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ABSTRACT OF DISSERTATION

SL;-Tilings and Paths in Z*

An SLj-frieze is a bi-infinite array of integers where adjacent entries satisfy a certain
diamond rule. SLy-friezes were introduced and studied by Conway and Coxeter.
Later, these were generalized to infinite matrix-like structures called tilings as well
as higher values of k. A recent paper by Short showed a bijection between bi-infinite
paths of reduced rationals in the Farey graph and S Lo-tilings. We extend this result
to higher k by constructing a bijection between S L-tilings and certain pairs of bi-
infinite strips of vectors in Z* called paths. The key ingredient in the proof is the
relation to Pliicker friezes and Grassmannian cluster algebras. As an application, we
obtain results about periodicity, duality, and positivity for tilings.

KEYWORDS: Combinatorics, Representation Theory, Algebra, Grassmannians, Friezes,
Tilings
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Chapter 1 Introduction

A frieze is a bi-infinite offset array of entries satisfying certain properties. Friezes
were first introduced and studdied by Conway and Coxeter in 1970’s [5][6]. They
proved various facts about periodicity and symmetry of friezes and, in particular, that
there is a bijection between S Ly-friezes over positive integers, often called Conway-
Coxeter Friezes, and triangulations of polygons. Later, the discovery of cluster alge-
bras in 2000’s [12] has created a newfound interest in friezes. In particular, cluster
algebras of type A are closely tied to triangulations of polygons. Moreover, additive
categorification of cluster algebras yields another important relation between friezes
and representation theory of quivers, first shown in [4]. Subsequent connections were
also discovered between frieze patterns and Farey graphs, cross-ratios, and continued
fractions, see the survey [13] and references therein. From this foundation came a
series of generalizations of S Lo-friezes.

The first generalization is in terms of k, which can be also thought of as dimension.
While Conway and Coxeter defined friezes specifically for k = 2, the definition was
then expanded to SLj-friezes. These were found to be related to linear difference
equations and the combinatorial Gale transform [14].

Another direction of study comes from considering friezes with non-integer en-
tries. The Grassmannian Gr(k,n) is a projective variety via the Pliicker embedding,
with homogeneous coordinate ring C[Gr(k,n)|, which is one of the first and most
well-known examples of cluster algebras [16]. It was shown by Baur, Faber, Gratz,
Serhiyenko, and Todorov that one may use certain Pliicker coordinates as entries in
an SL,-frieze and the Pliicker relations that they satisfy yield the desired diamond
rule, the defining property of a frieze [2]. This lead to a classification of all (finite)
S Lj-friezes as Pliicker friezes applied to a particular element of the Grassmannian.
Later in [I0], a generalization of S Ly, friezes were studied in relation to juggling func-
tions and positroid varieties, certain important subvarieties of the Grassmannian. In
addition, recently [9] extend the work on triangulations of subpologyons and friezes
beyond the two-dimensional case.

In another direction, friezes were further generalized to S L,-tilings, infinite arrays
M = (m;;) with 4,j € Z where the determinant of every k X k submatrix equals
1, by Bergeron and Reutenauer [3]. These tilings are called tame if every larger
adjacent minor has a determinant of 0. They showed how one could construct a tiling
from a frieze by rotating the frieze 45° clockwise and extending infinitely. In their
exploration of tame S Lg-tilings they show that tilings may be represented using their



so-called linearization data. In the case of two-dimensional tilings, Short [17] relates
this linearization data to paths, and proves a bijection between S Lo-tilings and paths
in the Farey graph. Further restrictions of this map give geometric interpretations for
positive and periodic SLo-tilings as well as tilings from S Lo-friezes. This bijection
was later extended to the 3D Farey graph by considering tilings over Eisenstein
integers [11], as well as entries in the field Z/nZ [1§].

In summary, there has been a lot of work in the case £ = 2 as well as some
more recent developments in the case of SL; freizes for higher values of k. In this
paper, we study SLj tilings for £ > 2, as these objects are much less understood.
We consider them from the perspective of linear algebra and obtain a generalization
of Short’s result [17]. Since we lack a connection to the geometry of the Farey graph,
we introduce a new algebraic notion of a path in Z*. Let v = {7;}icz be a bi-infinite
strip of k-column vectors v; € Z* with the property that the matrix (v;, ..., Visr_1)
whose columns are k consecutive entries of 7 is an element of SLy(Z). We denote
the set of all such strips P, and we call v a k-path. Additionally, we define the notion
of multiplication of a path by a matrix A € SLi(Z) as

Ay = (-, Ay, Ava, Ays, o).
With this, we are able to prove our main result.

Theorem 1.0.1. The map ¢ given by

(7,0) = M = (mij)i,j€Z7

where m; ; = det(7;, ..., Vitk—2,0;) is a bijection between tame SLj-tilings and pairs
of paths modulo the action by SLi(Z).

The proof relies heavily on the connection between SL; friezes and Pliicker co-
ordinates. We are also able to obtain a number of other correspondences similar to
those of Short. The first is about tilings which result specifically from friezes.

Theorem 1.0.2. The restriction of the map ® given by

O, : Pr/SLi(Z) — FRy,
Y= M= (mij)i,j€Z>

where m;; = det(7y;,...,%+k—2,7;) is a bijection between tame SLj-tilings from
S L-friezes and equivalence classes of paths.



We also prove that pairs of periodic paths are in bijection with SLj-tilings which
have the corresponding periods on their rows and columns. On the other hand,
Short’s result about positivity relies heavily on the geometry of the Farey graph
by considering paths which move clockwise. It is not clear how to interpret this
geometric notion in our setting. However, in the specific case of tilings from friezes,
we can look at the quiddity sequence. Rather than relying on the geometry of the
Farey graph or triangulations of polygons, we appeal to the structure of C|Gr(k,n)]
and Pliicker relations. This construction allows us to prove that tilings from positive
friezes are in bijection with paths with positive quiddity sequences for certain values
of n and k, such as most cases where n < 8. This proof requires a case-by-case
analysis for different choices of k£ and n. Moreover, this correspondence fails for
higher values of n. Hence, for general k and n, one needs to develop another notion
in this higher-dimensional setting that captures positivity.

Finally, our bijection reinterprets the dual tiling of Bergeron and Reutenauer
[3] and further justifies calling this operation a dual. We define a diagonalization
operation on a path ~ written as 7. This leads to the following result.

Theorem 1.0.3. The dual tiling ®(v,)* = ®(A7,9) for a fixed A € SLi(Z) up to
a shift of indices.

In particular, since the diagonalization operation is an involution, one can easily
deduce the same for the dual, whereas the original proof of this in [3] relied on some
complex calculations.

This paper is organized as follows. In Chapter [T, we discuss the key definitions
and past results relating to friezes, tilings, and Pliicker coordinates. In Chapter
we define the main bijection between paris of paths and SL; tilings and prove its
validity. In Chapter [3| we introduce various restrictions of our bijection and show its
connection to duality. In Chapter [l we complete the necessary calculations to prove
the partial positivity results.

1.1 Friezes

We begin by defining a structure first studied by Conway and Coxeter in the case
k =2 [5][6] and then extended for higher k£ by Bergeron and Reutenaur [3].

Definition 1.1.1. An SL,-frieze is an array of offset bi-infinite rows of integers
consisting of k — 1 rows of zeros at the top and bottom, a row of ones below and
above them, respectively, and in between w > 1 rows of integers satisfying the
following properties. For an example, see Figure [I.1]



1. Every k x k diamond of neighboring entries has determinant 1 when considered
as a k x k matrix formed by a 45° clockwise rotation.

2. Every (k+1) x (k+1) diamond has determinant 0 when considered as a matrix.

We call w the width of the frieze. We say the frieze is positive if all the entries
between the rows of ones are positive.

0 0 0 0
1 1 1

e g
d f h

1 1 1 1
0 0 0 0

Figure 1.1: An SLy-frieze of width 2. Every 2 x 2 diamond must have determinant

1, for example “ i‘ =ac—b=1.

b

We will also consider friezes with infinite rows.

Definition 1.1.2. An infinite SLy-frieze is an array of offset bi-infinite rows of
integers consisting of k — 1 rows of zeros at the top followed first by a row of ones and
then infinitely many rows of integers satisfying properties (1) and (2) of Definition
[I.1.1] We say an infinite frieze is positive if all the entries below the row of ones are
positive.

Note that a non-infinite SLj frieze may be extended to an infinite frieze with
periodic rows. When referring to infinite friezes specifically, we will explicitly use the
phrase “infinite friezes”.

For the following definitions, fix k,n € Z-o with & < n. Let Gr(k,n) denote the
Grassmannian of £ planes in R™. That is, elements of Gr(k,n) are k-linear subspaces
of R™ which can be represented by k x n matrices of full rank. It is known that
Gr(k,n) is a projective variety identified with the image of the Pliicker embedding,
with homogenous coordinate ring

A(k,n) = C[Gr(k,n)].



Moreover, it was shown by Scott [16] that A(k,n) is a cluster algebra where Pliicker
coordinates are cluster variables. Let I be a k-tuple with entries in [n] where we
allow for repeated entries. Such a tuple gives rise to a Plicker coordinate defined as
follows.

Definition 1.1.3. A Plicker coordinate p; with I = (iy,...,1) is a map from
Gr(k,n) into R,
pr: Gr(k,n) — R
A — det(ail,...,aik),
where A = (aq,...,a,) is a k X n matrix.

Note that if there exists p # ¢ with i, = ¢, then p; = 0. Additionally, if
(t1,...,i) = 7(J1,---,Jm) Where 7 is a permutation on an ordered k-tuple, then
Dir,..ip) = SIN(T)P(jy,..jm)- Note that we want the indices of Pliicker coordinates to
be ordered and elements of [n]. Thus, we introduce the following notation. Given
a k-set, possibly a multiset, {i1,...,i}, let j, = ¢ (mod n) with 1 < 5, < n
for all m € [k]. Then we write o(iy, ..., i) := (Jo,---,Je,) Where {j1,...,Jk} =
{Jeys---sJe,} and jo, < --+ < jp,. Hence, o(I) is obtained from a set I by first
reducing the entries mod n and then reordering them in increasing order.

Let I = {iy,...,ix—1} and J = {jo,...,Jr}. The Pliicker coordinates satisfy the
Pliicker relations

k

> (=D oy, - Potj) = 0, (1.1)
/=0

where o(1)j, denotes the ordered tuple obtained by adjoining j, at the end of
o(I). We will frequently refer to certain kinds of Pliicker coordinates whose indices
are at least partially consecutive.

Definition 1.1.4. Fix a k-set [ such that [ = [r]¥ = {r,r+1,...,r+k—1}. Then the
Pliicker coordinate p,(y) is called consecutive. If instead o(I) is a consecutive (k —1)-
tuple and m € [n] \ I, we call the Pliicker coordinate po(ugm}) almost consecutive.

We now define a familiar structure which makes use of Pliicker coordinates in
place of integers.

Definition 1.1.5. The Pliicker frieze of type (k,n) denoted by F ) is a Zx [n+k—1]
array with entries given by the map

(r,m) — Po([r)e=1,m)

where m’ = m + r — 1. For an example, see Figure [1.2]



P12 P23 P34 P45
P25 P13 D24 P35

P3s P14 P2s P13
P3a P45 Pis P12

Figure 1.2: The Pliicker frieze F(55) of type (2,5). When applied to a matrix satis-
fying the assumptions in Theorem [1.1.6] the consecutive Pliicker coordinates in rows
2 and 5 become all 1’s and the remaining entries become a frieze as in Figure

Baur, Faber, Gratz, Serhiyenko and Todorov have shown that F ,) satisfies
properties (1) and (2) of Definition [1.1.1] Hence, it is a frieze with entries in A(k, n)
rather than integers [2]. We wish to discuss their relationship to traditional friezes
over the integers. Let F;)(A) denote the array of numbers p;(A) resulting from
applying each Pliicker coordinate in the frieze F; ) to the matrix A € Gr(k,n).

Theorem 1.1.6. [2| Theorem 3.1] Let A be a k x n matrix with entries in Z with
the property that each consecutive Pliicker coordinate has a value 1 when applied to
A. Then F, ) (A) is an SLj-frieze.

Of additional use to us is that we can also represent an arbitrary frieze as a
Pliicker frieze for a particular Grassmannian.

Remark 1.1.7. [2, Remark 3.7] Any SLj-frieze F' of width w over Z can be em-
bedded into Gr(k,n) where n = w + k + 1 as a point which can be represented by a
matrix Mp whose consecutive k X k minors are ones. Moreover, F; ) (Mp) = F.

We will also need the following result about particular matrices formed by Pliicker
coordinates. For m; € [n], we use the notation [my, ms] for the closed cyclic interval
{my,mi+1,m1+2,...,my} where the elements are considered modulo n. We define
open and half-open intervals similarly.

Definition 1.1.8. Let r, s € [n] and m = (my, ..., mg) with m; € [n]. We define the
(s X s) matrix
A = (aij)1<ij<s,

where a;; == po( for 1 <i,j <s.

[r+i—1]k*1,m]')



Proposition 1.1.9. [2, Proposition 3.5] Let r € [n], s € [k], and m = (m4, ..., my)
with m; € [n] for all ¢ satisfying the following conditions.

(c1) m is ordered cyclically modulo n.
(c2) We have r +k — 2 & [mq, my).
Then

det (Am;) = [HP [+ ] “Po([r+s—1=5 ma,ms )

Example 1.1.10. Suppose in the case of Gr(3,8) we have r = 1, s = 3, and
= (3,4,5). Then we have

P123 D124 DPi12s P123 Pi124 Pi12s
Am;r: D233 D234 P235 | = 0 D234 D235
P343 P344 P345s 0 0 P34s

By Proposition [1.1.9] this determinant is

det - [HPO (1+43) ] * Po([3]°,3,4,5) = P123P234P345-

In the set-up of Theorem Pliicker coordinates with consecutive entries will
be sent to 1 when applied to the matrices A. Thus, we have

5—2
[H Po(fr+ar) (A)
=0
and the determinant in Proposition is then given by

J(A).

=1,

det (Am;r) = po([rﬂ_l]kﬂ,mh_’m

1.2 Tilings

Mainly, we are going to focus not on friezes, but on more general structures called
tilings introduced and studied by Bergeron and Reutenaur [3].



Definition 1.2.1. A tiling M = (my;); jez with values m;; € Z is an infinite array.
We denote by M;; the adjacent k x k sub-matrix of M

We say that M is an SLy-tiling if M;; € SL(Z) for all 4, j € Z. In this case we say
that M satisfies the SL-property. We say that an SLj-tiling M is tame if every
adjacent (k+ 1) x (k + 1) sub-matrix of M has determinant 0. We denote by SL
the set of all tame S Lg-tilings.

Remark 1.2.2. Condition (2) of Definition is not always required in defining
friezes. It is also called tameness. In this paper we only consider tame friezes and
tilings, but wild tilings, those not satisfying this condition, have been studied by
Cuntz [§].

Friezes correspond to a special type of periodic tilings described as follows.

Definition 1.2.3. [3, p. 266] Let F' be an SLj-frieze. Then we denote by My the
tiling constructed from F' using the following process. Let the rows of a frieze become
a falling diagonal of a tiling by rotating the frieze 45° clockwise as in Figure We
may fill in the rest of the tiling through a skew extension in both directions as follows.
Let a;; be an entry of the rotated frieze, then define a; jyir41 = (—1)k_1aij where
w is the width of the frieze.

-1 b —c

b ¢ 1 0
—1 0 1 d e 1 0 -1 —d
—g -1 01 fgqg 1 0 —1
-h —i =1 0 1 h i 1 0

Figure 1.3: Tiling resulting from rotating and extending the frieze in Figure [I.1]

Another important structure in our study of tilings is k-column vectors. Our
goal is to construct a bijection between S L,-tilings and pairs of sequences of vectors
satisfying certain properties.



Definition 1.2.4. Let v = {~;}icz be a bi-infinite strip of k-column vectors ; € Z*
with the property that the matrix (7;, ..., Vitk—1), whose columns are k consecutive
entries of 7, is an element of SLi(Z). We denote the set of all such strips Py and we
call v a path.

The structure of these paths gives rise to additional information in how one set
of adjacent vectors relates to the next one. We encode the information in terms of
J matrices, which record how one column of v relates to the preceding k£ columns.

Definition 1.2.5. We define the matrix J* € SLy(Z) for n € Z as follows

0---0| (=)
jn2
Iy =
" Iy :
jnk

where I, is the identity matrix of size £ — 1. We may also refer to the entry in
the top right corner as J,,; for consistency of notation. When clear, we omit the
superscript k£ and write simply j,. We use the term J matrices when referring to
matrices of this form in general.

Observe that multiplying a matrix A = (ai,...,ax) on the right by a matrix J,
results in applying the following steps to A.

1. Delete the first column a; of A.
2. Shift all remaining columns to the left by one.

3. Append a new final column ) which is a linear combination of the columns of
A, namely
all = (_1)k_1a1 +jn2a2 + - +jnkak

The result is the matrix
AJ, = (ag, ..., a, ay).

Recall that J, € SLi(Z). Thus, if A € SLy(Z), then so is AJ,. In fact, for any
matrix A" € SLi(Z) where the first k — 1 columns of A’ are as, ..., a, there exists
a unique .J,, such that AJ, = A’.

We later show that for any general B € SLi(Z), there is a sequence of J matrices
which allow us to transform A into B via right multiplication. Thus, these J matrices
serve as transitions between k consecutive columns of a path. More precisely, to a



path v € Py, we associate a collection of J matrices {J;};cz called transition matrices
such that
(Yis -+ s Yirk—1)Ji = (Vi1 -+ 5 Vitk)-
On the other hand, Bergeron and Reutenauer show that all rows (respectively
columns) of a tiling M € SLL; may be written as a linear combination of the previous

k rows (respectively columns) with a coefficient of (—1)*~! on the first [3, Lemma
2]. In particular, they state that

Row,x = (—1)* 'Row; + jiaRow;y1 + -+ + jinRowig1

Coliyr = (—1)F1Col; + j/,Coliyy 4 -+ - + 4, Coli i1,
where Row; (respectively Col;) refers to the i-th row (respectively column) of M.
They refer to the other coefficients, {ji2,jis,---,Jir} and {jio, Jis, ..., Jix}, as the
linearization data, and these, in turn, correspond directly with the last column of

the J matrix if we take the first coefficient to be the (—1)*~! term. They prove the
following result.

Proposition 1.2.6. [3, Proposition 3] The mapping

g : SLk — SLk(Z) X (ZIX(k—l))Z 5 (Z(k_l)X1>Z
M — (Mlla )\7/,(,>’

which associates to a tame S Lj-tiling its linearization data A and p of the rows and
columns respectively and a central matrix My = My, is a bijection.

This demonstrates that J matrices also serve as transitions between rows and
columns of SLg-tilings. We recall a few additional definitions due to Bergeron and
Reutenaur [3], starting with the notion of periodicity in tilings and paths.

Definition 1.2.7. Let m € Z-y. We say a path 7 is p-periodic if it has the property
that v; = 7,4, for all ¢ € Z. We denote by (Py), the set of all p-periodic paths.
Similarly, a sequence of J matrices {J;}icz is p-periodic if they have the property
that J; = J;y, for all ¢ € Z. We say a tiling M is p-row periodic (respectively
p-column periodic) if m;; = m;y,; (respectively m;; = m; ;4,) for all 4, j € Z. We
say that a tiling M is (p x q)-periodic if

My = Miqp; = Mijtq = Mitpjtq

for all i, 5 € Z.

10



Bergeron and Reutenauer introduce an interesting operation on tilings called
duality which we recall below. Later, we will present an alternative interpretation of
this by applying our results.

Definition 1.2.8. [3, Equation 10] The p-derived tiling of a tiling M, denoted 9,M
is given by

OpM = (Mi(§)>

i,jEZ

where Mi(ﬁ) is the adjacent p x p minor of M with upper-right corner m;;. When
p==k—1, we call 0,_1M the dual of M and we write M*.

The following proposition shows that the terminology of the dual is justified.

Proposition 1.2.9. [3| Proposition 6] The dual of a tame SL-tiling is a tame
S Ly-tiling. Moreover, (M*)* and M coincide up to translation.

1.3 SLo-tilings

S Lo-tilings were studied in detail by Short where he related them to the combina-
torics of the Farey graph [I7]. We recall the main results below.
Definition 1.3.1. A Farey graph is a graph with vertices in Q U co. Two reduced
rationals % and — are connected by an edge if ad — bc = £1. In this case, we take
c

1
00 = —.

0

Short constructs a bijection between certain pairs of structures which he also calls

paths, though his definition differs slightly.

Definition 1.3.2. [I7] A path of reduced rationals is a bi-infinite sequence of reduced

a; . .
rationals v = b_} which satisfy the property that
i) ic

a;bit1 — ai1b; = 1.

We denote the set of all such paths as PQ. Note that elements of PQ are paths in
the graph theoretic sense in the Farey graph.

We take a moment to draw an important distinction between PQ and P, as

defined in Definition Observe that for paths v € P,, there is a difference

11



between columns (Z) and < Z) of v which is lacking in the Farey graph. Both of

a —a
these represent the same reduced rational i Note that while replacing one

with the other changes the sign on the determinant of the two consecutive columns
of v, and thus matters in the definition of path v € P,, the sign does not matter
when thought of as a path in the Farey graph. Hence, Short must identify M and
—M, the tiling obtained by negating all entries of M.

Short constructs a bijection between SLy(7Z)-tilings and paths in PQ. In aid of
this, he defines the following map.

The notation (PQ x PQ)/SLy(Z) denotes the set of conjugacy classes consisting
of pairs of paths v, up to multiplying all columns in « and § by the same matrix

G

Definition 1.3.3. [17] Let v = {%} and 6 = {
b i€Z d;

)

} be paths in PQ. Define
JEL

the map ®Q as follows.

PQ : (PQ x PQ)/SLy(Z) — SLy /£
(7,0) = (Mij); jez

where SLy/+ is the set of all tilings where we identify M = —M, and m;; =
@idj — biCj.

Theorem 1.3.4. [I7, Theorem 1.1] The map ®Q in Definition is a bijection
between pairs of paths modulo SLy(Z) and the set of all SLs-tilings up to a global
change of sign S, /+.

In this paper, we obtain a generalization of Short’s result for all & > 2. Moreover,
Short’s use of the geometry of the Farey graph allows him to establish further bijec-
tions by placing certain restrictions on paths. While Short’s main result and several
others are extended here, it is not clear how to generalize all of them as we lack the
connection to geometry.

Copyright© Zachery T. Peterson, 2024.
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Chapter 2 The Bijection

In this chapter we define a map ® from pairs of paths to SL;-tilings and then prove
that it is a bijection.

2.1 Defining ¢

We first introduce a map ®. We will later show that this map is well-defined.

Definition 2.1.1. We define a map ® from a pair of paths to a tiling as follows. Fix
a pair (7,9) € Pg X Py.

d: (P, x Py) — SLy
(7? 5) = (mij)LJEZ?

where
m;; = det (%, Yig1s - - - Vitk—2,0;5) -

Thus, the entries m;; of the tiling come from taking the determinant of k& — 2
consecutive columns of v and a single column of §.

Example 2.1.2. Suppose we have a pair of paths v, € Z? defined as follows:

1 0 01
7:(,,'771772’73’747'“): -+ 01 0 5
0 01 2
and
1 11
5:("'751,52,53,---): 1 2 3
1 36

To derive a specific entry of the tiling ®, say mq », we take two entries of  starting
at v and append 5. The resulting determinant gives the entry:

1 01
mio = det(vy,72,02) =det |0 1 2] =3.
00 3

13



We may assemble the whole tiling in this fashion. For example,

M= - 1 1 1

Note that it is not clear from the definition that the array ®(v,d) satisfies the
S Ly-property. We will show this later. For now, we need some preliminary results.
Let A be a k x k matrix. We define the multiplication of A by v € Py, denoted by
Ay, by
Ay = (-, Ay, Ay, .. .).

Lemma 2.1.3. The map ® is invariant under multiplication by A € SLi(Z), that
is ®(y,0) = O(Ay, AJ).

Proof. Fix (7,9) € (Pr x Px). Let m;; be the entry of the image M of 5(7, 9). Then
®(Av, Ad) has image m;; where
m;,] = det (AfYZa R 7A%+k—27 Aaj)
= det (A (Vi Yit1s "+ 5 Virk—2,0;))
= det(A)m”
= TTLZ']'.
O]

_ Let m: (P x Py) = (Pr. x Py)/SLi(Z) be the quotient map. By Lemma
O(Av, Ad) = P(7,9), so @ induces a map ® from (P x Pi)/SLy(Z) to SL; such
that the following diagram commutes.

Pk X Pk L) SLk

o

(Pr x Pr)/SLi(Z)

We will focus on the map ® and prove that it is a bijection. First, we make an
observation about J matrices.

14



Lemma 2.1.4. The J matrices generate SLy(Z).

Proof. 1t is a classical result in linear algebra that shear matrices generate the special
linear group, see for example [I]. Thus, it suffices to show that J matrices generate
shear matrices S; j(A) which consist of the identity matrix with a single nonzero entry
A in position (i j) where i # j.

Fix a shear matrix S;;(A). Recall the structure of a J-matrix from Definition
[1.2.5] Consider (J,)"~! where J, is the J matrix with j,, = 0 for all £ € {2,...,k}.
This matrix (J,)?~! has columns

(ej, vy Gk, (—1)k7161, ceey (—1)]{716]',1).

Then, multiply by the J matrix .J,,, with a single nontrivial j-entry in the last column

where
N P if i > j
I =Y (LRI i<

where ' = (i — j + 1) (mod k) and j,,¢, = 0 for £ # ’. The resulting matrix J7~1.J,,
is of the form

JZilJm = (€j+17 vy G, <_1)k71617 CI) <_1)k71€j*1’ (_1)1671()\62' + €J>) ’

Then multiply by (J,)*77 to obtain (—1)*715;;(\). Finally, to get the desired S;;()),
multiply by (J,,)*. O

From this, we develop the following technique. Consider (v, d) € (P X Py). We
construct a periodic path with m consecutive entries from v and n consecutive entries
from 0 with m,n > k. Without loss of generality, we may select a labeling such that
the desired elements of v and 0 are {71,...,vn} and {d1,...,0d,} respectively. By
Lemma , there is a sequence of J matrices {.J; }icjeqr) for some ¢ € Z such that

(’Ym—k—i-h e ,’}/m)Jl cee Jg+k = (51, oo ,(Sk)

Let \; with ¢ € [¢] be the last column of the product

(rym—k-‘rh s ;/Vm)Jl T ']7«

Similarly, there is a sequence of J matrices {J]}icjq+x for some ¢ € Z such that

(6n—k+17 s 7611)‘]{ e (;Jrk - (_1>k_1(717 s 77]6)

15



Let p; with ¢ € [g] be the last column of the product
(Op—ttts ey 0n)dy o JL.
We obtain a matrix A with columns

A= (’)/1,...,")/m,)\l,...,)\57(51,...,5”,#1,...,ILLq>. (21)

Note that, by construction, A satisfies the properties of Theorem that is all
consecutive Pliicker coordinates of A are 1.

Definition 2.1.5. Fix m,n > k. We define a map
n ' (Pe X Pi)/SLi(Z) = Pi/SLy(Z)

as follows. Given (v,6) € (Pr x Pr)/SLr(Z), let A be constructed as in Equation
([2-1). Then we define a new path ¢, ,(v,09) by extending A periodically as follows.

(‘Pm,n(% )) (— 1) Ay

where i/ = i+7r-(m+{+n+q) When obvious, we will omit the subscripts m,n and
write ¢(7,9).

We provide an example of the construction of the path ¢(v,d) below.

Example 2.1.6. Suppose we have a pair of paths v, € Z? defined as follows

0 -1 -2 -1 -4 1 2
(DT g (T D2,

We wish to construct a path ¢34(7,d). We start with the first three columns of ~
0 —1 =2
1 1 1)
Our goal is to use this starting place to create a path which reaches the first two
columns of 9, i.e.
o -1 -2 - -4 1
T 1r 1 .--- 3 —-1)°
We may do this by constructing an appropriate sequence of J matrices which generate
~1 2\ '/ -4 1
1 1 3 -1 )°
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In this case, we obtain a single vector A = _g ) We do the same in order to
return back to the initial entry of v scaled by —1. In this case, the sequence of

vectors p is p = < _é ) The resulting path has the form

032(7,0) = (-, 71, Y25 3, A1, 01, 02, S, — Y1, —Y2s — V3, )
(. 0 —1 =2 3 —4 1 -1 0 1 2
o 1 1 1 -2 3 —1 2 -1 -1 -1 ’

From this partial data about v and §, we will be able to extract certain partial
information about their image M = ®(v,0) and then expand this to a variety of
conclusions about the whole image M.

Lemma 2.1.7. Let M := ®(v,6) be an array and let M = My ny4,..03 be an
adjacent m x n sub-matrix in M with m,n > k. Then there exists a tame S L;-tiling
M’ from a frieze which has the property that the adjacent m x n sub-matrix

M =

!/
{i,...,i+m71},{j,...,j+n71}
is equal to M for some ¢ and j.

Proof. For paths v and 6 and m+k—2,n > k, use Equation ([2.1)) to construct a ma-

trix A and a path ¢(v, §) as in Definition[2.1.5, By Theorem [L.1.6] Fxnte+m+q) (A) is
a tame S Lj-frieze. We may extend this frieze to a tame S L;-tiling M’ = M;(k7n+g+m+q)(A)

as in Definition [.2.3] Let M’ be a submatrix of M’ of size m x n with upper-left
entry pi.. k—1.m+e+1(A). By construction, this is given by the determinant of the
matrix (v, ,7-1,01), and is therefore equal to m;; in M. The same holds for
all other entries of M. O

This finally allows us to show that &, and hence 5, are well-defined.
Proposition 2.1.8. The map @ : (P x Py)/SLi(Z) — SLj, is well-defined.

Proof. Let (v,0) € (Px X Px)/SLi(Z) and M = ®(~,5). We wish to show that
M € SL;. By Lemma , we can map M = My myq1,..np to a portion of a
tame SLi-tiling M’. Observe that in Equation (2.1)), our choice of indexing for ~
and ¢ was arbitrary. Therefore, we may adjust our labels on v and ¢ such that the
upper left corner of M may be any entry in M. Therefore, since M’ € SLL;,, we have
that, in particular, every adjacent k X k sub-matrix is in SLg(Z) and every adjacent
(k+1) x (k+ 1) adjacent sub-matrix has determinant 0. Thus, M is in SLj. O
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2.2 Transition Matrices

Next, we present a series of results which will allow us to compare the transition
matrices of tilings and paths. First, we give a notation for the transition matrices in
a tiling.

Definition 2.2.1. Given a tiling M we write H; for the horizontal transition matrix
of M which transitions from column ¢ + k — 1 to 7 + k, i.e.

M;;Hj = M; .

Similarly, we write V; for the vertical transition matrix which transitions from row
i+ k—1toi+k,ie.
M7V = M} ;.

With this notation in mind, we make the following observation. Let M = Mpg
be a tiling from a frieze F' with entries in some integral domain. We may index M
such that Myo := M is of the following form.

I myy myg --- mi1 (k—1)
1 Mg - ma (k—1)
0 1 mE-nm—)

0 0 1

In order to transition from M to the k-th column of M, we use a horizontal transition
matrix which takes the form of a J matrix. In particular,

(=1)Ft M1k
J2 mai
M ) = , (2.2)
Jk—p+1 Mk—p+1k
Jk Mk

for p € [k] where ((=1)%1 4o, ..., jk_ps1, .-, )T is the final column of the horizontal
transition matrix. This gives rise to the following lemma.

Lemma 2.2.2. Let M = M be a tiling from a frieze ' and let ((—=1)*=1, jo, -+ | je—pr1, -+ Jx) T
be the final column of the horizontal transition matrix Hy. Then ji_p1 = (—1)P"1 M,
where M, is the p-th adjacent minor of M ) whose bottom right corner is myy.

18



Proof. We proceed by strong induction. Take as a base case p = 1. By Equation
, clearly jp = mgy. Additionally, the 1 minor is |mgx| = mgy. Thus, ji =
(=) " Ymgp = myyp, as desired, and the base case holds.

Suppose the statement holds for j,_;+1 where i € [p — 1] with p < k. Consider
the case jy_p1+1. By Equation (2.2)), we see that

p—1
Jh—pt1 = Mk—pr1)k — ij7i+1m(k:—p+1) (k—i)- (2.3)
i—1

The minor M, has the form

M(k—p+1) (k—p+1)  TM(k—p+1) (k—p+2) s M(k—p+1) k
1 M (k—p+2) (k—p+2) e M(k—pt2) k

I mE—iyxk—1) MuE-1)k
0 1 M

We compute the determinant by going across the top row. Denote by 7, in the
determinant of the (p — 1)-st minor associated with the term m_p11) (k—p+q) Where
g < p from the top row. This minor r, is of the form

1 *
k
0 1
Tq = M(k—p+q+1) (k—p+q+l) - M(k—p+q+1)k
0 1 e M(k—p+q+2)k
1 M &

This determinant is given entirely by the determinant of the lower-right block of size
p — ¢, which, by the inductive hypothesis, is (—1)P"%'j._, 1., Thus, each of the
terms in the expression for M, are given by

p

(=D 'mg—pi1) hmpra)Ta = (= 1) M pit) hmpra) (= 1) Ghmprirg = (= 1) b pr14qMmpt1) (h—p-ra)-

When ¢ = p, 1, is given by (—1)P"'m_p 1), times the identity matrix. Thus, we
have that the minor M, is given by

p—1
M, = (1" "mg_ps1yr + (—=1)° ijfz#lm(k—p—&-l) (k—i)-
=1

19



Multiplying Equation (2.3) by (—1)?~! gives us that

p—1
(1P kpir = (VP Mg prnyn + (1P D Gkt 1M pin) (e-i) = My,
1=1

as desired. n
We generalize this result to give us the entries of all J matrices in a Pliicker frieze.
Proposition 2.2.3. Let M = Mz, such that my1 = pypupr—1p)-
(a) The entry j,q4+1 of H, is given by

k—qg—1

Jpa+1 = (=1 Do(pja prqria)-

(b) The entry j,q+1 of V, is given by

k—q—

Jpgt1 = (_1) 1p0([p+q—1}’“‘q,[p+k}q)'

Proof. We begin by proving part (a). The horizontal transition matrix H,4;_; is a
transition between the adjacent submatrix

Po([p]k—* ,p+k—1) Do([p)—1,p+k) o Do([p)k—1 ,p+2k—2)
A Do([p+1]F=1 p+k—1) Po(p+1)-=1p+k)  “" " Po([p+1]+—1 p+2k—2)
[p+k—1]Fp — : : . :
Po([p+k—1k=1 p+k—1) DPo(lp+k—1]k—1p+k) *°° Po(lp+k—1]k—1p+2k—2)

as in Definition and the next column of M. By Lemma [2.2.2] this means
Jp+k—1q+1 18 equal to (—1)"797! times the adjacent (k — ¢)-minor of Ay, ., aligned
with the bottom-right corner. This corresponds to the matrix Appigr-aprq- BY
Proposition [1.1.9] we have that

det(Aptitq—aiptq) = Po((pta)+(k—g) 16— [prktqlt—a) = Po([p-+k—1)9,[p-+k-+qlk=1)-

Thus, we have
k—q—1

Jhtp—1lg+1 = (—1) Do([p+k—1)9,[p+k+q]F—9)-

Setting p to p — k + 1, we obtain the desired result.
Part (b) follows similarly by using M. The corresponding matrices are now of
the fOIIn A[p_;'_q_g]qu;p_;'_q. D
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We show an example of how the formulas in parts (a) and (b) of Proposition
are related.

Example 2.2.4. We may first use the formula in Proposition part (a) to
construct the sequence of the final column of the J matrices of a Pliicker frieze,
hence the horizontal transition matrices of the corresponding tiling. For example, if
we take k = 4, we have the following sequence starting with p = 1:

-1 —1 -1 —1
. P134s DP2456 D3s67 Da678
’ —D1245 ’ —P2356 ’ —P3467 ’ —Pas578 ’
P1235 P2346 P3as7 P4a568

We may similarly use the formula from Proposition part (b) to construct the
sequence for vertical transition matrices starting with p = 1:

-1 -1 -1 -1
. P1235 DP2346 D3as57 Pas68
’ —p23se |’ —P3467 ’ —Pas78 ’ —P5689 ’
P3se7 Pae7s Ps789 P6g910

Note that column entries along the ascending diagonals of one sequence form the
columns of the other.

With this example as guidance, we define an operation and notation on paths
which alters their J matrices.

Definition 2.2.5. Given a path v € SLi(Z) with J matrices {J;};cz, define a new
path 7 € SLi(Z) such that 3 = (yw)" and the J matrices of 7 written {.J;}iez
have entries in the final column given by

~ {jz’l = (1)1 qg=1

Jiq = .
! <_1)k‘7i+q72k7q+2 else

for i € Z and q € [k].

Remark 2.2.6. Note that (J;) from the J matrices of 5 equals J; from the J matrices
of v up to a shift in indexing by k — 2, i.e.

(Ji)i = Jitk-2

for all 7 € Z.
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Next, we obtain results about the transition matrices of tilings.

Lemma 2.2.7. The horizontal transition matrices of the tiling M = ®(v,0) are
equal to the J matrices of 4.

Proof. Let v, € (Pr, X Py)/SLi(Z). Without loss of generality, we may select our
v such that (v1,79,...,7%) = Ir. We want to show that the horizontal transition
matrices of M match up with the J matrices of §. It suffices to show that M;,.J; =
M 5 where Jp is the corresponding transition matrix of 9, i.e. J; = H;. In particular,
we want to show that

k
> dimei = mega
i=1
for all ¢ € [k] where jy; is the i-th entry in the last column of J;. For the case of the
first row, we note that

my; = det(y, -+, Yoo1,0i) = ik,

hence the conclusion follows from the definition of J;. For the remaining rows,
observe that the entry my,; is given by the determinant of the matrix

i1
di2
0 )
e ’
Ik_g k

where the £ (¢—1) matrix P consists of the upper ¢ entries of the matrix Vi1, Yer2, - - -

We may write this determinant as

L
meri = (=) aubin, (2.4)
n=1

where a,, is some fixed value based on P used in taking the determinant of the upper
right block. Note that P, and hence a,, does not depend on i. Thus, we have

L

k k
Zjlim€+1i = (—1)** Z]u Z anOin
i—1 i—1

n=1

¢ k
= (-1 Z an Zj1i5in~
n=l =1

22
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By definition of J;, we may rewrite the final sum as dj1,. Thus, we have

k ¢
s = (-1 k—¢ 5 .
J1iMyp414 = ( ) nOk+1n = MyY+1k+1,
i=1 n=1

for all ¢ € [k — 1] where the last equality follows from Equation (2.4)). O

Lemma 2.2.8. The vertical transition matrices of ®(v,d) correspond to the J ma-
trices of 4 as in Definition [2.2.5]

Proof. Let M := ®(v,5). Recall that by Lemma we may construct an
SLj-tiling M’ from a single path ¢(v,d) with contains an adjacent m x n matrix

{{1,...,m},{i,...,i+n—1} equal to Mpjm 1j» where m,n > k. By construction, the path
©(7,0) has as its first J matrix J; the first J matrix of v. By Lemma this
means that the horizontal transition matrices starting at My, ,, = Mj, are the J
matrices of 7. Note that the matrix M{k]m need not lie in M. Since M’ is a tiling
from a frieze, by Proposition [2.2.3 part (b), the vertical transition matrix V; has
entries given by

Jrgrt = (=1 T pygi-a peraga)

where the Pliicker coordinate is applied to A where A is one period of (7, 6). Con-
sider the entries of the matrix .J; of . By Defintion and and Proposition
these correspond to the entries of the final column of the J matrix given by

—~—

Jig+1 = (_1)quk—q+1 = (_1)quk—q+1 = <_1)k_q_1p0([q]k‘q[k+1]qa

applied to A. Thus, by taking m,n large enough, the vertical transition matrix
V] equals the first J matrix J; of 7. Now, we need to show that Vj, the vertical
transition matrix of M, equals V]. This follows by construction, since My, = M,
and My, = MJ},. Thus, jl = V1, as desired. Since our choice of starting position for

M’ was arbitrary, this holds for all vertical transition matrices and all J matrices of
. O

We combine the above lemmas to obtain the following crucial result.

Corollary 2.2.9. Let M = ®(v,0) be an SLj-tiling. The horizontal transition
matrices of M correspond to the J matrices of § and the vertical transition matrices
of M correspond to the J matrices of v

Proof. This result follows from Lemmas [2.2.7 and [2.2.8] [
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2.3 Defining ¢!

In order to demonstrate that ® is a bijection, we construct a map ¥ from tilings to
paths. To begin with, we construct a matrix C' which captures a specific transfor-
mation of a path § € P;.

Lemma 2.3.1. Consider the tiling M := ®(~,d). Without loss of generality, we
may assume (y1,7%s,...,7Vk) = Ix. Then for all j € Z

may;
[l yer}
= 9;
mg.;
where C' € SL(Z) has the following form:
0 0 |1
—1)kt 0 0
.|
* (=1)*1]o0

In particular, the entries on the lower-left of the matrix C' are determined uniquely
by the J matrices of 7.

Proof. We construct the image of ®(~,d). Let J, be the transition matrices for .
Observe that, by construction, since v; = e; for all i € [k], we have

(513'
my; = det(el, ey ek_l,éj) = det ]k_l : - 6kj - C(Sja
5k:—lj
0---0] Ok

for C as in the statement of the lemma. For 2 <1i < k, we have that

B 0 P i—1\k—i+1
m;; = det { P } = ((-1)") det(P)

i—2
where P is the upper right (i —1) x (i — 2) matrix of H J, appended with the upper

n=1
(¢ — 1) entries of d;. Note that the determinant of P is a linear combination of the

24



entries of the last column, which is the upper i — 1 entries of J;. We focus on the
coeflicient of d;_, ;, which is given by the determinant of the upper left (i —2) x (i—2)
matrix of P, call it Q).

i—2
Note that the product H J, may be written as
n=1
i—2
0 @
HJn:(7i—1>---a7k+i—2):|:I . *]
el k—i+2

Since each J, € SLi(Z), the determinant of this product is one. We may also
calculate it in terms of @) as

1 = det (1:[ Jn> — (=1)"?)""? det(Q).

This gives us that det(Q) = ((—1)°)

k—i
) .
By definition of ®(v, d), the coordinate m,; is given by

51]'
0 .
0 0i—2
m;; = det T
*k | 0 j
Ti—iva *

Hence, the coefficient of §,_1; in m,; is

(=) det(@) = (1)) ((-1)) T = (~)
Thus, we have the desired equation

ml?]
ma,j
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We use this to construct a map V.

Definition 2.3.2. We define a map ¥ from a tiling to a pair of paths modulo S L (Z).
Let M € SLj, be a tiling. Then
M = (7,9),

where v and 4 are defined as follows. We define the path ¢ to be the horizontal strip
from M that is k entries tall centered at Myxyx := M, which is to say that

my;
ma;

M,

To define  we construct v; for i € [k] and its J matrices. In order to construct the
J matrices, let 7 be a vertical strip of M with width k. That is,

mgq
r | M2
Y =

mig

Then the J matrices J; of v are given by the J matrices J;_jyo of ;’ . For the entries
Yk, we set (v1,7%2,-..,7%) = C where C is as defined as in Lemma from the

matrices of 7.

Remark 2.3.3. By construction, under the map ¥ the matrix H; of M equals the
t-th J matrix of 0 and the .J matrices of v are constructed from V; according to

Corollary [2.2.9]
Lemma 2.3.4. The map V is well-defined.

Proof. Clearly, § € Py, since each adjacent set of k consecutive columns forms an
adjacent k x k submatrix of M. Furthermore, v € Py, since C is in SLx(Z) and every
other set of k adjacent columns (74, Yit1, - - -, Vitk—1) of v form a matrix which can
be written as a product of C' and J matrices, which are all elements of SLi(Z). O

We proceed to show that ® and ¥ are inverses of each other.
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Proposition 2.3.5. ® o ¥ = idg, .
Proof. Let M € SLy. Let V; and H; be the transition matrices of M. Then V(M) =

(7,6). By Remark , H; is equal to the i-th J matrix of § and the i-th J matrix

for 7 is given by Vjix_o. Thus, by Corollary [2.2.9) ®(v,d) has as its i-th horizontal
transition matrix H; and as its ¢-th vertical transition matrix

Vith—2 = V3.

It therefore suffices to check that M := My is equal to ((®oW)(M))yp =
M'. Let (M) = (v,0). By construction of ¥, ¢ has the property that M =
(81,09, ...,0x) and (71,72, ...,7) = C. We may multiply (vy,6) by C~! without
changing equivalence classes in (Py x Py)/SLi(Z). Thus, ®(y,6) = ®(C~'v,C10).
Then (v1,72, - -., ) = C~'y = I. By Lemma[2.3.1] we have

M =C (0_1(51,52, . ,5k)) = (01,09,...,0k) = M,
as desired. O]
PI‘OpOSitiOI’l 2.3.6. Vo d = id’PkX’Pk/SLk(Z)-

Proof. Consider a pair of paths v and §. Let (7/,d") = (Vo ®)(y,d). By Corollary
2.2.9) and Remark [2.3.3] we know that the J matrices are the same for v and 7' as
well as 0 and §'. After multiplying both paths 4" and §’ by some matrix A € SLy(Z),
which does not change the equivalence class in (Py x Pi)/SLi(Z), we may assume
that v = +/. Furthermore, we may set (y1,72,-..,7) = Ix. Since the J matrices are
the equal, it suffices to show that

(01,02, - 04) = (0,80, .., 8L,

Since (y,9") = (¥ o ®)(, ), by Proposition we may apply @ to both sides to
get
O(7,0) = &(7,8") := M.

By Lemma [2.3.1} this implies that Co; = C"9; for all j € Z. Since C' is uniquely
determined by the J matrices of 7, we have C' = C and, since C € SLy(Z), this
gives 0; = ¢; for all j € Z.

O]

With both directions proven, we get our main result.
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Theorem 2.3.7. The map ¢ given by

(7,0) = M = (mij)ijez,

where m; ; = det(7;, ..., Vitk—2,0;) is a bijection between tame SLj-tilings and pairs
of paths modulo the action by SLy(Z).

Proof. Follows from Proposition [2.3.5| and Proposition [2.3.6] O]

By restricting to the case k = 2, we derive a result which is equivalent to the one
produced by Short. In particular, the the two results are related as in the following
commutative diagram

(Py X Ps)/SLy(Z) —2— SL,

! -

(PQ x PQ)/SLy(Z) —2+ SLy/+

where 7 is a quotient map which identifies (v, ) ~ (=7, 9).

This also gives us a nice description of the map ¢! from Proposition Let
us first define another map p which associates a path with its linearization data [3|
Equation 7].

Definition 2.3.8. Define the function p as follows.
p: (Pxx Pyp)/SLi(Z) — SLi(Z) x (le(k—l))Z % (le(k_1))Z
(/77 6) — (’717 C. 7/7k)T X {(]z2 e ajik:>T}i€Z X {(];2 . 7jz{k)T}i€Z

where the elements j;; and j;; are given by the final columns of the J matrices of 7y
and 0 respectively.

Since linearization data is in bijection with tilings by Proposition [1.2.6, we see
that p is also a bijection, hence it is invertible. While ¢! is defined recursively, the
map & is explicit. This makes the following result particularly noteworthy.
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Corollary 2.3.9. The following diagram commutes.

(Py X Pi)/SLi(Z) q’ ,

5—1
It

SLi(Z) x (le(k—l))z % (Z(k—l)xl)Z

Copyright© Zachery T. Peterson, 2024.
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Chapter 3 Applications

3.1 Periodicity

Here we detail some consequences about periodicity of paths and tilings. Recall the
notion of periodicity given in Definition [I.2.7]

Lemma 3.1.1. For a path =, if the J matrices are m-periodic and JyJ5 - - - J,,, = I,
then ~ is m-periodic.

Proof. By definition

(%'a ce 7%‘+k—1) Jidiv1 - Jigm—1 = (%‘+m; e 7%'+m+k—1) .

Thus, it suffices to show J;--- Jiym_1 = Ii. Since J; = Jiy,, for all ¢ € Z, we may
write the subscripts mod m. Thus,

Jidivr Jigm—1 = Jidigr - IS - Jig
Note that JiJs - - J,, = I by assumption. Therefore, we multiply
Jidivr - Imhida- - Jion = Jidiga - I i Jia (JiJi—i-l e JmJﬂ_lljél_l e Ji_l)
:JiJHl...Jm<jlj2...jiilt]it]Hl...Jm)Jfljfl ...szl

m “m—1
= Ji‘]’i"rl"'Jm‘]’r;l‘]r:zl—l'”‘]i_l
= Ii.

We may construct a similar result going from tilings to J matrices.

Lemma 3.1.2. If M is m-column periodic, then the J matrices of § are m-periodic
and JiJi+1 cee Ji—i—m—l = [k for all 7 € Z.

Proof. We know that we may get from M, to M ;1,,, by multiplying by J; Jix1 -+ Jitm—1-
Since My; = M11+ m, as M is m-column periodic, this product must be the iden-
tity I. Furthermore, since column ¢ and column i + m are the same for all i € Z,
the same J matrix must be used to transition between them, so J; = J;,,, for all
1 € 7. ]

This gives us the following proposition.
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Proposition 3.1.3. Fix a path §. The following are equivalent.
1. The J matrices of § are m-periodic and JyJs - - - J,,, = I.
2. The path ¢ is m-periodic.
3. The tiling M := ®(~,0) for any path v is m-column periodic.

Proof. The implication (1) = (2) follows from Lemma [3.1.1] and the implication
(3) = (1) from Lemma and Corollary 2.2.9] For the implication (2) = (3),
suppose 0 is m-periodic. If § repeats every m entries, the resulting determinants
m;; = det(7;, ..., Yitk—1, 0;) will also repeat every m entries going across the columns.
Thus, the resulting M will be m-column periodic, as desired. O

Remark 3.1.4. The dual of this proposition is also true. That is, the following are
equivalent.

1. The J matrices of v are m-periodic and JyJs - - - J,,, = I}.
2. The path v is m-periodic.
3. The tiling M := ®(~,0) for any path ¢ is m-row periodic.

Together, these results give us the necessary and sufficient conditions for period-
icity in a tiling as in Definition [1.2.7]

Corollary 3.1.5. The paths v and ¢ are m and n periodic, respectively, if and only
if M := ®(~,6) is (m x n)-periodic.

Proof. The forward direction follows from (2) = (3) in Proposition and Remark
3.1.4. Similarly, the backward direction follows from (3) = (2). O

3.2 Duality

Our goal is to show that the dual M* of an SLj-tiling M := ®(v,0) defined in
Definition has a simple interpretation in terms of the map ®. In particular,
it is given by ®(A75,6), i.e. a shift of conjugacy class for v together with the tilde
operator, up to some shift in indices. We begin by presenting several results about the
dual as it relates to Pliicker friezes and their J matrices. A special case of Theorem
for friezes was proven by Morier-Genoud, Ovsienko, Schwatz, and Tobachnikov
[14] as well as Cordes and Roselle [7].

We first give a lemma which shows that the dual preserves J matrices up to the
tilde operator.
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Lemma 3.2.1. Let M = ®(v,6§) be an SLi-tiling and let M* = ®(y*,0%) be its
dual. Then the sequences of transition matrices for v and ¢ from Definition
coincide with those for v* and §* respectively up to a shift in indexing.

Proof. Let M* := F2k+1],[2k+1]' Note that M™ is entirely determined by Mz 36—1]-
Let M’ be the tiling resulting from the path (g1 31-1(7, ) from Definition m
By construction,

P[l}kfli(A) Pupe-tiv1r 0 PRjk-litk—1
p[z}kfli(A) Pppk-tit1 - PRik—litk—1
M[3k—1},[3kz—1] = Ml[gk_l]7[i]3k—1 = . . .
P13 (A) Dpgr-1i41 0 PRr-tiph—1
Then, by Proposition [1.1.9]
Plije—1 k-1 (A) Plit1)p—1k—1 " DPlitk—1]k—1k-1
. * Pap1k(A)  Putapie ot Dlitk—11k
( [3k71],[i]3’°‘1> - : - :
Prlije—1 ak—2(A) Pli+1r-12k—2 " DPlitk—1]F—12k—2

Thus, the first horizontal transition matrix for M* is the i-th horizontal transition
matrix for (M’)* which transitions from the first k& columns of (ME%_” [i]3k*1> to

columns 2 throuh £ + 1. But this is V/,,, the i-th vertical transition matrix for
M. Similarly, the first vertical transition matrix of M* is the (k — 1)-st horizontal
transition matrix of M’, which is J;_; of the path ¢(v,d), i.e. Jp_1 of . Thus, the
dual operator preserves J matrices up to the tilde operator, as desired. O

It should be noted that, although the dual operator preserves information about
the transition matrices, it does not necessarily preserve the information about the
initial £ x k adjacent submatrix. Thus, applying the dual to the tiling ®(v,d) may
not preserve the conjugacy class, but it will preserve information about the sequence
of J matrices.

Theorem 3.2.2. Let M = ®(v,) be an SL;-tiling. Then its dual M* = ®(A7,0)
for some A € SLi(Z).

Proof. By Lemma [3.2.1 the sequence of J matrices associated with & correspond
to the sequence of vertical transition matrices of M*. Similarly, the sequence of J
matrices of d correspond to the sequence of horizontal transition matrices of M*.
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Thus, this maintains the linearization data up to the tilde operator. Multiplying
0 by a matrix A € SLi(Z) preserves the J matrices by Lemma . Doing so
changes the central £ x k adjacent submatrix such that its image under the dual has
the correct central £ X k adjacent submatrix. ]

As a corollary, we can easily recover the fact the dual operator has the desired
duality property.

Corollary 3.2.3. For any SL-tiling M, (M*)* = M up to a shift.

Proof. Let M = ®(v,0). For sufficiently large m,n, we can construct ¢, ,(7v,d) as
in the proof of Lemma [3.2.1| such that the resulting tiling M’ has the property that
(M=) = (M) = (M) - We may calculate (M*)* using Pliicker coordinates,

1.e.

Po(lk—1]—1i+k—2)  DPo([k—1]k—1i+k—1) ~*°  Po(lk—1]*—1,i+2k—3)
ok Po([k]k—1,i+k—2) Po([k]k—1,i+k—1) ot Do([k)k—1,i4-2k—3)
(M) = . : , . :
Do(2k—2]k=1,i+k—-2) DPo([2k—2]*—1,i+k—1) " Po([2k—2]k—1,i+2k—3)

which is just ./\/l’[k] " = M i shifted right and down by £ —2. By Remark , this

corresponds to the shift in the J matrices of % and 8. Since this preserves a central
adjacent k x k submatrix and the J matrices of v and 9, the result follows. ]

3.3 Friezes

Our goal is to show that the bijection ® has a simple restriction to infinite friezes,
namely that friezes are in bijection with pairs of paths where both paths are identical
up to a shift. We first define some notation to clarify this.

Definition 3.3.1. Define the inclusion function ¢ as follows.

L Pk/SLk(Z) — (Pk X 'Pk)/SLk(Z)
(V) = (v,7)-

Note that the image of the map ¢ is a subset of (Py X Py)/SLk(Z), so we may
use it as a restriction of the domain of the map ®. Additionally, note that ¢ is a
bijection on its own image, so ® o ¢ is injective. We write ®, for ® o .. We wish to
show that this restriction on the domain corresponds to a restriction on the range to
tilings resulting from infinite S L;-friezes.
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Definition 3.3.2. Let F' be an infinite frieze. We define a tiling Mg as follows.
Let the rows of F' become the falling diagonals of a tiling by rotating the frieze 45°
clockwise. Since F' is infinite, the left half of the tiling is complete. Fix an element
on the last known falling diagonal of the tiling, and let this be the upper-right corner
of a k x k matrix M, i.e. an entry with index mq, lies on the falling diagonal of
zeroes with nothing known above it or to its right. Let H; be the horizontal transition
matrix which takes M;_q; to M;;. We use these transition matrices to construct the
right half of the tiling.

Remark 3.3.3. Let F' be a finite frieze and F” its infinite extension. We want
to verify that the tiling My in Definition [3.3.2] coincides with My which results
from Definition [1.2.3] Observe that both Mg and Mg will have the same left
half by construction. Given such a portion of an infinite tiling, there is a unique
complete tiling which results by extending to the right along the falling diagonals
[3, Proposition 7]. Both Mg and Mg are valid tilings, and must therefore be the
same.

It should be noted that the right half of the tiling Mg, though recoverable as
an infinite frieze, need not be a periodic extension of F' as with finite friezes. It also
need not have the same properties as F', such as positivity. However, since this part
is uniquely determined by F', we can restrict ourselves to talking about the left part
of F. Let FR; denote the set of all SL;,-tilings resulting from infinite S Lg-friezes.

Theorem 3.3.4. The restriction of the map ® given by

v M= (myj)iez,

where m;; = det(7y;,...,%+k—2,7;) is a bijection between tame SLj-tilings from
S Li-friezes and equivalence classes of paths.

Proof. We first show that the map is well-defined. Let v € Py and let M = &, (7).
Observe that the entries m;; in M where i € Z and j € [i]*~! are all zeros since they
are given by determinants of matrices of the form (v;, ..., Vit+x—2,7;) where ~; is the
same as one of the previous columns. These constitute £ — 1 falling diagonals of zero
entries. The next falling diagonal consisting of entries of the form m;,;_; is all ones,
since these are given by determinants of matrices formed by adjacent columns in ~.
Thus, the left half of M is recoverable as an infinite frieze F'.

We now show that the map is a bijection. The map ®, inherits injectivity from the
injectivity of ® and ¢. For surjectivity, let F' be an infinite frieze (possibly the result
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of an extension of a finite frieze) and M = Mp. Index the horizontal transition
matrices H; as in Definition [3.3.2] Note that for a conjugacy class in Py, /SLi(Z), it
is sufficient to construct the sequence of J matrices to describe its elements uniquely.
Consider the tiling ®,(y) where v has J matrices H; with (71,72, ...,7%) = Ix. We
claim Mg = ®,(y) up to a shift. Consider a (k+ 1) x (k+ 1) adjacent submatrix of
M. Since this adjacent submatrix lies in a frieze, it may be realized as a part of a
tiling from a finite frieze, hence represented with Pliicker coordinates. It’s horizontal
transition matrix is a J matrix of v and, since it is from a frieze, its vertical transition
matrix is J; for some ¢ based on its vertical position in the tiling. Since our choice
of submatrix was arbitrary, this holds for all indices ¢ € Z. Thus, the linearization
data of Mg corresponds to the J matrices of v, proving the claim. O

Note that this means finite friezes become periodic tilings. Thus, we can make
a further restriction. We denote by FRy ,, the set of all SLj-tilings resulting from
S Lj-friezes of width w = n — k — 1. Let Py, denote the set of p-periodic paths in
Pr.

Corollary 3.3.5. The restriction of ®, to p-periodic paths
®L . Pkp/SLk(Z) — ]Fka—l—k—&-l
is a bijection between p-periodic paths and S L;-friezes of width n — k — 1.

Proof. The map is well-defined as a result of Proposition [3.1.3| and Theorem [3.3.4
Surjectivity follows from Remark [1.1.7, as the elements of the Grassmannian corre-
spond exactly with paths . Injectivity is inherited from the injectivity of ®,. ]

Copyright© Zachery T. Peterson, 2024.
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Chapter 4 Positivity

4.1 Background

We have made several references to the work of Short. Short was able to prove several
results about positive SLo-tilings and friezes and their relations to paths using the
geometry of the Farey graph [17, Theorem 1.4]. Lacking a connection to geometry,
we cannot use the same methodology. Instead, we focus on studying positivity for
friezes using Pliicker coordinates.

Recall that all friezes can be realized as Pliicker friezes evaluated at certain ele-
ments of the Grassmannian. We begin by defining a new class of Pliicker coordinate
which will play an important role in our discussion.

Definition 4.1.1. A Pliicker coordinate of the form p,x+1\(;;) Where ¢ € [n] and
jelil*tbut j#iand j#i+k—1,ie. aPlicker coordinate which consists of two
consecutive runs separated by a gap of size one, is called semi-consecutive.

Note that consecutive Pliicker coordinates are not semi-consecutive. We will later
make use of the following definitions and results due to Morier-Genoud, Ovsienko,
Schwartz, and Tobachnikov [I4]. Since their work deals with SL-friezes, we adapt
it to fit the notion of tilings.

Definition 4.1.2. [14] Definition 4.1.1] Let F' be a frieze. Consider the array re-
sulting from rotating F' 45° clockwise. Let a] be the adjacent minor of size j whose
bottom right corner is taken as m;; in the array. The Gale dual of F, denoted FY, is
the frieze where the (i, 7)-th entry in its array is given by (a’7*'™"). Let Mp € SLy
be a tiling from a frieze F. Then the Gale dual of My, is given by M% := M.

They prove that the Gale dual of a frieze is itself a frieze, so this notation is
well-defined. We reformulate this notion here.

Theorem 4.1.3. [14] Let Mg € SLj, be a tiling from a frieze F' of width n — k + 2.
Then ./\/l% also is a tame SL,,_i-tiling from a frieze of width k + 2.

4.2 Paths where £ =3

When k£ = 3 we have a special result about the paths « which result from positive
tilings from friezes. First, we examine two specific elements of .
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Lemma 4.2.1. Let v € Py be a path with (71, 72,73) = I3. If M := &, () is a tiling
from a positive frieze, then the entries of 74 and =, alternate in sign. In particular,
the first and last entries are positive and the middle entries are negative.

Proof. Since (Y0,71,72), (72,73, 1) € SL3(Z), 4 and 7 are of the form

1

Ta=1a], Yo =
b

— a0

By definition of ®,, we have the following entries of M which lie in the first nontrivial
row:

1 01 011
mig=det |0 1 a]| =0, mg1=det |0 a 0] =—a
0 b 1 b6 0
and
0 0 ¢ c 1 0
Mmooy = det {1 0 d] = C, mo3 = det |d 0 0 =—d
011 1 01
Since M is positive, so are b, ¢, —a, and —d. O

We now examine arbitrary elements of ~.

Lemma 4.2.2. Let v € Pj be a non-periodic path with (y1,72,73) = I3. Let
v = (@i, yi,2)7 for i any integer not in {0,1,2,3,4}. If M := ®,(v) is a tiling from
a positive frieze, then the following hold.

2. Zi > 0
3. y; < 0if and only if 3,11 < 0.

If y is m-periodic, the same holds for ; where 7 is not congruent to to {0, 1,2, 3,4}
mod m.

Proof. As in the proof of Lemma the positivity of my; and my; give the posi-
tivity of x; and z; respectively. Furthermore, we have that

i Tigr O
miz =det | ¥i Yir1 0| = 21 — Tiv1Vi,
zi Zit1 1
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T Ty 1
mir = | ¥ Yirr 0] =¥iziv1 — Yir12i
Zi R4l 0
By the positivity of M as well as x; and z;, we have the following. If y; < 0, then
m;1 gives us that

Zi+1 < yi+17
<5 Yi
so Y1 < 0. If ;41 < 0, then m;3 gives us that
z; < Yi :
Tit1 Yi+1
so y; < 0. [

This allows us to make a general statement about the path ~.

Theorem 4.2.3. Let v € P, be a path with (y1,7,73) = I3. If M = ®,(v) is
a tiling from a positive infinite frieze, then the entries of 7; alternate in sign for
i € Z\ [3]. In particular, the first and last entries are positive, and the middle entry
is negative. If M = ®,() is a tiling from a positive finite frieze with period m, then
entries of 7; alternate in sign for i # 1,2,3 (mod m).

Proof. We induct on ¢ from above starting with ¢« = 4 and below starting with ¢ = 0.
Lemma [4.2.1] gives the base cases, and Lemma [4.2.2] gives the inductive step. O

The converse of this is not generally true. Consider the following example:

1 0 0 1 1
v = 01,111,101, -2 ), | — ,
0 0 1 1 1
1 1 1 0 0
=3 1,1 =2 ),{0], (1), (O} ---|. (4.1)
2 1 0 0 1

This gives the following tiling:

00111 21 0 0
0011 11 1 00
001 10 2 100
.(7) = 00 10 -1 0100
0 01 1 -12100
00 1 110100,
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which is clearly not a tiling from a positive frieze. Note the entry mss; = —1 is given

by

0 1 1
—-1=]0 -2 -3
1 1 1

4.3 J matrices

Nest, we want to study the relationship between friezes and entries of their J ma-
trices. We must first show a result about the entries of J matrices which will allow
us to prove certain facts about the entries of dual tilings. We have the following
corollary to Proposition [2.2.3]

Corollary 4.3.1. All entries of J matrices of tilings M from Pliicker friezes are
semi-consecutive Pliicker coordinates. In particular, all semi-consecutive Pliicker
coordinates appear as an entry in some J matrix of M.

Before continuing, we make several observations about Pliicker coordinates con-
cerning the sizes of k and n.

Remark 4.3.2. We consider two cases.

(a) If & > n — 3, then all almost consecutive Pliicker coordinates p; are either
semi-consecutive or consecutive. With only three entries to exclude from [n]
to form I, there must either be a gap of one entry between sequences or all
entries will be consecutive.

(b) If k£ < 3, then all semi-consecutive Pliicker coordinates p; are almost consec-
utive. With only three entries in I, at least one consecutive run will have a
length of one.

For ease of notation in the following results, we define a structure using the final
columns of J matrices.

(—1)52jiz
Definition 4.3.3. For a tiling Mg € SLy, we call the vectors q; = | (—1)Pjix—p |,

(=1)%
where j;, are the elements from the final column of the ¢-th horizontal transition
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matrix of Mg, the quiddity vectors. The sequence (q;)iez is called the quiddity
sequence of Mp. We say a quiddity sequence is positive if all of its entries are
positive.

This extends the traditional notion of the quiddity sequence in the case where
k = 2 to higher dimensions. Note that by Proposition part (a), for Pliicker
friezes, the entries in these vectors correspond exactly to the semi-consecutive Pliicker
coordinates.

Lemma 4.3.4. Let Mg € SL; be a tiling from a frieze F' with n — 3 < k. Then
M is positive if the quiddity sequence is positive.

Proof. Since the quiddity sequence is positive, this means all semi-consecutive Pliicker
coordinates are positive. By part (a) of Remark 7 all almost consecutive Pliicker
coordinates in this case are also semi-consecutive. Since all entries of Mz, are
given by almost consecutive Pliicker coordinates, then all of them are also posi-
tive. O]

Lemma 4.3.5. Let M € SIL;, be a tiling from a positive frieze F' with k¥ < 3. Then
the quiddity sequence is positive.

Proof. By part (b) of Remark we know that the entries of the quiddity vectors
are almost consecutive, hence are entries of M. Since all entries of M are positive,
so is the quiddity sequence. O

4.4 The Cases of (4,7) and (5,8)

For some special pairs of (k,n), we can make additional arguments. It should be
noted that, while the representation theory of algebras that provide categorification
of the cluster structure on A; ,, does not feature directly in either of these arguments,
it did serve as inspiration for the proofs. For both of the following special cases, we
refer to the Pliicker relations as given by Equation . We begin with the case
where k =4 and n =7.

Lemma 4.4.1. Let Mg € SL;, be a tiling from a positive frieze I’ where n < 7 and
k = 4. Then the quiddity sequence is positive.

Proof. Given that almost consecutive Pliicker coordinates are positive, it suffices to
show that the semi-consecutive Pliicker coordinates are positive. It is only when
n > 6 that Pliicker coordinates of the form po(mm41m+3m+4) are semi-consecutive,
but not almost consecutive. We show that these are positive. Consider the Pliicker
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relation with I = {m,m+1,m+3} and J ={m+1,m+2, m+3,m+4,m+ 5}
This gives the equation

0= Po(mm+1m+3) m+1Po(m+2m+3m+4m+5) — Po(mm+1m+3) m+2Po(m+1m+3m+4m+5)
+ Po(mm+1m+3) m4+-3Po(m+1m+2m+4m+5) — Po(m m+1m+3) m+4Po(m+1m+2m+3m+5)

+ Po(m m~+1m+3) m+5Po(m+1m+2m+3m+4) -

Recall that Pliicker coordinates with repeated entries are 0 and consecutive Pliicker
coordinates are 1. Thus, we may simplify the equation.

0= Po(m+1m+3m+4m+5) — Po(mm+1m~+3m+4)Po(m~+1m+2m+3m+5) + Po(mm+1m+3m+5)-

By assumption, Po(m+1m+3m+4m+5) and Po(m+1m+2m+3m+5) are positive since they
are almost consecutive. Thus,

Po(mm+1m+3m+4) >0 if Po(mm+1m+3m+5) > 0.

In the case of n = 6, m+5 = m—1 (mod 6), so the latter is almost consecutive, hence
positive. In the case of n = 7, note that m + 6 = m — 1 (mod 7) and consider the
Pliicker relation with I = {m,m+1,m+3} and J = {m,m+1,m+2 m+5,m+6}.
Simplified as above, the resulting equation is

0=-1- Po(mm+1m+3m+5) + Po(m m+1m-+3m+6)Po(m m+1m+2m+5)-

Note that the final term is the product of almost consecutive Pliicker coordinates,
hence it is at least 1. Therefore, pomm+1m+3m+s) = 0, as desired. O

For the case where k = 5 and n = 8, we first make claims regarding £ = 3 and
n=_3a.

Remark 4.4.2. Note that C[Gr(5,8)] = C[Gr(3, 8)] with p; — pre where I¢ = [8]\ I.

Hence, we consider C[Gr(3,8)]. For the following, we assume that consecutive
Pliicker coordinates po(mm+1m+2) = 1 and all Pliicker coordinates are integers. Ad-
ditionally, recall the Pliicker relations as described in Equation (1.1)).

Lemma 4.4.3. Suppose Pliicker coordinates of the form po(mm+1m+3) and
Po(mm+2m+3) are positive for all m € N. Then Pliicker coordinates of the form
Po(mm+2m+4) = 0 for all m € N. Furthermore, for a fixed m € N, pommyamya)y = 0 if

and 0111}’ it Po(mm+2m+3) = Po(m+1m-+2m+4) = L.
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Proof. Consider the Pliicker relation where I = {m,m + 2} and J = {m + 1,m +
2,m+ 3,m + 4}. This gives us the following equation:

0= Po(mm+2) m+1Po(m+2m+3m+4) — Po(mm+2) m+2Po(m+1m+3m+44)
+ Po(m m+2) m+3Po(m+1m+2m+4) — Po(mm+2) m+4Po(m+1m+2m+3)-

Recall that consecutive Plicker coordinates are 1 and that Plicker coordinates with
repeated indices are 0. We may therefore simplify the equation as

Po(mm+2m+4) = — I+ Po(mm+2m43)Po(m+1m-+2m+4)-

By assumption, the second term on the right side is a positive integer, therefore
Po(mm+2m+4) = 0. Observe, additionally, that p,imm+2m+4) = 0 if and only if the
second term on the right side is 1. Since both Pliicker coordinates in the product are
positive integers, this occurs if and only if both are 1. ]

The same assumption also provides an additional result about a crucial orbit of
Pliicker coordinates.

Proposition 4.4.4. Consider Gr(3,8). Suppose Pliicker coordinates of the form
Po(mm+1m+3) a0d Do(mm+2m+3) are positive for all m € N and that, for some fixed
q € N, either pygg+1445 = 0 Or Poggrigra)y = 0. Then pommsimss) = 0 and
Po(mm+1m+a) = 0 for all m € N.

Proof. We proceed to prove two claims from which we may derive the desired result.
Claim 1 If Po(mm+1m+5) > 0; then Po(mm+1m+4) > 0.

Claim 2 If pomm+1mt4) = 0, then poimmiamyry = 0.

Consider the Pliicker relation where I = {m,m + 1} and J = {m +2,m + 3,m +
4, m + 5}. This gives us the following equation:

0= Po(mm+1) m4+-2Po(m+3 m+4m+5) — Po(mm+1) m+3Po(m+2m+4m+5)

+ Po(m m~+1) m+4Po(m+2m+3m+5) — Po(mm+1) m+5Po(m+2m+3m+4)-

Recall consecutive Pliicker coordinates are 1. We may therefore simplify the equation
as

Po(mm+1m+5) = 1- Po(mm+1m43)Po(m+2m-+4m+5) + Po(mm+1m+4)Po(m+2m+3m+5)-
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By assumption, all terms other than pomm+1m+5) and Popmm+1m+4) are positive.
Thus, we have proven Claim 1.

Additionally, consider the Pliicker relation where I = {m,m + 4} and J = {m +
2,m+ 3,m+4,m+5}. This gives us the following equation:

0= Po(m m+4) m+2Po(m+3 m+4) m+5 — Po(mm+4) m+3Po(m+2 m+4) m+5

+ Po(mm+4) m+4Po(m+2m+3) m+5 — Po(mm+4) m+5Po(m+2m+3) m+4-

This simplifies as

Po(mm+4m+5) = —Po(mm+2m+4) +po(mm+3m+4)po(m+2 m+4m+5)-

We may shift all indices by 4, recalling that we are in Gr(3,8), to get the equation

Po(mm+1m+44) = —Po(mm+4m+6) + Po(mm+4m+7)Po(m m4+1m+6)-

Note that, by shifting indices, pomm+1m+6) is of the form pommi2m+3) and
Po(mm+4m+6) 18 of the form pommi2m+4), hence the former is positive and the latter
non-negative by assumption and Lemma respectively. Thus, we have proven
Claim 2.

Note that pomm+am+r) is of the form pym m+1m+5) where the indices are shifted
by —7. Suppose that p,q+14+5 = 0 for some ¢ € N. By Claim 1, this implies
Po(gq+1q+4) = 0. By Claim 2, this implies poggt44+7) = 0 which in turn im-
plies po(g—144+3) = 0 by Claim 1. One may iterate this process, concluding that
Pomm+im+5) = 0 and pommsimsa) = 0 for all m € N. Alternatively, by start-
ing from the assumption that poggt+144+4) = 0 for some ¢ € N, Claim 2 implies
Po(gq+4,g+7) = 0 which in turn implies p,(g—144+3) = 0 by Claim 1, and the iteration
proceeds similarly. ]

We now present a list of specific Pliicker relations which we will use in the coming
results.

Lemma 4.4.5. The following equations in Gr(3, 8) follow from Equation (1.1]). Each
is presented with its sets I and J and simplified such that all Pliicker coordinates
with repeated entry are set to 0 and all consecutive Pliicker coordinates are set to 1.

1. If I ={3,7} and J = {1,2,3,4}, then

P3a7r = P237P134 — P137-
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2. If I ={3,7} and J = {4,5,6,7}, then
P367Pa57 = P357P467 — P347-
3. If I ={3,7} and J ={2,3,4,5}, then
P237 = P347P235 — P357-
4. If I = {3,4} and J = {2,3,6, 7}, then
P367 = P347P236 — P346P237-
5. If I ={5,7} and J ={1,3,4,5}, then
P157 = P357P145 — P457P135-
6. If I ={1,2} and J = {2,3,4,7}, then
D247 = P124P237 — P127-
7. If I ={2,6} and J = {3,4,5,7}, then
P267 = —P236P457 T P246P357 — P256P347-
8. If I ={2,6} and J ={2,4,6,7}, then
P267P246 = P246P247-
9. If I ={4,6} and J ={2,3,4, 8}, then
Pi68 = P246DP348 — P346P2438-
10. If I ={2,4} and J = {1,2,6,8}, then
P124P268 = P248P126 — P246-
For the following proposition, we examine Pliicker coordinates of certain types in

the case Gr(3,8). We will use this result later to make claims about the corresponding
coordinates in the case Gr(5,8).
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Proposition 4.4.6. Consider Gr(3,8). Let consecutive Pliicker coordinates be 1
and almost consecutive Pliicker coordinates be positive. Let S be the collection of
all Pliicker coordinates of the form po(mm+1m+5) and poim+1m+2m+s) where m € N
and R be the collection of all Pliicker coordinates of the form pom,m41m+3) and
Po(mm+2m+3) Where m € N. Suppose all elements of R are positive and that there
exists a non-positive element in S. Then all elements of R are 1 and all elements of
S are 0.

Proof. We may, without loss of generality, pick a particular Pliicker coordinate of
each form from the collection R since all equations hold after a shift in indices. We
set m = 2 and take the first case where py37 < 0. For the following result, we refer
to the list of equations from Lemma [4.4.5

Consider Relation (1). By assumption, p237 < 0 and pi34 > 0. By Lemma [4.4.3]
pi1s7 > 0. Thus, p347 < 0. Consider Relation (2). By assumption, pys57,psg7 > 0.
By Lemma [£.4.3] p357 > 0. By the above, p347 < 0. Thus, p3s7 > 0. Note that ps3e7
is of the form p,(nn+1nts), SO we may apply Proposition Thus, pe37 > 0 and
p347 > 0. Combining with above results, we conclude ps37 = p347 = 0 as desired.

We now consider the second case where p347 < 0. Consider Relation (3). By
Lemma pss7 > 0. Thus, pag7 < 0. As above, Relation (2) and Proposition
[4.4.4) give us the same result. Since each assumption leads to pa37 = ps47 = 0, the
remainder of the proof is identical regardless of starting case.

We now proceed to simplify the remaining relations of Lemma by replacing
Pliicker coordinates with known values. Relation (1) gives p137 = 0, hence p;3s =
p127 = 1 by Lemma m Relation (4) gives psg7 = 0. Relation (2) gives ps57 = 0,
hence p3s¢ = pss7 = 1 by Lemma m Relation (5) gives p157 = —pas57P135-
Since all terms are non-negative by Lemma [£.4.3] this implies pi157 = p135 = 0.
Then ps7s = p1g7 = 1 and piz4 = pe3zs = 1 by Lemma @ Relation (6) gives
paa7 = —1. Relation (7) gives prg7 = —p23e. By Proposition [£.4.4] both are non-
negative, SO P267 = P236 — 0. Relation (8) giVGS P246 = 0, hence P245 = P346 — 1 by
Lemmam Relation (9) gives pigs = —PsaP24s- Since all terms are non-negative
by Lemma [£.4.3] and ps46 = 1, this implies pyes = paas = 0, hence pyg7 = pses = 1
and pa3s = pr2s = 1 by Lemma m Relation (10) gives pogs = 0, hence, by
Lemma[4.4.3] p1gs = p27s = 1. We may now use the two claims used in the proof of
Proposition to demonstrate that all Pliicker coordinates of the form p(, n+1n+5)
and Po(nnt1n+4) are 0. O]

This leads us to a statement concerning the case of (5,8).

Proposition 4.4.7. Let Mg € SLL; be a tiling from a positive frieze F' where n = 8
and k£ = 5. Then the quiddity sequence is positive.
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Proof. Recall from Remark that there is an isomorphism between Gr(3,8) and
Gr(5,8). Consider the collections R and S from Proposition [4.4.6] Performing
the complement operation p;e on elements of R yields all almost consecutive Pliicker
coordinates in Gr(5, 8) and performing it on elements of S yields all semi-consecutive
Pliicker coordinates. Since M is a tiling from a positive frieze, this implies that all
entries in R are positive. Thus, by Proposition any tiling without a strictly
positive quiddity sequence comes from the frieze with only trivial entries and whose
quiddity sequence is the sequence of zeros. O

4.5 Gale Dual

Using the Gale dual, we are able to extend our notions of positivity to even more
cases. We first make an observation about the entries in the Gale dual. The entries
of the Gale dual are consecutive minors of Pliicker coordinates. So, by Lemma [2.2.2
semi-consecutive Pliicker coordinates.

Additionally, we refer to the following result from Ovsienko.

Theorem 4.5.1. [I5] Let £ = 2 and n < 9. Then the Gale dual restricts to a
bijection on positive friezes.

We can now state a partial positivity result for SLg-tilings from friezes.

Theorem 4.5.2. Let Mg € SL; be a tiling from a frieze F' of type (k,n) satisfying
one of the following conditions:

1. k=2and n <9
2. k=3,6 and n <8
3. k=4andn<7
4. k=5and n <7

5. k =5 and n = 8 with the exception of the frieze of all ones and the quiddity
vectors are all (1,0,0,0,1)T

Then My is positive if and only if the quiddity sequence is positive.

Proof. We break this into cases.
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Case (1): k=2 The forward direction follows from Lemma [£.3.5] We show the
backward direction. Suppose that the semi-consecutive Pliicker coordinates
are all positive. Then M% is a positive tiling. By Theorem m, this means
M is as well.

Case (2): k=4 The forward direction follows from Lemma [1.4.1] The backward
direction follows from Lemma 3.4l

Case (3): k=5 The backward direction follows from Lemma [£.3.4] The forward
direction follows from Proposition [4.4.7 when n = 8. For n < 7, suppose that
the tiling is positive. Then, by Theorem , M% is a positive tiling where
k = 2. This means that semi-consecutive Pliicker coordinates of Mp are also
positive.

Case (4): k=3 The forward direction follows from Lemma [£.3.5] We prove the
backward direction. For n < 6, this follows from Lemma [4.3.4] For n = 7.8,
suppose that the semi-consecutive Pliicker coordinates are all positive. Then
/\/llg; is a positive tiling where n =7 and k =4 or n = 8 and k£ = 5. By Cases
(2) and (3), respectively, the resulting tilings have positive semi-consecutive
Pliicker coordinates with a single exception, hence their own Gale duals are
positive. Thus, the initial tiling Mg is also positive. For the exception in
Case (3), note that the Gale dual of the all ones tiling in Gr(3,8) is not a
positive tiling in Gr(5,8) as the consecutive Pliicker coordinates of the form
Po(nn+1n+5) = Po(nn+1n+a) = 0. Thus, this case does not come into play here.

Case (5): k=6 The backward direction follows from Lemma [4.3.4 We prove the
forward direction. Suppose that the tiling is positive. Then ./\/l% is a positive
tiling where k = 2. This means that the semi-consecutive Pliicker coordinates
of Mp are also positive.

]

As an application, we make a connection to the following conjecture by Cuntz.

Conjecture 4.5.3. [8, Conjecture 2.1] There are 26952 positive friezes with k& = 3
and n = 8.

By Theorem these friezes are in bijection with the positive friezes where
k =5 and n = 8 with a single exception in the (5,8) case not appearing in the
(3,8) case. Thus, Conjecture together with Theorem imply that there are
conjecturally 26951 positive friezes with £k =5 and n = 8.
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