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ABSTRACT OF DISSERTATION

Dirichlet Problems in Perforated Domains

We establish WP estimates for solutions u. to the Laplace equation with Dirichlet
boundary conditions in a bounded C' domain (2., perforated by small holes in R%.
The bounding constants will depend explicitly on € and 7, where ¢ is the order of the
minimal distance between holes, and 1 denotes the ratio between the size of the holes
and €. The proof relies on a large-scale L? estimate for Vu., whose proof is divided
into two main parts. First, we show that solutions of an intermediate problem for a
Schrodinger operator in (2 can be used to approximate harmonic functions in €., as
e, n approach zero. We then use a real-variable method to establish the large-scale L?

estimate for Vu,.. Sharpness is established for these results in all cases except when
d>3withp=dord.

KEYWORDS: Uniform Estimates; Dirichlet Problem; Perforated Domain; Homoge-
nization
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Chapter 1 Introduction

1.1 Laplace Equation

The Dirichlet problem for Laplace’s equation is given by

{—Aue = F+div(f)  inQ.,, (1.1)

us =0 on 0f)

g,m»

where 2., is a domain perforated with a large number of tiny holes. Given F' €
LP(Q, ) and f € LP(Q.,; RY), standard PDE theory emits that the Dirichlet problem
possesses a unique solution u. in WHP(€),. ), if 1 < p < oo and Q. is a bounded
C' domain in R?, for d > 2.

Let A,(Q.,) and B,(€.,) be the smallest constants for which the W estimate,

Vel o, < Ap(Qen)l[ flle@e,) + Bp(Qen) [ Fll L@, (1.2)

holds for solutions u, of[1.1] We are interested in the bounds of A,(€2.,) and B,(Q. )
that exhibit explicit and sharp dependence on the sizes of the holes as well as on the
distances between the holes.

This work is motivated by the study of fluid flow in porous media. A concrete
example is given by underground water flow in soil with rocks serving as obstacles,
which is analogous to the perforations in our domain. The Laplace equation serves as
a toy model for this phenomenon. By studying the Laplace equation we gain insight

into more complex equations such as the Stoke’s equations that govern this type of
fluid flow.

1.2 Perforated Domain

Let Q(z,r) denote the cube centered at x of side length r. To describe the perforated
domain Q. ,, let Y = Q(0,1), and {Y? : z € Z%} be a sequence of domains with
connected and uniform C! boundaries, such that

B(0,¢) C Y7 C B(0,1/8) (1.3)
for some ¢y > 0. Let {x, : 2 € Z%} be a sequence of points in B(0,1/4) and
T. =2+, +nYpF, (1.4)

where n € (0,1/4). For a domain € in R? and 0 < ¢ < 1, define

Q5»7I = Q \ Ung (15)

where the union is taken over those z’s in Z¢ for which &(z +Y) C Q. Thus, the
perforated domain €. ,, is obtained from €2 by removing a hole €77, centered at (z +



z,) and of size en, from each cube £(z +Y') of size € and contained in 2. Roughly
speaking, the parameter ¢ represents the scale of the distances between holes, while
the parameter 7 represents the scale of the ratios between the sizes of the holes and
€. We point out that the holes are not identical, nor they are placed periodically,
unless the sequences {x,}, and {Y*} are independent of z.

T T T T
[ A N B A
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\

| |
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f | — |
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Figure 1.1: Perforated Domain

Figure [1.1| provides a picture of a perforated domain in two dimensions. Notice
we remove a hole €7, from each epsilon cube €(z +Y') entirely contained in 2.

1.3 Previous Work

Homogenization theory of boundary value problems for elliptic equations in perforated
domains has been well studied [8, 5] [T, 2, [7, 4, ©]. This theory takes a multi-scaled
problem, with one or more small parameters, and seeks to replace it with a simpler
equation. For instance homogenization of the Laplace equation given by with
f = 0 has been well studied in the periodic case where {z,} and {Y*} are independent
of z [7, 4, 9]. That is, as e,n — 0, solutions u. will approach a limiting equation
defined in a homogeneous domain. This so called homogeneous equation will depend
on the relationship between the size of the holes and the distance between holes.
More specifically they are determined by the size of the ratio given by

6771’g if d > 3,
s\lnn\% if d =2.

(1.6)

We point out in the case d > 3 there is a negative power of 1 which is large as 7 is
small.
Thus, the case of large holes is given when o. — 0. In this case o %u. — u weakly
in L(Q2), where
u=—ckF

with ¢ € R. Note that we are normalizing by a factor if ¢2. This is due to the fact
that in the case of large holes the obstacles are significantly impeding the fluid flow.



The case of small holes is given by 0. — oo. In this setting it is known u. — u
strongly in H} (), where

—Au=F in €,
u=20 on 0f).

The homogenized solution satisfies the Laplace equation in €2. Intuitively, this can
be thought of as the holes being so small as to not disrupt the fluid flow.
Finally, the critical case is given by 0. — 1. Here u. — u weakly in H}(Q), where

—Au+ pu=F in €,
u=20 on 0f),

where p1, is the Newtonian capacity of Y for d > 3, and the logarithmic capacity for
d=2.

The bounds for both A,(¢2,) and B,(§2.,) will depend on which scale setting we
are in. Our work provides a complete characterization on each setting.

Homogenization provided the motivation for work into uniform W1? estimates of
the form of (L.2)), which were first studied by N. Masmoudi [10] in the case where 1 =
1. Furthermore, Z. Shen [I4] was first to consider the general case where 0 < n < 1,
for both the bounded domain 2., and the unbounded domain

Wen = R\ U e(z+1Y?),

z2€74

where both domains are not necessarily periodically perforated. In this setting the
upper bounds obtained for the constant A, are not found to be sharp. However, they
are only off by an arbitrary small power of 1. In the case where w, ,, is prescribed the
additional requirement of being periodically perforated, J. Wallace and Z. Shen [15]
were able to obtain with sharp bounding constants A, and B,. Their approach
makes use of a large-scale Lipschitz estimate for harmonic functions u. in perforated
domains. The proof of which relies on the fact that the difference u.(x + ce;) — u.(x)
is also harmonic. It is unclear how to extend this proof to the non-periodic setting
as well as to the setting of bounded domains.

1.4 Poincaré Inequality

The following lemmas will be extremely useful throughout this thesis. The proof of
our first lemma when p = 2 is well known [I]. A proof for the general case is similar
and was shown in [14, Lemma 2.1]. We provide the proof for convenience.

Lemma 1.4.1. Letd > 2 and 1 < p < co. Suppose that u € WP(Q(0,¢)) and u =0
on B(zg,en) for some xog € Q(0,e/2) and 0 <n < 1/4. Then

ePpp—d if1 <p<d,
/ |u|Pdx < C’/ |VulPdz - { F| Inn|¢—? if p=d, (1.7)
Q0e) Q0se) eP ifd <p< oo,



where C' depends on d and p.

Proof. By dilation we may assume ¢ = 1. It is known

[owrsef upec| v (18)
Q(0,1) B(z0,1/2) Q(0,1)

Therefore it suffices to show (1.7)) for B(z,1/2) in place of Q(0,1). By translation
we consider B(0,1/2) where u = 0 on B(0,7). This allows us to write

u(z) = u(rw) — u(nw) = /T w - Vu(tw)dt,

for any x € Q(0,1), where r = |z| and w = x/|z|. Applying Holder’s inequality gives

r r = p—1
|wmws/NVMWWWAﬁ(/tﬁlﬁ)
n n

for 1 < p < co. Then,

1/2 r r _ p—1
[ [ ooz [ [ [ eareta ([ )
Sd—1 Sda—1 Jo n n
Thus,
d d—1 pil
/ |ulPdx < C/ |Vu|Pdx (/ fp—%lt) :
B(0,1/2) B(0,1/2) n

This implies

nP~? itl<p<d,
/ |u|Pdx < C/ |VulPdr -  [Inn|¢? if p=d, (1.9)
Bleo1/2) Q0.1 1 itd <p<oo.

Plugging ((1.9) into (1.8]) and rescaling both sides gives ([1.7)) for 1 < p < co. Note for
p=1 we use

|</ |Vu(tw) —dt

< / V)|t dt
n

in place of Holder’s inequality and the result follows.
]

Lemma 1.4.2. Let Q be a bounded Lipschitz domain in R* and ., be defined in
(1.5). Then,
HUHLQ(QE,W) S Cmin(ae, 1)HVUHL2(QEW) (110)

for any v € Hy(Qe,), where o. is given in (1.6), and C is independent of & and 7.



Proof. Let u € H}(Q:,) with u = 0 on 99.,\0. Then it follows from Lemma [1.4.1]
that

[ullz2@..,) < CoelVull2e.,,)- (1.11)
The standard Poincaré inequality for u € HJ () yields
w200 < Cl|Vu| 2. (1.12)

Combining (1.11)) and (1.12) yields (1.10) for u € Hg(Q.,). O

Lemma 1.4.3. Let u. € Hy(Q.,,) be the solution of the Dirichlet problem (1.1]) with
F e L*(Q.,) and f € L*(Q,;RY). Then the following estimate holds

||vu5||L2(Qa,n) S ||f||L2(Q5,n) + Omln (O-E’ 1)||F||L2(Qs,n) (113)

Proof. Assume ||Vu.|| 2.,y # 0, for otherwise the result is trivial. Then for any
v € Hy(Q.,) we have,
I,

J

Now we apply Holder’s inequality to obtain

Vu, - Vv = fVou+ / Fo. (1.14)
Qe Q

&M

Picking v = u,

Vu|* = fvu5+/ Fu.. (1.15)
Qe Q

£,m &,n
IVuelzaq. ) < Vel ) | Iz, + el ) |1 Fll .., (1.16)
Applying Lemma to the last term on the right-hand side of ([1.16) gives

IVuelZz.,,) < IVuellzz. ) lfllz2. ) + € min (o, 1)HWeHL2<nE,n>HFllLam?n)- |
1.17

Dividing by a factor of || Vu,| 2., gives the desired estimate. O

1.5 Main Results

We seek to find bounds of A,(€),) and B,().,), which satisfy and exhibit
explicit and sharp dependence on ¢ and 7. To state the main results, we note that
Ay(,) =1, and that Ay(Q,) = Ay (Qe,), where p’ = p%l, by duality. As a result,
it suffices to consider the case 2 < p < oo.

The asymptotic behavior of A,(.,), as ,7 — 0, depends on o.. Our first
theorem treats the case of relatively large holes, where 0. < 1, while our second
theorem handles the case of relatively small holes, where 0. > 1.

Theorem 1.5.1. Suppose that 0 < 0. <1 and 2 < p < co. Let Q be a bounded C*
domain in R? and Q. be given by (L.5). Then

Cn~¥3 s if d>3,
Cp e my7r i d=2,
where C' depends only on d, p, Q, and {Y;}.

Ap(Q ) < { (1.18)



Theorem 1.5.2. Suppose that 0. > 1 and 2 < p < oco. Let Q be a bounded C*
domain in R and Q. be given by (L.5). Then

(C(1 4+ Y if d>3 and2<p<d,
Cle™ + |Inn|*~a if d>3andp=d,
Ay < {CC Pl d =S and p (1.19)
Ce e~ if d>3andd<p< oo,
1 27 _ X
(Ce™'pp~HInn| ™ if d=2,

where C' depends only on d, p, Q, and {Y}}.

The upper bounds for A,(€.,) in are sharp. Additionally, we remark that
the upper bounds of A4,(£.,) in are also sharp for d = 2 as well as for d > 3
and p # d. Whether the upper bounds are sharp for the remaining case where d > 3
and p = d is not known. Indeed, if €)., is a periodically perforated domain, given by
(1.5) with the sequences {x,} and {Y*} independent of z, then

cn_d%_%‘ if d> 3,
Ap(Qey) 2 Y o ' (1.20)
cn 270! Inn| 2 if d=2,
and,
c(1+e e if d>3and?2<p<d,
ce ! if d>3andp=d,
Ap(Qep) > 4 1 d_q (1.21)
ce nr it d>3andd<p< oo,
cel 2 1 -1 . _
\ ne | lnn if d=2,

for the large hole and small hole cases respectively. The constants ¢ > 0 depend
only on d, p, 2, and {Y*}. See Theorem

The next set of theorems establish the analogous results for B,(€2. ;). The first of
which was proved in [I4] and handles the case where 1 < p < 2.

Theorem 1.5.3. Suppose that 1 < p < 2. Let Q be a bounded C* domain in RY and
Qe be given by (L1.5). Then

() < {min{l,anlg} ifd>3,
en) >

B
min{1,e|Inn|?} ifd =2,

P

(1.22)

where C' depends only on d, p, Q, and {Y;}.

Theorem 1.5.4. Suppose that 0 < 0. < 1 and 2 < p < oo. Let Q be a bounded C*
domain in R and Q. ,, be given by (L.5). Then
By(Q.,) < Cen' =7, (1.23)

where C' depends only on d, p, Q, and {Y;}.



Theorem 1.5.5. Suppose that 0. > 1 and 2 < p < oco. Let Q be a bounded C*
domain in R and Q. be given by (L.5). Then

(C(1+ 7Y if d>3and2<p<d,
C(€_1+|ln77|1_%) if d>3andp=d,

Bp(Qey) <9 | ay | (1.24)
Ce e if d>3 andd < p < oo,
\05_177%71]1n77]_1 if d=2,

where C' depends only on d, p, Q, and {Y}}.

The question of sharpness of these estimates is addressed in Chapter [7]

1.6 Thesis Outline

This thesis provides a new approach to establishing WP estimates which addresses
the non-periodic setting as well as boundary estimates for bounded perforated do-
mains. We construct a unique argument that relies on the key observation that
harmonic functions in a perforated domain are well approximated by solutions to
a Schrodinger type problem. These so called ‘intermediate solutions’ exhibit good
regularity properties. A more detailed description of our argument is as follows.

In order to prove Theorems - [L.5.5] we start with estimates on the L? norm
of u.. Such estimates were proved extensively in [14]. See Theorem m Using a
similar localization argument as in [I5] we may reduce the L? estimates of Vu, to an
L? estimate of the operator T. defined by

D= (f o) " (1.25)

where the solution u. to (1.2]) has been extended to R? by zero. Note is easy to see
that

IT=(F, )l 2wy = [[Vuel 2. ,)-
By energy estimates we obtain,
ITe(E, )l r2@ay < 1/ llz2@..,) + € min (e, DI F| 2. ,)-

Theorem 1.6.1. Let Q be a bounded C* domain in R? and ., be given by (L.5)).
Then for 2 < p < o0,

ITo(F, Pl oy < C{lIfllzr.,,) + min (oo, DIF ||, } (1.26)
where C' depends only on d, p, Q, and {Y;}.

The estimate (1.26]) is regarded as a large scale WP estimate for u. as T, is
averaging Vu, over a cell of size 2. Note that in light of Theorem [1.6.1] this average



behaves much better than Vu, in L” spaces for p # 2, as when 0. < 1, the operator
norm ||7.(0, -)||zr—r» remains bounded as ¢, — 0, where A,(2,) — oo.

Much of our work is henceforth dedicated to proving Theorem [1.6.1 The proof
relies on a real-variable argument from [I1], which reduces the argument to proving a
weak Holder inequality for harmonic functions u. in perforated domains. The proof
of the weak Holder inequality will again rely on the same real-variable argument.
This in turn relies on the ability to approximate Vu., on each subdomain D of size
greater than ¢, by a function that behaves well in L” norm. To do this, on each hole
we introduce a nonnegative potential supported in a neighborhood around the hole,
with V. denoting the sum of all such potentials. We then utilize convergence rates
of harmonic functions u. in a bounded perforated domain to x.,v., where x., is a
corrector for D, ,, with x., = 1 on 0D and v, is the solution to the intermediate
equation

(=A+0?V)v. =0 in D,
Ue = Uy on 0D,

where D is a non-perforated domain.

The rest of the thesis will be organized in the following way. Chapter [2| will
be dedicated to defining our corrector x., as well as establishing useful estimates
on X.,, which will be used throughout our work. Chapter |3| establishes convergence
rates of a non-homogeneous problem to x.,v.. Chapter @ provides estimates for
the intermediate problem. Bounds for the operator T.(F, f) are shown in Chapter
Bl which will provide the proof for Theorem [I.6.1 Our main results are shown in
Chapter [6, which is dedicated to the proofs of Theorems[I.5.1H1.5.5] Finally, Chapter
[7 will provide results pertaining to the sharpness of our estimates.

Copyright© Robert J. Righi, 2024.



Chapter 2 Correctors

This chapter is dedicated to constructing and establishing estimates for our corrector
Xen- The definition of the correcter will depend on the dimensional setting. Therefore,
we must treat the cases where d > 3 and d = 2 separately. Our first section will
address the case where d > 3, while the following section will handle the case for
d = 2. In both cases we provide a formal definition of the corrector, which is defined
piece-wise on cubes of size . Additionally, we provide some useful results on the
corrector which will be applied in the proofs of the main theorems, which can be
found in Chapter [3]

2.1 Definition of the Corrector: Dimension d > 3

Let ). ,, be defined in and T, be defined in . For z € Z%let Q. = z+Q(0,1).
Additionally, let y, = z + z, where z, is defined in (1.4)). Following the ideas of [1],
we define a corrector x., on each rescaled cube Q). If Q). lies entirely inside of (2,
ie. Q. C €2 we define

1 in Q. \ €eB(y.,1/3),
Xe = ¢:(*5%) in eB(y.,1/4) \ Tz, (2.1)
0 on &7,

where ¢? are the solutions to the following exterior problem

_Ag =0 in RAYE,
¢:=0 on 0Y;, (2.2)
oz — 1 as |z| — oo.

On the region B(ey,,e/3) \ B(ey.,e/4) let x., solve the following Dirichlet problem,

—AX.p =0 in Bl(ey.,e/3) \ Bley.,e/4),
LT — €Y,
Xen = Qb*( en ) on aB(&?yz, €/4>7 (23)
Xeq = 1 on 0B(ey.,e/3).

Finally, for cubes that are not entirely contained in 2 we define x., = 1.
The purpose of the harmonic region serves to bridge the gap between the boundary
data of the exterior problem and 1. Thus, by construction x., € H'(f).
Additionally, as |z| — oo, it is known that for each ¢Z that satisfies

¢i(x) = 1= |z~ + O(|2™),
V¢i(r) = =V (j2[*~) + O(|z|™), (2.4)
VAgi(2) = =iV (|a]*™) + O(Jz| =),



where ¢ = Cyu’ with

e = /a R (2.5)

and Cy = m. See [3, [16]. The condition (|1.3)) on Y;* ensures there exists
to, ft1 > 0 such that pg < p? < py for any z € Z4.

—

8T,

m ¢ 8y, +I\ET

o £ B(ys, NEBGeH)
O gQi\gﬂ(‘h/q‘()

Figure 2.1: Corrector Cell

We have defined our corrector piece-wise in subdomains on each cell entirely con-
tained in . Figure [2.1] provides a description of these subdomains within the cell.

2.2 Estimates on the Corrector: Dimension d > 3

We now state some useful results on the corrector.

Lemma 2.2.1. Let x., be defined in (2.1). Then

d—2 d
Cn . Jor 1<p<35,
IXew = Ulzr(e,) < § Co* 2| nnl "2 for p= 3%, (2.6)
d
Cnr for p> d%dw

where C' does not depend on € orn.

10



Proof. 1t suffices to consider the cubes which are entirely contained in €2, for otherwise
Xen — 1 = 0. Suppose €Q); C Q. Recall the corrector x., was defined piece-wise in
distinct sub-regions of the cube. We consider each region separately. First, from
construction x., — 1 = 0 on the region ¢Q,\B(ey,,</3).

Now, in B(ey,,e/3)\B(cy.,c/4) we note that x., — 1 is harmonic. Hence, we may
apply the maximum principle in this region to get

X = Ul oo (Bleys.e/30\B(eys e/4)) < IXem — Ll 2o (0B(ey e/3)u0B (eys 2 /4)

= |IXer — Ul 0By c/))-

By definition, x., = ¢7(*Z**) on 0B(ey.,£/4)). Furthermore, from (2.4),

2—d
[ron ( ;yZ)HLoo 0B(eys.e/4) < C|1 — ¢ 4;7
<ClL—n*2.
It directly follows that
e = U= @peumesm = 1935 = Uistonunemy < o™ (2.7
Moreover,
e = WL (B(eye /o Beye.eray < CEM?. (2.8)

For the remaining region, consider

e — 11 [ -t
en LP(B(eyz,e/4)\eT?) B(eyz,5)\eT: -

r — &Y,
-/ 0.("—) —1pda
B(Eyz,%)\ETZ €n

= ep? / |07 (y) — 1[Pdy.
B0, 1)\

Now we obtain from ([2.4]),

1
X, —1|pdx§05d77 / ———dy
/B@yz,z)\sn - N (] A

1

4n
< C&Tdnd/ Td_l_dp+2pd7’.
1

Integrating we have,

Cenpld=2)  for 1<p< d;‘lQ,
X = T (Bey. cpanersy < § Ce™n|Inn| for p= =, (2.9)
Ceind for p> 4.
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Summing (2.8)) and (2.9), we have

dp(d— d
Celnpd=2) for 1<p< %,
IXen — 1”1]:;7(5@22\5@) < { Cenllng| for p= di (2.10)
d,d
Cen for p > d 5
The number of cubes @, entirely contained in 2 is bonded by Ce~%. Hence,
summing (2.10) over all such cubes gives,
d—2 d
CnPld=2)  for 1<p< =5
IXewy = UTno.,y < § Ol Inn| for p= % (2.11)
Cn? for p > - d
Taking a 1/p to both sides gives the desired estimate. O]

Remark 2.2.2. Suppose ), C €. Consider £ = x.,(ex+¢ey,)—1. This is a harmonic
function in B(0,1/3)\B(0,1/4) with £ = 0 on dB(0,1/3) and £ = ¢*(n~'x) — 1 on
9B(0,1/4). By (2.4)
€] = |¢%(n 'e) =11 < Cn™* on 0B(0,1/4).
Hence,
Vel < [l€lleraopo,/ay < On™.

This implies
VXew| < Cely?™?

in the region B(ey,,e/3)\B(cy.,c/4).

Lemma 2.2.3. Let x., be defined as in (2.1). Then on each cube eQ, C 2, we have
the following estimate,

d—
1/p Celn's if p>d,
(][ Ian,nl") < Ce 2| np|Hr ifp=d, (2.12)
e Ce 12 ifp<d,
where d' = d%‘ll and the constant C' does not depend on € or .

Proof. We start by decomposing along the sub-regions within the cube. This is given
by

[ vels Vel + [ Vol (213)
Q- B(ey»,e/3)\B(eyz,e/4) B(eyz,e/4)\eT=
For the first term on the right-hand side of (2.13)), we apply Remark to obtain
/ Vel < Ce ity [ i
B(eyz,e/3)\B(eyz,e/4) B(eys,2/3)\B(eyz,e/4) (2.14)

S ng(g—lnd—Z)p‘

12



For the second term on the right-hand side of ([2.13]),
LT —EY,
/ Vel = [ Vi) P
Bleyz,e/4)\eT> B(eyz,e/4)\eT: En
_ L L — €Y,
~ (e | V(" pda
B(ey.,e/4)\eT= €n
(e [ VewPdy
B0, 1)\

< Clen)t / 1y D7y
B(0, )\
1

< C<€n>dp/4" 7ﬁ(lfd)p+d71d7ﬁ’
1

(2.15)

where we have used (2.4) and the fact that V¢? is L? integrable near JY* under the

condition that Y* is uniformly C'. It follows from integrating (2.15)) radially

C(en)dr if p>d,

/ ’VX&n’p < C(&“??)d_p’ In 77’ ifp=d,
Bleyz.e/4)\eT> Ced—pppld=2)  if p < d'.

This implies,

Cely 7 if p > d

1p el v if p>d,
d—

(]{B(s e/4)\eT. ’VXs,n’p) = C€_1T]Tp| 11177|1/p ifp - dl?

v : Ce1pd2 ifp<d.

When p = d’ note =2 = d — 2. Combining (2.14) and (2.17) gives the result.

P
Recall 0. = 677’¥ for d > 3, and that p? is given by (12.5)).

Lemma 2.2.4. Suppose €QQ, C 2. Then

/ va,n : v¢ - 0-5_2:ui¢
Q2 Q=

where ¢ € H'(¢Q,) and ¢ = 0 in £T7,.
Proof.

< Cemlyyi=? / Vol

/ va,n : v¢ - U;2Mi¢
Q2 Q=

= / VXe,n Vo + / VXE,n Vo — 0-;2Ni :
eQ:\B(eyz,e/4) B(eyz,e/4)\eT= eQz

(2.16)

(2.17)

(2.18)

(2.19)

We start by bounding the first term on the right-hand side of (2.19). Note that

VXEJ] =0 on €QZ\B<€y27 6/3)

13



This fact combined with Remark yields

/ Ve w' -1/
eQ:\B(eyz,e/4) B(ey.,e/3)\B(ey=,e/4)

< Os—ln‘H/ Vol (2.20)
B(ey=.2/3)\B(eys 2/4)
<ct [ (vl

For the remaining two terms on the right-hand side of (2.19)), we use integration
by parts to get

[ (B f D)
9B(eyz,c/4) on 0B(eyz,e/4) on
+][ —aXE’”/ 6 (221)
OB(eyz,e/4) on 0B(eyz,e/4)

-2,z
- / O, U9,
ez

where n denotes the outward unit normal and « is a constant to be determined. We
have used the fact that x., is harmonic in the region B(ey,,c/4)\e7, and that

OB(cy=,c/4) on OB(cy=,c/4) JOB(ey.,/4) on

Recall, X, = ¢7(* %) on 0B(ey.,e/4). Hence by (2.4)

[ (e f D)
OB(cy=,c/4) on OB(cy=,c/4) on

< Cs_lnd_Q/ | — a (2.22)
OB(eyz,e/4)

o1
< Ce'npt? (—/ \¢—a\+/ !W)\),
€ B(eyz,e/4) B(ey:,e/4)

where a trace inequality was used in the last step (see Remark [2.2.5). It is in this
step in which we prescribe a = fB(EyZ 4 ¢. Now ([2.22) becomes

oo (1
Oyt (—/ o-F o+ |V¢|)
€ B(eyz,e/4) Bl(eyz,e/4 B(eyz,e/4)

<cetytr [ vl
B(ey.,c/4)

where we have used the Poincaré inequality. Note this is the desired bound. Thus, it
suffices to bound

VX:—:,n : V(b

(2.23)

(2.24)

][ %/ gb_ O.—QMz
0B(ey-c/t) N JoB(ey. /4 Q.

14



To do so we start by moving the average onto the integral of ¢. Now note

ey 1/ 0¢% v — ey,
— = (&n —(——)do(x). 2.25
/BB(eyz,€/4) on ( ) 0B(eyz,e/4) an( €n ) ( ) ( )

By a change of variables this becomes
99
d—2 *d d—2
e ) Gt = e

= pi(en)®
where we have used the fact that ¢? is harmonic. Thus (2.24]) becomes

a(b*
d
av: On o) (2.26)

i o f 4. (227)
0B(eyz,e/4) Q>
which in view of (2.33)), is bounded by
Ce'pt=2 / IVol. (2.28)
This completes the proof.
O

Remark 2.2.5. We have used the following trace inequality in ([2.22))

d
[ o<t e+ [ vel 229
0B(zo,r) T JB(zo,r) B(zo,r)
for ¢ € H'(B(xg,r)). This follows from writing

1
/BB(J;O,T) ’(b‘ - ; /BB(J;O,r) W‘((ﬂ? — ;1;0) 'n)da(;c)

and applying the divergence theorem. We replace ¢ in (2.29) with ¢ — «, where
a= [ ¢and B(zg,r) = B(ey, ce). This gives

/assyzcs o= ][ ¢|<_/z|¢5 ][2¢|+/ Ve, (2.30)

where we have used the fact B(ey,,ce) = @, and V fst = 0. We now apply the
Poincaré inequality

IE el<ce IRC (2:31)
to the first term in (2.30)). This yields
[ ge—f d=c[ vl (2.32)
OB (eyz,ce) eQ» Q2
It follows from (2.32)) that
fooe- qs‘ <cef vl (2.33)
OB (eyz,ce) Q. eQ,

15



2.3 Definition of the Corrector: Dimension d = 2

We now establish a formal definition for x., when d = 2. First, for 2z € Z?, let ¢ be
the unique solution to the following exterior problem

—A¢z =0 in R*\Y7,
¢:=0 on 0Y7, (2.34)
¢i(z) —In|z| = O(1) as |z| — oo.

It is known as |z| — oo,

Vei(2) = o+ O(|a|2),

|| (2.35)
V2¢i(x) = O(|z| 7).
Recall y, =z 4z, and Q, = 2+ Q(0,1) . If eQ, C Q, we let
1 in £Q, \ eB(y,,1/3),
Xeg = § 02(55)/|Inn| in eB(y:,1/4) \ €Tz, (2.36)
0 in €T,.

For the region €B(y.,1/3)\eB(y., 1/4) we let x., solve the following Dirichlet prob-
lem,

—AxX.y =0 in Bley,,e/3) \ Bley,,e/4),
LT — ey,
Xew = O5( )/Ilnn|  on 9B(ey.,e/4), (2.37)
Xeq = 1 on 0B(ey.,e/3).

Finally, as in the d > 3 case, if (). is not entirely contained in €2, we prescribe x., = 1
in Q.. By construction x., € H'(2). Additionally, ., = 1 in Q¢ and x., = 0 in
N,

2.4 Estimates on the Corrector: Dimension d = 2

This section will establish estimates for the corrector ., analogous to Lemmas [2.2.1]
2.2.3 and2.2.4]in the d > 3 case.

Remark 2.4.1. We remark that on the region ¢B(y,,1/3)\eB(y., 1/4) both of the
following estimates hold

Xery — 1] < ClIngy| ™! and IVXen] < Ce™Hng| ™. (2.38)

For the first estimate in ([2.38) we use the fact that x., is both harmonic in the region
eB(y.,1/3)\eB(y.,1/4) and zero on 0B(ey.,e/3). Thus, applying the maximum
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principle yields
[Xen — 1||L“(B(ayz,8/3)\B(6yz,6/4)) < xem — 1HL°°(8B(eyz,E/4))
L T —EY,
= lloi(
en

= [|¢Z(n~"z)/|Inn| — 1| L=@5(0.1/2))
< (I |p~' /4] +C)/|Inn| — 1
< C|lnn| ™,

)/ In| = 1| L @B(ey. /4

where we have used ¢Z(z) = O(1) + In|z| as |z| — oco. Note in the last inequality we
applied a simple log rule and made use of the fact Inn/|Inn| = —1. For the second
estimate in (2.38)), we again consider £ = x.,(ex +ey.) — 1. As was the case for
d > 3, ¢ is harmonic. We have from a similar calculation as above,

€] < Cllny|™" on 8B(0,1/4),

where we have again used (2.34]). Hence by the same Lipschitz estimate for harmonic
functions as in d > 3,

IVE| < l€llcrropo1/ay < Cllnn| ™.

This implies
|VXen] < Ce™Hlng|™!

in the region B(ey,,e/3)\B(cy.,c/4).
Lemma 2.4.2. Let ., be defined in (2.36). Then for 1 <p < oo,

||X5a77 - 1HLP(QS,7]) S C| ]'nn|_17 (239>

where C' does not depend on € orn.

Proof. Let Q). C 2. Consider

/ |Xe,n — 1P = / |X£,77 =1
EQz\gTz B(5y275/3)\B(€y2’€/4)

+ / |Xs,n - 1|p'
B(eyz,e/4)\eT=

In this step we have decomposed the Left-hand side of (2.40)) into subregions of the
cube. Note we have used the fact that x., — 1 = 0 on €Q,\B(ey.,c/3), and hence

ngz\B(gyz </3) IXey — 1| = 0. By (12.38)), the first term on the right-hand side of (12.40))
is bounded by Ce?|Inn|™”. To bound the second term we first use the definition of

Xe,n tO get

(2.40)

P
. X — 8yz
/ Xew — 1P = / oY g — 1
B(eyz,e/4)\eT= B(eyz,e/4)\eT: ) (241>
T — €y,
g/ 2= 1 o)y 1]
B(eyz,e/4)\eT: en

17



where we have used (2.34)). Rewriting ([2.46|) gives

/B(Eyz E/H\eT>

T )y

T — €Y, Inn

(In | |+ C)/| | — -

€ | In 7|

P
g/ da:+/ €/ | ng|? da.
B(eyz,e/4)\eTx B(eyz,e/4)\eT>

Notice the second term in (2.42)) is bounded by Ce?|Inn|~". By a simple change of
variables the first term becomes

(2.42)
In |

3

C€2|ln77]p/ [n |y|PPdy < Ce|Inn| . (2.43)
B(0,1)

Summing over all cubes yields

HXEJI - 1”217(95”7) <C|lnn|™?
and hence the result follows. O
Recall that o, = ¢|Inn|*/? for d = 2.

Lemma 2.4.3. Suppose €QQ, C Q. Then

Co'|Inn|~1/2 if 1 <p<2,

1/p
(£, 19xP) < 4co fp=2 (2.44)
2
e C’UE_lnTpHnn]_l/z if 2 < p< oo,

where the constant C' does not depend on € or n.

Proof. Note that

/ IVxenl” = / VX[
EQz\ETz B(Eyz,E/B)\B(Eyz,€/4)

+f Fxenl’,
B(eyz,e/4)\eT=

where we have used the fact that V., = 0 on €Q.\B(ey.,¢/3). In light of (2.38),
the first term on the right-hand side of ([2.45)) is bounded by Ce?7?|Inn|~P. To bound
the second term we first use the definition of x. , to get

(2.45)

p

x—syz) e

(en) 'V =

p

dx (2.46)

/ |V Xen|Pdr = |1n77|p/
B(eyz,e/4)\eT= B(eyz,e/4)\eT:

<ty [
B(eyz,e/4)\eT=
1

= 082_p|1n7]|_p/ rPdr

n

C

T — €y, |

18



where we have used (2.35)). Integrating in r yields

Ce*P|lnn| P if 1 <p<2,
/ [Vxenl? < Ce77|Ing| 772 if p =2, (2.47)
eQz p(2—p)

Ce* Py~ % |Inn|™?? if2<p< oo

Hence the following estimate holds

1p Ce | Inp|™! if 1 <p<2,
(][ Isz,nlp) < ¢ CeHngy| /2 if p=2, (2.48)
Elz (2—p)

Ce™lp 7 |Inng|™%2 if2 < p < .
as desired. O

Lemma 2.4.4. Suppose €Q), C Q). Then

C
Ve - Vé — 202 / <z>'s / Ve (2.49)
Q2 Q2 8| 11177’ Q2

where ¢ € H'(eQ,) and ¢ =0 in €T,.
Proof. The proof is similar to that of Lemma Note

VXen Vo — 27ra;2 )

EQZ EQZ
2m
= va,n ’ V(b + VXs,n ’ V(Z5 -
B(ey.,e/3)\B(eyz,e/4) B(eyz,e/4)\eT> ’ In 77’ eQ (250)
195% 2
-/ Vi Vo4 { [ a5 o}
Bl(ey: /3)\B(ey=.c/4) OB(ey.c/1) ON [Inn| Jeq.
= ]1 + 127

where we have integrated by parts and used the fact that y., is harmonic in B(ey,,/6)\eT5.
Note that from ({2.38]), we have

L < — Vol 2.51
’1’_8|1n7]’ an’ ¢| ( )

To bound I, note

dy. Ox-
12:/ (X__][ M).WQ)
OB (ey.,/4) on OB(gyz,e/4) on

Hf oe ) ew
OB(eyz,e/4) on OB(eyz,e/4) “1”7’ Q=

= Iy + I,
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where « is a constant to be determined. Recall,

T — €Y,

Xen = ¢*( en

)/|Inn| on 0B(ey.,e/4).

Thus, by (2.38),
C

o 0—a
gl Inn| OB(eys,c/4)

C 1
<o (3 emale [ vel).
€| n77| € B(eyz,e/4) B(eyz,e/4)

where we have used the same trace inequality in Remark [2.2.5. As was the case in
Lemma , we pick a = fB(eyz </4) ¢. Applying the Poincaré inequality yields

|I21] <
(2.53)

C
<o [ (vl (2.54)
6‘ 1H77| B(eyz,e/4)

Finally for I, we first move the average onto the integral of ¢. Note

1 “(r —
/ e _ _/ V¢*(x y:/en) - nd.
OB(eyz,e/4) on €n OB(eyz,e/4) | In 77|

Changing variables yields

0 1
/ e [ ey ndy
OB(cyz,e/4) on [ Inn|n 9B(0,1)

1 / nly oy 2
= - dy + O0(n°)
|1n77|77{ ono MY 1yl

:ﬁfﬂ@w+om»,

where we have used (2.35)). This combined with (2.33)) gives

C C
o) < / Vel + 2 [ gl
8|hl77| Q2 € |1n77| eQ2
C
< IVal,
5‘11177‘ Q2

where we have used Lemma [1.4.1] with p = 1 for the last inequality. Combining this
with (2.54)) and [2.51| completes the proof. O

Copyright© Robert J. Righi, 2024.
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Chapter 3 Convergence Rates

In this chapter we study the Dirichlet problem with nonhomogeneous boundary con-
ditions,

—Au, =0 in Q,,
ue =h on 0f, (3.1)
ue =0 on 0f,\01,

where Q. is given in (L.5) and h € HY2(9Q). Standard elliptic PDE theory yields
that (3.1]) emits a unique solution u. € H*(Q.,). Let

V() =Y 1ixoen ), (3:2)

2€Z4

where pZ is given in for d > 3, p = 27 when d = 2, and xq(.,1) denotes
the characteristic function of the cell Q(z,1). Note that ¢y < V(y) < ¢ for some
cg,c1 > 0. Let

Ve(x) = V(x/e). (3-3)

Finally, let ug. be the solution to the boundary value problem in €2,

{_Auﬂ,a + 0;2\/;(x)u0,5 =0 in Q, (3.4)

Upe = h on 0f),
which we call the intermediate problem, for a Schrodinger operator —A+o-2V,. The
parameter o, is given in and depends on both ¢ and 7.

Our goal is to show that the solution wu. of is well approximated by x. ,uo.,
where x., is the corrector defined extensively in the previous chapter for €2, ,. The
next two sections will be dedicated to showing the convergence rates for this approx-

imation. The first will handle the case for which d > 3, while the second treats the
case d = 2.

3.1 Dimension d > 3

This section is dedicated to proving the following theorem.

Theorem 3.1.1. Let u. be a solution to (3.1) and ug. be a solution to . Let
Te = Us — XeqUose, (3.5)

where Xc, is defined in Chapter . Assume further that ug. € W1P(Q) for some
2 <p<oo. Then ford > 3,
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a—2

n'% (Llluocllison + [ Vuoellisa.,) if p>d

| (3.6)
Ottt (Lo clirioy) + I Vuodlline.y) 2 <p<d,

||V7ﬂ‘E ||L2(Qs,n) S

where % = ]% + % and C' does not depend on & or 1.

Note that x., € WH(Q) for any p > 2. Moreover, x., = 1 on 9Q and x., = 0
on 9. ,\0Q. It follows that r. € H}(Q,). The proof of Theorem will rely
heavily on the estimates for x.,,.

Lemma 3.1.2. Let F be the set of epsilon cubes Q). with non-empty intersection of
0f). Then for each eQ, € F

/ | < cg/ vl (3.7)
Q.0 2:Q.NQ
for any v € H'(eQ.) with u =0 on Q°NeqQ.,.

Proof. By a change of coordinates we may assume that Q = {(2,z,) : z,, > 0} and
e@) = {0 < x; < e}. Then by the fundamental theorem of calculus

u(@’, )| = [u(z’, 20) — u(a’, 0)]

n o Ou
< !
> /0 |8xn (x 775)|dt (3.8)
< [ 1Vt ot

0

where we have used the fact that dist(z,,02) < e. Integrating both sides in 2’ gives

/ lu(a,t)|dz’ < C’/ / |Vu(z', t)|dtdz’
e’ eQ' JO

(3.9)
= C’/ |Vuldz.
eQ
Now integrating both sides in ¢ we get
/ luldz < C’/ / |Vu|dzdt
=9 0 7@ (3.10)
= C’&/ |Vul.
eQ
This completes the proof for the upper half space, which implies the result. O
Lemma 3.1.3. Let ¢ € Hy(Q.,). Then
Vi Voo [ aVime <ot [ vel
Qe Qe Qe

where V.(x) is defined in (3.3)).
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Proof. Let ¢ € H}(Q,). Extend ¢ to R? by zero. Note that

/ VXE,U-W—/ o *Vo(x)p
Qe,n QEW
< Y | Viavo-

EQz GQ,E,U

(3.12)

o 2v;(z)¢‘ -

/f a?%(as)aﬁ' ,

Where €2, , is the union of cubes €@, lying entirely inside of {2 and F is the union of
cubes with non-empty intersection with the boundary of 2. By Lemma

Q=

/ va,n : v§b - 0'5_2‘/;«@})@5‘
Q. Q/En ez Q2
= (3.13)
<cety Yo | pval,
eQ.€qL, 'V &%=

which, after summing cubes is clearly bounded by the right-hand side of (3.11)). For
the second term on the right-hand side of (3.12)),

> S

SQze}-

<ceo? Y [ vl

EQZ cF QEQZ N

/ aggva(xw‘ < Co?
]_'

< Oyt / Vl,
Qs,n

where we have used Lemma the second inequality. O

Proof of Theorem[3.1.1. Let u. be a solution to (3.1)) and ug. be a solution to (3.4).
Assume further that ug. € W'?(Q) for some p > 2. Let r. = u. — X ,uo.. Then for

any ¢ € Hy(Qe,),

Vrs : ng = _/§; (VX€,'I7 : V(b)uo,e - / Xem (Vuﬂ,s : V(b)

QE,”] €,m Qa,n

= - / ViXen - V(w:9) + / [V(Xew — 1) - Vuo,]o (3.14)
Qe Q

&M
/S;EJI

Integrating by parts, the right-hand side of (3.14)) becomes

(Xew — 1) (Vg - V) — / (V. - V).

QEJ]

_/ ViXen - V(uo0) — 2/ (Xa,n -1) (VUO,e Vo)
Qe e

Qe,n

N /Q (Xeq — 1DAug, - ¢ — (At - 9).

e,n Qe,n
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Substituting (3.4) we get

- / va,n : v(u0,5¢) - 05_2/ Va“O,sz - 2/ (Xa,n - 1) (Vuo,e : ng)
Qg,n Qa,n Q

€,n

- 022/ (Xeq — DVeuoe - 6.
Q

&,mM

Note that V.(z) < ¢3. We now apply Lemma to get

/Q Vr.-Vo

en

< Oyt / 1V (t0.6)| + 2 / Xew — 1|Vt ||V
Q

€,M QEJI

tCo? / Xew — Llluoclé)
QE,77

<cett [ Vuodliol+ € [ V6ljune
Q Q

£,m &,m

9 / Xew — 1V, V6] + Co? / Xew — Uluoc 14,
Q

e,n Qe

Applying Holder’s inequality yields

/Q Vr.- Vo

&,n

g d=2
<Co ' Vo2 lluocll o)

(3.15)

_q d-2
+Co'n' 7 |9l 2o | Vol oo,
+ CliXes — Ulza@..) I VOl L2 | Vuoell e ...,
+ Co || Xew — UlLa@en 10l 20 1u0.c L Lo (.

where 1 = % + ]%. We apply the Poincaré inequality [|¢[|12(q. ) < Coc||V 2., in

(8.15) to get

Vr.-Vo

QS»”I

d—2 _
< Cn = Voo, (07 uoellee) + Vo,

1r(2))

+ Clixem — Uz VOl 2.,y (02 Huoell o) + [[Vuoel o)) -

Choosing ¢ = r., we obtain
||VT5HL2(QE,7])
d—2 _
<C ('f? 2+ Xem — 1HLq(QE,m)> (0wl o) + Vo el o))

Applying Lemma in (3.16) gives (3.6)). O

(3.16)

3.2 Dimension d =2

In this section we consider the case where d = 2. We will prove the following analogous
result to Theorem [B.1.1]
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Theorem 3.2.1. Let u. be a solution of (3.1)) and ug. be a solution of (3.4]). Assume
that ug. € WHP(Q) for some 2 < p < 0o. Let r- = u. — Xeytoe. Then

V7l 2,y < Clnn =2 (07 Juoe |l 1o, + Vol @) (3.17)
where C' does not depend on €.

The following lemma will play the role of Lemma [3.1.3]

Lemma 3.2.2. Let x., be the corrector defined in Chapter @ Then for any ¢ €
Hy (),
C

gl Inn| Qe

Vo). (3.18)

VXxen Vo — 27r08_2/

QEJY

J-

QEJI

Proof. Let ¢ € H}(Q.). Extend ¢ by zero to R%. Note that the left-hand side of
(3.18)) is bounded by
/ 2ro 26
f

> , (3.19)
where €. . is the union of cubes (), that lie entirely in €2, and F is the union of

VXxen Vo — 27?06_2/ gb‘ +
Q=

€Q-€9L , €Q=
57,,7,

cubes (), with non-empty intersections with 0. By Lemma [2.4.4]

> / vxs,n-vgb—zmg?/Q ¢‘

z€QL
/ |V¢|‘,
Q-

C
<
~ ¢llnn| ZEXQ:,
which, after summing cubes is clearly bounded by the right-hand side of (3.18)). By
the Poincaré-Sobolev inequality in Lemma the second term on the right-hand

side of (3.19) is bounded by
> [l
eQ-N

EQze.F

<Ceo? Y /2 Vol

eQ.eF 7 2eQ:N0

C
s—/ V4.
gl Inn| Qe

This completes the proof. n

(3.20)

/ aﬁwxw\ < Co?
].'

Proof of Theorem |3.2.1]. This proof will follow similarly to the proof of Theorem
3.1.1L Let u. be a solution of (3.1) and up. be a solution of (3.4). Assume fur-

ther that ug. € WHP(Q2) for some 2 < p < 0o. Let r. = u. — Xcpuoe. As was in the
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dimension d > 3 case, for ¢ € Hj(.,) we have

/ Vre - V§Z5 = _/ (vXa,n : v¢)“0,e - / Xenm (Vuo,a : V¢)
Qe Q Q

= — VXEJ? ’ V(u0,€¢) + / [V(Xa,n - 1) ’ VU078]¢ (3.21)
ng Qa,n
[ =0V - [ (Fua Vo).
QS,W QS,’”

Integrating by parts, the right-hand side of (3.21]) becomes

- va,n : V(u0,5¢) - 2/ (Xs,n - 1) (VU/O,E : V¢)

QEJ] QEJI

- /Q (Xam - 1>Au0,s : ¢ - (AUO’E ' d)) ’

Qe,n

Substituting (3.4) we get

- VXs,n ' V(UO,E(b) + 270—52/ uO,z—:(b - 2/ (Xs,n - 1) (VUO,E ' V¢)

Qe Qe Q.
— 27705_2/ (Xew — Dug 0.
Q.
We apply Lemma to obtain
I = Vr. - Vo
Q.
C
< IV(uoed)l +2 [ [Xew — 1| Vuoe| [V
g Inn| Qe Q.
4270 [ ey = 1] ool
Q.

Now applying Holder’s inequality we have

_ _1
1< Co. HInn|72 (IVel 2. luoelloo..,) + 19l 2 ) | Vito el oo )
+ Clixen = Ulza..) IVl 2. ) Vo el e, ) (3.22)
+ 028l 2 w0 sl o )
11

where 3 =~ + L. By applying the Poincaré inequality ||¢||2.,) < 0:|V|l 2.

and Lemma m to (3.22)), we obtain

_1 _
I < Ol "2Vl 2., (Vuoellzo@) + o= uoel o) -
Choosing ¢ = r. gives (3.17]). [

Copyright© Robert J. Righi, 2024.
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Chapter 4 An Intermediate Problem

In this Chapter we consider the boundary value problem for the Schrodinger operator,

{—Au + AV (z)u=F in Q, (4.1)

u=g on 052,
where V' = V(x) is a potential satisfying the condition 0 < po <V < py.
Lemma 4.0.1. Let Q be a bounded Lipschitz domain in R? and X\ > 0. Suppose that
u € HY(B(xo,2r) N Q) and

{—Au + ANV (z)u =0 in B(xg,2r)N L, (4.2)

u=0 on B(xg,2r)N o,

where xg € 02 and 0 < r < rg. Then

1/2
sup |u] <C (][ |u|2) : (4.3)
B(x0,m)N B(x0,2r)NQ

where C' depends only on d,Q, and (ug, p1). Moreover,

1/p 1/2
(][ |Vu|p) <C (][ |Vu|2) (4.4)
B(zo,r)NQ B(z0,2r)NQ

where 2 <p<3+06 ford>3,2<p<4+6 ford=2, and d > 0 depends on d and
Q. The constant C' in (4.4) depends on d,p,Q, and (po, ). If Q is a bounded C*
domain, the estimate (4.4) holds for any 2 < p < oc.

Proof. Let ¢ € C3°(B(x0,2r)). Then

/ Vu - V(up?) +/ NV - ug? = 0.
B(z0,2r)NQ

B(zo,2r)NQ

By the product rule

/ [Vul*¢” +/ Vu - uVe® +/ NV - ug? = 0.
B(z0,2r)NQ B(z0,2r)NQ B(z0,2r)NQ

Hence, by Cauchy’s inequality

/ |Vul?¢? +/ MVuPe? < c/ [ul?|Vo|?. (4.5)
B(zo,2r)NQ B(z0,2r)NQ B(z0,2r)NQ

We choose a cut-off function ¢ such that

1 if x € B(xo,tr),
o(x) =40 if x € B(xy, sr)°, (4.6)
0<¢p<1 if x € B(xo, sr)\B(zo, tr),
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for some 0 <t < s < 2. Then V¢ < . We obtain from (4.5))

B
r(t —s)

C
)\2/ U2 S ﬁ/ u2,
B(zo,tr)NQ r (S o t) B(zg,st)NQ

where by the Poincaré inequality the gradient on the left-hand side has been absorbed

by the right-hand side. Dividing by A? in combination with the fact [ B(z0 r)62 u? <
fB(aco,sT)ﬁQ U2 gives
o
2 2
u” < u”. (4.7)
/]_;i(xo,tr)ﬁﬂ (S - t)2(<]‘ + )‘)T)2 B(zg,sr)N2
We iterate (4.7)) in the following manner
1/2
) 1/2 o ,
u S 132 2 u
B(zo,tr)NQ A% (S - t) +1 B(aco,tr—l—%(sr—tr))ﬂﬁ
) 12 (4.8)
[l (o
N )\2T2(8 - t)2 +1 B(xo,tr+%(sr—tr))ﬁ9 ’
for any k£ > 1, where 1 <t < s < 2. By repeating (4.8]) k& times we get
1/2 C 1/2
Frora®®) =575 )
B(zo,tr)NQ (1 + ()\7") ) B(z0,sm)NQ (4 9>

1/2
< O ( / ) "
N (1 + )\r)2k B(zg,sr)N2

Au= NVu in B(x¢,2r)NQ and u=0 on B(xg,2r)N oL,

Now since

the boundary L* estimates for Laplace’s equation in Lipschitz domains give

1/p 1/2 1/q
(][ |u|p) < Cis (][ |u|2> + Cy o1 (][ |)\2Vu|q)
B(zo,tr)NQ2 B(zg,sr)N2 B(zg,sr)NQ
1/2 1/q
< Cis (][ IU|2> + Cp o1 \? ][ ul” ],
B(zg,sr)N B(zo,sm)N2

where 0 < 1 — 1
a p

1/2 1/q
o W<C(f ) saw (£ )
B(zo,tr)NQ B(zo,sr)N2 B(zg,sm)NQ
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where ¢ > (d/2). Hence,

1/2
sup  |u| < C(1+7%\?) ][ |u)?
B(zo,r)NQ2 B(xo,%r)ﬂQ

1/2
<c (][ |u|2) ,
B(z0,2r)NQ

where we have used (4.9). Note that for the WP estimate for Laplace’s equation in
C' domains [6] gives

1/p 1/2
(][ \wp) <c (][ yw?)
B(xo,tr)NQ B(xo,sr)NQ
1/q
+ CrA? (][ \u|q>
B(zog,sr)N2
1

where 1 <t < s < 2and 0 < % -5 < é. If Q is a Lipschitz domain, we need to
impose the additional conditions that 2 < p <3+ for d > 3, and 2 < p <4+ ¢ for
d = 2, where 6 > 0 depends on d and 2. Thus by (4.3]) and (4.9),

1/p 1/2 1/2
<][ |Vu|p> < (][ yw?) Loy ][ ul?
B(z0,m)NQ B(z,2r)NQ B(zo,%r)ﬂQ
1/2 1/2
< <][ ]Vu|2) +Cr! (][ |u|2) (4.12)
B(zo,2r)NQ B(z0,2r)NQ
1/2
<c <][ \vu|2) ,
B(zo,2r)NQ

where we have used a Poincaré inequality and the fact that u = 0 on B(z,2r) N 0N
for the last step. O

(4.10)

(4.11)

Remark 4.0.2. Suppose that u € H'(B(zg,2r)) and —Au+ A\?Vu = 0 in B(xg, 2r).

Then
1/2
sup |u| < C (][ |u|2) (4.13)
B(zo,r) B(zo,2r)

1/2
sup |Vu| <C <][ (|Vul* + )\2|u]2)) : (4.14)
B(zp,2r)

B(zo,r)

where C' depends on d and (po, 7).

The proof is similar to that of Lemma Note that the analogous estimate to
(4.11)) is given by

1/2 1/q
sup |Vu| <C (][ |Vu|2) + Cr)? (7[ |u|q) , (4.15)
B(zo,r) B(zo,sr) B(zo,sr)
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for ¢ > d. It follows that

1/2
sup |Vu| < (][ |Vu|2) + CrA? (][ |u|2>
B(zo,r) B(z0,2r) B(zo,37)
1/2 1/2
< (][ |Vu|2) +CA (][ |u|2) (4.16)
B(zo,2r) B(zo,2r)

1/2
<C (][ (|Vu|2+/\2|u|2)) )
B(zo,2r)

We call an operator sublinear if there exists a constant K such that

T(f +9)l < K{[T(H] +[T(g)[}- (4.17)

The following theorem was proved in [I1].

Theorem 4.0.3. Let Q be a bounded Lipschitz domain in R:. Let T be a bounded
sublinear operator on L*()) with

||T||L2—>L2 S Cop. (418)

Let g > 2. Suppose

1/q 1/2
(][ |T<g>|q) <N (][ |T<g>|2) (4.19)
QNB(zo,r) QNB(zo,2r)

for any ball B(xq,r) with the property that 0 < r < rog and either B(xg,4r) C
or xg € 00 and for any g € C§°(Q) with supp(g) C Q\B(xo,4r). Then for any
G e LP(Q),

IT(G) ey < ClIG Lr@),

where 2 < p < q and C,, depends on at most p,q,Cy, N, 10,2, and K.

Remark 4.0.4. In Theorem we may interchange balls B(zg,r) with cubes
Q(zo,7).

Theorem 4.0.5. Let Q be a bounded Lipschitz domain in R?. Let u € Wy*(Q) be
the solution of

{—Au + AV (z)u=F on €, (4.20)

u=>0 on OS2,

where F' € L*(Q). Suppose F € LP(Q), where 2 < p < 3+ 4§ for d > 3, and
2<p<4+46 ford=2. Then

MVl o) + Nlull o) < ClIF || 1r(o), (4.21)

where C' depends on d, p, ), and (po, p1). If Q is a bounded C' domain the estimate
(4.21) holds for any 2 < p < 0.
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Proof. 1t suffices to apply Theorem to the operator
T\(F) = AVu| + \2|ul.

This operator is sublinear by construction. To check condition (4.18) we note when

p=2
/|Vu|2+/)\2Vu2:/F-u.
Q Q Q
Since V' < py we have

/\Vu\z—l—)\z/u?gC/F-u
Q Q Q
zC/F/\)\_lu
Q

c A2
< — [ |F*+ = 2
<5 1P+ [

where we have used Cauchy-Schwartz in the last inequality. This implies

C
/ IVl + X2 / < 5 / PP
Q Q Q
)\2/ |Vu|2+/\4/ lu? < C/ |F|2.
Q Q Q

1
S UAVllz) + [N ull20)* < (IWVullfaiq) + [V ullizq) < ClIF |22 0)-

and further,

This implies

Thus we see ||T)|| 20— r2(0)- 1t suffices now to check condition (4.19). Let f € C§°(Q)
such that f = 0 in B(xg, 2r), where 0 < r < r¢ and either xg € 9 or B(z,4r) C Q.
Let w be a solution of (4.20)) with f in the place of F'. Then

{_Aw+A2Vw 0 on Blen )N, (1.22)

w=0 on B(xg,4r) N oA (if zp € 09).

If Q is a bounded C' domain, applying Lemma and Remark gives

1/q 1/2
(7[ (Vo +)\2|w|)q> <c (][ (A V| +)\2|w|)2) (4.23)
B(zo,r)NQ2 B(z0,2r)NQ

for any 2 < ¢ < oo, where C' depends on d, ¢, 2, and (o, pt1). Thus we may apply
Theorem to obtain ||T\(F)||zr@) < C|F|}5(22) for any 2 < p < co. If Q is
a Lipschitz domain, the estimate holds for 2 < ¢ < 3+ 6 if d > 3, and for
2 < q<4+9if d=2. Hence, we obtain for where 2 < p <3+ if d > 3, and
for2<p<4+6 6 >0 depends on d and ).

]
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Theorem 4.0.6. Let 2 be a bounded Lipschitz domain in R® with connected boundary.
Let uw € WY2(Q) be a solution to

—Au+ NV(z)u=0 in 2, (4.24)
u=g on 0f2,
where g € WH2(0R2). Then
[ullzri) < Cllgllz2 o0, (4.25)
[Vl oy < C{lIVigllz20) + Algllrze0) } -
where p = dQle, Vg denotes the tangential gradient of g on 02, and C depends on

d, 2, and (po, p1)-

Proof. We start by solving the Dirichlet problem,

—AG=0 in €2,
G=g on 0f.

By well known nontangential-maximal-function estimates for harmonic functions in
Lipschitz domains (see e.g. [16]),

(VG ll200) < ClIVigllzoe)  and  [[(G)llL29) < [l9llz200),
where V,g denotes the tangential gradient of g on 0€). It follows that

IVGlrr@) < [(VG)[|200) < ClIVigllL2@n),

’ (4.26)
1Glzr @) < (G)" [ L200) < Nl9llz200),
where p = 2% and we have used the inequality [|wl|zr@) < C||(w)*||r2(90) for func-
tions w in €.
We first rewrite v in the following way
u=u—G+G.
By the triangle inequality
u <||lu—-G + |G
vy < e = Cllvey + Gl .
< [lu = Gllze@) + llgllz2 00,
and
Vu <|Vu—-G + |VG
IVul[r@) < [V( Nier@) + VGl Lo (4.28)

< IV (u = G)llze@) + [IVigll 200,

where we have made use of (4.26]). As a result it suffices to obtain LP bounds on
u— G and V(u — G).
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Let v = u — G. Then v is a solution to the following Dirichlet problem,

~Av+ NV (x)v = F, on )
v=20 on 0f),

where F' = —\*V (2)G. Let p = 24 Note that p =4 for d = 2, p=3 for d = 3, and
p < 3 for d > 4. Thus we may apply Theorem to obtain
Nl = Gller) < ClIF|| o)

= CH)\2VGHL1»(Q)

S O/\2||G||LP(Q)
Hence,

|u = Gl < CllGllLe@)-

This in combination with (4.27)) implies

[ullzriy < CllG ey < CllgllL2 o0 (4.29)
for p = dQle. Again from Theorem we have
AIV(u = G)llzri) < ClIF|zr o)

= C||)\2VG||LP(Q)
< XG0
Thus,
IV(u = G)lr0) < CAG][r()-
This in combination with (4.28]) implies

VullLr) < [|VG]|r) + CAG| o)

(4.30)
< IVigllz2a0) + CAllgll 200 -

for p= 24 Combing ([4.29) and ([4.30) yields the result. O

Copyright© Robert J. Righi, 2024.
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Chapter 5 Large Scale W!? Estimate

Let u. be a solution to the Dirichlet problem

—Au. = F 4+ div(f) in Q. ,,
us =0 on d€ ,,

where €. ,, is given in (L.5]). Let

T.(F, f) = (]:[HM \vugﬁ) v : (5.2)

where the solution u. has been extended to R? by zero. Note is easy to see that

”TE<F7 f) ||L2(Rd) = ||VUEHL2(QE,7;)'

This fact combined with Lemma [1.4.3] gives

IT=CF, Pl 2@y < 1 fll 220z, + Cmin (o0, DIF]| 2., (5:3)

This chapter is henceforth dedicated to the L? estimates of T.(F, f) which are found
in Theorem [1.6.1] We start with proving the estimates for the case F' = 0. Later we

consider the case where f = 0. By superimposing the two cases we are able to obtain
(11.26)).

Theorem 5.0.1. Let Q2 be a bounded C* domain in R? and Q., be given by (L1.5).
Then, for 2 <p < oo,
1700, F)llzo0) < Cllf lze), (5.4)

where C' depends only on d,p,2, and {Y}}.

We will let 0 < n < 1y, where 7, is sufficiently small. The case where 1 > 1, for
any fixed 79 > 0, is analogous to the case where n = 1 which can be found in [10].
In order to prove Theorem [5.0.1, we wish to apply Theorem Note that the
operator 7. is sublinear by construction. Additionally, the L? boundedness condition

(4.18) is given by (5.3). Thus it suffices to show the reverse Holder condition (4.19)).

That is, if Au. = 0 in Q(z¢,4R) N Q., and u. = 0 on Q(x,4R) N IS, where
0 < R < ¢g and either Q(zg,4R) C 2 or zg € 052, then
p/g 1/17
(ol
Qa0 RN \J Q(z.2¢) (5.5)

1/2
<C (][ (][ |Vu5|2) dx)
Q(z0,2R)NQ Q(z,2¢)

for p > 2. The estimate[5.5] holds for 0 < R < Ce. The proof of [5.5] for the large-scale
case R > (e uses a real-variable argument and will rely on the convergence rates
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established in Chapter 3| and the estimates for the intermediate solution obtained in
Chapter [dl The rest of this chapter will be divided as followed. First we will consider
the interior case where Q(xg,4R) C 2. We then handle the boundary case where
xo € 0f). Finally we will provide the proofs to Theorem [5.0.1] its analogous result
given by Theorem [5.3.1) and the the main result Theorem [1.6.1]

5.1 Interior Case

We begin with the interior case Q(zg,4R) C 2. The following theorem was proved
in [12, Theorem 3.2].

Theorem 5.1.1. Let F € L?(Q(wg,2R)) and 2 < p < q. Suppose that for each cube
Q = Q(y,r) withy € Q(zo, R) and 0 < r < coR, there exists two functions Ry and
Fq such that

|F| < [Rol + [Fol in2Q, (5.6)

(i@ !ch\q) " <N (]éQ \F|2)1/2, (5.7)
(]iQ |FQ|2)1/2 <4 (]iQ |F|2> 1/2, (5.8)

where N > 1 and 0 < ¢y < 1. Then there exists g > 0 depending only on d, N, cq, p,
and q, with the property that if 0 < 6 < 0y then F € LP(Q(xo, R)) and

1/p 1/2
(7[ IF\’”) sc(][ |F|2) . (5.9)
Q(zo,R) Q(x0,2R)

where C depends at most on d, ¢y, p,q, and N.
We will use Q. ,(xo,7) to denote €2, ,, where Q = Q(x¢,r). Note that in general,
QE,W(CCOu T) # Q('TOa T) N Q7

as there is no hole near the boundary of Q(zo, ) in Q. ,(zo,r). Under the assumption
r > Ce, it is possible to find Q(yo,t) such that Q(zo,7) C Q(yo,t) C Q(xo,2r) with
Qen(Yo,t) = Qe NQ(yo, t). This observation will be used in the proof of the following
lemma.

Lemma 5.1.2. Let u € HY(Q(wg,4r)), where r > 8¢ and Q(z0,87) C . Suppose
that Au = 0 in Q(xo,4r) N Q. and v = 0 on Q(xo,4r)\Qe,y. Then there exists
v € HY (Q(zo,2r)) such that

1/2 1/2
(f . ww-op) <cow(f wa) . 6o
Q(z0,2r) Q(z0,3r)
1/2 1/2
max (7[ |Vv|2) <C (][ |Vu|2) , (5.11)
2€Q(o.m) \J Q(e,2¢) Q(x0,3r)

where ¢(n) = n'/? for d > 3 and ¢(n) = |Inn|~'/? for d = 2. The constant C' depends
only on d and {Y*}.
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Proof. Since r > 8¢ without loss of generality, we may assume that xq = 0 and
r = 2/¢ for some j > 2. By dilation we may also assume that r = 1 where 1 remains
invariant under the dilation. Since v = 0 on Q(0,3)\),, it follows from Lemma

[L.4.1] that
052/ luf? < c/ V2. (5.12)
Q(0,3) Q(0,3)
We claim that there exists ¢ € [2, 3] such that Q. ,(0,t) = Q(0,¢) N Q., and
05_2/ |u|? —I—/ |Vul? < C/ |Vul?. (5.13)
9Q(0,t) 9Q(0,t) Q(0,3)

To show this consider the set £ = {t € [2,3] : |t — ke| < coe for some 1 < k < 2772},
Note that |E| > ¢ > 0 and Q. ,(0,¢) = Q(0,t) N, for t € E. Assume (5.13) fails

for all t € E. Then
2/ |uy2+/ |Vu|2} dt>C’|E|/ IV
aQ(0,t) 9Q(0,t) Q(0,3)

|l
E
> C/ |Vul?,
Q(0,3)

™

for any C' > 0. Note that

/ [‘75_2/ |u|2 +/ |Vu|2] dt < C {05_2/ |u|2 +/ |Vu|2} )
E 9Q(0,t) 9Q(0,t) Q(0,3) Q(0,3)

This implies
-2 2 2
0. / lul* > C / |Vu|®.
Q(0,3) Q(0,3)

for any C' > 0. But this is a contradiction of of (5.12)). Thus there must be at € E
such that (5.13]) holds.

Now, let w be a solution of

(5.14)

—Aw+ 02V (z/e)w =0 in Q(0,1),
w=u on 0Q(0,1),

where V (z) is given by (3.2)). It follows from Theorem when d > 3, and Theorem
3.2.1) when d = 2, that

IV (u = Xeqw) || 220000, < CoOM{o= wl| e @) + IV o000} (5.15)

where p = dQle and x., is the corrector for the domain Q). ,(0,t). This together with

Theorem |4.0.6|, yields

IV (u = Xew) |20y < Co(n) {02 [ull2000.0) + 1Vull 20000 }
< Co)IVullr2 @),

where we have used (5.13)) in the last step.

(5.16)
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Finally, let v = x.,w. Note that estimate (5.10]) is given by (5.16). For the
estimate (5.11)), note that

1/2 1/2
Vv 2) < max |w (f \% 2) + max Vw
<]{Q(z,25) ‘ | Q(x,2¢) ’ ’ Q.20) ‘ Xe,n‘ Q(z,2¢) ’X&ﬂ” ’

< max (o w| + |[Vuwl),

Q(z,2¢)

where we have used Lemma for d > 3 and Lemma for d = 2. This combined
with Remark [4.0.2] gives

1/2
(7[ |Vv]2) < C max (o 'w|+ |[Vuw)|)
Q(x,2€) Q(0,3/2)

” (5.17)
< C{o w22 + Vw22 }
< OVl 2,3y

for any z € Q(0, 1). O

Lemma 5.1.3. Let u € H (B(z9,4R)), where R > 8¢ and B(zo,8R) C Q. Suppose
that Au =0 in Q(z,4R) N, and v =0 in Q(xo,4R)\ Q. Let

v(z) = (72(%25) |Vu|2) v : (5.18)

1/p 1/2
(f Iv\p) sc(f W) , (5.19)
Q(zo0,R) Q(z0,2R)

where C' depends only on d,p, and {Y}.

Then for 2 < p < oo,

Proof. Without loss of generality assume that o = 0. Further, by dilation we may
assume R = 1. To show , we will apply Theorem with F' = v. Let
Q = Q(yo,7), where yo € Q(0,1) and 0 < r < (1/8). If 0 <7 < 8, we let Ry = v
and Fy = 0. Note that

1/2 1/2
max Ry < C (7[ |Vu|2) <C <][ |v|2) :
2Q Q(yo,2r+2¢) 4Q

and ((5.7) holds pointwise.
Now if r > 8¢, we let Rg = |Vu| and Fy = V(u — v), for v given in Lemma

5.1.2l In view of (5.10) and (5.11)) we obtain (5.8) and (5.7) with 6 = C¢(n). Then,
it follows from Theorem that (5.19) holds if n < no, where 79 > 0 depends on

d,p, and {Y;}. O
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5.2 Boundary Case

In this section we treat the boundary case where xq € 0€). Since () is Lipschitz,
there exists ro > 0 such that B(zg,79) N Q = B(zg,70) N D and B(xg, 1) N ON =
B(xg,r9) N OD, where after a rotation of coordinate system, D is given by

D ={(z',rg) € R?: 2’ € R and x4 > ¢(a')}, (5.20)

for some Lipschitz function ¢ : R~ — R.
The proof of the following theorem can be found in [12] or [13, pp. 79-82].

Theorem 5.2.1. Let 2 < p < q and D be given in . Let zy € 9D and
F € L*(Q(zo,2R) N D). Suppose that for each cube Q = Q(y,r) with the property
that 0 < r < coR and either y € Q(xo, R) N 0D or 4Q C Q(xo,2R) N D, there exists
two measurable functions Rg and Fg in 2QQ N D such that

|F| < ‘RQ| + ’FQ‘ n 2Q N D, (5.21)

1/q 1/2
(£ imar) =n(f ire) (522
20D 4QND
1/2 1/2
(f |FQ|2> m(f |F|2) , (5.23)
2QND 4QND

where N > 1 and 0 < ¢y < 1. Then there exists vy > 0 depending only on d, N, cy, p, q,
and ||V ol|, with the property that if 0 < v < 7o, then F € LP(Q(zo, R) N D) and

l/p 1/2
(£ wr) <c(f FE) (5.24)
Q(:Eo,R)ﬂD Q(IQ,QR)F‘ID

where C' depends at most on d, N, co,p,q, and ||V -

Lemma 5.2.2. Let Q be a bounded C* domain. Let u € H*(Q(xg,4r) N Q), where
r > 8 and xy € O0S). Suppose that Au = 0 in Q(zg,4r) N Qe and v = 0 on
Q(z0,4r) N IQ.,,. Then there exists v € H' (Q(xo,2r) N Q) such that

1/2 1/2
(][ |v<u—v>|2) sc¢<n>(f |Vu|2) . (5.25)
Q(z0,r)NQ Q(z0,3r)NQ

1/2 1/2
max (][ |Vv|2> <C (][ |Vu|2> ; (5.26)
2€Q(x0,7)N2 \ JQ(z,26)n02 Q(z0,3r)N

for any p > 2, where ¢(n) = n*/? for d > 3 and ¢(n) = |Inn|=% for d = 2. The
constant C' depends only on d,p,), and {Y}}.

Proof. The proof will follow similarly to that of Lemma[5.1.2. Without loss of gener-
ality assume that zop = 0, and » = 1 by dilation. Once again, it follows from Lemma

[L.4.1] that
0;2/ lul? < C'/ |Vul?, (5.27)
0(0,3)NQ 0(0,3)NQ
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We claim we may choose t € [2, 3] such that (Q(0,t) N Q).,, = Q(0,t) N, with

052/ |u|2+/ Yl < C V2. (5.28)
QNOQ(0,1) QNQ(0,1) 0NQ(0,3)

To show again consider £ = {t € [2,3] : |t — ke| < cge for some 1 < k < 2712},
Note that [E| > ¢ > 0 and (Q(0,t) N Q)., = Q(0,t) N, for t € E. Again if [5.2§]
fails for all ¢, integrate the left-hand side of with respect to ¢ over £/ and use
[£.27] to obtain a contradiction.

Now, let w be a solution of

(5.29)

—Aw+ oV (z/e)w=0  inQ(0,t)NQ,
w=u  ond(Q0,t)NQ),

where V (z) is given by (3.2)). It follows from Theorem when d > 3, and Theorem
3.2.1) when d = 2, that
IV (1 = Xemw)llz2@uo0ne) < CED{o lwllzr@oone) + VWlreuane ), (5-30)

where p = d%dl and ., is the corrector for the domain Q. ,(0,t) = Q(0,t)N<Q.,. This

together with Theorem yields

IV (u = Xeww) || 2200.000) < Co(n) {0 |ull 2000000 + | VUl r2@000.000) }
< Com)[IVull 2,309

where we have used (5.28)) in the last step.
Finally, let v = x.,w. Note that estimate (5.25)) is given by (5.31). For the

estimate (5.26)), note that

1/2 1/2
(][ ]VUIQ) < max |w| (][ \ng,n|2>
Q(x,2e)NN Q(z,25)NQ Q(z,2e)NQL

1/2
+ max Vuw 2) ’
Q(z,2¢)NQ |Xa,77| <][Q(x,2s)m§z | |

which in light of Lemma for d > 3 and Lemma for d = 2 gives,

1/2 1/2
(][ |W|2> <Co~' max |w|+C (][ wa|2> |
Q(z,26)NQ Q(z,2e)NQ Q(z,26)NQ

Since w = u = 0 on Q(0,t) N O, it follows from Lemma that

1/2
o' max |w|<C <][ |Vw|2> :
Q(0,3/2)NQ Q(0,2)N€

1/p 1/2
(][ \Vw|p> <c <][ |Vw|2> ,
Q(0,3/2)N9 Q(0,2)NQ
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for 2 < p < oco. As a result

p/2 p/2
e ™) ")
Q0,1)NQ \JQ(z,25)nQ Q(0,2)NQ

< C{IIVul| 2 oqo.nne) + o2 Hull 2 0onn) }-
This combined with (5.28)) gives (/5.26]). O

5.3 Proof of Theorem [1.6.1]

In this section we provide the proof of Theorem [1.6.1. We start with the proof of
Theorem [5.0.1, We then state and prove the analogous result for when f = 0.

Proof of Theorem[5.0.1]. As stated before it suffices to show the reverse Holder condi-
tion (4.19)), where 0 < R < ¢y and either Q(zo,4R) C Q or zg € 952. The interior case
is handled by Lemma [5.1.3. For the case in which xq € 90¢2, we will apply Theorem
(.2.1] As such for each cube @ = Q(y,r) with the property that 0 < r < ¢oR and
either 4Q C Q(x¢,2R) N Q or y € IQ(xp,2R) N IN, we will need to construct two
functions Fy and R for which — hold. Again the case 4Q) C Q(xo,2R)NS2
is given by Lemma [5.1.3] For the case where y € 0Q and 0 < r < 8¢, we let Fp = F
and R = 0, which gives the desired bound pointwise. For the final case where r > 8¢,

apply Lemma [5.2.2] O

Theorem 5.3.1. Let Q be a bounded C* domain and 2., be given by (L.5). Then
for any 2 < p < o0,

|T-(F,0)||Lr(y < Cmin (o, 1)[|F|| e (0, (5.33)
where C' depends only on d,p,), and {Y'}.

Proof. Consider the operator
S.(F) = (min (o.,1)) 'TL(F,0). (5.34)

This operator is clearly sublinear by construction. We get directly from , that
|Scll 222 < C. Thus it suffices to prove the reverse Hélder condition (4.19), which
again we reduce to showing . As in Theorem , the interior case is handled
by Lemma [5.1.3] Additionally, the case in which zq € 99, we will apply Theorem
. We again need to construct two functions Fy and R for which -
hold. Again the case 4Q C Q(zo,2R) N Q is given by Lemma [5.1.3] For the case
where y € 002 and 0 < r < 8¢, the same choice of Fiyp = F' and Ry = 0 gives the
desired bound. For the final case where r > 8¢ is again handled by Lemma [5.2.2]
We apply Theorem to obtain ||S.||rr—r» < C for any p > 2, which from the
definition of S.(F), gives for p > 2. O
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Proof of Theorem[1.6.1. Note that
T.(F, f) < T(F,0) + T(0, f),
and as such,
ITe(F, )l o ey < I T(F, 0)|| @) + [ T2(0, f) || o)

Thus, Theorem follows directly from applying Theorems [5.0.1] and [5.3.1} [

Copyright© Robert J. Righi, 2024.
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Chapter 6 Main Results

This chapter is dedicated to proving Theorems - Following the ideas of
[15], our first section will give local W' estimates in a cell. The second section will
provide the upper bounds for A,(€2.,). The proof reduces the argument down to

large-scale estimates which were proved in Chapter [5 Finally we will provide upper
bounds for B, (€2, ).

6.1 Local Estimates in a Cell

Recall Q. = z + Q(0,1) and T, is defined in (1.4). This section establishes TW?

estimates for solutions of

6.1
U = 0 in €TZ, ( )

{_Aua = F 4+ le(f) in 5(@2\T2)7

where z € Z% and Q. = Q(z,17/16).
We begin with the following estimate on an exterior domain. An extensive proof
of this result can be found in [I5, Theorem 5.6] which uses a result from [3].

Lemma 6.1.1. Let d > 2 and 2 < p < oo. Let T be the closure of a bounded C*
domain in R® with connected boundary. Let u be a solution of —Au = F + div(f) in

RY\T withu =0 on 8T, where Y = (1 + co) Q(0,1). Then for R > 3,

IVullLe(ry\1)

d_d_ (6.2)
< C0y(R) {HfHLp(RY/\T) + RHFHLP(R?\T) + R 2 1HUHL?(Fd/\B(O,R/:;))}
where
1 ifd>3 and 2 <p<d,
(In R)'~a ifd>3 and p = d,
¢, (R) = L d , (6.3)
R v ifd>3 and d < p < o0,

Rl_%(lnR)*1 ifd=2 and 2 < p < oo,
and C' only depends on d,p and T

The rest of this section will prove the following Lemma. The case where ¢ = 1
and x, = 0 was proved in [I5, Theorem 6.1]. We provide the details for our case here.

Lemma 6.1.2. Let 2 < p < co. Let u. be a solution of (6.1) with F' € Lp(séz) and
f e LP(eQ.;RY). Then for d > 3,

S 1/p< L4 » ) ) 1/p
V| <Clale™ nr— +CO(n ) | £_ [eF[P+|f[Pdx

1/2
+Ce '@, (n7h) ][~ lue — af*dx :
€Q:\Q(ey=,5)
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and for d = 2

1/p , 1/p
(f |Vua|p) < Clale= i ! + €0, () (f |€F|”+|f|pdﬂs)

1/2
+Ce @, (n7h) ][~ lu. — a*dx ,
0\Qep.2)

(6.5)
where a« € R and C depends only on d,p, and {Y}}.

In order to prove Lemma we must first establish the following lemmas.

Lemma 6.1.3. Let 2 < p < oc. Let u. be a solution of (6.1) with F € Lp(eéz) and
f € LP(eQ.;RY). Then
IVl eqn < CR07") {2272 u]
Ue||LP(eQ.) = p\7 {‘Ep ? Ul L2(cQ.\B(eys, £
(eQ:\B(eyz,3)) (6.6)
1Sl ey + N F oz }
where ®, is given by (6.3) and C depends only on d,p and {Y}.
Proof. Let u,. satisfy (6.1). Then let v(x) = u.(enz). Then
—Av =G +div(g) in R(Q.\T.),

where R = n= G(z) = e**F(enz), and g(x) = enf(enr). By translation we may
apply Lemma [6.1.1} Thus v satisfies

IVl Lo@-1v\vz) < C‘Pp(n_l) {HgHLP(nflf/\YZS) + 77_1||G||Lp(n7137\y2s)
_dyd
+77 p+2+1||v||L2(n71?\B(O,%))} .

Substituting we get

enl|Vue (enz)|| Lo m-1v\ve)
< Co, (") {enll f(en2) | or9ysy + 1E°IFEN2) o191y

_d d
#0210 ) |-
Dividing en and changing variables gives . ]

Lemma 6.1.4. Let x., be defined as in (2.1) extended periodically to the whole space.
Then

{—AXM = F.,+div(f.,)  ineQ., 67)

Xeqn = 0 m €1,
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where
eFey| + | fonl <e'n™? ineQ.

when d > 3, and
eFey + 1 fen] e MInn|™ ineQ.

when d = 2.
Proof. This follows from rescaling the estimate obtained by [15, Lemma 6.4]. O]

We may now state the proof for the main theorem of this section.

Proof of Lemma[6.1.4 Let u. solve (6.1) and let x., defined in (2.1) be extended
periodically to R?. For any o € R we have that u. — aXeyn = 0 on 0T, and

—A(ue — axey) = (F —aF.,) +div(f — af,)

in 5CN2Z. Then by we have

1/p 1/p
</ \Vuglpdx) < | (/ |szyn|pdx)

+ O|a|5d/p(1)p(n_l) (5||F6,n||oo + ”fs,n”m)

1/p
veay ) ([ drp+isra)

1/2
+ Cq)p(n’l)e%_g_l /~ lu. — af*dx :
EQZ\B(:’/Z7%)

For the first term on the right-hand side of (6.8)), when d > 3 applying Lemma
yields

(6.8)

1/p 4 )
ol ([ 19xapie) < Clalet g,
eQz
For the second term on the right-hand side of applying Lemma yields

B d_q 4 _
Clale®P@,(n™") (el Feplloo + | fonlloo) < Claler™ 2@, (")
4_3q

< C’|a|€%_1m

when d > 3.
Similarly when d = 2 we apply Lemmas [2.4.3| and [6.1.4] to bound the first two
terms by

Clales'p» [ Inn| .
This gives the result. O]
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6.2 Upper Bounds for A,(€. )

In this section we provide the proofs of Theorems [1.5.1| and [1.5.2]

Theorem 6.2.1. Let F' € LP(X).,)) and f € LP(Q.,;; R?Y) for some p > 2. Let u. be a
solution of (1.1)), where Q0 is a bounded Lipschitz domain. Then

HUEHLp(ng) S min (05, 1>HfHLP(Qs,n) + Cmin (052, 1)”F“LP(QEW), (69)

where C' depends only on d, p, co, and §2.

Proof. The case p = 2 follows from Lemmas [I.4.1] and [1.4.3] The case for p > 2 is
proved in [14]. O

Remark 6.2.2. Let u. be the solution of (L.1]) with F' € LP(Q2) and f € LP(Q2,RY)
for some p > 2. Let

L, =Je(Q\T), (6.10)

where the union is taken over those 2’s in Z% for which €Q, C Q. Let
I={zeqQ,  dist(z,00) >ce}. (6.11)

Picking a = 0 in (6.4) and along with a covering argument gives
[19u <ciooty [ Elri+ 1y + ey [ ur @)

For the region near 92 and away from the holes we use the boundary W estimates
for Laplace’s equation in C' domains [6] to obtain

[ owwpscer [ qupac| @y, (6.13)
B(z,ce) B(x,2ce) B(z,2ce)

where z € Q and B(x,2ce) N Q = B(x,2ce) N Q.. We may cover 2., \Z with such
balls to obtain

/ |VulP < C€_p/ |ue|P + C/(s]F] + | f])?. (6.14)
ng\z ng Q

Combing (/6.12)) with (6.14) gives

/Q Vuel? < Cl, ()P / EIF| 417+ Ce@, (O [ Jucl?
< C[@, (" YP(1 + = min (0, 1))? / P
Q
O, (YL + e min (o, 1)) / PP,
Q

where we have used in the last inequality. As a result, we have shown

IVue|lzro) < COp(n~") (1 + &  min (o, 1] f]lr(@)

| 6.15
+ Cép(nfl)(l + & ' min (o, 1))2H€FHLP(Q) ( )

forp>2andd> 2.
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Remark 6.2.3. Suppose instead we choose

o= ][ - U
£Q2\Q(eyz,e/3)

in (6.4) and (6.5). Then applying the standard Poincaré inequality gives

1/p 4 1/p
(f |Vue|p) <o+ 07 (f |eF|p+|f|pdas)

1/2
restayo) (f k)
for d > 3, and

1/p 1/p
(][ |Vua|p> <C ) f fud + Oy ) (][ |eF|p+|f|pda:>

1/2
+Ce '@, (n7h) (][~ |Vu5|2da:> ,

z

(6.16)

(6.17)
for d = 2. Define
1/2
e = (f, wuk)
Q(x,2¢)
Then from (6.16)) and (6.17) and a covering argument
[19ur < cemtr [qup s ciap [ erp 1o
g @ @ (6.18)
+Cloy )P [ TP
for d > 3, and
[19up < cemie e [l + o, [ R+ 15
g @ @ (6.19)

[, ()P / T.(F, )

for d = 2, where 7 is defined in (6.11)). For the region near 9€) and away from the
holes, we use the local W'? estimate in C'! domains,

1/p 1/2 1/p
(£ wvur) "se(f  wuk) we(f @rey)
B(z,ce) B(x,2ce) B(z,2ce)

(6.20)
where x € Q, dist(x,02) < Ce, and B(z,2ce) N = B(z,2ce) N Q.. By covering we
obtain,

/ng\z‘vua!p < C/g; |TE(F7 f)’p—FC/S;(’gF’ + |f’)p (621)
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Remark 6.2.4. We have used a covering argument in (6.12)) and (6.18)). Let

QL = {eQ. : dist(¢Q.,09) < ce}. (6.22)
For cubes Q. € Q,\Q,, we apply estimates (6.4) and (6.5) directly. For cubes

eQ. € Q, NQL, we remove the set of points
R ={z € eQ, : dist(z,00) < Cye},

where Cj is chosen so every C/QV’Z = 11(cQ.\R) C Qand TNeQ, C £Q.\R. We apply

the estimates (6.4)) and (6.5]) to €Q,\R with @v’z taking the place of £Q.. This creates
a covering of Z. In words, for cubes that lie close to the boundary, we remove a small
portion near the boundary to ensure the dilation remains in 2.

Lemma 6.2.5. Let Q be a bounded C* domain in RY. Let u. € H}(Qe,) be the
solution of (L.1) with F € LP(Q) and f € LP(Q;R%) for some p > 2. Then

d_
| Vue| o) < Ce e 1HUEHLP(Q)

+ 00, (") {lelFl + [ flllzr) + 1 To(F, oo } 02
ford >3, and
IVte|| o) < Ce™@p(n7")[|ucl| oge)
+ Oy (1) {llelF| + [ flll o) + I T-(E, o }
for d =2, where C depends on d,p,{Y?}, and €.

Proof. Combining (6.18)-(6.19) and (6.21) along with taking 1/p powers yields the
result. O

(6.24)

We now give the proofs of Theorems [1.5.1] and [1.5.2]

Proof of Theorem[1.5.1. Suppose that 0 < 0. < 1 and 2 < p < 0. Let u. be the
solution of with /' = 0. We will now split into cases.

Case 1: d > 3.

First suppose p > d. It follows directly from that

d_d
[Vuel[r) < Cne™ 2 || fll e ) (6.25)

Note that from Lemma when F' = 0, holds with p = 2. Thus, by the
Riesz Thorin Interpolation Theorem, holds for 2 < p < oc0.
Case 2: d = 2. ,
Recall when d = 2 that 0. = ¢|Inn|"/? and ®,(n~") = n#"|Inn|~'. Then apply
Theorem to we obtain
IVtue] o) < Ce™ @ (7Yl o) + COp(n~ Y| fll o)
< CO,(n e oe||fllr (6.26)

2_ _1
= Cnr | 1Inn| "2 || fll o),

where we have used Theorem in the second inequality, along with the fact that
o. < 1. ]
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Proof of Theorem[1.5.3 Suppose 0. > 1 and 2 < p < oo. Let u. be the solution of
with F' = 0. We again split by case.

Case 1: d> 2 and d < p < o0.

It follows from (6.15) when F' = 0,

IVt o) < O™ (™) flloe)- (6.27)
Then from (6.3) we have,
C’s_lnglefHLp 0 if d >3 and p > d,
Vel oy < § 7o 1) _ (6.28)
Ce™'nr | Inn|~ | fllr ifd=2and 2 <p< o0,

which are the desired estimates.
Case 2: d>3 and 2 < p <d.
It follows from applying Theorem to (6.23)),

d_ -
IVt oy < Ce™t e luel zogy + C@p(n~ D fll oy

o | (6.29)
<C (e + @) 1f v,
where we have used Theorem in the last inequality. From (6.3) we have
(J(e*ln%_l%—l) Pl ifd>3and 2 < p < d,
Ce '+ |Inn|*a|| fllr ifd>3andp=d,
as desired. [

6.3 Upper Bounds for B,(f.,)

This section will establish upper bounds for B,(€2. ).

Remark 6.3.1. Let 1 < p < co. Let F' € LP(Q.,) and f € LP(Q.,;R?). Let
u. € WyP(Q.,) be the unique solution Dirichlet problem (L.I). Let C,(€.,) and
D, (€.,,) denote the smallest bounding constants for which

[ell o020y < Co(Qen) | fll e ) + Dp(Qen) [ Fll o ) (6.31)
holds. Moreover, by Theorem [6.2.1}, if 2 < p < o0,

in{l,en'~2 if d >3
Gy, <o yminthen 2y o itd 23, (6.32)
’ min{1, | Inn|/2} if d =2,
and
in{1,&2n?-4 ifd >3
Dy(Q.,) < ¢4t ifd 2 (6.33)
’ min{1,e*/Inn|} ifd=2,

where the constants C' depends only on d, p and c¢y.
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Lemma 6.3.2. Let 1 < p < oco. Then

AP<Q€J7) = Ap’(Qem)7 Bp(Qsm> = Cp/(Qs,n)v and DP(Q&W) = Dp’(Qsm)v (6.34)

where p' = z%'

The proof can be found in [14) Lemma 4.2].

Remark 6.3.3. The proof of Theorem follows directly from (6.32)) and Lemma
6.3.2

Proof of [1.5.4 Let 0 < 0. < 1 and 2 < p < co. It follows from (6.15) with f = 0
that

Ve oy < CPp(n ") (1 + & ' min (0o, 1))*||eF || o) (6.35)

This implies
B,(Q.,) < Ce®,(n ") (1 + & ' min(o., 1)) (6.36)

In light of fact that 0 < 0. <1,

By(Qey) < COy(n~ ")l (6.37)

We again split into cases.

Case 1: d =2 ,

Note that in this case ®,(n~") = n» '|Iny|~" and 0. = ¢|Inny|'/%. Plugging into
(6.37]), we obtain

B,(Q.,) < Cenr !, (6.38)

which is the desired estimate ([1.23]).
Case 2: d >3
da
Assume p > d. In this case we have o, = 5771_% and ®,(n~ ') = n»~'. Thus,

plugging into ([6.37]), we have

E7n

By(S.,,) < Cen ™7, (6.39)

When p = 2, Lemma [1.4.3] yields (1.23). Using this fact combined with (6.39), the
Riesz-Thorin Interpolation Theorem gives the desired estimate ([1.23]) for all 2 < p <

Q. 0
Proof of[1.5.5. Assume 0. > 1 and 2 < p < oo. Under the assumption o, > 1 (6.36))

now becomes

Bp(Qe) < Cq)pwil)gil (6.40)
By (6.3]), we obtain
C’aflng_l if d>3andd<p< oo,
Bp(Qew) < o (6.41)
Ce " nr | lnn if d=2,

as desired.
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We now handle the remaining case where d > 3 and 2 < p < d . To do this let
Us € Wol’p(Qam) be a solution of —Au, = F in Q. , where F' € LP(Q). Extend u. to

R? by zero. Then applying Theorem to we obtain
Vel o) < O™ 0 uel| oy + C2 ()| Fl| o).
It follows from Theorem [6.2.1]
IVl < € (=700 7+ 0,(07)) IF o),
where we have used the assumption o. > 1. Finally applying gives

C(l+e e if d>3and2<p<d,

By(2e) <
ne {C’(e_l+|lnn|1_é) if d>3andp=d.

Combining (6.41)) and (6.44) gives ((1.24)).

Copyright© Robert J. Righi, 2024.
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Chapter 7 Sharpness

In this chapter we will provide results for the sharpness of Theorems [1.5.1] and [1.5.2

for A,(Q.,), and Theorems for B,(€2.,). Our approach is similar to the
sharpness estimates in [I5] for the periodic, unbounded domain,

Wey = RN U e(z +nYs), (7.1)

zefd

where Y* is a bounded domain with connected C' boundary such that B(0,c) C
Y* C B((0,1/4).
Following the idea of [7], we consider the e-periodic corrector given by

~Atp., =" in w,, and Yoy =0 on RN\w_,. (7.2)

Lemma 7.0.1. Let 9., be the e-periodic function defined in (7.2). Then if d > 3,

1/2
][ Yoy =1 and (][ |V¢a,n|2) ~ 5_177[12;2. (7.3)
Q(0,) Q(0,)

If d =2, we have

1/2
][ Gon~|lnn|  and (7[ |wm|2> ~e g2 (74)
Q(0,¢) Q(0,¢)

Proof. The € = 1 case was proven in [14, Lemma 4.4]. The case 0 < ¢ < 1 follows
from rescaling.

Lemma 7.0.2. Let 9., be the e-periodic function defined in (7.2). Then if d > 3,

1/p 1/p .
(][ rwg,n\p) <C and (][ |ngm\p> >Celpe~t. (7.5)
Q) Q)

If d =2, we have

1/p 1/p )
(7[ |¢m|p> < C|lnn| and (][ |V¢€7n|p) > Celprt. (7.6)
Q(0s¢) Q(0¢)

Proof. The € = 1 case was proved in [14, Lemma 5.3]. The general case follows by
rescaling. O]

The upper bounds for which were already shown in Theorem [6.3.1. We will then
show some estimates for A,(€2.,) and B,().,), whose upper bounds are given in

Theorems [L.5.IHT.5.5]
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7.1 Sharpness for C,(€).,) and D,(1.,)

This section will provide lower bounds for C,(2,) and D,(f).,), which are defined
in Remark [6.3.1. We start by showing the estimate (6.33]) is sharp for d > 2 and
1 <p<oo.

Theorem 7.1.1. Let D,(€2.,) be defined in (6.31). Let 1 < p < co. Then
DP(QE,U) Z cmin (057 1)7 (77)
where ¢ depends only on d,p,Y* and Q.

Proof. By Lemma[6.3.2]it suffices to consider when 1 < p < 2. That is, once we have
shown this case the result will follow by duality. By translation we may assume the
origin is contained within €. Let ry be the radius of the ball such that

B(O, 47”0) c Q.

Let € be sufficiently small and let eR < 1y for some R € N. Let ¢ € C5°(B(0,eR))
be a cutoff function such that 0 < ¢ < 1 with

¢(z) =1 in B(0, %) and  ¢(x) =0 outside B(0,1). (7.8)
By rescaling,
x ) eR x ]
¢(§) = 11in B(0, 7) and ¢(£) =0 outside B(0,eR). (7.9)

It is important to note that B(0,eR) C QL where we recall that €2 is defined as
the union of all e—cubes lying entirely inside of 2. That is, our cutoff function stays
sufficiently away from the boundary to avoid cubes that intersect 0€2. By construction
Vo] < Ce™'R™ and |V?¢| < Ce2R72.

Now,

—A(Weyd) = 720" 20 = 2V, - Vo — ey A (7.10)
in Q. , with 1., = 0 on 99, ,. Thus, from (6.31]) we have

cRYP|| ey 1o (00.0)) < el o0

_oyd 4 o d 1l g d_
< CD,(Qe) {5 2+p77d Re + e 'R» 1||V¢a,n||LP(Q(0,s)) + e 2Ry 2||¢5777||Lp(Q(075))} ,
(7.11)
where we have used the definition of ¢, the periodicity of 1. ,, and the fact that the

d
number of cubes constructing €2 , is of order R». It follows that

d
. f ] <
Q(0,e)

d_ _ 1 d_ 1/2 _
CDP(QEJI) {5” 277d 2+ R'er ! (]é(o )!V%nIQ) + <5R) 2H¢s,n”L”(Q(016)) :
(7.12)
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We may now separate by cases.

Case 1: d>3 and0<o.<1.

We apply Lemmas [7.0.1 and [7.0.2 to (7.12)) to obtain

¢ < Dy(Q) {5-277” + R 4 (5R)‘2} . (7.13)
Since 0. = en'~% < 1, we may choose R € N such that R ~ n~ %2 in (7.13), which
gives
¢ < Dp(Qey) {7202} (7.14)
Hence
Dp(Qey) > ce®n® 4 = co?. (7.15)

Note 02 = min (02, 1).

Case 2: d >3 and o, > 1.

In this case we choose R € N such that R ~ 7! in . This gives
c < Dp(Qe) {5_277d_2 + 5_177012;2 + 1} :

Since 0. > 1, this implies

D,(.,) > ¢ = cmin (c2,1). (7.16)

Case 3: d=2 and 0 < o. <1.

Applying Lemmas [7.0.1| and [7.0.2| to ((7.12) now yields

¢/lnn| < D,(Qe.) {5—2 4+ Re2| g} + (R)2 1n77|} . (7.17)

Picking R € N such that R ~ |Inn|2 in (7.17) gives
Dp(Qe,,) > c2®|Inn| = cmin (02, 1). (7.18)
Case 4: d=2 and o. > 1.

Choosing R € N such that R ~ ¢! in (7.17) yields

|| < Dy(ey) {72+ 7 Il + g}
< Dy(€2 )| Inn].

(7.19)

Thus,
D,(,) > ¢ = cmin (02, 1). (7.20)

Combining (7.15)), (7.16)), (7.18)), and (7.20]), along with the fact D, (€2 ,,) = Dy (Q.,,),
yields the result. O
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The estimate (6.32)) for C,(€2. ) is also sharp for d > 2 and 2 < p < 0.

Theorem 7.1.2. Let C,(€.,) be defined in (6.31]). Let 2 < p < oo.
Cp(2

en) = cmin(o, 1), (7.21)

where ¢ depends only on d,p,Y* and €.

Proof. By Lemma it suffices to consider the estimate for B,(€2.,) when 1 <
p < 2. Let ¢ be defined as in ([7.9). Then by (7.10) and (1.2]) we have the following

estimate

HV@DE,n(b) HLP(Qs,n) S
d_o 7 o _d g d o d_
CBP(QEJJ) {gp 2nd ‘Rr +c 'Ry 1||vws,nHLP(Q(0,€)) +e Ry 2”¢6WHLP(Q(0,€))}'

(7.22)
Note here by a similar argument to (|7.11))
d _d d
g1 Rq |then| < Ral|teyllLo@o.e)
Q(0¢)
S ’|w57n¢‘|Lq(Qs,n)
< IV (Wend)llLr@e.n)
where the last inequality is by Sobolev embedding with % = zla — é. Thus, (7.22)
becomes
F ool
Q(0,)
1/2 , (7.23)
< CB,(Q) {eln“lﬂ (][ ( )rwm?) + e‘l‘pR1Hwe,nHmeg,n>}-
Q0,e
We again separate by cases here,
Case 1: d > 3 and o, < 1.
We apply Lemmas [7.0.1) and [7.0.2{ to (7.23]) which yields
c < By(Qen) {sflnd’QR +elpT 4 eflR’l} . (7.24)
Choose R € N such that R ~ n_% in ([7.24). Then
c=< BP(QEW){F:A??%}-
Thus,
B,(Q.,) > co. = cmin (0., 1). (7.25)

Case 2: d>3 and o, > 1.
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Choose R € N such that R ~ 7! in (7.24). Then

c < Bp(Qe) {5*2 +e T + 1} .

Thus using the fact o. > 1,

B,(,) > ¢ = cmin (o, 1). (7.26)

Case 3: d=2 and o. < 1.

Applying Lemmas [7.0.1| and [7.0.2| to ((7.23) now yields

|| < By(Qe) {e R+ 7 gt + (=R) | 1nnl} (7.27)
Picking R € N such that R ~ |Inn|2 in (7.27) gives
c|Inny| < Bp(Qe,n){5_1| Inn|z}.

Thus, )
B,(2%:,) > ce|lnn|2 = c¢min (0., 1). (7.28)

Case 4: d=2 and o. > 1
Choose R € Nso R~ ¢! in (7.27). This gives

Cllny| < B,(Qe.) {5*2 4 Ing|F + e 1nm}
< By(Qe)|Innl.

This implies

B,(€,) > ¢ = cmin (o, 1). (7.29)
Combining (7.25)),(7.26),(7.28), and (7.29) with the fact that Cy(Q.,) = B,(:,)
yields the result. O]

7.2 Sharpness for A,(1.,) and B,().,)

This section will provide lower bounds for both A,(€.,) and B,(.,). The upper
bounds are provided in Theorems [1.5.1H1.5.5]

We now consider B,(€2.,) for 2 < p < co. The case where 1 < p < 2 was already
shown in the proof of Theorem [7.1.2] We state the result for the remaining case here.

Theorem 7.2.1. Let B,(§).,) be defined in (1.2). Assumed > 3. Then if 0 < o, <1
we have ]
Bp(Qey) = anl_d+5-
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If o. > 1 with 2 < p < d, we have

By(Qey) 2 c(1+ 5_177%_1)7
where the constants ¢ only depend on d,p, and Y?*, and ).
Proof. We separate by cases.

Case 1: 2<p<dand0<o. <1.

It follows from Lemma|1.4.1} along with the standard Poincaaré inequality, that
ull o0,y < Cmin (en' ™7, 1) V|| oo (7.30)
for u € Wy?(Q,). As a result, we have
D,(Qe,) < Cmin (en' 7, 1) By(Qesy). (7.31)
By Theorem [7.1.1] we have
Dp(Qe,y) > co? = cen* 4

This combined with ((7.31)) gives

d

By(Qey) > cen' 5. (7.32)

Case 2: d<p<ooand0 <o, <1.

We proceed with a convexity argument. Choose 2 < g < d and t € (0,1) so that

11—t ¢

q 2 p
By the Riesz-Thorin Theorem we have

By(Qen) < [Ba(Qe)]' " [Bp(Qe)]'

It follows that )

By(Qen) Z [Ba(Qen)]' ™ [By(Qe)]
The desired estimate follows from using the fact By(€).,) < Co. and By(.,) >

1—d+¢
CEM *a,

Case 3: 2<p<dando. > 1.

Now from ([7.31]), we have

Csnl_%Bp(Qsm) >1,
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which gives

By(Qe,) > cetpr ", (7.33)
From ([7.31) we have
B,(€,) > cDy(2) > c. (7.34)

Combining ([7.32)), ((7.33)), and (|7.34)) yields the result. ]

Finally, we establish the lower bounds for A,(. ).

Theorem 7.2.2. Let A,(S2,) be defined in (1.2). Then for 2 < p < oo and o, <1
we have

_Ml_l| .
cn 2T if d > 3,

cnfﬂ%fi‘\ In n\_% if d =2,

AP(QEJI) Z {

where ¢ only depends on d,p, and cy. Furthermore, if . > 1 we have

c(1+ 8_177%_1) if2 <p<d,

ce ! ifp=d,
Ap(Qe) = 1 d g ‘

ce”nmr Zfd <p<oo,

05’177%_1] Inn|™* ifd =2,
where ¢ only depends on d,p,Y?, and €.

Proof. Let u. be a weak solution to —Au, = div(f) in €., with u. = 0 on 0. ,. By
a Sobolev embedding, we have

[ucllpr .,y < ClVUcllrq.,) < A QeI fllr ..,

where & = z% + é and 1 < p’ < d. By duality this implies that if —Av, = G in Q.
and v, = 0 on 0§).,, then

Vel Lo,y < CAN(Qen)l|GllLoa.,,)-
Thus if —Au, = F +div(f) in €2, with u. = 0 on 09, ,, then
Ve o) < CA( Q) {IFl Lo, + 1 fllzr@..n } (7.35)

Whered’<p<ooand%:%+é.
Let ¢ and 1., be as defined in (7.9)) and (7.2]) respectively. Then

—A(en) = "6 — 2div (1 V) + Yy AP
in Q., with 9. ,¢ = 0 on 02 ,,. Hence from ([7.35)) we have

||v(wa,n¢)||Lp(Qe,n) <
d_9 g o d 1%-1 —2p%-2
CAp(Qg,n){aq nIRe e Re Yyl e @) + e R I|¢e,n||m(@<o,a))}-
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Note from the periodicity of ¥,

d
IV (Wen®)llr@..) = 1Veyllroery) = RB? (Ve Lro.e))-

This combined with the fact that g = ]% + 1 gives

[ Vtbe || Lr(@0,0))

0 o o (7.36)
< Ap(Qe) {5” "R+ e R Yyl r o)) + 2R 1||¢a,n||Lf1(@(0,a)>}~

We will now separate by cases.

Case 1: d>3 and 0 < 0. <1.

Applying Lemma to ((7.36)) yields

d_

er Ippl < CA, Q) {aﬁ_lnd*QR + sﬁ_lRfl} .

Dividing over gives
d
nr < CANQ,) {n" PR+ R7'}. (7.37)

Picking R € N such that R ~ n_% in ([7.37) gives

d_q

i < CA ) {0}

This implies

Ap(Qey) > Ot = Oy, (7.38)

Case 2: d>3 ando. > 1

Choosing R ~ ¢~! in (7.37) gives

d_q

nr S CAP(QE,TI) {ﬁd_2€_1 + 5}
< CAy(Qey) {05 + 2}
< CeAy(Qey).

Thus we have .
Ay(Qe,) > ce gt (7.39)

Additionally, we have in the case where 2 < p < d,

AP<Q6,17) > Cp(Qs,n) = Bp/(Qs,n) > ¢, (7.40)

where the first inequality stems from a standard Poincaré inequality and the second
inequality was shown in Theorem [7.1.2]
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Case 3: d=2 and 0 < o. <1.

Applying Lemma to ((7.36)) now yields
et < CAYQey) {R+ [Inn| R} (7.41)
Picking R ~ |Inn|2 in (7.41) gives

77%_1 < CAy(Qey) {l 1n77|%} .

This implies
Ap(Qep) > en 2275 Ing| 2, (7.42)

Case 4: d=2 and o, > 1
Now take R =~ ¢~1 in ([7.41]). This gives

nrt < CA(Q,) {7 + ¢l Inny|}
< C’sAp(Qem)| Inn|.

This implies
Ay(Qe,) > ce iy |7 (7.43)

Combining ([7.38]),(7.39)),(7.40]), (7.42), and ([7.43]) completes the proof.

]

Copyright© Robert J. Righi, 2024.
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