a variation of this action take the form
rfL 10}
Spt = =4 00 hit + | 020 + — | Dy, (4.14)
2G bdy z

where §¢ and dhy are the variations. For a well defined variational principle to exist these
boundary terms must vanish. We see that for the boundary conditions mentioned above,
this is indeed true.

From eq. (4.13) we find that the action, for a solution with metric being AdS, and
with the behaviour eq. (4.11), eq. (4.12), is given by

2
=—ty €’ (t). (4.15)

G bdy
We see that the action depends on €(t) which is the time reparametrisation degree of
freedom associated with fluctuations in the boundary. The SL(2, R) isometries of AdSs
correspond to €” = 0 and give rise to a vanishing contribution. More generally, one can
argue (see [2, 34]) that an action for diff/SL(2, R),” which at the linearised level goes like
€”, must be proportional to the Schwarzian derivative of the time reparametrisations,

2
S=-"ho [ Schlet)], (4.16)
G bdy

where Sche(t)], the Schwarzian derivative, is defined for a time reparametrisation as follows,

F(t) =t +e(t), (4.17)
12 /AN
Schle(t)] = —;((j})é + (?) . (4.18)

"diff denotes time reparametrisations.
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Such a more general action would arise if we started with eq. (4.4) and kept terms beyond
the quadratic order in ¢, hy.
For reference below we note that the Schwarzian to quadratic order in €(t) is given by

Schle(t)] = € — g(e")2 —eed 4. (4.19)

From the quadratic terms we see that the equation of motion, at the linear level for €(t), is
" =0, (4.20)

with the most general solution
e(t) = ag + art + ast? + asts. (4.21)

Here, ag, a1, e parametrise SL(2, R) transformations, while ag is related to the mass of
the non-extremal black hole. The fact that the most general solution, up to diffeomor-
phisms, is a black hole agrees with Birkhoff’s theorem applied to the S-wave sector of the
4 dimensional system.®

In summary, the dynamics of the JT model arises due to fluctuations of the boundary.
These are related to time reparametrisations eq. (4.7), eq. (4.8), and are described by an

action involving the Schwarzian derivative, eq. (4.15), eq. (4.16).

4.1 Thermodynamics

A time independent solution of the action eq. (4.4) is given by

2
_ Ly
%

(4.22)

with the metric being eq. (4.9).

In this solution the SL(2, R) isometry of AdSy space is broken by the non-vanishing
L2
73'
This solution is the starting point for understanding the low-energy behaviour of near-

dilaton. This solution meets the boundary conditions eq. (4.11), eq. (4.12), with o =

extremal black holes in four dimensions, as we will see below.
Black holes in the JT model are given by the metric

—rp)?  2GSM dr?
o (2
L3 rh ((r—m) _2G6M)
L2

2 Th

(4.23)

with the dilaton given by eq. (4.22). Here r is related to z by eq. (3.26).
The resulting on-shell action is easy to calculate and gives (see appendix D for details)

2
T,

Note that the counter term eq. (4.3) is needed to get a finite result.

8We thank Juan Maldacena and Douglas Stanford for emphasizing this to us.
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We see that this almost agrees with the free energy eq. (2.43) obtained from the
four-dimensional analysis of the near-extremal geometry; there is an extra term [SMeyxt in
eq. (2.43). This tells us that the near-horizon system does not reproduce the mass of the
extremal state, but it does correctly capture the departures from extremality.’

It is also easy to see that the topological term, eq. (D.2), gives the correct ground state
entropy. Thus the JT model correctly reproduces the thermodynamics of the near-extremal
RN black hole.

4.2 Four-point function

We now introduce an extra scalar field o(t, z), with the action

S, = 21} / d*z\/g ((00)? + m*c?). (4.25)

Note that the scalar field only couples to the metric and not to the dilaton. It is easy to
see from eq. (4.25) that the asymptotic behaviour of o(t,2) as z — 0 is

o — oy ()25 + o (t)22, (4.26)
where

272
AjE:H:,/1+4m L (427)

2

The normalisable and non-normalisable modes correspond to the z2+, 22~ behaviour re-
spectively.!?

For small fluctuations, the boundary can be described by eq. (4.6). We impose Dirichlet
boundary condition on this boundary to make the variational principle well defined. The
scalar action comes out to be (see appendix E for details)

t1) o(t2) €(t1)
=42 C AL (A_ — A dty dt at)alta) "(t]) — 2 ——2— ). 4.2
S, 7ry C Ay ( +)/ Lty A €(t1) TR— (4.28)

Expressing the action eq. (4.28) in terms of the stress tensor components,
1
Top = 0q0080 — 5 Jap ((80)2 + m202) , (4.29)

we get

Sy = 4nr? / dt (€' ()T + e(t)T;2). (4.30)
We can now compute the on-shell action for the JT model. The total action is given by

S =S+ S,, (4.31)

9This is similar to what happens in the near-horizon AdSs x S® geometry for D3 branes. This region does
not correctly reproduce the ADM mass of the D3 branes, but it does give rise accurately to the low-energy
dynamics which agrees with that of the N'= 4 SYM theory.

10We take m? > 0 for simplicity here.
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where S, is the Schwarzian action defined in eq. (4.16). We work to quadratic order in €(t),
eq. (4.19). This gives

2

Here we have substituted for a from eq. (4.22). Carrying out integration by parts and

L2
S, — _Inld dt(—3(e”)2 _ e'e”’). (4.32)

dropping total derivatives we then get

.= M5 [ ey ey (4.33)
°2G ‘ ‘
Therefore the total action eq. (4.31) is
ThL% i 2 /

S = e dte(t)€” (t) + 47rrh/dt (€'(t)2T.. + €(t)T12). (4.34)

We find the equation of motion for €(t) from eq. (4.34) to be

4

ey = — TG o, (4.35)

L3
As a result, the on-shell action becomes
Sos = 2mr / dt e (Ty, — 20:T%)

87T2Gr2
L3

1
of

/dt (th - z@thz) (th - z@thz). (436)
(We are considering time dependent solutions for o so the factors of 8% should not cause
any alarm, as in section 3 above). Note that the action eq. (4.36) is expressed as a time
integral on the boundary. We can express it as a bulk integral as follows,

8m2Gr3 1
SOS — 72 h /dtdZ 8,2 <(th — z@thz) @ (th — z@thz)>
2 t
16m%Gr3 1
_ % / dtdz 0,(Ty. — z0,T) g (T, — 20:T%). (4.37)
2 t

Note that the extra minus sign is due to the boundary, z = ¢, being evaluated at the lower
limit of the z integral. Note also that a possible contribution from the horizon vanishes
because the stress tensor vanishes there.

We can use the stress tensor conservation equations, eq. (F.6) in appendix F, to simplify
eq. (4.37) to get -

Sos = 167;# / d?z 2T, % (T, — 20:T%). (4.38)
2 i

Note that this agrees with the action eq. (3.27). Thus, we see that the JT model agrees
with the result obtained from the four-dimensional analysis at low-energies.

Let us next turn to the solution for the dilaton in the presence of the scalar o. As
discussed in appendix F the solution for ¢ is

L3 , ArG (1 1
- ’r‘hiz(l — € (t)) + ? <Zat2Tzz - a?th> . (439)

From eq. (4.35) and eq. (4.39), we see that the dilaton is a constant on the boundary.

¢
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It is interesting to note that the value of €(t) obtained in eq. (4.35) by solving the
Schwarzian action coupled to the scalar source automatically yields a solution which makes
the dilaton constant on the boundary, consistent with the boundary conditions we im-
posed above.

Note also that the prefactors in eq. (4.37), eq. (4.38) go like 73, and are enhanced by an
extra factor of r;, compared to the coefficient of the JT action we started with, eq. (4.1), and
also the coefficient of the scalar action, eq. (4.25). These two coefficients, which are chosen
to agree with what we obtain after carrying out the dimensional reduction as explained in
the next section, go like %, with G being the four-dimensional Newton’s constant. This is
because the dimensional reduction is carried out over an S? of radius 7.

The reason for the enhancement of the prefactor in eq. (4.37), eq. (4.38) is tied to the
fact that the Schwarzian action in eq. (4.34) has a coefficient of order ry,, which is therefore
suppressed by a factor of 1/rj, compared to the coefficients in eq. (4.1), eq. (4.25). The
Schwarzian action arises because the time reparametrisations are broken; this in turn is
tied to the breaking of the SL(2, R) symmetry of AdSs due to the running of the dilaton.
Since this running of the dilaton is suppressed by a factor of 1/r, eq. (4.22), the resulting
coefficient of the Schwarzian is also suppressed. This suppression then results in the on-
shell value for €(t) being big and going like rp, eq. (4.35), and in turn results in the on-shell
action, eq. (4.37), eq. (4.38), being O(r}).

These features are entirely analogous to what happens in the SYK model, with the
parameter 7, /L? playing the role of J - the coefficient of the four Fermi coupling. In
the electrically charged case % is also of order the chemical potential p in the boundary
theory, eq. (2.19). It is interesting that T’}QL /G also determines the ground state entropy of
the extremal system.

In summary, we have seen above that in the JT model the scalar source back-reacts on
the dilaton and pushes the boundary in or out, causing it to fluctuate. The resulting on-
shell action then gives rise to the four-point function. We have worked with the Euclidean
theory here; by suitably analytically continuing in the standard fashion, one can obtain
Minkowski correlators, including the out of time order four-point correlator, [30, 34, 77].
These will continue to agree between the JT model discussed here and the low-energy limit
of the four-dimensional theory in section 5.

5 S-wave reduction

In this paper we have been studying spherically symmetric configurations in four dimen-
sions. Here we will explicitly construct the two-dimensional model obtained by carrying out
the dimensional reduction of the four-dimensional theory. The resulting two-dimensional
model has some interesting differences with the Jackiw-Teitelboim theory which we will
comment on below. On coupling the system to a scalar field we will find that the resulting
four-point function, which receives its contribution at low-energies from the near-horizon
AdS, region, agrees to leading order in the approximations with the result eq. (3.27) ob-
tained above. Moreover, our analysis in the two-dimensional theory will reveal that this

"For the scalar action eq. (4.25) we have absorbed the factor of 1/G by rescaling o.
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leading order result arises because of the dynamics associated with the boundary of the
near-horizon AdS, region, which is described by an action involving the Schwarzian deriva-
tive of time reparametrisations. In this section we work in Euclidean space.

The two-dimensional model we will consider is obtained by starting with the four-
dimensional Euclidean action

S =— 16G d4x\/<R 2A —/d%;fK +1G diz\/GF?,  (5.1)

where 4 denotes the determinant of the induced metric on the three-dimensional boundary,
and K®) is the trace of the extrinsic curvature of the boundary. We have used a hat, "
to denote four-dimensional quantities. We will be considering the case where we have a
magnetic charge, see eq. (2.4). Note that we have included the Gibbons-Hawking boundary
term in the action above.

For dimensional reduction, we assume the four-dimensional metric to have the form
ds? = gup(t,r) de®dz’ + ®%(t,r) dQ3, (5.2)

where g, is the two-dimensional part of the metric and the dilaton ®, which is the radius
of the 2-sphere, is assumed to be independent of the angular coordinates (6, ¢).

We take a magnetically charged black hole and solve for the magnetic field in terms of
the metric, eq. (2.4).

Substituting for the metric from eq. (5.2) and for the magnetic field in the ac-
tion eq. (5.1), and carrying out the integrals over the (6, ¢) coordinates gives the two-
dimensional action

2
S— -1 [2eys [2 +®2(R—2A) + 2(V) } 2O, / PG —
4G G o2 53)
+ = /d%(%(ﬁg”"@&,@) 1 VY PnY0,P — 1 V7 O°K.
G G Joay 2G Joay

Here n® is the outward pointing unit normal vector to the boundary. The first two terms
on the second line, which are quadratic in ®, cancel. This gives the action

2
S= o [ ey |2+ @ (R-2h) +2v0)] + 2 / PG —
e G 2
‘ (5.4)
S — y P2 K
2G Jouy V7

The boundary we consider will be located in the asymptotically AdSs region described
in section 2, see also section 3. This is a region where the r coordinate takes a value meeting
both eq. (2.17) and eq. (2.18). We will take the boundary to be at r = r., as in section 3
egs. (3.19), (3.20) and eq. (3.21); also see figure 1.

Eq. (5.4) is our two-dimensional theory. It is straightforward to verify that AdSs is a
solution with the dilaton taking a constant value, 7. In fact this is the AdSsxS? solution
of the four-dimensional theory, eq. (2.14).
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5.1 Comparison with the JT model

In order to make contact with the JT model, eq. (4.1), let us go to a frame where the
dilaton kinetic energy vanishes. This can be achieved by performing a Weyl rescaling of

the two-dimensional metric
Th
Gap — D JaB; (5.5)

with 7, being the value of the dilaton in the AdSsxS? solution described above. The action
eq. (5.4) now becomes

_ 1 2 2rp, 2 n QWQ?n/ 2 Th
S = e dx\/g[q) + ®°R 2rh‘I>A}+ G dac\/ﬁq)3
1

2
- — v P K.
3G Joay V7

(5.6)

We now expand the dilaton in terms of a perturbation about its value rp, in the
AdS, xS? solution described above,

O =ry(1+0). (5.7)

Inserting this in the action eq. (5.6) and expanding to quadratic order in ¢ gives

S =- 4G</d2fo+2/ fK) 2G d*z /g (R — A2)

T2 (5.8)
h i 2
-2 [ Ao -k [ ARk
G bdy f 2G bdy f
Here & is defined as 124 42
_ Lotan,
= e (5.9)

and takes the value x ~ % when r;, > L.

Comparing with eq. (4.1) we see that the dimensionally reduced model has an extra
term in the bulk, which is the third term in eq. (5.8), going like ¢?, and also an extra
boundary term, which is the last term in eq. (5.8), going like ¢*K .

One important consequence of the extra bulk term is that the metric in the solution
for the dimensionally reduced model in the presence of a varying dilaton is not AdSs and
has corrections, and these arise at the same order as the varying dilaton. This is easy to see
because the equation of motion for ¢ in the presence of this term becomes schematically
of the form

R=As+ O(9), (5.10)

which means that the metric must depart from AdSs at linear order as ¢.
In fact this agrees with what we already know from the near-horizon metric in the

four-dimensional solution, eq. (2.2), eq. (2.22). Expanding eq. (2.2) for the extremal case
rT— ’,"h)7

in the near-horizon limit, we get up to terms of order O(

r—7Thp

o=

(5.11)
rh
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and

ds? = W<1 - w>dt2 1 L E (1 LI rh))dr? (5.12)

Lg h T —Th 3rp

Here we have rescaled the two-dimensional metric from its value in eq. (2.2) to agree with
eq. (5.5). We see from eq. (5.12) and eq. (5.11) that the metric also changes to the same
order in 1/r}, as the dilaton.

Let us end this subsection with one more comment. To completely specify the dimen-
sionally reduced model we also need to specify the boundary conditions which must be
met at the boundary located at r = 7., eq. (3.19), eq. (3.20) and eq. (3.21). It is clear
from the discussion in section 3 that for the probe scalar we introduce below we must
impose Dirichlet boundary conditions. In addition we will also impose Dirichlet boundary
conditions on the dilaton, like in the JT model, eq. (4.11).2

5.2 More detailed comparison with the JT model

Despite the presence of extra terms in the action of the dimensionally reduced model, we
will see here that close to extremality the thermodynamics and response to a probe scalar
agrees with the JT model.

We begin with the thermodynamics. We are interested in working to leading order in

TL?
Th

factors of L can then be inserted on dimensional grounds.'3

and % In the discussion below we only keep track of powers of rp, the appropriate

The partition function is obtained from the on-shell action of the black hole solution. It
is easy to see that the two extra terms in eq. (5.8) compared to eq. (4.1) make a subleading
contribution to the action by themselves. This is because both terms are quadratic in
¢. Since ¢ is O(1/ry), eq. (5.11), it follows that these quadratic terms are suppressed
compared to terms linear in the dilaton by O(1/rp,).

In addition, as argued above, the bulk term going like ¢? also causes a departure in
the metric to leading order in 1/r;,. However this correction to the metric can be neglected
in computing the on shell action. The extra bulk term causes the metric of the black hole
in the JT model, eq. (4.23), to be modified to

ds* = a(r)? dt* + a(r)2dr?,

o(r)? = (r—rp)? [1_4(7"—7%)} _2GéM [1_r—rh] N o( 1 ) (5.13)

L% 37’h Th Tn 7“}21

We see that the corrections due to the presence of the ¢? term are suppressed by O(1/ry,).
As a result the extra terms in the action are also suppressed by O(1/rp). Note that the

12WWe will see below that the extra terms present in the action of this model, which are absent in the
JT theory, do not contribute to the leading order behaviour at low energies. A striking fact about the JT
model, as noted after eq. (4.39), is that the value for the dilaton obtained by solving for e in eq. (4.35)
automatically satisfies Dirichlet boundary conditions at the boundary. This feature also leads us to impose
Dirichlet boundary conditions for the dilaton in the dimensionally reduced model.
L

13 Also, since Ly =~ Jer We do not distinguish between these two scales for our parametric estimates here.
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effect of the Weyl rescaling, eq. (5.5), in the computation of the action can be neglected
for the same reason - it contributes terms which are suppressed.

Let us now argue why the four-point function for the probe scalar at leading order is
the same as that in the JT theory. The probe scalar in the dimensionally reduced model
also couples to the dilaton ¢, this is the last term going like [ ¢.J in eq. (F.3) of appendix F.
This gives rise to one additional term in the dimensionally reduced case, besides the two
terms quadratic in ¢ present in eq. (5.8). All of these terms however only contribute to
subleading order in 1/ry,.

Let us start with the bulk term quadratic in ¢ present in eq. (5.8). The four-point
function is obtained from the on-shell action quartic in . The dilaton solution sourced by
o takes the forms

o~ B (1) + Flo) (5.14)

This is discussed in eq. (F.17) of appendix F, with F[o] given by eq. (F.18), and being
of order unity in the 1/r), expansion. Since €(t) is O(ry,), eq. (4.35), we see that the €(t)
dependent term above is O(r?). Since the prefactor of the bulk term under question in
the action eq. (5.8) goes like T,QL, it then follows that the contribution this term makes to
the on-shell action also goes like 2. In contrast, we have seen from eq. (3.27), eq. (4.38)
that the leading contribution goes like r7. Thus we see that this extra bulk term makes a
contribution suppressed by O(1/rp,).

The extra boundary term in eq. (5.8) which goes like [ ﬂ(sz also makes a sup-
pressed contribution. For example, taking ¢ to be its background value, eq. (5.11), gives
a contribution suppressed by a factor of 1/r, compared to the leading term which goes
like [ /oK.

Finally, we consider the additional bulk term which arises due to the [ ¢J coupling
in the bulk, eq. (F.3). As argued above, ¢ ~ O(rY), and J is also O(r)). Thus, taking
the prefactor of this term which is O(r?) into account, we see that the net contribution it
makes is O(r?), which is down compared to the leading term by a factor of 1/ry,.

In summary, the extra terms which arise in the dimensionally reduced model can be
neglected, compared to the terms present in the JT model, in calculating the thermody-
namics at low temperatures and the response to a probe scalar at low frequencies, when
working to leading order in L/7p,.

6 Conclusions

In this paper we have studied near-extremal black holes in asymptotically AdS, spacetime
in the S-wave sector. These black holes arise in a theory consisting of gravity coupled to a
Maxwell field. We analysed big black holes meeting the condition ry > L, with r,, L being
the black hole horizon radius and the AdS radius respectively, eq. (2.11), and studied the
near-extremal thermodynamics and the response of the black hole to a probe scalar field.
We find that the dynamics, at low energies and to leading order in the parameter L/rp,
is well approximated by the Jackiw-Teitelboim theory of gravity.!* In fact, the low-energy

Th
L2

SYK model, [4]. For an electrically charged black hole % is of order p - the chemical potential in the

14The parameter in this system is analogous to the coefficient J of the four Fermi coupling in the

boundary theory.
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dynamics is determined by symmetry considerations alone, with the JT theory being the
simplest realisation of these symmetries.

Our analysis shows that the low-energy dynamics arises from the near-horizon AdS»
region of the spacetime. This region has in effect a boundary where it glues into the
asymptotic AdSy geometry. The boundary is located in the asymptotic AdSsy region shown
by the dashed line at v = r. in figure 1. Fluctuations of this boundary are related to time
reparametrisations and determine the low-energy dynamics, at leading order. In order to
be glued into the AdSy region the near-horizon geometry must depart from the attractor
AdSs solution with a constant value of the dilaton. The resulting variation of the dila-
ton gives rise to an action for the fluctuations of the boundary which is determined by
symmetry considerations to be the Schwarzian derivative of the time reparametrisations.
The coupling of the probe scalar to the fluctuating boundary is also determined by sym-
metry considerations alone. The leading order behaviour we found then arises from the
Schwarzian action coupled to the probe scalars in this way, just as in the JT model.

The Einstein-Maxwell system does differ from the JT model in some important aspects.
In the JT model the geometry is locally identical to AdSe and only the dilaton departs
from being a constant. In contrast, in the Einstein-Maxwell system the departure from
the attractor solution arises both due to the dilaton being non-constant and the geometry
departing from AdSs, and both these effects occur at linear order in the small parameter
L/rp,. However, only the running of the dilaton is important, to leading order in L/ry, in
determining the low-energy response, since it is this effect, and not the departure of the
geometry from AdSe, which gives rise to the Schwarzian action. Thus, differences between
the JT model and the Einstein-Maxwell system become unimportant to leading order at
low energies.

It will be worth checking how general our results are and whether agreement with the
JT model, and related symmetry considerations, arises quite universally in near-extremal
black holes. In particular, it will be worth investigating whether this agreement arises in
black holes in other dimensions, for black holes in asymptotically flat space, and impor-
tantly, beyond the S-wave sector.

The microscopic models for extremal black holes in string theory are different from the
SYK model. In particular, they involve matrix degrees of freedom, or gauge groups with
bi-fundamental matter which are similar to matrix degrees in their large N behaviour. Our
results show that at strong coupling these models must also exhibit the breaking of time
reparametrisation symmetry and this breaking determines their low-energy dynamics. It
will be worth checking if these results can be established directly by studying the large N
limit of these models.

The universality with which the JT model arises also motivates a further study of
its properties. In particular, it would be worth studying the quantum behaviour of this
model in more detail. This can be done in the semi-classical limit by coupling the model
to matter in a suitable large N limit, which retains the effects of the quantum stress tensor
of the matter while keeping gravity classical [62]. And also more generally by attempting
to quantize the full theory including gravity.

We hope to report on some of these directions in the future.
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A Details of 4D thermodynamic calculations

In this appendix, we give some details of the calculations involved in computing the par-
tition function of AdSs RN black holes. We start with the Euclidean Einstein-Maxwell
action (including the counterterms),

1 1
d*z/g(R—2A) — — | Bz AK + — [ d*z /g F?

Sreg = 817G 4G

167G
- / a3 1+ L—zR (A1)
war | eV 4 '

where Rs is the Ricci scalar of the boundary surface. In the second line, we have added

the appropriate counter terms to make the full 4D action finite, see [70].
We take the metric to be the AdSs RN black hole metric,

ds® = a*(r) dt* + a=2(r) dr?, (A.2)
2GM 47 Q?  r?
GQ(T) =1- r 7‘72 ﬁ’ (A?))

and evaluate the action eq. (A.1). The r integral in the action goes from r,, which is the
location of the outer horizon, to rp, which is the AdS4 boundary. We get

_ 1 4 . i 4 2
Shulk = IGWG/d:E\/g(R 2A)+4G/dl‘\/§F

_ B 3 3 27"Q26i
_QGLQ(rb )+ G ry’
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3SM o, 3
N i CTe 31y
San = Bz FK = ( SR 2GL2>5, (A.5)

1 3 L B 3
Sd_w/dm(lu&)_( no ) e

M 2mQ? 1
oy = = (= = — A
= Sreg = Sbulk + Scau + Set <2 2GL2—|— G 7’.,.) (A7)
To calculate the temperature, we take the near-horizon limit of (A.2),
da? da?
@P(ry + ) = a(ry) + PP O] = 22
dr |, dr
+ T+
_ o2GM 87Q* | 2ry _ 2as
r r L2 ) '
The metric becomes
4 4 (a3
ds? = p2agdt? + —dp* = — (agpQ dt? + dp2>
as as 4
az 1 (GM  47Q* ry
=>T=—=—|—F — — . A8
Ar 27T< 2 3 1z (4.8)

Now we can compute the entropy using the action (A.7) and (A.8). We have

M r3 21Q? 1 7r?
ent BM Sreg == <2 + 2(;}/2 - G m)ﬂ = 7—’_ (Ag)

B 4D calculation of the four-point function

In this section we show some of the details involved in the computation of the on-shell
action (3.18). We start with a general background,

ds* = a®(r) dt* + dr? + b%(r)(d6? + sin?6 dy?), (B.1)

1
a*(r)

to which we add spherically symmetric perturbations described by (3.16). The stress energy
tensor has components Ty, Ty, Ty, Thg and T, with each component being a function
only of ¢ and r. Also, due to spherical symmetry we have T, = Tpg sin?6.

The on-shell action with a probe scalar field is

1 v
S=1 / d*2/g 6" T,
1 [ ., 1 1
~1 d*z\/g ghttTtt + 13 heeTea + e eheo
b2
= —W/dt dr <2httTtt + 2h99T99>, (B.2)
a

where in the last line we have integrated over 6, . We have also made the gauge choice
hr- = hy = 0 in writing the above expression. Let us manipulate the above action and
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write it in a form manifestly local in r and only in terms of the stress tensor components

by eliminating the metric perturbations.
The equations for the perturbations are
a 3V a® (1 81>

402 4 _
a*0rhop + a <a + b> Orhgg + 2 - b2> hog = 87G Ty,

a b
<a — b> athgg — 8t6rh99 =81 Ttra

b a?b? b2

1 - v 1 2
g@?h@@ + <C; + b> Orhgg + —Orhy + (1 — UL ) hog = 87G Ty,

/ /

b2 b
ﬁﬁfhae + a2b2(83h99 + 8fhtt) + 2a%b? (C; + b> Or-hgg

3a" b 16mQ*
+ a’b? <CC: + b) Orhy + ;)TQQ hgg = 167G Thy,

where a prime ' denotes a derivative w.r.t. r.
The background equations relate a, b, A and @,

4 2
a’b? — 1 4+ Ab? + 2abd'V + 7;)? =0,
" 11/ 2
a2b% + Ab? + a2h? &+ 2d’b _ 47 Q) —0,
a ab b2

V' = 0.

Also, we have two conservation equations for the stress tensor,

a b
27b’ 3a’
b

1 a b
50T + a?0, Ty, = —2a® ( + ) Tir,

1 2b/
ﬁatTtr + azarTrr = _a2 ( b3

Let us combine (B.7) and (B.8) to eliminate A to find

" 2
B — a2 4 a2 % 4 1- 5T
a b2
Now, we solve for 9,hgg using (B.4),
a v _
Orhgg = (a — b) hog — 0; ‘T,

where for convenience we have defined 7, as
Ty = 87GT ).

Plugging (B.13) into (B.5), we find that 0,hy is

b

87’ htt = y

1 " a b
Trr — 748752}%?9 + ih@e + < + > 8{1Ttri| .
a a a b
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(B.11)
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Here, we’ve used the combined background equation (B.12) to simplify the coefficient of
heg. In terms of 7, the on-shell action (B.2) is

1 b?
S = 8G dt dr (CLthtTtt + 2h997’99) . (B.16)

We can manipulate the first term as follows

Voo
7htt7'tt— ﬁhttat O et

—/httat_la,« {aszTmﬂ} (using (B10)>
:/a2b2€)rhtt8t17'tr
b3 1 a” a b\ _ _ .
= /aQbI [TM - g@fheg—i- ;h@ﬁ- <a+b> 0, 1Tt7«:| O ', (using (B.15)).
(B.17)

The first and last terms are manifestly local in r, so we can leave them as it is now. We
further manipulate the term involving 97 hgy:

b3
/ 2b/a h998 Ttr = _/ Qb/heeatTt’l"
a’b? a®d (a0 ba’
= /h99 {87” (Z)/TTT> + N (a - b) Try — ﬁﬁt - 27’99}
(using (B.11) and (B.9))
a?b3 a,/ 4 b3 /

abd b3a
:/ % — T O T — /h697'96—/ 3b/h997'tt (using (B.13)).
(B.18)

The first term is local in r and the second term cancels the original hggrgy term in the
action eq. (B.16), so we proceed only with the third term.

b3 / b3 /
/ —heoTie = / heea atTtt

3b/ 3b/
b s 01, (a2 ing (B
e (a Ttr) (using (B.10))
ab®a’ ba’
= / 7 ——— 0, hoo0; iy — / a*b? o, ( b,)h@ga Tir

3
/2b2b‘; (07 7)? “bi/a hood; ', (using (B.13) and (B.9)).
(B.19)

The second term here precisely cancels the corresponding term in the last line of (B.17),
and so we are only left with manifestly r-local terms. The final expression for the action
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becomes

2a%0% 1 2a/b 1
2 272
S =—8r G/dt dr ( 7 Dor atﬂr —a’b <1 + > Ttra?ﬂr> , (B.20)

which agrees with eq. (3.18).

In the region where the frequency dependence can be ignored, the solution for the
probe field o is given by eq. (3.13). Such a form of the solution when substituted into
eq. (B.20) would give a contact term for the four-point function. To see this, consider the
second term in the action eq. (B.20) which is quadratic in T},

1 WiwWs i(w1Fwatwz+wsa)t
/dt Ttr‘aithtr ~ /dt dwq dws dws dwy (s + UJ4)2 o(wr)o(w2)o(ws)o(wy) e (w1twetws+wa)
~ /dt1 dtg O o(ty) o(ta) 0ty — t2) (B.21)
w3 iws(t1—t3) iwa(t1—t
X /dtg dt4 dws dW4m0‘(t3)o'(t4)e 3(t1—t3) giwa(ta 4)’

where we have used eq. (3.14) and eq. (3.15). Note that we haven’t been careful about
keeping track of the r dependence. Similarly, one can verify that we get an answer pro-
portional to 6(¢; — t2) for the second term in the action eq. (B.20) as well. Therefore, we
see that the term in the action proportional to o(t1)o(t2)o(t3)o(ts) will be non-zero only
if £t = t9, which makes it a contact term.

C Relating the sources at the AdS,; boundary and the near-horizon AdS-
boundary

In this appendix, we will provide some details involved in relating the scalar sources at the
AdS, screen and the asymptotic AdSy screen.

Since the scalar field satisfies a second order equation, two pieces of data are required
to fix it. These are provided by the boundary condition eq. (3.7) at the AdS4 boundary, and
the horizon. For example, in Euclidean space, which we focus on here for concreteness,
the scalar field is regular at the horizon and does not blow up, and near the AdS4 boundary
behaves like eq. (3.7). Once the solution is fixed, its value at r = r. can be determined.

In the asymptotic AdSs region where r. is located, eq. (3.19) and eq. (3.20), the scalar
field can have two asymptotic behaviours,

o — (1 —rp)RE, (C.1)

Here A, are the two characteristic fall-offs towards the boundary, corresponding to the
non-normalisable and normalisable modes for a field of mass m in the AdSs spacetime,

- —14++/1+4m2L2
A, = 2* m (C.2)

15The usual continuation to Minkowski time gives the time-ordered Feynman correlators; however one
can also obtain other correlators after a suitable analytic continuation from the Euclidean theory.
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A general solution will go like

(o) ()] s

A, the coefficient of the non-normalisable AdSs mode, acts effectively like the source in the

c— A

near-horizon theory.

Next we turn to the horizon. Regularity at the horizon tells us that the coefficient B
is independent of w. It then follows that the coefficient of the normalisable mode on the
r.-h.s. of eq. (C.3) is suppressed compared to the coefficient of the non-normalisable mode

by a factor of w®, where
A—A, A (C.4)

At finite but small temperature, both temperature and frequency will enter in this ratio of
coefficients in a combination whose overall power is still A, so that the normalisable term
above continues to be suppressed compared to the non-normalisable one.

To make the suppression of the normalisable mode manifest, we rewrite eq. (C.3) as

o = C[(r — )™ + Bw®(r — )2, (C.5)
where
c=-4 (C.6)
wh+

Note that C' is w dependent, while B is w independent.

In evolving the solution eq. (C.5) from the asymptotic AdSs region to the AdS, bound-
ary the frequency term in eq. (3.3) can be neglected. Therefore the contribution of the
normalisable mode can continue to be neglected for r > r.. For purposes of determining
the solution in this region we can therefore approximate eq. (C.5) as

o~ C(r—ry)>* (C.7)

in the asymptotic AdS, region. i
Now suppose the non-normalisable mode in AdSy, going like (r —rj,)>+, in the asymp-
totic AdS4 region becomes

rm® o () v (5) (C8)
then using eq. (C.7) we get that
oc—Ca <L>A+

5 (C.9)

Comparing with eq. (3.7), we see that C' is given in terms of the source term at the AdSy
boundary by

Clw) = —=. (C.10)
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The multiplicative factor relating the two sources we talked about in section 3 is a.
This depends on the parameters @, L of the solution, which determine the interpolation
for r > 7., but is independent of w. Once C is fixed in terms of o(w) the solution in
the region r < r. is determined; in particular the asymptotic behaviour eq. (C.5) is fixed,
since the coefficient B is determined by the scalar equation of motion and regularity at
the horizon.

The final result then is that for calculating the four-point function we can carry out
the integral eq. (3.18) from the horizon to r = 7. located in the asymptotic AdSs region,
eq. (3.19) and eq. (3.20). The stress tensor in the integral is determined by the scalar field
which satisfies the equation of motion and meets the boundary conditions of regularity at
the horizon, and is of the form eq. (C.5) in the asymptotic AdSs region, with C' given in
terms of the source in the field theory by eq. (C.10).

D Thermodynamics of the JT model

In this appendix, we give some details of the calculation of the on-shell action in the JT
model with the metric eq. (4.23). The bulk term vanishes from the equation of motion and
we are left with the following terms,

2
"h

ViK) -

2
.
VY OK +

bdy GL2 Jua

,
S :—h< d? R+2 . (D1
o= ( [ v VAo D)

bdy

Let us now evaluate each term of the action. The integral over r runs from the horizon
r =1 + drp to the boundary r = r..
The topological term in the action gives

Bor, 7“}21

2
"h 2
Stop 4G</d$\/§R+ /bdy\ﬁ ) 2G L2 (D.2)

The contribution to the topological piece comes only from the horizon; the boundary terms

cancel between the bulk and the extrinsic curvature term.
To simplify the expression eq. (D.2), we relate drj, and 8. From eq. (A.8), the temper-

ature is
1 1 26ry,
T=—0,(a®)|r, = — 5" D.3
- - (a)]ry pp Lg (D.3)
Therefore from eq. (D.3) and eq. (D.2), we get
2
r
Stop — ?h (D4)
We see that the topological piece gives the extremal entropy as expected.
Let us now compute the boundary term. We get
Sy — VIOK = — [ 2 (ry — )2 (D.5)
bdy G bdy GL% c h) - .
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This term is divergent and is canceled by adding the counter term eq. (4.3), which gives

2
T
Scount = Gizg \ﬁ(b

bdy
_ B

= G—L%(rc —rp)? — BOM. (D.6)

Combining eq. (D.4), eq. (D.5) and eq. (D.6), we get the on-shell action

2
Syr = —BM — Tk, (D.7)
G
E Coupling between the probe field o and the ¢ modes for JT model

In this appendix, we derive the coupling between the time reparametrisation modes €(t)
and the probe scalar field ¢ in the JT model. Consider the matter action for the JT model,

Sy = 271'7’%/d2$\/§ ((00)? +m*c?)

(E.1)
= —27rr}2L/ 0 0,0.
bdy
Near the boundary o(w, z) has a power law behaviour,
o(w,2) = o(w) 28 + Cw+ B g(w) 22+, (E.2)

Here C' is a constant. A4 are defined as follows,

1 / 1

We impose Dirichlet boundary condition on ¢ at the boundary z = §, and demand that at
the boundary o = o(w)é*~. Therefore we get

A A=A A
B A (25 +FCwa z5+
o(w,z) =0o(w)d (5A_ T C WA A 5A+>

~ U(w)(zA— + CWA+*A_ ZA+)(1 _ CwA+*A_ 5A+—A_)
= O'(t, Z) ~ g_ (t) ZA_ +C (ZA+ _ ZA_ 5A+7A_) O'+(t), (E4)

where in going to the second line we Taylor expanded the denominator in powers of 4. Here
o_(t) and o (t) are defined as

o_(t) = /dw o(w) e, (E.5)
oi(t)=c / dt’g_i(t/) (E.6)

’t _ t/‘QAJr :
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Here,

1 - /
oy (t) = 5 /dw dt' o_ (') Wi+ 8- et (E.7)
and we take )
jw(t—t')  Ay—A_ _ 2!
o dw @1 A+ = m, (E.8)

where c¢; is a constant. We now introduce fluctuations in the boundary by going to the
new coordinate system (£, 2) defined via

I
>

+ €(?)

t e(t),
z=2(1+€()). (E.9)

Il
IS

The boundary is now located at Z = §. The solution for o, eq. (E.4), becomes

PN

6(1,2) = 5-(1) 28 + C (1 4+ (@) 25 = (14 ()P 28 9274 ) o (7)

~6_ (H)22 + C ((1 +ALE(D) 22 — (14+A_€(D)) 25 5A+*A—) 64(f), (BE.10)

where in the second line we have expanded to linear order in (f). Here 6_ () and & (f)
are defined as follows,

6_(t) = o_(t(f)) 1+ € (D)~ (E.11)
s ;G- ()(L+ ()R
6+(t) =1 /dt 5 ) —e(t)or (E.12)

The solution eq. (E.10) at the new boundary Z = ¢ becomes
6(1,0) =6_(£) 6% 4+ C(Ap — A)€(f) b4 (f) 62+. (E.13)

We have to impose the appropriate Dirichlet boundary condition for the new solution at
the transformed boundary, namely, we require &(,6) = 6_({) §2~. In order to do this,
we note that & is a solution to a linear differential equation and hence we can add a
term 86 (¢, 2) = 66_ () 22~ to eq. (E.10), where 66_(t) is fixed by demanding that at the
boundary & has the correct boundary condition. Therefore we require,

56_(£) 6% + C(AL —A ) (D)6 (H) 6% =0
= 06 () = —C (Ay — A_) () 6. (1) 6%+, (E.14)

Note that we should also add a term going like 661 () 22+ to eq. (E.10) to obtain a solution

to the scalar equation meeting the regularity condition in the interior. However, this would

give a sub-dominant contribution compared to dé_ () 22~ and we ignore it.

Adding 66 (i, 2) to eq. (E.10), and using eq. (E.14), we get

6(t,2)=6_(1) 25 + C(L+ AL () (25 — 22 62+72) 64 (D). (E.15)
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Now we compute the on-shell action by plugging eq. (E.15) into (E.1). We get

S, = —2mr2 / dE(6-(D)C(1+ A D) (Ay — A6, (D)

6(1) 5 (t2) (1 + A (0) (1 + A€ (12))
[t + €(t1) — to — €(to) ][22+ )

= 271'7“;% C (A_ — A+) /dtl Cltg (E.lﬁ)
where in the first line we have dropped contact terms, and in the second line we have used
eq. (E.12). Also we have absorbed ¢; into the constant C.

We now expand eq. (E.16) to linear order in €(t) to get

S, = 47T7';2L CAL (A_ — A+) /dtl dto m <6/(t1) -2 |t16(i112‘ ) . (E.17)

Let us now express the action eq. (E.17) in terms of the stress tensor components

eq. (4.29). To the order we are working we can use the solution eq. (E.4), where the

boundary is not fluctuating, to express the stress tensor components in terms of o. The

correction due the boundary fluctuations are higher order and will not be relevant for the
four-point function.

Therefore using eq. (E.4) and eq. (4.29), we get

T CALA —A2)o () / ar—2=) (E.18)
2z = - —RA_)0- < 5 HI12AL :
bdy * ) |t —t/|2A+
1. —c@,-a )a’(t)/dt’a_(t/) (E.19)
lpay + T [t — t/|28+° '
where we have again absorbed ¢; into C. Now consider the quantity
/ dt (€ (t)2T.: + e(t)T;z). (E.20)

Expressing this in terms of o, we get

/dt (€ ()2Ts + e(1)T1:) = /dt (C (AA- —A2) (1) 0—(t)/dt' ‘tit%

+ C(Ay — A)e(t) a’_(t)/dt’ %) (E.21)

We now do integration by parts in the second line to remove the derivative on o_(t). After
some simplifications, we get

—_(t1) o—(t2) €(t1)
dt (€ (1)2Tsn + e()Ty) = CAL(A_—A dty dey == (B2) (v .
/ (€()Tes + eTiz) + +)/ PR — 2R (t) |t1—12]
(E.22)
Comparing the expression eq. (E.22) with the action eq. (E.17) and ignoring corrections of
O(€?), we get

Sy = 4mr? / dt (¢'(t)2T.. + e(t)T32). (E.23)
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F Dimensional reduction with sources

In section 5, we studied the two-dimensional theory obtained by dimensional reduction of
the action eq. (5.1). Let us now add a scalar field to the action and see how the solutions
for the dilaton and metric perturbations get modified with a source.

We add the following term to the action eq. (5.1),

/d4x\/( (Vo) +m?c > (F.1)

We then perform the dimensional reduction of the complete action following the steps in
section 5. The final bulk action quadratic in perturbations of the dilaton, eq. (5.7), and
the perturbations of metric,

ds2—L—%(5 + hag) (F.2)
= 52 afB af) s .
and with the source o is
o.h  2h,,
Shulk = — 4G /dzﬂffR - — d2ZE¢|: 9’h + 0aagh + 2 Oahaz
3 2
2” d’z ¢— — 27 / d*x hog TP + v} / d?z ¢, (F.3)

where the sources T,,3 and J are given by

1 L3
Tap = 0a0050 = 5 dap (5“”(9“08”0 + ng%2>, (F.4)
J = 57 8,00,0 + ~ Bm2y? (F.5)
= 0, 00,0 5 2 m-o .
Here, the stress tensor components satisfy the conservation equations
at,I;ft = 7aszta
(F.6)

1
atht — _aszz - ;(Ttt + Tzz)'
Varying ¢ in the action eq. (F.3), we get an equation for h,g which in the Fefferman-
Graham gauge, hy, = h,, =0, is

1
O?hyy — ;azhtt = —12&24’52 — 871G, (F.7)

where £ is given in eq. (5.9); for a large black hole k = % Similarly, variation with respect
to the metric fluctuations gives us the following equations for ¢,

63¢ + (9Z <¢ZS) = 4rG Ttta (FS)
D2p— 0, (f) — i—f = 47G T.., (F.9)
0106 + Oy (‘i’) = — 4G Ty.. (F.10)
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Eq. (F.8) can be solved to give
Ca(t)

z

5= 4G / S / Tou(t, 2") d="d=' + Cr (1) + (F.11)

z oo oo
where we have set the lower limit of integrations to co by introducing two z independent
integration constants C1(t) and Cs(t). These can be fixed using the constraint equations
eq. (F.9) and eq. (F.10) to be of the form,

Cg(t) do(t2 + 22) + dit + co

Cy(t)z + P 2

(F.12)

Requiring regularity at the horizon, z = oo, and the initial condition that ¢ must take its
background value at ¢ — —o0, sets dy,d; = 0, leading to

’

4 z zZ
s TG / P / Ty(t, 2") d2"d2 + 2. (F.13)
z %) ) z
L3

The value of ¢y can be fixed to be . by examining the leading deviation of the dilaton
from its unperturbed value, see eq. (4.22).
Plugging in the solution for ¢, eq. (F.13), into eq. (F.7) gives

z 21 q 22 23
hy = —487TGKJ/ 21/ 4/ 23/ Ttt(t, Z4) dzadz3dzodzy

00 0o ?9 Joo 00
© ? J@t2") o Aek 2 (1)
_ 87rG/ z i dz' dz" — — + Ki(t)z° + Ks(t).
[e.e] o0

The integration constants K;(t), Ka(t) set the integration limits to co. Ks(t) can be done
away by a scaling of time coordinate. K;(t) corresponds to the time-reparametrisation
modes discussed in section 5.

It will be useful to express the solution for the dilaton in a different way. We can write
eq. (F.10) as

0.6+ % = —axc L. (F.15)
t

z 0
This equation should be thought of in w space.
Combining eq. (F.15) with eq. (F.9), we get
4rG [ 1 1 L3
= —N 25T, — =T, —=2 F.16
¢ P <Zatg zz a? tz) + 2 ( )
Here we have included the background solution for ¢, see eq. (F.13). Once corrections to

the metric are added, eq. (4.9), eq. (4.10), to incorporate fluctuations in the boundary, ¢
to the leading order in the stress tensor becomes

4G (1 1 L3
= 2T — =Tss —2Z(1-€(1)). F.17
6= T2 (T~ e ) + 220 €() (k.17
From eq. (F.17), F[o] defined in eq. (5.14) is given by
AnG [ 1 1
Flo] = = 2T, — =Ty ). F.18
=257 (s - ) (1
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