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ABSTRACT OF DISSERTATION

Properties of Skew-Polynomial Rings and Skew-Cyclic Codes

A skew-polynomial ring is a polynomial ring over a field, with one indeterminate
x, where one must apply an automorphism to commute coefficients with x. It was
first introduced by Ore in 1933 and since the 1980s has been used to study skew-
cyclic codes. In this thesis, we present some properties of skew-polynomial rings and
some new constructions of skew-cyclic codes. The dimension of a skew-cyclic code
depends on the degree of its generating skew polynomial. However, due to the skew-
multiplication rule, the degree of a skew polynomial can be smaller than its number of
roots and hence tricky to predict. In Chapter 2, we introduce tools offered by Leroy
in 2012 which connect the degree of a skew polynomial to linear independence of field
elements which are related to the roots. In Chapter 3, we study a particular type
of skew polynomial called a W-Polynomial. These are skew polynomials of smallest
degree which vanish on some set of field elements. More specifically, we classify when
skew polynomials of the form 2" — a are W-polynomials. In Chapter 4 we will make
use of this work to study more general skew-cyclic codes than in the current literature
and establish the skew-Roos bound for their distance. Finally, in Chapter 5, we study
subfield subcodes of skew-cyclic codes, and compare skew-BCH codes of the first and
second kind.
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Chapter 1 Introduction

In algebraic coding theory, we use vectors to represent shared information; any collec-
tion of such vectors is called a code. Often times, errors occur when these messages
are sent along a noisy channel (e.g. satellite). In order to correct these errors, it can
be very useful to know the distance between any two vectors in a message. Our work
strives to guarantee a high minimum distance for a code. However, we would also
prefer to have a code with a high dimension, so we can represent a larger amount of
information. Naturally, in a higher dimensional code the vectors are closer together,
so attaining a high dimensional code with a high minimum distance is nontrivial.
Another task we focus on is constructing a code whose minimum distance reaches the
upper bound placed by the dimension.

One class of codes that is known to have particularly nice error-correcting properties
is cyclic codes. They were introduced by Prange in 1957 (see [19]) and they are given
by ideals of the quotient ring Fs[z]/(z™ — 1). Here F s denotes the field of order ¢°
where ¢ is a prime power (it will become clear later why we represent the finite field
in this form). In the last decade, much work has been done to generalize classical
cyclic codes to skew-cyclic codes (see [3]). The ambient space for skew-cyclic codes
is given by the quotient module Fs[z;0]/*(f) where Fs[x; 0] is the skew-polynomial
ring induced by an automorphism o on Fs (typically the ¢-Frobenius map), and *(f)
is the left ideal generated by a skew polynomial f of degree n. The quotient struc-
ture Fys[x; 0] /*(f) is isomorphic to the vector space Fy.. Hence, we are able to define
skew-cyclic codes as follows. A linear code in Fj. is (o, f)-skew-cyclic if it is a left
submodule of the quotient structure Fys[x;c]/*(f).

One can easily show that each skew-cyclic code is generated by a right divisor,
g, of the modulus f. Then, the dimension of the code is given by n — deg(g). In our
work, we place conditions on the (right) roots of g to guarantee a minimum distance
for the skew-cyclic code generated by ¢g. Due to the skew-multiplication rule, a skew
polynomial in Fu[z; 0] may have more roots than suggested by its degree. Hence,
the degree of the smallest skew polynomial g having a prescribed set of roots can
be difficult to predict. However, this fact also tells us that the family of skew-cyclic
codes is much larger than the family of classical cyclic codes.

This dissertation studies different properties of skew-polynomial rings and its im-
pact on skew-cyclic codes. In Chapters 2, 3, and 4 we adapt and expand on skew-
polynomial ring theory presented in [9], [14], [15], and [16]. In Chapters 5 and 6,
we broaden some results from [1] and [20] which construct skew-cyclic codes of a
prescribed distance (and in some cases, a prescribed dimension). Each chapter is
described in more detail below.



In Chapter 2, we present background material on skew-polynomial rings and
linear codes. Skew-polynomial rings were first introduced by Ore in his seminal paper
from 1933 (see [18]). When the context is clear, we drop the prefix skew and refer
to elements of F,s[z; 0] as simply polynomials. Evaluation of these polynomials was
presented by Lam in [12]. He makes use of the i-th norm function N; : Fpe — Fs
defined by N;(a) = H;;t 0’(a). In this chapter, we expand on some properties of
this function. Most notably, for any 8 € Fj. we classify the smallest value ¢ where
N;(B) = 1. This property plays an important role in the distance theorems presented
in Chapter 6.

For linear codes, we use two ways of measuring distance: the Hamming metric,
and the rank metric. The Hamming distance, dg, is measured by the number of non-
zero components of a vector. The upper bound on the Hamming distance is known as
the Singleton bound: for a code C' C Fy. of dimension k, we have dg(C) <n—k+1.
Codes that reach this upper bound are of particular significance and are called max-
imum distance separable (MDS). The rank distance, dg, of a vector (vy, ..., v,) € Fy,
is the dimension of the space (vy,...,v,)r,. There is also a Singleton-like bound for
the rank metric (see Proposition 2.3.3). Codes that reach the Singleton-like bound
for the rank metric are know as maximum rank distance (MRD) codes.

In Chapter 3, we present material from [16] in a slightly more streamlined way.
This paper uses o-semi-linear maps to develop the theory of F,«[z; o]-modules, such
as the quotient structure we work with for skew-cyclic codes. One of the results of
this paper connects the degree of a skew polynomial to linear independence of field
elements related to its roots. Indeed, if we let ap, ..., a, 1,7 € . and set p; = fyaiq*l
fori=0,...,n—1, then ay, ..., a,_1 are linearly independent over F, if and only if
the smallest degree skew polynomial that vanishes on py, ..., p,_1 has degree n. This

tool helps us develop some of the theory for Chapter 4.

In Chapter 4, we work with a particular type of skew polynomial, namely a
Wedderburn polynomial, or W-polynomial for short. First initiated by [14], a poly-
nomial is a W-polynomial if it is the minimal polynomial for its set of roots. In
particular, we determine the values of n € N and a € F. for which polynomials of
the form 2" — a are W-polynomials. For a (o, f)-skew-cyclic code where f = 2™ — a,
the code is called a (o, a)-skew-constacyclic code and has been studied extensively
in [7]. This is also the modulus used for the codes described in Chapter 5. One
nice fact about W-polynomials is that any monic factor (left, right or middle) of a
W-polynomial is also a W-polynomial. This led us to investigate if any right W-
polynomial (meaning it vanishes on right roots) is also a left W-polynomial (with
respect to left roots). Lastly, we show that any W-polynomial will remain a W-
polynomial when considered over a field extension.

There is a well-studied class of cyclic codes called BCH codes which were in-
troduced independently by [10] and [2]. The theory states that the number of roots



forming an arithmetic progression for a generating polynomial g corresponds to a
lower bound for the minimum Hamming distance of the code generated by ¢. In this
context an arithmetic progression refers to the exponents of the roots with respect
to a fixed primitive element of the field. In Chapter 5, we report on the skew Roos
bound for both the Hamming distance and the rank distance presented in [1] which
is a generalization of the BCH bound. In this paper, the authors provide criteria for
constructing a code utilizing g-powers of a field element that are more general than in
the form of an arithmetic progression. The minimal polynomial with these roots will
generate a code with a known lower bound on both the minimum Hamming distance
and the minimum rank distance. The authors use the modulus f = x" — 1, where
s divides n. We are able to generalize the modulus to 2" — a with a € N,,(F,) for
the Hamming metric, and a € N, (F,) for the rank metric. In addition, we provide a

counterexample illustrating that the skew Roos bound for the rank metric may not
hold if a € N,,(Fys \ Fy).

Furthermore in [1], the authors provide conditions on the size of the set of
roots of a generating polynomial which forces the resulting code to be MRD. After
some work, we are able to show that any root set of this size must be in the form
of an arithmetic progression. Any MRD code that satisfies the skew Roos bound is
called a skew-BCH code of the second kind. The phrase the second kind refers to
the fact that we are using g-powers of the field element. Skew-BCH codes of the first
kind with regular exponents are studied in Chapter 6.

Even though we build skew-cyclic codes over the field F,s, we will often allow
the roots of the generating polynomial to come from an extension field F,:. We can
force any polynomial with roots in Fys: to be over Fys by ensuring the set of roots is
closed under Aut(F:/F). This is something we will do often to guarantee our gen-
erating polynomial g is in [F s [x; 0], so that it generates a code over Fy .. Alternatively
to get a code over s, we could allow g and the skew-cyclic code it generates to be
over [ s¢, and then take its intersection with Fy.. In Chapter 6, we show that either
method results in the same code. This smaller code over Fys is called a skew-cyclic
subfield subcode of some larger skew-cyclic code over Fgs:.

In Chapter 6, our focus shifts to the examination of skew-cyclic codes, where
the roots of the generating polynomial are not restricted to being ¢-powers of some
field element. Instead, we employ roots whose regular exponents form an arithmetic
progression. These codes are called skew-BCH codes of the first kind. As before, a
root set with this regularity has implications for the lower bound of the minimum
Hamming distance of the skew-cyclic code. This concept was initially introduced in
[20]. Notably, our approach involves presenting the theorems using the minimal poly-
nomial of the root set as the generating polynomial. By doing so, we ensure the code
is constructed with the maximum achievable dimension for the chosen parameters.
Additionally, we present proofs that are intended to be more intuitive compared to
the computation-heavy proofs provided in [20]. Lastly, we compare the dimensions



of skew-BCH codes of the first and second kind with the same starting parameters.
We are able to show that skew-BCH codes of the first kind have dimension at least
as big as skew-BCH codes of the second kind.

Copyright© Kathryn M. Hechtel, 2024.



Chapter 2 Skew-Polynomial Rings

In a skew-polynomial ring, a skew polynomial may have more roots than its degree
suggests. This lead to the use of skew polynomials in algebraic coding theory. These
notes explain how we may construct skew-cyclic codes with a designed Hamming
distance, and in some cases a designed rank distance.

2.1 Properties of Skew-polynomial Rings

In this section, we will introduce skew-polynomial rings and skew-cyclic codes. Many
of the results of this section are presented in detail in [9]. Throughout, let ¢ be
a prime power and assume we have field extensions Fg.:/F < /F,. Let 6 be the ¢-
Frobenius automorphism of Fgs: and let o = 9|]Fqs. Note that 6 will be different for
different choices of ¢q. For example, when we consider Foi2 /Fo, then 6 is given by
a + a? for a € Fyiz. However, for Fy/Fy, the g-Frobenius is given by a + a* for
a € Fye.

Definition 2.1.1. The skew-polynomial ring, denoted Fy:[z; o], is defined as the set

N
{Z fix! | N €Ny, f; € Fqs}
=0

with usual addition and multiplication given by the rule

za=o(a)r Va € F.

Remark 2.1.2.
1. Fye[z; 0] is a subring of Fy«[z;0].

2. The center of the skew-polynomial ring F,s[z; 0] is F,[2°]. This is easily seen by
using the fact that the fixed field of ¢ is F, and |o| = s. Indeed, any f € F,[z7]
satisfies xf = fx since the coefficients of f are invariant under o. Moreover,
af = fa for any a € F,s since 0°(a) = a.

Definition 2.1.3. We say g right divides f, denoted g|, f, if there exists h € Fys[z; o]
so that f = hg.

Skew-polynomial rings have many useful properties as seen here.

Theorem 2.1.4. [18, p. 483-486] The skew-polynomial ring F [z; 0] is a right Eu-
clidean domain.



1. Right division with remainder: For all f,g € Fy|x; 0] with g # 0 there exists
unique t,r € Fys[z; o] such that f =tg +r and deg(r) < deg(g).

2. For fi, fa € Fy[x;0] not both zero, there exists a unique monic polynomial
d € Fys[z; 0] such that d|, fi and d|. fo and whenever h € Fs[x; 0] satisfies hl, fi
and hl.fs, then h|.d. The polynomial d is called the greatest common right
divisor of fi and fo, denoted by gerd(f1, f2). It also satisfies

d=ufi+uvfy for someu,v € Fylz;0]

3. For fi, fa € Fys[x; 0] not both zero, there exists a unique monic polynomial | €
Fs[x; 0] such that fil,l and fa],l and whenever h € F|x; 0] satisfies fi|.h and
falvh, then U h. The polynomial | is called the least common left multiple
of f1 and fy, denoted by lclm(f1, f2). It also satisfies

l=ufi =vfy for someu,v € Fyx;o].
4. For all nonzero fi, fo € Fys[x; 0]
deg(gerd(fi, f2)) + deg(lelm(f1, f2)) = deg(f1) + deg(f2).

5. Fys[x; 0] is a left principal ideal ring. That is, for a left ideal I C Fys[x; 0], there
exists [ € I where
I=A{gf:g€Fplx;ol}:="(]).

With the facts presented above, we easily get the following corollary.

Corollary 2.1.5. For any f,g € Fy[x; 0], we have

*(f) +°*(g9) = *(gerd(f, 9)),
*(f)N*(g) = *(lclm(f, g)).

Evaluating skew polynomials via the usual substitution of a field element in
place of x will not respect the multiplication rule defined for a skew-polynomial ring.
Hence, we define polynomial evaluation in the following way.

Definition 2.1.6. Let f € Fys[z;0], and let a € Fs.

1. We define f(a) = r where r is the remainder upon right division of f by x — a.

2. We say a is a right root of f if r =0, that is, (x — a)|.f.



3. For r,n € N, define the (r,n)-th norm function N : Fps — Fg by Nj(a) =1

and
n—1 A R
Nl (a) = H o’"(a) =a 7T,
=0

If » = 1, then we use the notation N, in place of N!. More properties of the
norm function are given in Section 2.2.

One may easily check the (r,n)-th norm function is multiplicative, and hence
a group homomorphism on Fy.. Hence, for any a,b € F., we have

N;(ab) = N (a)N}(b). (2.1)

Using right division with remainder to evaluate polynomials in a skew-polynomial
ring can be quite computational and tedious. Luckily, the (7, n)-th norm function de-
fined above allows us to evaluate polynomials in a more natural way.

Proposition 2.1.7. [13, Lem. 2.4] Let f = SV fia’ € Fys[z;0] and a € Fys. Then

While the number of roots of a polynomial may exceed the degree, o-conjugacy
classes can be useful for classification.

Definition 2.1.8. Let a,b € Fs.

1. For ¢ € F,, we define a° = o(c)ac™t. We say a and b are o-conjugates if b = a¢
for some ¢ € F.. When o is the g-Frobenius, this is simply a® = c?ta. We call
¢ the o-conjugate exponent of b.

2. The o-conjugacy class of a is

Afa) = {a“ | c € F.}.

Remark 2.1.9.

1. The nonzero conjugacy classes of F s are given by the cosets of A(1) = {7 :
c e T}
q

2. Furthermore, since |A(1)| = £=1, there are ¢ — 1 nonzero conjugacy classes in
F q

q



Theorem 2.1.10. [12, Thm. 2] Let f,g € Fy[z;0] and let a € Fys. Then

0, if gla) =0

<”m”:{ﬂw@mw i g(a) 0.

The above theorem tell us that any root of g will be a root of any left multiple
of g. Moreover, if a is a root of the product fg, but not g, then some conjugate of a
is a root of f.

Remark 2.1.11. There is an analogous result for left roots. Indeed, if a is a left root
of fg but not f, then some conjugate of a is a left root of g.

Theorem 2.1.12. [12, Thm. 4] Let f € Fs[x; 0] have degree n. Then the roots of f
lie in at most n distinct o-conjugacy classes. Furthermore, if f = (x—aq)...(z—ay)
for some a; € Fys and f(a) =0, then a is o-conjugate to some a;.

Proposition 2.1.13. Let f € F[x;0], a € Fys and assume f(a) # 0. Then,

lelm{f,z — a} = (x — o’ @) .

Proof. By the division algorithm, for some g € Fy:[z; 0] we have f = g(z —a)+ f(a).
Hence,

(&~ )] = ( — &/ D)g(z — a) + (x — ) f(a)
= (z — ' g(z — a) + o(f(a))(z — a). O
Definition 2.1.14. Let A C Fs and let d € F.

1. For any polynomial h € F|x; 0], define the vanishing set of h, denoted V'(h),
as the set of right roots of h, i.e.

V(h) = {a € Fye : h(a) = 0}.

2. The o-minimal polynomial of A, denoted m 4, is the monic polynomial of small-
est degree in F«[z; 0] such that A C V(my). Clearly, if A= {a4,...,q}, then

ma=lelm{x —a;:i=1,...,1}.
3. The g-rank of A, denoted rk,(A), is the degree of m4. Note that rk,(A4) < |A.

4. We say d is P-dependent on A if m4 = mauqay.

5. We say A is P-independent if no element of a € A is P-dependent on A \ {a}.
Note that this is equivalent to rk,(A) = |A].




6. Wesay B = {p1,...,p-} C Ais a P-basis of A if B is a P-independent set, and
for any d € A\ B the set B U {d} is P-dependent.

The following is a direct result of Theorem 2.1.10.

Corollary 2.1.15. Let A C F,s, and let h € Fys[z; 0], then A C V(h) if and only if
mA|rh.

With the following proposition, we are able to determine the minimal polyno-
mial of some finite set using the least common left multiple of linear factors. We use
this fact often to construct the minimal polynomial of some set.

Proposition 2.1.16. [12, Prop. 6] Let A= {ai,...,a,} C Fy and let r = rk,(A).
Then there exist a P-basis by, ..., b, € A where my = lclm(x —by,...,x —b,).

Another tool we often use is given by the following proposition. It allows us
to force a polynomial over some smaller field with roots coming from a larger field by
ensuring the root set is Galois closed. We will use this fact often in Section 6.

Proposition 2.1.17. [5, Prop. 4] Fiz A C Fy and set
A={a" 10 A0<j<t—1}.

Then m is a polynomial over Fys rather than Fys.. It is the smallest degree monic
polynomial over Fys with vanishing set containing A. Conversely, let f € Fys [x; 0]
and assume A = {a € Fyt : (x — a)|.f}. Then, A= A.

Proof. Assume mz = >0 bz’ with h; € Fee and define h =377 'zl Let fe A
and note 497 € V(m) for all j. Then,

£
s

h(ﬂ) = ih?sNi(ﬁ) = (i h;N; (ﬁq_s)>q = (mZ (5q_s>>q = 0.

Hence, A C V(h). This forces h = zmy for some z € Fy[z;6]. However, since
myz and h are both monic of degree r, we have my = h. Therefore, my € Fys[x; o).

Now, suppose g = Zi’:o g;xt is the smallest degree monic polynomial over [F s with
a vanishing set containing A. Let 87 € A where 8 € A and j € {0,...,t — 1}, and
consider

l

9By = ZgiNi(ﬁqu) = (Z giNz‘(ﬁ)) = (9(B))"" = 0.

=0

This shows g also vanishes on A. Since g is chosen to be monic and of smallest degree,
we must have g = my.



Conversely, assume f € Fg:[z;0] where [ = S o firt and let A = {a € Fyu :
(z —a)|.f}. Note f&” = f, for any j =0, ...,t — 1 since f; € Fys. Now let a € A and
let j € {0,...,t — 1} be arbitrary. Then

r r a*
Fla”) = 3" i) = (Z fiNi<a>) = (@) =0,
i=0 i=0
Hence, a?” € A foralla € A and all j € {0,...,¢t—1}. Therefore, A = A. O

Not much is known about calculating the rank of an arbitrary subset of a
finite field. However, the next few results give us an upper bound for the rank of any
non-zero subset.

Theorem 2.1.18. [12, Thm. 22] Let A, A" C F,, such that no element of A is
o-congugate to any element of A’. Then, rk,(AU A’) =1k, (A) + 1k, (A").

In the following theorem, the author assumes ¢ is prime. After careful review
of the proof, it is clear this assumption is not necessary. This theorem is also stated
in Section 3.2 to give the proof in that context (see Theorem 3.2.9).

Theorem 2.1.19. [16, Thm. 2.3] Let o be the q-Frobenius of Fys /Ty, then 1k, (F;.) =
s(q—1). As a result, for any A CF;., ks(A) < s(q—1).

The latter part of the above theorem also follows from work discussed in
Section 2.2. The following is a direct result of the previous two theorems.

Corollary 2.1.20. Let o be the g-Frobenius of Fys /F,, then 1k, (Fy) = s(¢—1) + 1.

Lemma 2.1.21. For A C Fys and v € F,, define yA = {ya | a € A}. Then,
rk, (A) = rk,(vA).
Proof. Let r = rk,(A) and let my = >.;_ ha', with h; € Fy. Define h(z) =
Yoo hi(Ni(y)) 'a'. Then for a € A,
h(va) = Zhi(Ni(V))_lNi(Va) = ZhiNi(a) = 0.
=0 i=0

Hence, yA C V(h). By Corollary 2.1.15, this is equivalent to m.,|.h. Therefore,
rk,(7A) <1k, (A). Since A =y~ (yA), the same argument shows rk,(A) < rk,(vA).
[
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Luckily we are able to understand the rank of a set through the use of skew-
Vandermonde matrices.

Definition 2.1.22. Let a4,...,a, € Fgs andn € N. The n X r skew-Vandermonde matrix
in Mat,,«,(IF) is defined as

1 1
Nl ay Nl a,
o= | e
Nn_l(al) . Nn_l(CLT)

If A={ay,...,a,}, we use the notation V,,(A) for V,,(ai,...,a,). With this
notation, the skew Vandermonde is only unique up to column ordering but that won'’t
matter for our purposes.

Remark 2.1.23. For g(z) = Y7 giv’ € Fs[z;0] and ay, . . ., a, € Fys, we have
(g(al)a s 7g<ar)) = <907 cee agn—l)vn<a17 s >ar)~
Theorem 2.1.24. [12, Thm. 8/ Let A = {a1,...,a,} C Fyps. Then tk,(A) =

rk(V,,(A)) where rk(V,,(A)) is the ordinary matriz rank of V,,(A). Moreover, if tk,(A) =
n, then tk,(B) = |B| for every B C A.

The following result is now obvious.

Proposition 2.1.25. [12, Prop. 17] Let A be a subset of Fys and let d € Fys. Then d
is P-dependent on A if and only if (1, Ny(d), ..., N,_1(d))T is linearly dependent on
{(1,Ny(a),...,Np_1(a)T :a € A}.

The skew-Vandermonde does not need to be a square matrix to relate it to
the rank of a set, as given by the next result.

Theorem 2.1.26. [12, Thm. 10] For a non-square Vandermonde matriz V,(ay, ..., a,),

tk(Vy(aq, ..., a,)) = min{n, rk(V,(ai,...,a,))}.

Remark 2.1.27. It is well-known that a classical Vandermonde matrix has full rank
if and only if the field elements are distinct in the first row. The same cannot be
said for a skew-Vandermonde matrix. For the 3 x 3 case, Lam showed in [12] that
for distinct elements a,b, c € Fys, we have rk(V5(a, b, c)) = 2 if and only if a, b, and ¢
satisfy (¢ —a)?ta = (b — a)?1b.

11



As we will see next, the skew-Vandermonde matrix is closely related to a
Moore matrix [9, Ex. 5.10]. Hence, one can use information about a Moore matrix
to draw conclusions about the elements in the skew-Vandermonde matrix. Indeed,
let ag, ..., a5 1,7 € Fj,, and let p; = vl foralli =0,...,s — 1. One may easily
check that

‘/s(p(b s 7ps—1> = dlag(17 Nl(/y)a cee ,N5_1<’}/))‘/;(Oé871, s 7053:})

Let M = (oz?i> be a Moore matrix, and note that
0<i,j<s—1

Vi(ad™, ... a% ) diag(ag, . . ., as_1) = M.
Therefore, we have

Vs(po, - - -, ps—1)diag(ao, . . ., as_1) = diag(1, Ni(7), ..., Ns_1(7)) M. (2.2)

It is well-known that a Moore matrix is invertible if and only if the elements
of the first row are linearly independent over F, (see [17, Cor. 2.38]). This leads us
to the next result.

Corollary 2.1.28. Let ag, ..., an1,7 € Fy. and set p; = ’yag_l fori=0,...,n—1.
Then {a, . ..,an_1} is linearly independent over F, if and only if {po, ... ,pn-1} is
P-independent.

Proof. By Equation (2.2) and Theorem 2.1.24, we have rk(M) = tk(V,,(po, - - -, Pn-1)) =
rk, ({po, .- ., Pn_1}). Therefore, py, ..., p,_1 are P-independent if and only if rk(M) =
n which happens if and only if «ay, ..., a,—; are linearly independent over F,. O]

The above Corollary also appears in Proposition 3.2.5 and a proof in the
context of Chapter 3 is given.

2.2 Properties of the (r,n)-th norm function

Recall the definition for the (r, n)-th norm function given in 2.1.6. In this section, we
will give different properties of the norm function. We will also classify for a given
B € F;. and m € N the smallest n € N where N, (™) = 1. This work is relevant to
the codes described in Theorem 6.2.1. Namely, it gives the maximum length of the
codes described in the theorem. We begin with a recursive property which is used in
Proposition 4.1.7.

Lemma 2.2.1. Let n = kr. Then for all B € F.,

Nn(B) = Np (N (8))-

12



Proof. Consider the following.

kr71

NEN(8) = N (855 ) = (5%5) T = 55 = Nu(s), 0

The following well-known result classifies when the s-th norm of 8 € s is 1.

Theorem 2.2.2. (Hilbert’s Theorem 90) For B € Fr., NJ(B8) = 1 if and only if
B=at"" for some a € Fys. As a consequence, V(z® — 1) = {a? " 1 a € F}, }.

Proof. First, assume = %! for some o € Fs. Then
Ny(B) = Ny(a®™) = (o) & = a1 = 1.
Now assume N,(3) = 1. Consider the map ¢ : F« — F,« where

0 =0+ o+ No(B)o? + -+ + Ny_1(B)o* .

Recall o is defined to be the g-Frobenius. This map is non-zero due to Dedekind’s
Independence Theorem. Let v € F;. and define o := (7). Note that So(N;(8)) =
Ni+1(/8>. Then

a =5+ Bo(y)+ Na(B)o® () + -+ + Neoa(B)o* ' (7).

Hence,
fo(a) =fo(v) + Ba(B)o*(v) + Bo(No(B)a(7) + - - + Bo(Ner(8))o*(7)
=60 (7) + Nao(B)o?(7) + Na(B)o*(7) + -+ + Ny(B)o* ()
=B0(7) + Na(B)o*(7) + N3(B)o*(y) + -+
=o(7)
This gives So(a) = a. Thus, 8 = a'~? as needed. O

Theorem 2.2.4 is a special case of Proposition 2.1.16 and is relevant for the
background structure of the Roos Bound Theorems 5.1.3 and 5.1.4. We will see some
more general results on the vanishing set of polynomials of the form 2™ — a in Section
4.1. Before the theorem, we need a definition.

Definition 2.2.3. We call a € I}, a normal element of F if {a,a?, ... ,oﬂsil} is a
basis of F,: /IF,. A basis of this form is called normal.

Theorem 2.2.4. Let o € F s be a normal element of Fys and set B = a%'. Also let
v € Fy.. Then

13



1. A(y) = V(z* — N,(v)),

2. B={yB,789,...,767 '} is a P-basis of V(x* — N,(7)).

As a consequence, ¥ — Ny(7) = ma(y).
Proof.

1. Let b € ;.. By definition, b € A(y) if b = c?~ 1~ for some ¢ € ;.. By Theorem
2.2.2, this happens if and only if N,(by~!) = 1. Since the n-th norm function is
multiplicative, this is equivalent to Ng(b) = N(), which happens if and only
if b e V(z® — Ny(7)).

2. Clearly my (zs—n,)le(@® = Ns(7)), so tky(V(2® — Ny(v))) < s. We also know
BT € A(7) since 787 = y(a? )4 for i = 0,...,s — 1. By part 1, this forces
B C V(z® — N4()). By Corollary 2.1.28, we know rk,(B) = s which forces
rky (V(z® — Ng(7v))) > s. Therefore, B is a P-basis for V(z® — Ns(7)). As a

consequence, we have ° — Ny(7) = My (zs—n,(v))-

From above, we have ma(y) = My @s—n,(y) = ° — Ns(7). O

Corollary 2.2.5. For any nonzero o-conjugacy class A C Fgs, we have tk,(A) = s.

Now we will consider what we get when the ¢-th norm isnot 1 fori =1,...,n—
1, neN.

Proposition 2.2.6. Letn € N and let § € Fys. If Ni(B) # 1 fori=1,...,n—1,
then 1, N1(8), ..., Np_1(B) are distinct.

Proof. Suppose N;(5) = N;(B) for some j <i <mn —1. Then

1= N,(8) (N(8) " = [T o*(8) T (67
k=0 =0
[0 ='(8).. o (9)

Thus,

l=07(1)=07(c’(B)...0"(B)) = Bo(B)...a"77H(B) = Ni_;(B).

By the assumption, this forces i — 7 = 0, so we must have i = j. O

14



Having distinct Ny(5), ..., Ny—1(5) for some 8 € F s plays an important role
in Theorem 6.2.1. For the rest of this section, we are working to establish the largest
n for a given f in which this property is preserved.

Lemma 2.2.7. Let d = ged(q — 1,m). Then,

o) | (L
- m\ ——————1.
q p—

-1

1)s g=1_ )
Proof. First note q(q 7 1= (¢°—1) ( i ! qu). Therefore,

a=1_4 o _ g—1__
T 1 L m (Zjio (¢7 —1)+ %) ! m(g — 1)
) et R y mlrt

— (¢°—1
p— 1 (¢°—1) =

J=0

Since ¢—1| ¢* —1 for all j, and d|m, the right most term is an integer as needed. [J

As a result, we have the following useful fact. Note that the inequality in
Theorem 2.1.19 follows immediately from this proposition.

Proposition 2.2.8. For all 8 € F}., we have Nyq—1)(8) = 1.

Proof. By Lemma 2.2.7 with m = 1, we know % = (¢* — 1)t for some t € N.
Hence, for any 8 € Fy.,
q(q—1)571 s
Ns(q—l)(ﬁ) = ﬂ q—1 pr— 6((1 71)t = 1t = 1 D

Throughout the rest of this section let w be a primitive element of Fs.
Definition 2.2.9. For 3 € F}., define n(8) = min{n € N: N, (8) = 1}.
Now, we will put an upper bound on n(3) for 8 € F;..

Theorem 2.2.10. Let m € N and let § € Fp. Then, n(f™) < %. In
particular, n(B) < (¢ —1)s for all § € F,.

Proof. Let d = ged(q — 1,m). By Lemma 2.2.7, (¢° — 1)t =m (q - _1) for some
t € N. Hence,

(g=1)s
d

Noon: (87) = (87)

. m (g—1)s
This forces n(4™) < ==, O

—1

— ﬁ(qs—l)t - 1.
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Now, we will work to classify when we have equality in Theorem 2.2.10. Note
that for r|s, the unique subfield F, of Fs is given by

R G E EY SR n)

Definition 2.2.11. Let 8 € s, we say [ is generic if 8 is not in a proper subfield
of Fys.

Luckily it does not matter what primitive element we start with, as discussed
in the next remark.

Remark 2.2.12. Let m € N. Then, w™ is generic if and only if m # qs_ij for all

q =
j € N and all r|s with r # s. As a consequence, if @ is another primitive element of

Fys, then w™ is generic if and only if w™ is generic.

We may now state the result which gives equality in Theorem 2.2.10.

Theorem 2.2.13. Let m € N such that w™ is a generic element of Fys, and assume

B = w' where ged(q® — 1,1) = 1. Then n(B™) = %. In particular, n(w) =

(¢ — 1)s for any primitive element w € Fys.

Before the proof, we need some lemmas. For the rest of this section, assume
m € N such that w™ is a generic element. Without loss of generality we may also
assume m < ¢° — 1.

Lemma 2.2.14. For all ¢,s,r € N, gcd(q® — 1,¢" — 1) = ¢&°d=m) — 1,

Proof. Let d = ged(s,r) and let D = ged(¢® — 1,¢" — 1). We will show D = ¢? — 1.
Since d|s and d|r, we have

¢—1|¢—1 and ¢*—1|q¢ —1.

Hence, (¢* — 1) | D. Conversely, note that
¢ =1 (modD) and ¢ =1 (modD).

So, ¢***™ = 1 (modD) for all z,3y € Ny. In particular, ¢ = 1 (modD). Hence,
D | ¢ — 1. Therefore, D = ¢% — 1. ]

Lemma 2.2.15. Forall1<r<s—1, (¢ —1) J m(q" —1).
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Proof. Assume for contradiction there exists v € Ny such that (¢° — 1)y = m(¢" — 1)
for some r < s and let d = ged(r, s). By Lemma 2.2.14, ged(¢®* — 1,¢" — 1) = ¢% — 1.

Hence,
s (¢°—1)
(-1
m= r_1 ~  g=1"
q — qd,1

Note that m < ¢® — 1 implies v < ¢" — 1. Since m must be an integer, and

ged <sz’ Z;:D = 1, the term Z;j must divide 7. So, there exists v such that

Z;jy = . Note that v < ¢? — 1 since v < ¢" — 1. So,

s_1

=1y )¢ -1
m= g —1 = qd_ly'

q?-1
Hence, w™ € Fq, contradicting that w™ is a generic field element. O]
Lemma 2.2.16. Let d = ged(m,q —1). Then

¢ —1 : (g—1)s
f—1 hi=1,...,—— —1.

Proof. By the division algorithm, : = sk+r for 0 < k < % —1,0<r <s—1. Note
since i > 1, (k,r) # (0,0). Now, we compute

2_1 m sk—i—r_l ma” sk_l +m(qg" —1 sk_l mla" — 1
¢ -1 _mlq ) _ mq" (¢ — 1) +m(q ):mqr(q )+ (" —1)

g—1  q¢-1 qg—1 qg—1 qg—1

m

For k = 0, the result follows from Lemma 2.2.15. So, assume k£ > 1 and note that

q;k__11 (- 1)q<—z1?_é ) _ -1 (Zz_il(;fj “h+h) = ("~ 1)M+

k(g —1)
qg—1

for some M € N. Now we have

| k(g® — 1 r_1 kg (¢F — 1 r_1
q g (=DM + (¢ —1) +m(q ):(qs_l)mqrMerQ(q ) +m(¢" —1)
qg—1 qg—1 qg—1 qg—1

We need to show

s mkq"(¢° —1) + m(q" — 1)
(¢ —1) )( = :

If r = 0, the line above becomes

17



mk

For this case, it suffices to show 227 ¢ N. Suppose for contradiction (¢ — 1) | mk.

Note that
mk k

¢g—1 =L

B

s
U

Since ged(% qT) = 1, this forces ] k. Hence, k = 2y for some 1 € N, contra-
dicting that 1 < k S -1 Thus - g N.

Now assume 1 <r < s— 1. By Lemma 2.2.15, ¢° — 1 fm(q" — 1). Hence,

(¢ =1) fmkq" (¢" = 1) +m(q" —1).

mkq”(g°—1)+m(g"—1)

By extension, ¢° — 1 cannot divide the fraction 1 . Therefore,
(qs—l))(mcg_lforalli:l,..,,%_l_ B

Now, we may go back to prove Theorem 2.2.13.

Proof. 1f ged(¢® — 1,1) = 1, then |w'| = ¢° — 1. Then, by Lemma 2.2.16, |w'| { m= =

fori=1,...,4 d) —1, s0 N;(w'™) # 1 for each i in this range. Therefore, n(w'™) =

(g=1)s n
R

2.3 Distance of Codes

Definition 2.3.1. Let C C Fj. be a subspace and let x € Fy..

1. The Hamming weight of a vector = is the number of non-zero components of x,
denoted wy ().

2. The minimum Hamming distance of a code C, denoted dy(C), is defined as

dy(C) = min{wy(z) : z € C,x # 0}.

3. The rank weight over F, of a vector = = (21, ..., z,), denoted wg(z), is defined
as

wr(z) = dimg, (T1,...,2)F,.

4. The minimum rank distance of a code C, denoted dg(C), is defined as

dr(C) = min{wg(z) : z € C,x # 0}.

5. We call this subspace C' a code with respect to the Hamming (or rank) distance.
For brevity, we will simply use code from now on.

18



Proposition 2.3.2 (The Singleton Bound). [11, Thm. 2.4.1] For a k-dimensional
code C C Fy., we have the bound

When equality is obtained, we call this code Mazimum Distance Separable (MDS).

There is a similar bound for the rank metric.

Proposition 2.3.3 (The Singleton-like Bound). /8, Lemma 1] For a code C' C Fy.,
let d = dg(C) where the rank is over F,. Then

dimg, (C) < max{n,s} (min{n,s} —d+1).
When equality occurs, we call this code mazimum rank distance (MRD).

Recall that [y, = F.*" as vector spaces over F,. For any F s-subspace C' C Fy,
we know dimg, (C') = sdimg, . (C). So, the proposition above becomes
n

dimg,, (C) < LS
diquS(C)gn—d+ 1, if n <s.

(3—d+1)J, if s <n, (2.3)

This bound will be used later on in Proposition 5.2.4. The Hamming metric
and the rank metric are very closely related as seen here.

Lemma 2.3.4. Let C C Fy. be a code. Then,
dr(C) = min{dy(C - M) : M € GL,(F,)}.

Proof. Let d, = dg(C) and let dj, = min{dy(C' - M) : M € GL,(F,)}.

(<) For any c € C, M € GL,(F,), clearly wg(c) = wr(cM) < wy(cM), so d, < d.

(>) Let c € C of min rank weight d,. There exists M, € GL, (F,) where
cMy = (c1,...,¢q,,0,...,0).

Hence, d, = wy(cMy) > miny (wy(cM)) > d,. O

The following topic will be discussed in detain in Section 6.

Theorem 2.3.5. [11, Thm. 3.8.4] Let C' C F.. be a code and let k = dimg , (C').
Then C'NFy. is a code over Fys where

diqus (C N FZS) é k.
We call C NFy. a subfield-subcode.
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2.4 Properties of Skew-cyclic Codes

Throughout this section, let f € Fys[z;0] where deg(f) = n. This defines a left
Fs[z; o]-module

Ry =Felr;0] /*(f).

For g € Fy:[z; 0], we use the notation g := g+ *(f) € Ry. Then, for z € F:[z; 0], we
have zg = Zg.

Consider the Fgs-isomorphism of left vector spaces

n—1
proFhe = Ry, (cor-ovsCn1) = Zczx’
i=0

Think of p; as polynomialization, and vy = p;l as vectorization.

Proposition 2.4.1. [4] If M is a left submodule of Ry, then there exists a unique
monic polynomial g € M of smallest degree such that M = *(g). Alternatively, g is the

unique monic right divisor of f such that *(g) = M. We call g the generating polynomial
of M.

Definition 2.4.2.

1. A subspace C' C Iy, is called a (o, f)-skew-cyclic code if p;(C) is a submodule
of Rf.

2. For g € Ry, we define the skew circulant matrix as

v (9)
v (29)

For the rest of this document, assume rs(-) denotes the row space and ker;(+)
denotes the left kernel.

Proposition 2.4.3. [7, Cor. 2.4] Let M =*(g) C Ry, where g € Fys[z; 0] has degree
r. Then:

1. For any u € Fy., we have pp(ul'5(g)) = ps(u)g.

2. 0y(M) = 13(I%(3))-
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3. Suppose in addition g|,f. Then M is a left Fy-vector space of dimension
k = n —r with basis {g,Tg,...,2*1g}. As a consequence, tk(I'}(g)) = k
and vy(M) = 1s(G) where G consists of the first k rows of the skew-circulant

F;(g), i.e.
Uf(g) 90 g1 Ce gr
o nf(:x?) _ a(go) aFgl) (gv)
nf(;c"ﬂ—ly) o+ go) " Lg) ... o* (g

Remark 2.4.4. Due to part 3 of the proposition above, the modulus f plays a very
small role in the construction of skew-cyclic codes. We often choose f to be any
monic left multiple of degree n of the generating function g.

Proposition 2.4.5. [6, Prop. 4] Let f € Fys[x; 0] be any monic modulus of degree n
and let g € Fys[z; 0] be a monic right divisor of f of degree r where g = lclm{z — a; |
i = 1,...,r} for distinct a,...,a, € Fpe. Let V. = V,(aq,...,a,) be the skew-
Vandermonde from Definition 2.1.22. Then C' = *(g) is given by

0y (C) = kery (V) = {c € Fys : ¢V = 0}.

We call V =V, (a4, ...,a.) a parity check matriz for C.

Copyright© Kathryn M. Hechtel, 2024.
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Chapter 3 Noncommutative Polynomial Maps

This chapter reports on the results derived in [16]. We present the material in a
slightly more streamlined way, fill in various details, and simplify some of the argu-
ments.

3.1 Semi Linear Maps

Throughout, let F = be a finite field, and let o € Aut(F,/F,). Also let R = Fs[x;0].

Definition 3.1.1. Let V be an [Fys-vector space. An additive map 7": V' — V such
that for any o € Fps and v € V,

T(aw) = o(a)T(v)

is called a o-semi linear map (o-SLM).

Note that any 0-SLM is F-linear. For n,[ € N, we will allow o to be extended
component-wise to IFI;SXZ. It is well-known that extending o to IE‘ZSXZ entry-wise gives

an F,-endomorphism, still denoted o, on IF;‘SXI. Moreover, this extended o is a o-SLM.
This is used later on in Remark 3.1.11.

Proposition 3.1.2. For an additive abelian group (V,+), the following are equiva-
lent:

1. V is a left R-module.
2. V is an Fys-vector space and there exists a o-SLMT :V — V.

3. There exists a ring homomorphism A : R — End(V, +).

Proof.

(1) = (2) Assume V is a left R-module. Then, since F,« C R, clearly V is also
an [Fs-vector space. Now consider the additive map T": V' — V where v — zv. This
map is o-semi linear since for a € F,«, we have T'(av) = zav = o(a)zv = o(a)T'(v).

(2) = (3) Assume V is an Fg-vector space and 7' : V. — V is a o-SLM.
Consider the map

A: R — End(V,+) where Z fix' Z fiT".

Then, one easily checks for f,g € R, we have A(f +¢) = A(f) + A(g) and A(fg) =
A(f) o Alg).
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(3) = (1) Assume there exists a ring homomorphism A : R — End(V, +). For
feRandv eV, define f-v:=A(f)(v). Then for g € R and u € V', we have

frlutv) =Af)(u+v) =Af)w) +Af)w) = fut+f-o

(f+9) () =A(f +9)(v) = (A(f) + Ag))(v) = A(f)(v) + Alg)(v) = f-v+g-v
(fg)-v=A(fg)(v) = (A(f) e A(g))(v) = A(f)(A(9)(v)) = [ - (g - v).

Hence, V is an R-module. O

Using the homomorphism in Proposition 3.1.2 A : R — End(V, +), for f =
Yo gt € R, and for a 0-SLM T : V — V, we define the notation

F(T) = A(f)=>_aT" € End(V,+).

=0

With this notation, for any f,g € R and any o-SLM T, we have
(fo)(T) = f(T) o g(T).

The following is a result that appears in the proof of Proposition 3.1.2. In
particular, part 3 below tells us for an R-module V', the R-module structure induced
by T on V agrees with the existing structure.

Corollary 3.1.3.

1. Given a left R-module V', define T'" : V. — V where v — zv. Then T 1is a
o-SLM.

2. Conversely, let V' be an Fs-vector space and let T :'V —V be a 0-SLM. Then
the R-module structure on V' induced by T is given by f-v = f(T)(v) for all v
and all f € R.

3. If V is an R-module and T is as in part 1, then fv = f(T)(v) for allv € V
and all f € R.

For the next few results up to Example 3.1.10, assume V' is an Fs-vector space
with basis 3 = {vy,...,v,}. Also, let ¢5 : V' — F} be the coordinate map for the
basis # which maps v; to e; where ¢e; is the standard basis vector of Fys.

Definition 3.1.4. For a map 7 € End(V,+), we define the representative matrix of
7 for the basis 3, denoted [7]s, as the matrix

Yp(T(v1))

7] = Yb,@(TZ(Uz)) € Fem.

(7 (0,))
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Note that if 7 is a linear map, this is the standard definition for the matrix
representation of a map. Hence, for a linear map 7, it is a well-known from linear
algebra that 13(7(v)) = ¢s(v)[7]s. The analogue for o-semi linear maps is given in
the next proposition. Both facts will be used to prove Proposition 3.1.13 below.

Proposition 3.1.5. Let T : V. — V be a 0-SLM. Then for any v € V, the matriz
C = [Tz satisfies

¥p(T'(v)) = o (4hp(v))C.
Proof. Let v € V where v = >  a;v; with a; € Fg. Then note that T'(v) =
Yoy o(a;)T(v;). Hence,

¥a(T(v)) = g (Z U(Gi)T(vi)> = > o(a)s(T(v))

i=1 i=1

= (o(a1),...,0(a,))C = o(vs(v))C. u

Definition 3.1.6. Let 7 : V' — V be 0-SLM, and let C' = [T']g. This gives rise to a
new 0-SLM denoted T¢ : Fj, — Fp. where v — o(v)C. We refer to this map T¢ as
the 0-SLM on Fy. corresponding to T

Note that by Corollary 3.1.3(2), we now have a left R-module structure on [y
(see also Proposition 3.1.18). By construction, the following diagram commutes,

v L v

ol

Fr, —< 5 F»
q° q°

In fact, by extension the following also commutes for any f € R,

f(T)

V V
lwﬁ F(Tc) lwﬁ ‘

We will now extend the definition of the norm function given in Definition

2.1.6 to matrices. This will allow us to evaluate polynomials on a matrices as follows.

Definition 3.1.7. Let C € IFZSX".

1. Define Ny(C) = I,, and for i > 1,
N;(C) =" HC)o"2(C)...0(0)C.
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2. For g € R where g = >""_, g;z", define

= Z gz'Nz<C
i=0

Proposition 3.1.8. Let T : V. — V be a 0-SLM. Define C' = [Tz and let T :
Fys — Fys be given by u = o(u)C as in Definition 3.1.6. Then, for u € F" ger and
g € R where g =3%"._, g;x', we have

1. g(Te)(u) = 32y gio" (w)Ni(C),
2. 9(C) = [g9(T)]s-
Proof.

1. It suffices to show this for ¢ = 2%, i > 0. We will proceed by induction on 7. For
the base case, T2 (u) = u = ul, as expected. Now, for the inductive hypothesis
assume TE(u) = o' (u)N;(C). Then,

Ti (0) = To(Ti(w) = Tolo (@) Ni(C)) = 0™ ()a (N(C))C = 0™ (1) Nias (C).

2. Recall by definition, row j of [¢(T)]s is given by ¢g(g(T)(v;)). By the commu-
tative diagram following Definition 3.1.6 and by part (1) we have

Us(g(T)(v;)) = 9(Te) (Ws(v;)) Zgz (¥s(vy)) Zg@ (e;)N.
= ZgiejNi(C) = ¢; ZgiNi(O) = ¢;9(0). O

The following is an example of the second part of Proposition 3.1.8.

Example 3.1.9. Let a € Fys and let f = 2% —«a € R. Note that the R-module
V = R/*(f) is an F-vector space with basis 3 = {1,7, 22} (see Section 2.4). Let
T :V — V be the 0-SLM given by left multiplication by x. Then,

T(1) =,
T(%) = 2,
T(x?) =@



Now let g = 22 + x € R and consider

So, we have

0 1 1
[9(T)]s = | 1
a o(a) 0
Now, using matrix evaluation we have
0o 1 1
g(C) = No(C)+ Ni(C)=0(C)C+C=|ao 0 1
a ola) 0

Thus, one can see [¢(T")]s = g(C) as expected.

Example 3.1.10. As a special case of Definition 3.1.6, let a € ;s and consider
V = R/*(x —a). Note V is a 1-dimensional F,-vector space, so let its basis be

5= {1).

Let T : V. — V be the 0-SLM given by left multiplication by x. By Corollary
3.1.3, T" induces an R-module structure on V' that agrees with the natural structure
on V. Hence, for an arbitrary f € R we have the identity

fOM) =fA+*@—a)=f+*(x—a)=f(a)

Note that T'(1) = T = @. So, the representative matrix of T is the 1 x 1 matrix
[a]. Hence, the corresponding 0-SLM T, : Fy« — Fs is given by o + o(a)a. This
map 7, is called the 0-SLM induced by a. By Proposition 3.1.2, the map 7T, places
an R-module structure on Fys. Moreover, this R-module structure encompasses poly-
nomial evaluation at x = a as we will see next.

If we consider both f(T) and f(T,) on the basis element 1, we get

ba(f(T)(1)) = vs(f(a)) = f(a)

and
f(Ta)(qvbB(T)) = f(Ta)(1>

Therefore, since we know the diagram below Definition 3.1.6 is commutative, we know
fla) = f(1,)(1). Hence, polynomial evaluation on an element a can be done in F
using 7j,.
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This also exemplifies the connection between the above polynomial evaluation
fla) = FT)(0) = 3 £T)
i=0
and the evaluation given in Proposition 2.1.7:
f@) =3 fiNifa)
=0

where N; is the i-th norm function defined on field elements such as the original
definition given in 2.1.6. This is in fact a special case of Proposition 3.1.8, since
T5(1) = o' (1)Ni(a) = Ni(a).

Remark 3.1.11.

1. The composition of two o-SLMs is usually not a o-SLM.

2. Let 4Vp be an (A, B)-bimodule where A and B are rings with unity and let o
be an endomorphism on A. Suppose S and T" are 0-SLMs defined on 4V (which
we define similar to o-SLMs on vector spaces). Then for any b € B, we may
define a o-SLM T}, as follows

Tb AV = 4AVB where v — S(U)b + T(U)

3. Let A = Fi” and B = FX'. Then V = Fi' is an (A, B)-bimodule. Let
o € Aut(F, /F,) be extended entry-wise to A. Then as a special case of (2)
with S =0, T =0 and any b € Ff]fl, we obtain the o-SLM

T, : Fit — Fi' where v — o (v)b.

4. Let A be a ring with unity and let o be an endomorphism on A. Then, for a left
A-module V| we have an (A, End4(V'))-bimodule structure on V. To see V' is in
fact a right End 4 (V')-module, we define vy = ¢(v) for v € V and ¢ € End4 (V).
Then for ¢ € End4(V), we define composition of ¢ and 1 as pip == 1 o @, i.e.
first apply ¢ and then apply ©. As we will see next, these definitions respect
the associativity rule for V' as a right End4(V')-module. Indeed,

(vp) = (@)Y = Y(p(v) = v(eY).

Now, we will see the associativity rule for V' as an (A, End4(V'))-bimodule is
also respected by this definition of vy. For a € A and ¢ € End4(V') we have

(av)p = p(av) = a(p(v)) = a(vy).
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We will now return to the notion that R = Fy«[x;0] and that V' is any left
R-module. For the rest of this section, we will use the notation given in Remark
3.1.11(4) where vy == ¢(v) for v € V and ¢ € Endg(V). Again, for ¢, ¢ € Endg(V),
the composition ¢ is given by first applying ¢ and then applying ¢». This gives rise
to the following proposition.

Proposition 3.1.12. Let T': 'V — V be the 0-SLM given by left multiplication by
x. Then, for any f € R, the map f(T) € End(V,+) is left F,-linear and right
Endg(V)-linear.

Proof. Recall any 0-SLM is left F,-linear. So clearly f(T) is left F,-linear. Now, let
v eV and let ¢ € Endg(V). Then,

F(T)(vp) = Z fiT' (@ Z fir'o(v Z p(fiz'v)

— (Z fmw)) = p(f(T)) = FT)w)e.

Note the equality at the end of the first line is given by ¢ being an R-
endomorphism of V. O

As a result of Proposition 3.1.12, ker(f(7')) is a right Endg(V')-submodule of
V. Indeed, for v € ker(f(T')) and ¢ € Endg(V),

f(T)(ve) = f(T)(v)p = ¢(0) = 0.
For V = R/*(x — a) with a € F,s, this module structure on ker(f(7,)) will play a

role later on in Corollary 3.1.21.

Recall a 0-SLM T; defined on an F-vector space V; gives an (R, Endg(V;))-
bimodule structure on V;. We will use this fact in the proposition below with ¢ = 1, 2.

Proposition 3.1.13. For ¢ = 1,2, let V; be an Fys-vector space with basis (3; and
dimension n;. Let T; be a o-SLM on V; with representative matrixz C; € IFZ;’X”Z' m
the basis B;. Suppose ¢ : Vi — Vi, is an Fys-linear map with representative matrix
B e FZ@IX"? in the corresponding bases 5y and Py. Then, the following are equivalent.

1. ¢ is an R-linear map.

Vi ——=V,

2. (Th(v))e = Ta(ve) for allv € Vi, i.e. the diagram . .
on the right commutes. l ' l ’

Vi ——= 1,

3. ClB == O'(B)Cz
4. B € ker(Te, — Le,) where
T, : T2 ™ — B ™ with T+ o(I)Cy,
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and
Loy e ™ — 2™ with T CT.

Proof.

(1) & (2) For v € V; we have (T1(v))p = (zv)p and Ty(vy) = z(vy). Hence,
(T1(v))p = Ta(vep) for all v € Vi if and only if ¢ is R-linear.

(2) < (3) Recall from Proposition 3.1.5 that for any u € V;, we have
b, (Ti(u)) = o (1, () Ci.

Also, since ¢ is Fgs-linear, we know for any v € V;,

¢62 (U90> = ¢51 (U)B

Hence, for any v € V; we have the following identities

e (Ta(vp)) = 0 (s, (v9)) Ca = (3, () B)Co = 0(5, (v))o (B)Cy,
e, (T1(0)) ) = Y, (T1(v)) B = 0 (s, (v))C1.B.
Therefore, (T (v))p = Ty(vy) for all v € V; if and only if o(B)Cy = C B.

(3) & (4) For any B € Fj2*™,
<T6'2 - LCl)(‘B) = TCz(B> - LCI(B) = U(B>CQ — C1B.
Hence, B € ker(T¢, — L¢, ) if and only if o(B)Cy = C1 B. O
Now we will turn to a particular R-module structure. Let f € R where
[ = >, fix" is a monic polynomial of degree n and consider the left R-module
V = R/*(f). Recall from Section 2.4, V is also an Fg-vector space with basis § =
{1,7,...,2""'}. In Section 2.4, the isomorphism 13 is denoted by vy : R/*(f) — F7,
and is defined by

n—1
Zgzxz — (907 s 7gn—1)
=0

where Z;:ol g;x' is the unique coset representative of degree less than n. The inverse
of vy is denoted py. We will use these notations in the next few results.

Definition 3.1.14. For V = R/*(f), let T : V' — V be the 0-SLM corresponding to
left multiplication with x. The representative matrix of 7" in the basis [ is called the
companion matrix of f and is given by

0 1 0 0
0 0 1 0
Cy = :
0 0 0 1
—fo =fi —f2 oo —fam



Note the last line follows from x(zn1) =27 = — Y fiai.

The 0-SLM T¢, on Fj, corresponding to 7" will be denoted as Ty. Now, the
commutative diagram following Definition 3.1.6 becomes

R/*(f) — R/*(f)

b,k

n f n
Fye ——— Fys
We will make use of this diagram in Theorem 3.1.19 below.

Corollary 3.1.15. Let fi, fo € R be monic of degree n with companion matrices
C1,Cy € F". Then R/*(f1) = R/*(f2) as R-modules if and only if there exists an
invertible matriz B € Fy™ such that C\B = o(B)Cs.

Proof. Given an invertible matrix B € F;.*", define ¢ : R/*(f1) — R/*(f2) as gy =
pp,(vp(g)B) which is an Fgs-isomorphism. Then, by Proposition 3.1.13, we know
B € Fy" satisfies C1 B = o(B)Cy if and only if ¢ is also R-linear. O

Definition 3.1.16.
1. The ideal *(f) is two-sided in the ring

dI(*(f)) ={g9 € R: fge°(f)}
called the idealizer ring of *(f).
2. The quotient ring Id1(*(f))/*(f) is called the eigenring of *(f).

We will see next that the eigenring of *(f) is isomorphic to Endg(R/*(f)).
Again, note that we must use the notation vy = p(v) for v € V and ¢ € Endg(V).

Proposition 3.1.17. Let V = R/*(f). Then we have
Id1(*(f))/*(f) = Endg(V).
Proof. Consider the map
n:1dl(*(f)) — Endg(V) where a +— 1),

and 1), is given by gi), = ga. Throughout let g, h € V. First, we will check 1, is
well defined. Assume g = h. Then g — h € *(f), so g — h = tf for some ¢t € R. Now
let a € 1d1(*(f)) so fa = af for some a € R. Then consider (¢ — h)a = tfa = taf.
Hence, ga = ha which gives gi), = hi), as needed.
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Next, we will check 9, € Endg(V). For r € R, we have
(TE—FE)@/JQ =rga + ha = Tg_a—kﬁ = r§¢a +E¢a‘

Now, we must check 7 is a ring homomorphism. It is easy to check 7 is additive
and maps 1 to the identity map in Endg(V). To check 7 is multiplicative, let a,b €
Id1(*(f)). Then note
gdjab = g(lb - g_a¢b = §¢a¢b.

Hence, n(ab) = n(a)n(b) as needed. Next, we will show ker(n) = *(f). For the forward
containment, let a € ker(n) so that v, is the zero map in Endg(V). Then ga = 0,
so ga € *(f) for all g € R. In particular, we get 1la = a € *(f). Conversely, assume
a € *(f)soa= hf for some h € R. Then, for any g € R, we get g, = ga = ghf = 0.
This means 1, is the zero map in Endg(V), so a € ker(n). Therefore, ker(n) = *(f)
as needed.

Lastly, we will show 7 is surjective. Let 1 € Endg(V) and let b = Tt). Note
b e Idl(*(f)) since

0=00=fy =Ny =fy) = fb=[b.
Hence, fb € *(f) as needed. Therefore, 1), is well-defined. Then, for all g € V,
gy = gl = gb = Gty

Hence, ¥ = n(b). O

Corollary 3.1.18. Let f € R be a monic polynomial of degree n and let C = Cf.
Then we have

1. As rings, Endg(R/*(f)) is isomorphic to CF = {B € F;*" : CB = o(B)C},
2. Fy. has an (R, Cf)-bimodule structure.

3. Forg € R, the map g(Ty) € End(FZS, +) is a right C7-linear map. In particular,
ker(g(Ty)) is a right CF-submodule of Fy..

Proof.

1. Let V.= R/*(f). This part follows directly from Proposition 3.1.13 since for any
¢ € Endr,. (V) with matrix representation B € Fj.>*", we know ¢ € Endg(V) if
and only if CB = o(B)C. Moreover, the ring structure is preserved since it is
a well-known fact that composition of linear maps is equivalent to multiplying
the representative matrices.
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2. By Proposition 3.1.2, the o-SLM Ty : Fy. — Fp. induces a left R-module
structure on Fp,. Recall for g € R, and v € Fj., we define g - v = g(Ty)(v).
Furthermore, we have a right C'f-module structure on Fg. where v-B = vB using
ordinary matrix-vector multiplication. Lastly, we need to check for B € C that
(9-v)B = g- (vB). Recall by Proposition 3.1.8 T}(v) = o'(v)N;(C). Then,
the property CB = o(B)C, leads to the fact T}(v)B = Tj(vB). Hence, for

g=>1_,gix", we get

(g-v)B= ZgiT}(v)B => 9T}(vB) =g (vB).

1=0

3. For the third part, we need to show g(7y) € End(Fy, +) is right C¢-linear. This
follows from the previous part since the property (¢(7%)(v))B = g(Tf)(vB) is
equivalent to (g-v)B = g-(vB) which is given by the bimodule structure defined
in part (2). O

Assume for the rest of this section that the standard basis for Fy, has indexing
that starts at 0, so then eg = (1,0,...,0), e = (0,1,...,0), etc. This allows for
easier mapping from the basis {1,7, ..., 2" 1} to the standard basis {eg,..., e, 1}

Theorem 3.1.19. Let f € R be monic of degree n and consider R/*(f). Then, for
g € R we have

1. 04(9) = 9(Ty)(eo),
2. vg(gh) = g(Ty)(vs(h)) for any h € R,

3. there exists F,-isomorphisms between the IF,-vector spaces

ker(g(Ty)), S:={h€ R:deg(h) <n,ghe€*(f)}, and Homg(R/*(g), R/*(f)).

4. 1A ()) = {g € R : g(Ty)(eo) € ker(F(T)))}.

Proof.
1. By the commutative diagram above, we know g(7y) = vs o g(T) o ps. Hence,
9(Ty)(e0) = (v 0 g(T) o ps)(eo) = vs(g(T)(1)) = v4(7).
2. By part 1, for any h € R we have

vy(gh) = (9(Ty) © h(Ty))(eo) = g(Ty)(vs(R)).
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3. First, we will note that each of these sets are F,-vector spaces. The map g(7%)
is F,-linear, so ker(g(7y) is an F,-vector space. The set S is clearly additive,
0 € S, and for any A € F, and h € S, we have g(Ah) = A(gh) € S. Thus,
with the rest of the properties given by the ring structure on R, we know S
is an [F-vector space. Lastly, since Hompg(R/*(g), R/*(f)) is an R-module and
F, C R, we know that Homg(R/*(g), R/*(f)) is an F,-vector space.

Now, consider 7 : ker(g(Ty)) — R where (vg,...v, 1) = Y1) viz’. This

map is clearly additive and injective. For any A € F, and u = (ug, ..., up—1) €
ker(g(Ty)),

n—1 n—1
n(Au) = Z Mz’ = )\Zuimi = An(u).
i=0 i=0

Hence, 1 is F,-linear. We also claim the image of is S. Indeed, let (v, ..., v,-1) €
7. and define h = S vat. Then

9(Ts)(vo, . - vn—1) = g(TF)(vs(R)) = vs(gh).

Thus, o
v € ker(g(T})) < vy(gh) =0 < gh € *(f).

Next, consider the map v : S — Hompg(R/*(g), R/*(f)) where h — 1y, given by

(a+°(9)¥n = ah +°(f).

To check v, is a well-defined, let a + *(g),b+ *(g9) € R/*(g) where a + *(g) =
b+°(g9). Then, a —b € *(g), so (a — b) = tg for some t € R. Now consider
(a —b)h = tgh = tdf for some d € R since h € S. Hence, (a — b)h € *(f), so

(a+°*(9)Yn = (b+°(g))y as needed.

One may easily check 1, is a R-linear, and that 7 is additive and injective.
Then, for A € F, and h € S, we have v(Ah) = ¥, = A(¢n) = A\y(h). Hence,
7 is F,-linear. To see v is also surjective, given ¢ € Hompg(R/*(g), R/*(f)), let
h € R of degree less than n such that A+ *(f) = (1 + *(g))p. Then, we claim
© = 1y,. Indeed, for any a + *(g) € R/*(9),

(a+°(9)p = a(l +°(9))p = alh +°(f)) = ah +*(f) = (a+*(9))¥n-

Note that h € S since 0 + *(f) = (0 + *(9))¢Yn = gh + *(f) which implies
gh € *(f)-

4. By part 1 and 2, for g € R we have

vr(fg) = [(T)(0r(@)) = f(T1)(9(Ty)(eo)).
Hence, g € Id1(*(f)) if and only if g(T)(eo) € ker(f(T})). O
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The following corollary makes use of the second part of Proposition 3.1.8 and
Theorem 3.1.19.

Corollary 3.1.20. Let f € R be monic of degree n. Then, the following are equiva-
lent.

1.z e IdI(*(f))
2. for any g € R, we have g € *(f) if and only if g(Cy) =0
3. f(Cy) =0

Proof. Let 8 be the standard basis of Fy..

(1) = (2) First note by Theorem 3.1.19(1), for i = 0,...,n — 1, we have

—Uf( )= Tf(GO)

Assume z € Idl(*(f)) so that fx = tf for some ¢ € R. Then, inductively, for
i=0,...,n—1, we have fz’ = t'f. Hence, 2* € Id1(*(f)). By Theorem 3.1.19(4), we
know

0= f(Ty)((T})(eo)) = F(Tt)(es)-
Now, suppose g € *(f) such that g = hf for some h € R. Then, fori=0,...,n— 1,
9(Ty)(ei) = (hf)(Ty)(es) = h(Ty)(f(Ty)(e:)) = h(Ty)(0) = 0.
Hence, 0 = [9(T})]s = g(Cy) as needed.
For the converse direction, assume ¢g(Cy) = 0. Then, g(T%)(e;) = 0 for all i =

0,...,n — 1. In particular, by Theorem 3.1.19(1) we have 0 = ¢(T%)(eo) = v4(7).
Hence, g € *(f) as needed.

(2) = (3) Since f € *(f), (3) follows directly from (2).

(3) = (1) Assume f(Cy) = 0. Then, by Proposition 3.1.8 [f(1})]z = 0. In
particular, f(T)(e;) = 0. Hence,

(f)(Ty)(eo) = f(Tr)(Ti(e0)) = f(Ty)(er) = 0.
This shows T(eg) € ker(f(T¥)). Thus, by Theorem 3.1.19(4), = € Idl(*(f)). O

Recall from Definition 2.1.8 that for a € F,s, a conjugate of a is an element
of the form a® = o(c)ac™" for some ¢ € F},. Moreover, the conjugacy class of a is
A(a) == {a®: c € F;.}. Now we will focus on the special case when V' = R/*(z — a)
for some a € Fys. Recall from Example 3.1.10, the o-SLM Tj, : s — Fys is given by
a +— o(a)a. This map plays a large role in the following corollary.

34



Corollary 3.1.21. Suppose a € Fys and g,h € R.
1. The map A, : R — End(F,s, +) defined by Ao(g) = g(1,) is a ring homomor-
phism. Hence,
(gh)(a) = g(Tu)(h(a)).

2. Assume h(a) # 0, then we have, (gh)(a) = g(a™®)h(a) (This part is a restate-
ment of Theorem 2.1.10 but is included here to be proven in this context). In
particular, for b € F;, we have g(T,)(b) = g(a®)b.

8. If a # 0, then the field Fixg . (o) is ring isomorphic to Endg(Fgs).
4. Lastly, we have ker(g(T,)) = {b € F}. : g(a’) = 0} U {0}.

Proof. Let f = x — a and recall the map vy : R/*(f) — Fy is an Fgs-isomorphism.
Note that the companion matrix of f is the singleton matrix [a]. Hence, the o-SLM
Ty is the map T}, described above. By definition for any g € R, we know v;(g) = g(a).

1. By Proposition 3.1.2, A, is a ring homomorphism. Moreover, by Theorem
3.1.19(2),

(gh)(a) = vf(gh) = g(T.)(h(a)).
2. First we will show g(T,)(b) = g(a®)b for any b € F;,. Note that
(z — a’)b = xb— o(b)a = o(b)(x — a).

Hence, *((z — a®)b) C *(x — a). Now, by definition, g — g(a®) € *(z — a®), so
clearly

gb—g(a")b= (g — g(a"))b € *((z — a")b) C *(x — a).
Then, we know v;(gb) = g(a’)b. Thus , by Theorem 3.1.19(2), we have

9(T.)(b) = v;(gb) = g(a")b.
For the other part, by Theorem 3.1.19(1) and setting b = h(a) in the above
work, we have
(gh)(a) = g(To)(h(a)) = g(a"@)h(a).
3. From 3.1.18 with n = 1, we have
Endg(R/*(z —a)) = {b € Fy : ab = o(b)a} = Fixg (7).

4. This part follows directly from part (2). O

Recall for f € R, the set of right roots of f is denoted V(f). So, for any
a ¢ V(f), we set ®;(a) = a’@. With these notations, we have the following.
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Proposition 3.1.22. Let f,g € R such that gerd(f,g) = 1 and let | = lclm(f, g).
Also let f',g' € R be such thatl = f'g=¢'f and let T be a o-SLM of any R-module
V. Then,

1. R/*(f) = R/*(f"),
2. g(T)(ker(f(T))) = ker(f'(T)),
3. ker(I(T)) = ker(f(T)) @ ker(g(T)),
4. V() = ®4(V([))-
Proof.

1. Note by the degree formula (2.1.4) we have deg(f) + deg(g) = deg(1) + deg(l).
Hence, deg(f) = deg(f’). Consider the map ¢ : R/*(f') — R/ (f) where
h+*(f") = hg+*(f). To see this map is well defined let hy = hy € R/*(f) so
that hy — hy = tf’ for some t € R. Then we have

(i —ho)g=tf'g=1tg'f €*(f)

So, ¢(h1) = @(hy) as needed. This map is clearly R-linear, so to see it is
injective consider h € kerp. Then we know hg = tf for some t, so in fact
hg € *(l). Then, for some k € R, we have hg = kl = kf'g, which forces h = kf’
as needed. Lastly, we know the map ¢ is surjective since R/*(f) and R/*(f’)
have the same cardinality.

2. We will prove this part by showing a number of subset containments. First let
v € ker f(T), and consider

F()g(T)(w) = (f'g)T)(v) = (¢ FHT)(v) = g(T)f(T)(v) = 0.
Hence,
9(T)(ker f(T)) C ker f(T).
Next, assume h + *(f") = ¢ (1 +*(f)). Then
) =LA+ () = fh ()

which gives fh € *(f’). Similar to the reasoning above, let v € ker(f'(7")) Then,
for some k € R, we have

(fR)(T)(v) = (kf)(T)(v) = 0.

Hence,
h(T)(ker f'(T)) C ker f(T).

Moreover, note that

gh+*(f) =g (L+°(f) =9 (g +°()) =1+(f)
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So gh — 1 € *(f'). This implies
(gh)(T) (ker £/(T)) = id(ker f/(T) = ker f/(T).

Therefore, in total we have
ker /(T) = (gh)(T)(ker f/(T)) C g(T)(ker f(T)) C ker f(T).
3. Clearly ker g(T') + ker f(T') C ker[(T"). So, let v € ker[(T") and note

(f'9)(T)(v) =0 = (¢'F)(T)(v).
Hence, ¢(T')(v) € ker(f'(T)) = g(T)(ker f(T')) by part 2. So, there must be
some w € ker f(T') where g(T)(v) = g(T)(w). This implies v — w € ker g(7").
Therefore, we have v = v — w + w with v — w € ker g(T') and w € ker f(T') as

needed. Lastly, we need to show ker g(T")Nker f(7T") = {0}. Since gerd(f,g) =1,
there exists h, k € R such that 1 = hf +kg. Let v € ker f(T') Nker g(T"). Then,

v =id(v) = (I)(T)(v) = (hf + kg)(T)(v) = (hf)(T)(v) + (kg)(T)(v) = 0.

4. Note that since gerd(f, g) = 1, we know g(a) # 0 for any a € V(f). Hence, we
have a well-defined set

y(V(f) = {a"@ ra € V(f)}.
Now let a € V(f) be arbitrary. By Corollary 3.1.21, we have

(@ @)g(a) = (f'9)(a) = (¢'f)(a) =

This shows ®,(V(f)) C V(f’). To show the reverse containment, we need to
show that for any @ € V(f’) there is some b € V(f) such that a = 9. By
Example 3.1.10, we know 0 = f'(a) = f'(7,)(1). So by part 2, we have 1 €
ker f'(T,) = g(T,) ker f(T,). Therefore, there exists some nonzero ¢ € ker f(7,)
such that ¢(7,)(c) = 1. By Corollary 3.1.21, 1 = ¢(T;)(c) = g(a®)c. Let b = a°

and note
¥ = o (g(0)b(g(b) ™! = o(g(a)e) a (9(a)e) ™ = a
Moreover,
f(b)e = f(a®)e = f(T.)(c) = 0.
Therefore, b € V(f) as needed. O

3.2 Applications to W-Polynomials

Throughout this section, assume o is the ¢-Frobenius. Recall the definition for the
o-minimal polynomial m 4 for a set A C [Fys given in Definition 2.1.14. The following
definition for W-polynomials is based on right roots. W-polynomials with left roots
will be discussed in Section 4.2.
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Definition 3.2.1. We say f is a W-polynomial if f is the minimal polynomial for
its vanishing set, i.e. f = my (.

In the following equivalence for W-polynomials, we say g € R is a factor of
feRit f= figfs for some f1, fo € R.

Theorem 3.2.2. [14, Prop. 3.4,Thm. 5.1] Let f € R. The following are equivalent.

~

. [ 1s a W-polynomial.
. [ =ma for some A C Fys.
. f splits completely and every monic factor of f is a W-polynomial.

. f splits completely and every monic quadratic factor of f is a W-polynomial.

rko(V(f)) = deg(f).

S NS

Now, let a € ;. and let T}, : F;s — Fys be the 0-SLM given by a +— o(a)a
as seen in Section 3.1. Then, by Proposition 3.1.2, the map T, induces an R-module
structure on F, where f-b = f(T,)(b) for any f € R and b € F,.. Note also that
f(T,) € End(Fg,+) is an F,-linear map. We will assume F,s has this R-module
structure throughout the rest of this section.

Proposition 3.2.3. If f is a W-polynomial, then
dime, ker f(T,) < deg(f).

Note that this is true for all a € F..

Proof. Since f is a W-polynomial, we may assume f = (x — dy)...(z — d,,) where
di € Fgs and n = deg(f). First we will show dimg, ker(z — d;)(7,) < 1 for all
1 <i<n. Assume b € ker(x — d;)(T,), so

0= (z — d)(T,)(b) = Tu(b) — dib = o(b)a — db.

Hence, d; = ab. So, for ¢ € ker(x — d;)(T,), we have a° = d; = ab, which forces
b?~! = =1, This means b = Ac for some A € F,. Therefore, dimg, ker(z—d;)(7,) < 1.
Now since

f(TL) = (T, = dyid) o - - - o (T, — dyid)
we have

dimp, ker f(T,) <) _ dimg, ker(z — d;)(T,) < n = deg(f). O
=1

The R-module structure placed on F,s by the map 7, also implies the next
result about R-linear maps involving Fs.
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Lemma 3.2.4. Let p € Fy..

1. Assume there exists a nonzero R-linear map ® : R/*(x —p) — F,s. Then, we
have p = a* where b= ®(1+*(x — p)) and therefore ®(g+*(z — p)) = g(T,)(b)

for all g € R. Moreover, ® is an R-isomorphism.

2. Conwversely, assume p = a’ for some b € .. Then, the map ® : R/*(x —p) —
Fys given by g+ *(z — p) — g(T3)(b) is a well-defined R-linear isomorphism.

Proof.

1. Note that p+°*(x —p) = 2+ *(x —p). Let b = ®(1 + *(x — p)) and note b is
nonzero. Then

O(p+*(x—p)) =p2(1+°(x—p)) =pb
S(z+°*(x—p)=xP(l+°*(x—p)=x-b=T,(0) =oc(b)a.

Since ® is well-defined, we must have pb = o(b)a. Therefore, p = a’. From the
R-module structure on Fs, for any g € R we have

P(g+°*(x—p))=92(1+"*(x—p)) =g -b=g(T.)(D).

Lastly, we will show ® is injective. Assume ®(f+°*(x — p)) = 0 for some f € R.
Then, by Corollary 3.1.21,

0= fO(L+"*(x—p)=f b= f(T.)(0b) = f(a")b= f(p)b.
Since b # 0, we know f € *(z — p) as needed. Surjectivity follows immediately.

2. Now assume p = a’ for some b € Fs. Suppose for g,h € R that g+ *(z — p) =
h+*(x—p),sog—h=Fk(z—p) for some k € R. Then consider

9(Ta)(b) = M(To)(b) = (9 — 1)(Ta)(b) = k(z — p)(Ta)(b)
= k(To)(Ta(b) — pb) = K(To)(o(b)a — pb) =
since p = o(b)ab~!. Therefore, ®(g + *(x —p)) = ®(h + *(z — p)) as needed.

Clearly, ® is a additive since Ty, is additive. Now assume g, h € R are arbitrary.
Then,

®(gh +*(z — p)) = (9h)(T.)(b) = 9(Ta)(h(To)(b))
= 9(T.)(®(h+*(z —p))) =g ®(h + *(z —p)).
Hence, @ is an R-linear map. The fact that ® is an R-isomorphism follows from

the first part. O]

Recall the definition for P-dependence which is given in Definition 2.1.14. The
following result is stated in Chapter 1 as Corollary 2.1.28, but it is included here to
be proven in this context.
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Proposition 3.2.5. Fora € Fj. and i =1,...,n, assume p; = a’ with p;, b; € Fgs-
Then, {p1,...,pn} is a P-dependent set if and only if {b1,...,b,} is linearly dependent
over .

Proof. Forv=1,...,n, let
O, R/*(x —pi) = Fys

be the isomorphism ®;(g + *(x —p) = ¢(7,)(b;) as in Lemma 3.2.4. By the lemma,
we have b; = ®;(1 + *(z — p;)).

(<) Assume b, = Z;:ll Aib; for A\; € Fy, and let
I'=lclm{x —p;: 1 <i<n-—1}

Now consider

n—1

(' + 2z —pn) =1 (L4 —pp)) =1 by =1 > Ay

=1'(T,) (Z )\ibi) = Z MU' (To) (b)) = Z Nl @(1+*(x —pi))
- Z Ai®;(I'+*(x —p;)) =0.

Therefore, I'(p,) = 0 by injectivity. Now, since deg(l') < n — 1, we know {p1,...,pn}
is a P-dependent set.

(=) Conversely, assume {p1,...,p,} is a P-dependent set and let
[ =lclm{x —p;: 1 <i<n}.
Note, by definition of a P-dependent set we know deg(l) < n — 1. Now consider
W(T)b)=1-b;=1-P,(14+°*(x—p;)) =P;(I +°*(x—p;)) =0.

Hence, {b1,...,b,} C kerl(T,). By Proposition 3.2.3, since [ is a W-polynomial,
dimp, ker [(T,) < deg(l) < n — 1. Therefore, {b,...,b,} is linearly dependent over
F O

q-

Assume 0 = ag, ay,...,a,-1 are representatives of the o-conjugacy classes of
Fgs. Let
C; ={beF; :0(b)a; = a;b}.

Then, clearly Cy = F;s and C; = F, for j > 1. Also note that T}, is the zero map, so
ker(Ty,) = Fys.
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Proposition 3.2.6. Let f € R and let A; = V(f) N A(aj), for j € {0,...,q—1}.
Then, if A; # 0, we have

dimg; ker f(Ty,) = ko (A;).
Proof. First note if Ag # @), then 0 € V(f), so f must have no constant term. Hence,
rky,(Ag) = 1 = dimp,. (Fys) = dimg,, ker f(75,)
as needed. Now fix j > 1 and assume A; # 0.
(>) Let {p1,...,pn} be a P-basis for A,. Note that fori =1,...,n we have f(p;) =0

and p; = a?-i for some b; € F}.. By Proposition 3.2.5, we know {by,...,b,} is linearly
independent over [F,. Moreover, by Corollary 3.1.21,

F(Tu)(b:) = f(af)b; = f(pi)bi = 0.
Therefore, {b1,...,b,} C ker(f(7y,)), so dimg, ker f(T5,) > n.
(<) Conversely, assume {ci,...,c,} is a basis for ker f(T5,) over F,. Then for
1=1,...,7,
0= f(To,)(e) = f(af)e:.

Hence, af' € A; since ¢; # 0. Also, by Proposition 3.2.5, we know {af',...,aj } are
P-independent. Thus, r < rk,(4A;). O

Now for the main result.

Theorem 3.2.7. Let f € R be of degree n. Then

1. f has roots in at most n o-conjugacy classes say {A(aj,), ..., A(a;,)} withr <n
(See Theorem 2.1.12).

2. 30 dime,, ker(f(T,)) < n.
Proof.

1. We will show this part by induction on n. For the base case, assume n = 1, so
then f = z — a for some a € Fys. Then clearly f has one root in one conjugacy

class A(a).

Now, assume f € R has degree n and let a € F, be a root of f. Then
f = g(x —a) for some g € R. By the inductive hypothesis, g has roots in at
most n — 1 o-conjugacy classes, say {A(dy),...,A(d,)} with r < n —1. By
Theorem 2.1.10, if d # a is a root of f, then d%~¢ is a root of g. Hence, all roots
of f fall into at most n conjugacy classes

{A(dy),...,A(d,),Aa)}.
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2. Assume the roots of f fall into the o-conjugacy classes A(a;, ), ..., A(a;, ). Then,
we can write V(f) = U_;A; where A; = V(f) N A(a;,). Hence, by Theorem
2.1.18 and Proposition 3.2.6 we have

T

ko (V(f) = rko(A) = Z dime, ker f(T5,, ).

i=1
Since my (y) right divides f we have rk,(V(f)) < n and so the statement follows.
[

Remark 3.2.8. Equality in the theorem above holds if and only if f = m,4 for some
A C Fy ie. if fis a W-polynomial.

Note that in [16], the author assumes ¢ is prime in the following theorem. This
assumption is not necessary as we will see in the subsequent proof.

Theorem 3.2.9. Consider R = F[x; 0] where o is the q-Frobenius.

1. We have ' :=lclm(z —a : a € Fj.) = (Vs — 1.
2. We also have | == lclm(z —a : a € Fys) = @7 Ds+ — 5.

3. The ideal generated by | is two-sided.
Proof.

1. Let H = z(779% — 1. Recall from 2.2.8, we know N,_1)s(b) = 1 for all b € F..
Hence, for any b € F}., we have H(b) = 0. Now, it suffices to show deg(l’) >

(¢ —1)s. Let ay,...,a,-1 be representatives of the nonzero o-conjugacy classes
of Fgs. By Corollary 3.1.21,

U(T,,)(b) = U'(ai)b=0
for all b € F;.. This shows ker(I'(T,,)) = F¢s for all i = 1,..., ¢ — 1. Therefore,
by Theorem 3.2.7 we have

q—1

deg(l') > Z dimg, ker(l Z dimg, (Fgs) = (¢ — 1)s.

=1

Thus, we know I’ = H.

2. Let G = x(@=Y+1 — 2 and note that 2!’ = I'z. Hence, G annihilates any b € F,
since !’ is a right divisor of G and clearly G(0) = 0. Since I'(0) # 0, we know
deg(l) > deg(l"). Therefore, deg(l) > (¢ —1)s+ 1, so in fact [ = G.

3. Since ¢® =id we know la = o(a)l for all a € F ., and clearly xl = [x. Therefore,
(1) = (D) O

Copyright© Kathryn M. Hechtel, 2024.
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Chapter 4 W-Polynomials

In a skew-polynomial ring, the skew-multiplication rule allows polynomials to pick up
more roots than suggested by its degree. Hence, it has become of interest to classify
when a polynomial is a W-polynomial, i.e. the minimal polynomial of its set of roots
(see Definition 3.2.1). In this chapter, we will discuss when polynomials of the form
1" — a € Fy[x; 0] are W-polynomials. We will show that any right W-polynomial
is also a left W-polynomial. Lastly, we will show any W-polynomial will remain a
W-polynomial when considered over a field extension.

4.1 Vanishing set of 2" —a

There is a special kind of (o, f)-skew-cyclic code called a (o, a)-skew-constacyclic code
where the modulus f is taken to be 2™ —a € F[x; o]. This type of skew-cyclic code
was first introduced by [3] and later studied in detail by [4], [5], and [7]. In this
section, we will identify the minimal polynomial for V (z™ — a), thereby classifying for
what n € N and a € F},, the polynomial 2" — a is a W-polynomial.

Throughout, let w be a primitive element of F,s, let o be the g-Frobenius and let
n € N where n < (¢ — 1)s. Note that we have this upper bound on n since all mini-
mal polynomials of subsets of ;. have degree at most (¢ —1)s by Theorem 2.1.19.

Recall the definition for the (r,n)-th norm function given in 2.1.6. Note that N’
induces a group homomorphism on F},. Since F}, is a cyclic group, we know im(V,,)
and ker(N,,) are cyclic. This is made precise in the following proposition. For the
rest of this section assume

n_ 1 d’_l
d=ged(g'=1,T—), d =ged(s(g=1),n), and §=ged(g'~1, ). (4.1)
q_

Proposition 4.1.1. The image and kernel of the n-th norm function are given by

®—1

im(N,) = (w?  and ker(N,) = (w @ ).
Proof. Since Fy, = (w), clearly im(N,,) = (w%> We also know that (w%> C (w?)

since d divides %. Conversely, let u,v € Z where d = u(q¢® — 1) + v(q;:f). Then,

wt = wu(qs_l)*'”(q::ll) = c,uv(qqn:ll)
Hence, (w?) C <w%) Therefore, im(N,,) = (w?).
The first isomorphism theorem for groups tells us, ker(N,) = (w™®»)y  Hence,
we have ker(V,,) = (w%> as needed. O
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Before we work more with the kernel and image of NN,,, it is useful to have the
following results on geds. The first of which follows from elementary number theory.

Lemma 4.1.2. Let o, 3,y € Z. If 7| ged(a, ), then

Lemma 4.1.3. For d,d given in Equation 4.1, we have § = d.

Proof. By Lemmas 2.2.14 and 4.1.2,

qd’ -1 q(q—l)s -1 qn -1
= ged , .
g—1 g—1 q¢—1

Hence, for some u,v € Z,
d _1q (¢-1)s _q n_ 1
q (4 ol
q—1 q—1 q—1

q—2/ s n

- -1 -1 -1
oy 2T (" —1)+ov (2

qg—1 qg—1 q—1

for some t € Z. Thus, since d also divides ¢®* — 1, we know d divides §.

For some v, ( € Z, we have

d=V@”—U+C(f:f)

= ko

for some k € Z. Therefore, § = d. O]

The subsequent corollary follows immediately from Proposition 4.1.1 and Lemma
4.1.3.

Corollary 4.1.4. For d' given in Equation (4.1),

ker(Nn) = ker(Nd/).
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Lemma 4.1.5. The vanishing set of x™ — a is nonempty if and only if a € im(N,,).

Proof. Let f = 2™ — a. Recall from Proposition 2.1.7 that f(c) = N,(c) — a for any
Cc FqS. ]

Remark 4.1.6. Assume a = N, (c) for some ¢ € F;,. Then, the vanishing set of 2" —a
is the coset of ker(V,,) containing c. Indeed, for any b € F s, we have b € V(2" —a) if
and only if N,,(b) = N, (c). This is equivalent to bc™! € ker(N,,). Hence, b € V(2" —a)
if and only if b and ¢ are in the same coset of ker(V,,). Therefore, V(2™ —a) is precisely
the coset of ker(V,,) containing c.

In the following proposition, we will see that ™ — a factors in a nice way.

Proposition 4.1.7. Assume n = af, and a = Ny(c) for some ¢ € F;.. Define

a = Ng(c). Then
" —a= (2 ( 1:[ (d)qi5> xj5> (2? — a).

=0 \i=j+1

Proof. 1f we carry out the multiplication on the right-hand side of the above identity,
with the aid of Lemma 2.2.1 we get the following.

RHS — i < 1:[ (d)q"ﬁ) 20+DB _ i (1:[(&)qu> 298

7=0 \i=5+1 7=0 =7
a a—1 _ a—1 a—1 _
— (H(d)q15> 298 Z (H(d)q”ﬂ) 298
j=1 i=j 7=0 i=j
a—1 fa—1 ‘ a—1 [fa—1 ) a—1 ’
S (o) (5 (Mo ) o
J=1 \i=j Jj=1 \i=j i=0
a—1
= .Iaﬁ — H(d)qlﬂ
=0
=2 — Ni(a)
= 2% — NJ(Ng(0))
= 2% — N,(c)
=z2" —a. O

Corollary 4.1.8. Assume a = N,,(c) and let @ = Ng(c). Then

1. (2% = a)l: (2" — a),
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2. (¥ —a)|, (xlVs — 1),

Proof. Part 1 follows immediately from Proposition 4.1.7. For part 2, recall from
Proposition 2.2.8 that Ny,_1),(c) = 1 for any ¢ € F;,. Hence, part 2 also follows
immediately from Proposition 4.1.7 if we take a = 1. O

Now we have the main result of the section.

Theorem 4.1.9. Let f = 2" —a € Fys[z;0]. Assume a € im(N,) so a = N,(c) for
some c € Fy.. Let a = Ny(c). Then

% =G =my(),

where as before my p) is the minimal polynomial of V(f).

Proof. Let g = 2% — a. By Corollary 4.1.8(2), Theorem 3.2.2, and Theorem 3.2.9
we know ¢ is a W-polynomial. By Corollary 4.1.8(1) and Corollary 2.1.15, we have
V(g) € V(f). Lastly, we need to show V(f) C V(g). Let b € V(f). Then, N, (b) =
a = N,(c). Hence, bc™! € ker(N,). By Corollary 4.1.4, we also have be™! € ker(Ny).
Therefore, Ny (b) = Ng(c) = a. So, b € V(g) as needed. O

As a corollary, we know the o-rank of V(2" — a) and we are able to classify
exactly when 2" — a is a W-polynomial.

Corollary 4.1.10.

1. IfV(x" —a) # 0, then tk, (V (2" — a)) = ged(s(q — 1), n).

2. The polynomial ™ — a is a W-polynomial if and only if n divides (¢ — 1)s and
a € im(N,).

In [12], the author states that x° — a is a W-polynomial if and only if a € F}.
This is a special case of Corollary 4.1.10(1) since by Proposition 4.1.1,

°—1

im(N,) = (waT) =T,

This implies for any v € F;,, we have N,(v) € F;. Recall from Theorem 2.2.4 that
x® — Ni(7) is the minimal polynomial of A(y). Hence, we in fact have a one-to-one
correspondence between the ¢ — 1 non-zero elements of IF,, and the ¢ — 1 non-zero
o-conjugacy classes of Fys.

Remark 4.1.11. Let A be a nonzero o-conjugacy class of F s with minimal polyno-
mial ma = 2® — a. Recall from Remark 4.1.6 that V(ma) is a coset of ker(NV;) and
by Proposition 4.1.1 that ker(N,) = (w? ). Hence, |ker(N,)| = % = |A|. This
means V(ma) = A. Any subset with this property is called full.
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4.2 Left and Right W-Polynomials

By default, when we use the term W-polynomial, we assume we have a right W-
polynomial, i.e. the right minimal polynomial of its set of right roots. A left W-
polynomial is the left minimal polynomial for its set of left roots. In Theorem 3.2.2,
we are given equivalent definitions for a W-polynomial involving its factors. In the
theorem, we say g € Fys[z; 0] is a factor of f if f = figfs for some fi, fo € Fys[;0].
So, the term factor encompasses left, right, or middle factors. Hence, it is natural to
ask if a right W-polynomial is also a left W-polynomial. In this section, we will use
subscripts [ and r to denote left or right vanishing sets, minimal polynomials, etc.

Throughout, assume o is the ¢-Frobenius. From [14] we have the following useful
fact about quadratic right or left W-polynomials.

Proposition 4.2.1. [14, Ez. 3.5] A monic quadratic polynomial f € Fys[z;0] is a
right (left) W-polynomial if and only if f has at least two distinct right (left) roots.

Now we will state what form any quadratic W-polynomial must have.

Lemma 4.2.2.

1. If f € Fys[z;0] is a quadratic right W-polynomial, then f = (x — 0*~%)(z — a)
for some a,b € V.(f) where a # b.

2. If f € Fys|z; 0] is a quadratic left W-polynomial, then f = (x —a)(z — o (b —
a)b(b—a)™') for some a,b € Vi(f) where a # b.

The lengthy expression in part 2 is a conjugate of b with respect to the auto-

morphism o~ .

Proof.

1. Assume f is a quadratic right W-polynomial and let a,b € V,.(f) where a # b.
Note that a and b exist by Proposition 4.2.1. One can easily check the identity

(x =0z —a) = (x —a" ") (z — b). (4.2)

Note that this result also follows directly from Theorem 2.1.10. Therefore,
(xr — b*%)(z — a) must be the minimal polynomial of {a,b}. So, since f is a
right W-polynomial, we have f = (z — b*~%)(z — a).

2. This direction is analogous to part (1), since one can easily check the identity
(x—a)(x—o ' (b—a)b(b—a)')=(z—0b)(xz — o '(a—bala—b)""). (4.3)
Therefore, since f is a left W-polynomial, we have f = (z — a)(z — o (b —

a)b(b—a)™t). O
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Before the main theorem, we need a lemma.

Lemma 4.2.3. Let a,b € Fys. Ifa # b, then a®® # b=, This is true for conjugation
based on any o € Aut(F/F,).

Proof. Let a,b € Fys where a # b. Then, we have

o(a—b)a(a—b)"' #o(a—b)bla—0b)""=0c(b—a)bb—a) O

Now we are able to state the main result of this section.

Theorem 4.2.4. Let f € Fys[z;0] be a monic of degree 2. Then f is a right W-
polynomaal if and only if it is a left W-polynomial.

Proof. Assume f is a right W-Polynomial and let a,b € V,(f) be distinct. Then, by
Lemma 4.2.2, f is of the form (z —a®~?)(z —b). By Equation (4.2) and Lemma 4.2.3,
f has a®® and b*~¢ as distinct left roots. So, by Proposition 4.2.1, f must be a left
W-polynomial. The converse direction can be shown via a symmetric argument that
uses Equation (4.3) and applies Lemma 4.2.2 to o~ 1. O

As a result of the above theorem, we have the following.

Corollary 4.2.5. Let f € F<[x;0]|. Then f is a right W-polynomial if and only if it
s a left W-polynomial.

Proof. Recall from Theorem 3.2.2 that a polynomial f is a right (left) W-polynomial
if and only if it splits completely, and every monic quadratic factor of f is a right
(left) W-polynomial. By Theorem 4.2.4, a quadratic polynomial is left W-polynomial
if and only if it is right W-polynomial. Hence, the result follows immediately. O]

4.3 W-polynomials in a Field Extension

Consider fields Fy: /Fys /F,, let 6 be the g-Frobenius of Fgst and let 0 = O|p,.. In
this section, we will see that a W-polynomial in F,:[z; o] will remain a W-polynomial
when considered over a larger field F«¢, however the converse is not true.

Recall the vanishing set for a polynomial f is the set of roots of f (see Definition
2.1.14). For this section, we will use a subscript to indicate which field the roots are
coming from, i.e. for f € Fy:[z;0],

Vi, (f) ={b € Fg : f(b) =0}

Ve, (f) = {b€Fge - f(b) = 0}
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Theorem 4.3.1. If f € Fy:[z;0] is a W-polynomial, then f is also a W-polynomial
Zn Fqst [3:7 0] .

Proof. Let f € Fys[x;0] be a W-polynomial and let U = Vg_.(f), and V' = Vfgqst(f).
Since f is a W-polynomial, we certainly have f = my. By Corollary 2.1.15, since
U C V, we have f|ymy. By Theorem 2.1.10, since f vanishes on V' we also have
my |, f. Therefore, we must have f = my, so f is a W-polynomial in F[x; 6]. O

Remark 4.3.2. Conversely, we may have a W-polynomial in F,«[x; 6] which is not
a W-polynomial in Fg[z;0]. Recall from Corollary 4.1.10 that 2™ — a € Fy ;0]
is a W-polynomial if and only if n|(¢ — 1)s and a € im(N,,). So, clearly if we let
a € N,(F,) and pick some n that divides (¢ — 1)st but does not divide (¢ —1)s, then
2" — a is a W-polynomial in F«[x; 8] but not F:[z; o].

For a polynomial f € Fy:[z;0], we clearly have Vi . (f) C Vi .. (f). We will
see next for certain W-polynomials we can have equality.

Proposition 4.3.3. Let a = N,(v),y € F;, and let f = 2°> —a. Then we have
Ve, () = Ve (f).

Proof. Clearly we have Vg .(f) C VE . (f). To show the other direction, let w be

st71
a primitive element of Fg s and assume 7 = w1 for some k € N. Now let b €

Vk,..(f) so that by~! € ker(N,). Then by Proposition 4.1.1 applied to the group
homomorphism N; : Fj;st — F;st, we have

-1 &(qfl)j
by =weT

for some 5 € N. Therefore,

_ (=) (era-1)

€Fye.

So in fact b € VFqs(f). Thus, V}gqst (f) = VFqS(f). O

In general, W-polynomials in F:[z; o] pick up roots when considered over F .
as seen in the next example.

Example 4.3.4. Consider fields Fs1/F32 /F3 and assume w is a primitive element of

F3: which satisfies w? + 2w +2 = 0. Let f = 2% — 2 + w3® € Fs:[z;0] and note
that f is a W-polynomial over F32, and hence a W-polynomial over F3a. When one
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compares the vanishing set of f in [F32 with the vanishing set of f in F31, we see that
f indeed has more roots in the larger field.

%‘32 (f) = {WS()?WGO}
%‘34 (f) _ {(/(187 (.U50, w607w72}

Copyright© Kathryn M. Hechtel, 2024.
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Chapter 5 Skew Roos Bound and the Arithmetic Progression
Construction

In [1], the authors showed a Roos-like bound for the minimum Hamming distance
and rank distance of certain skew-cyclic codes. In their work, they take the modulus
f =2a"—1. We are able to show that the Roos-like bound on the minimum Hamming
distance also holds for a more general modulus f = 2" —a with a € N, (F;.). If in fact
a € N,(F,), then it even holds for the minimum rank distance. In addition, we provide
a counterexample illustrating that the last statement is not true if a € N, (Fzs \ F,).
Furthermore in [1], the authors provide conditions on the size of the set of roots of a
generating polynomial which force the resulting code to be MRD. After some work,
we are able to show that any root set of this size must be in the form of an arithmetic
progression.

5.1 Skew Roos Bound

Throughout this section, let n = st and consider Z, = ({0,...,n — 1},+) as an
abelian group. For f = 2" —a with a € N, (F,), the skew-cyclic codes of interest for
this section are submodules of the module

Fyslz;0]/*(z" —a) = F.

q

Definition 5.1.1. Let 8 € F},. and v € Fy.. For g € Fs [z; 0], the (v, B)-defining set
of g is

Tysg) = {i € Zu: (x = 2B")]: g}.
Note that in particular lclm{z —v3% :i € T, 5(¢9)} | g-

~ Considering (v, §)-defining sets as a subsets of Z, is well-defined because
B = B9 for any | € N and j € Z.

Remark 5.1.2. Let v € F,, and 8 € Fys« where 3 = a7t for some normal element
a of Fe (see Definition 2.2.3). Also let g € Fy:[z; o].

1. The set T, 5(g) greatly depends on the choices of v and £.

2. Let a = N,(v). By Theorem 2.2.4, we know 749 is a root of 2" — a for
t=20,...,n— 1. Hence, for any subset T' C Z,,, we have

llm{z — B9 i e T} |, (2" — a).

Now, we will state the Roos-like bound for the Hamming distance. The proof
of the theorem presented here is the same as in [1] with small adjustments made to
handle the more general modulus f. For the case where a = 1, see Theorem 13 in [1].
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Theorem 5.1.3 (Skew Roos Bound for the Hamming distance). Let a € N,(F}.)
and f = 2" —a € Fylz;o]. Also let g € Fyslx;0] be a right divisor of f and set
C =vs(*(g)) CFy. Suppose there exists parameters b,m, 0,7, ko, ..., k. € Ng such
that

1. m # 0 and ged(m,n) =1,
2. k’o<l€1<"'<k’r W?;thkr—k’oé(s—i—’l“—Q,

S {b+mi+k;:0<i<d§d—2 0<j<r}CT,ps(g) for some~ € N, (a), and
B = a1t for some normal element a of Fyst, and where all elements are taken
modulo n.

Then, dg(C) > 6§+ .

Proof. Let w =6+ r —1 and pick ¢ € C' where wy(c) < w. It suffices to show ¢ = 0.
Note that p;(c) = >, ¢, a'n for suitable {l1,...,l,} C {0,...,n —1}. So, for each

b+im—+k,;

0<i<0-2,0<7<r weknowxz—~31 "|ips(c). Hence, for all 4, 7,

b+im+k]~ ) b+im+kj+lh

w _ btimdk; e
0= Z Cthlh (Vﬁq =a? ’ Z Cthlh (V)Oéq
h=1 h=1

This means ¢ = (¢, N, (7), - - -, c, Ni,, (7)) € ker(B) where

B (A]ar| |
and
bty +kj
A= <oﬂ " >1§h§w‘
0<j<r
By [1, Lemma 12], if we set t = § — 1, then we know rk(B) = w which forces
¢ = 0. Then, since N, (7) # 0 for all 1 < h < w, we must have ¢ = 0. O

As we will see next, the Roos-like bound for the rank distance also holds with
a general modulus f = 2" — a when a € N,(F,). For the case where a = 1, see
Theorem 22 in [1].

Theorem 5.1.4 (Skew Roos Bound for the rank distance). Let a € N, (F,) and
f =a"—a € F,z;0]. Also let g € Fylx;0] be a right divisor of f and set
C =v;(*(g)) CFy.. Suppose there exists parameters b,m,d,r, ko, ..., k. € No such
that

1. m # 0 and ged(m,n) =1,

2. l€0<k1<"'<kr wzthkT—k0§5+r—2,
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3 {b+mi+k;:0<i<d§d—2, 0<j<r}cCT,z(g) for some~y € N, (a)NF,,
and 8 = o471 for some normal element o of Fyst, and where elements are taken
modulo n.

Then, dr(C) > 6 +r.

Proof. By Lemma 2.3.4, it suffices to show dy(CM) > 0 + r for all M € GL,(F,).
Let M € GL,(F,) be arbitrary, w = 6 +r — 1, and c E CM ™! such that wg(c) < w.
It suffices to show ¢ = 0. Assume ps(cM) = Zh o Pr™. Then, for each 0 < i < §—2,

b+im—+k.;

0 <j <r weknow z — yf31 "I pr(cM). Hence, for all 7, j

b+zm+k _ b+zm+k b+im+k -+h
0= thNh (v5* thNh T

Let D = diag(1, N1(%),..., Ny_1(7)). Then, we have cM D € ker(B) where
= (A || A

and

b+h+k;
A (O‘ >0§h§n—1 :
0<y<r

Let L == {ly,...,l,} € {0,...,n — 1} denote the non-zero components of ¢
and set ¢ = (¢, ...,¢,). Denote by My, the rows of M indexed by L. Then clearly
cM = ¢eMp, so we have ¢ € ker(M,DB). Since M;D € ]F}]”X” and hence invariant
under powers of ¢, we have

M.DB = (MLDA | (MDA | .| (MLDA)W‘”’”>
Now we will show that
MDA = ( h >1§h§w’
0<j<r
for linearly independent Sy, ..., 3, where
/Bh = M{lh}D[qub, qub+l, - 7qub+n71}T.

Let M = (m;j). Then for all 1 < h <w, 0 < j <r, we have

k.
n—1 q
b+k +1i +4
(MLDA)hj = E mlh,iNZ-( ( E mlh, z )

=0

o ¢~ ks
= (M{lh}D[aqb, aqu, . ,aqb+ I]T) = (Bp)? T
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To show linear independence, assume that for zy,...,z, € F, we have

0=z181 + + Tufu

>
Il
—

I
M=
g

Sy

E

z

=
>
%

I

T
—_
.

=0
> thlh,iNz’(’V)> at™

~
Il
o
>
Il
—

Since a, o, ..., a7 " are linearly independent over F,, we must have Y " xpmy, :N;(v) =
0 foralli=0,...,n—1. Then,

0=y, Ni(y) = Ni(7) Y wnm, i
h=1 h=1

So, in fact >, xpmy,; =0 for all ¢ =0,...,n — 1. This forces (z1,...,z,) M = 0.
Now, since M is invertible, we know rk(Mp) = w, so x, = 0 for all 1 < h < w. Thus,

Bis ..., By are linearly independent over IF,. Therefore, by [1, Lemma 12|, we have
rk(MpDB) = w. This forces ¢ = 0 and hence ¢ = 0 as needed. O

Unfortunately, the Roos-like bound for the rank distance does not hold for
v € Fys \ F,. Indeed, the following is a counter-example to the Roos-like bound for
the rank metric when v ¢ F,.

Example 5.1.5. Let n = s = 6, t = 1, and consider fields Fss/F3. Let w be a
primitive element of F3s which satisfies w® + 2w* +w? +2w +2 = 0. Note that o = w?
generates a normal basis of Fss, so set 3 = w?. Pick v = w' € Fys \ F5. Then
we have a = Ng(v) = 2 € Fs, and note that a ¢ Ng(F5). Now choose parameters
b=1,m=5,0=3,r=1,ky=1,k =3, and let

b+im+kj

g = lelm{~37 0<i<1,0<5 <1}

For f = 2% — 2, define C = v;(*(g)). Using SageMath software, one may easily see
v i= (W2 W, w3, W WO W) € O

but rk(v) =3 < J +r.
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5.2 Representative Defining Sets and Implications to MRD Codes

In the previous section, we often have a generating polynomial g in Fu[x; 0] even
though the roots 75‘11 come from a field extension Fys:. As we will see, this puts a nice
structure on sets of the form T, 5(¢) which has implications as to when C' = v,(*(7))
is an MRD code.

Throughout this section, let n = st and recall Z, = ({0,...,n — 1},4). Then
note sZ,, = {0,s,...,s(t — 1)} is a subgroup of Z,. Hence, we can write

s—1
Zn = |_|(.] + SZn)'
7=0

Definition 5.2.1. A subset T' C Z,, is called s-closed if for any ¢ € T', we also have
1+seT.

With the same arguments as in the proof of Proposition 2.1.17, we have the
following useful facts.

Proposition 5.2.2. Let v € F; and § € Fyse.

1. If g € Fys[x; 0], then T, g(g) is s-closed.

2. Conversely, if T C Z, is an s-closed set, then lclm{x — 7qu i1 €T} isa
polynomial over Fys rather than IFys:.

If g € Fys[z; 0], then the above proposition allows us to work with a subset of
the (7, §)-defining set.

Definition 5.2.3. Let T C Z, be an s-closed set. Define T®) = {i1,... 4} C

{0,...,s — 1} such that
l

T =| |(ij+ sZ).

=1

Note that T) is well-defined. We call T(®) the s-representative set of T'.

As we will show next, when g € F,s[x;0] is in fact the minimal polynomial
for its (7, §)-defining set 7', then the size of the s-representative set of T will have
implications on when C' = v¢(*(g)) is an MRD code. It comes from the Singleton-like
bound for these particular skew-cyclic codes and is stated precisely in the following
proposition. For the case where a = 1, see Proposition 26 in [1].
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Proposition 5.2.4. Let n = st. Choose a = Ny,(v), v € F; and let f = 2" —
a. Also let « be a normal element of Fyst, and set f = a4, Choose parameters
b,m,d,r, ko, ..., k. € Ny such that

1. m # 0 and ged(m,n) =1,
2. k0<"'<kr wzthkr—k0§5+r—2

3. SetT ={b+im+k;:0<i<6-2,0<j<r}CZ,and let T be the s-closure
of T in Z,, where all elements are taken modulo n.

Now, set B
g = lelm{z — VBT N € T} € Fysx; o]

Then C = v(*(qg)) satisfies
541 <dp(C) < T +1.

In particular, when |T(s)| =d0+r—1, then C is an MRD code with rank distance
0+r.

Proof. The lower bound is given by Theorem 5.1.4. For the upper bound, recall that
the Singleton-like bound for the rank metric (see Equation (2.3) following Proposition
2.3.3) is given by

dim]pqs (C)

dr(C) <5 — + 1.

Also recall from Proposition 2.4.3 that dimg . (C) = n — deg(g). We will now show
deg(g) = |T|. Clearly we have deg(g) < |T|. To show equality, first note that T C Z,,
so all elements are taken modulo n. Therefore, all oﬂk, X € T are linearly independent
over F, since « is a normal element. Then, since = v(oﬂA)q_l, we know all v37",
A € T are P-independent by Corollary 2.1.28. Hence, deg(g) = |T|. Lastly, since

IT| = t]T(S)] we have

()
- t T —(Ss
dr(C) gs—%‘lel:\T()H—l.
If in fact |T(S)| =+ r—1, then dg(C) is forced to be 0 + r. O

We will now look at a special case of Proposition 5.2.4. For the case where
a =1, see Corollary 28 in [1].

Corollary 5.2.5. Let n = st. Choose a = N, (7), v € F; and let f = 2" —a. Also
let o be a normal element of Fyst, and set § = a?~'. Choose parameters b,m, " € Ny

such that m # 0, ged(m,n) =1, and 2 < § < s. Set

1. T={b,b+m,...,b+ (0" —2)m} C Z,, where all elements are taken modulo n,
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2. T be the s-closure of T in Z,,
3. g =lclm{z — 87 : A € T} € Fys[z; 0].

Then C ==v0;(*(q)) is an MRD code with rank distance ¢'. We call C' a skew-BCH
Code of the second kind.

Proof. First note that g is a right divisor of f by Remark 5.1.2. Therefore, C' satisfies
the parameters in Proposition 5.2.4 with » = ky = 0. Next we will show all the
elements of T are distinct modulo s. Suppose there are 0 < j <7 < ' — 2 such that
b+im = b+ jm (mod s). Then, s|m(i — j), and since ged(m, s) = 1, we must have
s|(i—j). However, since i, j < §' —2 < s, this forces i = j. Thus, |T(S)| =|T|=0-1
Hence, also by Proposition 5.2.4 C' is an MRD code with rank distance ¢§’. O]

We will see skew-BCH Codes of the first kind in Section 6.2. The set T in
Corollary 5.2.5 above is in an important form which we will define next.

Definition 5.2.6. A set 7' = {ay,...,a;} C Z, is an arithmetic progression with
common difference m if there is an ordering of elements of T', say a;,, ..., a;,, where
= a;,_, + m(mod n) for all j =2,...,1.

ai].

At the end of [1], the authors pose the question whether it is possible to
construct skew-cyclic MRD codes where the s-representative set of the (v, 5)-defining
set is not in the form of an arithmetic progression such as in Corollary 5.2.5. When
m is prime, the authors used the Cauchy-Davenport Theorem to show the answer is
no (see Proposition 30 in [1]). We were able to show for any m, the answer is no.
The following is the statement of this result.

Theorem 5.2.7. Let n = st. Choose a = Ny,(7), v € F; and let f = 2" —a. Also
let a be a normal element of Fyst, and set § = a?'. Choose parameters b,m,§ >
3,1, ko, ..., k. € Ny such that

1. m # 0 and ged(m,n) =1,
2 ko< <k, wzthkr—k0§5+r—2

3. SetT ={b+im+k;:0<i<06-2,0<j<r}CZ, and let T be the s-closure
of T in Z,, where all elements are taken modulo n.

If |T(S)| =4§+1r—1, then T is an arithmetic progression with common difference

m. As a consequence, we are in the situation of Corollary 5.2.5 with T in place of

T.

The proof will be given in Section 5.4. We first need some set theoretic results.
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5.3 Preliminary Results on Arithmetic Progressions

Throughout this section, consider the abelian group Z, = ({0,...,s — 1}, +) with
addition taken modulo s. Let r,d € Z be positive integers such that d +r + 1 < s.
Also let A = {ko,...,k,.} with elements k; that are distinct modulo s. Let B :=
{0,m,...,dm} where gcd(m,s) = 1. Note that the elements of B are also distinct
modulo s. Define A + B C Z; by element wise addition where all the elements are
taken modulo s. In this section, we will show |A + B| > d+r+ 1, and in the case of
equality A + B can be written as an arithmetic progression.

Proposition 5.3.1. Define the map ¢ : Zs — Zs where a — a +m. Then, ¢ is a
cycle of length s. As a consequence, if K C Zy and ¢(K) C K, then K = Zj.

Proof. There are no fixed points of ¢ since m # 0. Consider a cycle (a,a+m,...,a+
(I — 1)m) contained in Z; where a + Im = a, with [ < s. Then, s|lm, so s|l since
ged(m, s) = 1. Hence, [ = s. As a consequence, if o(K) C K, then K can be written
as a cycle of length s. Hence, K = Z,. O
Lemma 5.3.2. For A+ B defined above, we have |A+ B| > d+r+ 1.

Proof. We will prove this by induction on d. For the base case, if d = 1, then
B = {0,m}. By Proposition 5.3.1, we have

|A+B| = |A+p(A)| > [A|+1=7r+2.
Now, assume B = {0, m,...,dm} and let B, = {0,m, ..., (d—1)m}. By the inductive
hypothesis, [A + Bi| > r +d. Let A= A+ By, and note A+ B = A+ {0,m}. If
|A| > r+d+1, then clearly |[A+ B| >r+d+ 1. If |A] =r +d, then
A+ B|=|A+{0,m}| > |A|+1=r+d+1. O

For the rest of this section, assume |A+ B| = d+r+ 1. Recall that d > 1 and
therefore A+ B # A.

Definition 5.3.3. Consider £ = {{(i1,j1),..., (ia,ja)} : 0 <4 <7, 1 <j < d}.

1. Wesay L ={(i1,1),---,(iq,Ja)} € L is a representation of A+ B if

A—l—B:{ko,...,kT,kil +j1m7-“7kid+jdm}’

2. We say (i1, ji) is equivalent to (i, j]), denoted (ir, ;) ~ (i},7;), if ki, + jim =

3. For a representation L = {(i1, 1), ..., (i4,ja)} of A+ B, define o(L) := 27:1 Ji-
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Lemma 5.3.4. Let L be a representation of A+ B where o(L) is minimal among all
representations of A+ B. Then,

L=1{(0,1),(0,2),....(0,d)}.

Proof. By Proposition 5.3.1, we know p(A+ B) ¢ A+ B since |[A+ B| <s. We will
show that in every representation of A + B there is some j; equal to d. First note
that ¢(k; + jm) € A+ B for all 7 and j < d. Assume for contradiction that j; # d
for all (4;,7;) € L. Then for all 0 <i < r,

ki + dm = kiv —i—jvm
for some (i,,j,) € L. However, then we have
p(ki +dm) = o(k;, + jom) € A+ B

This forces (A + B) C A + B, a contradiction, so we may assume j; = d. By
re-indexing ko, ..., k, we may also assume that iy = 0. Thus, (0,d) € L. Now suppose
there is some 1 <[ < d where (0,1) ¢ L. Then, since ko + Im € A+ B, we must have
one of the following cases

1. ko +Im = k; for some 1 <1 <,

2. ko +lm = k;, + jym for some (iy, j,) € L.

Case 1: If kg +Im = k;, then (0,d) ~ (i,d —[). Hence, replacing (0,d) by (i,d — 1) in
L would lead to another representation L' of A+ B with a smaller sum o(L’).

Case 2: Suppose ko + Im = k;, + j,m. We are assuming (0,) ¢ L, so clearly [ # j,.
If j, <, then (0,d) ~ (i,,d — I + j,). Hence, replacing (0,d) by (i,,d — 1+ j,) in L
would be another representation of A + B that contradicts the minimality of o(L).
If j, > [, then (i,, j,) ~ (0,1) also giving a representation of A 4+ B that contradicts
the minimality of o(L).

Therefore, {(0,l) € L : 1 <1 < d} C L. Since |L| = d, we have L = {(0,]) €
L:1<1<d}. ]
Theorem 5.3.5. If we assume |A+ B| =d+r+1, then A+ B can be written as an
arithmetic progression with common difference m.
Proof. By Lemma 5.3.4, we may assume that A + B is of the form

A+B: {k‘o,k’l,...,k,«,ko+m,...,l€0+dm}

where all elements listed are distinct. Let ¢ : Z;, — Z; be the map where a — a+m.
Then, by Proposition 5.3.1, ¢({k1,...,k.}) & {k1,...,k.}. Since p({k1,...,k}) C
A + B, there must be some k; € {kq,...,k.} such that o(k;) € {ko, ko +m,... ko +
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dm}. If p(ki) = ko + Im where | > 1, then k; = ko + (I — 1)m contradictory
to these elements being distinct. So ¢(k;) = ko. WLOG assume ¢(k,.) = ko.
Similarly, o({k1,...,k—1}) & {ki1,...,ke—1}, so there is some k; € {ki,...,k-_1},
where ¢(k;) € {k,, ko +m,... . ko +dm}. If p(k;) = ko + Im where [ > 1, then
k; = ko + (I — 1)m, a contradiction. Hence, ¢(k;) = k., wlog assume ¢ (k,_1) = k.

Continuing in this fashion we obtain a chain of images under ¢
ky— ko — o= ko= k.
We can now include the other elements of A + B in the natural way
ki —k.—k—k+m—=- =k +dn.

Thus, A+ B can be written as an arithmetic progression {k;+jm : 0 < j <r+4d}. O

5.4 Proof of Theorem 5.2.7

Now we are ready to prove Theorem 5.2.7 which is restated here for convenience.

Theorem 5.2.7. Let n = st. Choose a = N,(7), v € F} and let f = 2" —a. Also
let o be a normal element of Fyst, and set § = a%'. Choose parameters b,m,§ >
3,1r ko, ..., k. € Ny such that

1. m # 0 and ged(m,n) =1,
2 ko< - <k, withk, — ko <d+7r—2.

3. SetT ={b+im+k;:0<i<6-2,0<j<r}CZ, and let T be the s-closure
of T in Z,, where all elements are taken modulo n.

If |T(s)| =0+1r—1, then T is an arithmetic progression with common difference

m. As a consequence, we are in the situation of Corollary 5.2.5 with ) in place of
T.

Proof. First, recall that we have a natural bound |T| < n. With this we have
t6+r—1) =T = T| < n = st.

Hence, we must have § +r — 1 < s. If we have equality, then T — Zs. SO, with the

help of Proposition 5.3.1, T is an arithmetic progression with common difference
m. Thus, we will assume § +r — 1 < s.

Next, consider the case when r = 0. In this case, we have T' = {b+ ko +im : 0 <
i <6 —2} We will show T is also in the form of an arithmetic progression. Let

T _ {ai,...,a5_1}. Then, by definition a; = b+ko+jm (mod s) for some j. Hence,
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there is a re-ordering of T(s), say @, ..., ai;_, such that a;; = b+ kg + jm (mod s).
Then, we have

ai; ., =b+ko+ (j +1)m (mod s) = a;; +m (mod s).

So, ) is in fact an arithmetic progression with common difference m. For the rest
of this proof, we may assume r > 1.

Let A= {b+ko,...,b+ k.} and let B := {0,m,..., (6 —2)m}. We will show the
elements of A and B are distinct when taken modulo s. Let b+k;, b+k; € A such that
b+k; = b+k; (mod s). Then s|(k; —k;) which forces i = j since k; —k; < d+r—1<s
by assumption 2 above. We also know the elements of B are distinct modulo s since
ged(m, s) = 1. Now define A + B by element wise addition where all elements are

taken modulo s. By construction b+mi+k; (mod s) € T(s) for0<i<6-2,<j5<r.
Hence A+B C T, By Lemma 5.3.2 (withd = 6—2 > 1), [A+B| > r+6—1 = [T").
Thus, A+ B = T, Therefore, by Theorem 5.3.5, the set ) can be written as an
(S). Thus,

m

arithmetic progression with common difference m. Lastly, note that T =T

we are in the situation of Corollary 5.2.5 with ¢/ = +r and T = T,

Copyright© Kathryn M. Hechtel, 2024.
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Chapter 6 Skew-Cyclic Subfield Subcodes

In [20], the authors relate the number of roots of a polynomial with the minimum
Hamming distance of the skew-cyclic code generated by that polynomial. We will
discuss constructing these skew-cyclic codes over F s while allowing the roots to come
from some field extension Fg . Hence, the smaller code over [Fs is a skew-cyclic
subfield subcode of some larger skew-cyclic code over Fys:. There are two ways to get
a subfield subcode over F,s. As we will see, both methods produce the same code.
We will also compare the dimension of BCH codes of the first and second kind.

6.1 Constructing Skew-Cyclic Codes over F

Throughout, assume we have field extensions Fyst/Fy: /Fy. Let 6 be the ¢g-Frobenius
automorphism of Fgs¢ and let o = fp,.. Also let A C Fyr and let A be the Galois
closure of A under Aut(F s /F,:). Consider the polynomials

ma = lclm{x — v : vy € A} € Fya[z; 6]

mg = lelm{z — o : a € A} € Fs[x;0].
Indeed, m+ has coefficients in F s since the set of roots, A, is Galois closed (see Prop
2.1.17). Now, let n € N with n > deg(m4). The largest option for n is described in

detail in Section 2.2. Also, let f € Fys[x;6] and f € Fys[z; 0] be left multiples of m,
and m4 respectively, both monic of degree n. Then, we may define the modules

_ Fulz; o] . _ Fy ;0]
R_—°(f) d § —’(f) .

Recall, these modules are (left) isomorphic to the vector spaces Fy, and [Fis: respec-
tively. The Fys-isomorphism is given by

n—1
py:Fo. — R where (ug,...,up1) Zuzxz
=0

Let vy = p;l. Similarly, we define the Fyse-isomorphism p; : i, — S. Hence, we
may identify skew-cyclic codes in R (or §) as subspaces of Fy. (or Fyi.).

We will now discuss two constructions of skew-cyclic codes over F,s. Define
the codes
C1 =v;(*(ma)) NFy,
Cy =0,(* (7).
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Then, by definition of m4 and my4, we have
Cl == kerl(Vn(A)) N ng,

CQ = kerl(Vn(z)) N FZS

Proposition 6.1.1. Given the constructions above, C, = Cj.

Proof. Since A C A, we clearly have Cy C (. _Nov_v we will show C; C (5. Let
h = (hg,...,hy,_1) € Cy, and let a € A so that a?” € A for any j € N. Then consider

sJ

Hence, h € ker;(V,,(A)). Since we also have h € Fys, we know h € Cy as needed. [J

We close the section with showing how to actually compute the intersection
C' NEy. for any C C F..

Let {1,7,...,7"'} be a basis for the extension Fy«/F . Since the field ex-
tension is degree t, there exists unique a; € Fy« where v* = Z;j) a;7’. Hence, we

may define the block companion matrix

0 L1y

I'= aol, ail, ... a;.l,

€ IE‘Z.EW.

Any vector v € Fi. can be written v = Z;;B v;y? with v; € [Fys. Define the Fs-
isomorphism
Ve — ]Fgf where v (vg,...,v_1).

Lemma 6.1.2. For any v € F.., we have ¢(yv) = ¢(v)I.
Proof. Let v = Z;;B Y/v; with v; € F,. Then,

Yo =qv0 + Y0+ T e + 7 v

t—1
=yvo+ 7 v 4+ + (Z aﬂj) Vit
j=0
= agVi—1 + (Vo + a1vi—1)y + (v1 + a2“t—1)72 +o (V2 + at—lvt—l)vt_l

Thus,

Y(yv) = [aovt—l Vo + a1V U1+ a1 ... Vgt at—lvt—l] =yl O
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Theorem 6.1.3. Let C C Fp., with basis {vy,...,vp} over Fysi. Define the matrices
M e FE™ and Ie F2™ as follows:

[ Y(v) ]
Y(o)l
M = w(vljrt—l . and I=[1, | 0 ... 0].
Z/1(712)

[ (v )T
Then,

Y(CNIFy) =rs(M)Nrs().

Proof. Let u € Fy,. Then, v € C if and only if u = Zk (Z;;E ozijvj) v; for

i=1
a;; € Fgs. This is equivalent to

[ Y(v) ]
Y(yvr)
koot—1 :
U(u) = Z Z%‘ﬂ/} (VJUz‘) =a | P> )
b(w)
L (" o)
where a = (g, ..., 00¢-1,020, ..., Q1) € IF';E. By lemma 6.1.2, the matrix on

the RHS is equal to M. Hence, u € C if and only if ¥(u) € rs(M). Therefore,

Y(C) = 1s(M). Similarly, ¢(Fp.) = rs(I). Since 1 is an Fgs-isomorphism, we now
have

Y(CNIFy) =rs(M)Nrs([l). O

The above theorem allows us to use the matrices M and I as described above
when computing examples involving C'NFg, with C' € F...

6.2 Tapia-Tironi Theorems on Hamming Distance

Throughout this section, assume we have field extensions F st /F,/F,. We will see
that the number of roots of a generating polynomial g has implications on the lower
bound of the minimum Hamming distance of the skew-cyclic code generated by g. The
following theorems are from [20]. The first one is presented here using the minimal
polynomial of the root set as the generating polynomial. This ensures we construct a
code with the largest possible dimension given the parameters in the theorems. We
give proofs below that we believe are more intuitive to the computation heavy ones
given in [20].
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Theorem 6.2.1. /20, Thm. 4.7] Let b,m,6 € Ny with m # 0, and let B € F .
Define
A={p"m.0<i<§—2}

and let A be the Galois closure of A under Aut(Fys/Fs). Thus, my is in Fys|r; o).
Pick n such that n > maz{deg(mz),d} and N;(f™) # 1 fori=1,...,n — 1. Lastly,
let the modulus f € Fys[x;0] be any monic left multiple of mz of degree n and set
R = Fﬁs([;j)g]. Then C = vy(*(mz)) C Ty satisfies dy(C) > 6. We call C a
skew-BCH code of the first kind.

Note that the length n with the required conditions exists for suitable choices
of 8, m, and ¢. For instance, if m = 1 and (3 is a primitive element of F«, then
Theorem 2.2.13 tells us that N;(f™) # 1 fori =1,...,(¢ — 1)st — 1. Furthermore,
by Theorem 2.1.19 the largest value for deg(m) is (¢ — 1)st — 1 (unless the code is
trivial) so we may choose n to be as large as (¢ — 1)st.

Proof. Let V' be the skew Vandermonde matrix

! 1 1 ]

Nu(B)  Ni(BEMY .. Ny(Be-Dm)

V = Vn(ﬁb, 6b+m’ o ’Bb+(572)m) _ NQ(Bb) N2(6b+m) o Ng(ﬁb+(672)m)
_Nn—i(ﬁb) Nn_l('ﬁ”m) Nn_l(ﬁéﬂH‘)m)_

Since (%, g¥*™, ..., BP=2™ are roots of my, we know C' C ker;(V) NF. Note that

1 1 1 . 1
L Ni(B™) Ny ()2
vo| M ) 1 Na(B™) Na(5m)°~
Nn—l(ﬁb) _i Nn—l.(ﬁm) o Nn_l('ﬁm)é—Q_

The matrix on the right, V, is a classical Vandermonde matrix. By Proposition 2.2.6
the elements 1, N1 (™), ..., N,_1(5™) are distinct. Hence, any § — 1 X § — 1 minor of
V is nonzero. Thus, the same must be true for V. Therefore, by Cor 1.4.14 in [11],
dy(C) > 6. O

The following is a corollary of the above proof together with Theorem 2.1.24.

Corollary 6.2.2. Let A C Fst be as described in Theorem 6.2.1. Thentk,(A) =0—1

and rk,(A) > § — 1.
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Remark 6.2.3. Let C := v(*(mz)) C F}. be a code that satisfies the conditions of
Theorem 6.2.1. Recall the Singleton bound is given by dy(C) < n — dimg,_. (C) + 1,

and we say C' is MDS if we have equality. Since dimg . (C') = n — vk, (A), this upper

bound is equivalent to dy(C) < rk,(A) + 1. With the lower bound given in the
theorem above, we now have

§ < dp(C) < e, (A) + 1.

Thus, if 1k, (A) = § — 1, we certainly have an MDS code with Hamming distance 9.

As shown in the next example, the rank of A depends on the choice of primitive
element w. In the following example, we have one primitive element that generates an
MDS code, and one that does not generates an MDS code with all other parameters
identical.

Example 6.2.4. Consider Fss /F32/F3 with n =6,b=180,m =2, 0 =3, and § = w
for a primitive element w € Fss,

T _ [, 164 20 180 , 182
A=A{w™ w” W™ W}

If w satisfies w8 +w® 4+ 2wt + w3 +2w2 +w+2 = 0, then 1k, (A) = 4, and dy(*(m7)) = 4.
Hence, the code is not MDS since the Singleton bound is 5. However, with the same
parameters if w satisfies w8 + w® + 2w + 2w + 2w? + 2 = 0, then rk,(A) = 2 and
dp(*(m7)) = 3 so the code is MDS.

With Corollary 2.1.28, we are able to consider the o-rank of A through a new
lens if A is contained in a single o-conjugacy class. In this case, we are able to relate
P-independence of A to linear independence over F, of the o-conjugate exponents
(see Definition 2.1.8). This is summed up in the following theorem.

Theorem 6.2.5. Let
A={plrme?  0<i<§—20<j<t—1}.

for b,6,m,n € Ny and B € Fy satisfying the conditions in Theorem 6.2.1. Also,

define

b(g* — 1) + imq®¥
q—1 '

F=(":0<i<6—-20<j<t—1) where Tj =

If (¢ — 1)|m, then A C A(B®) and rtk,(A) = dimg, (T).

Proof. Assume (¢ — 1)|m, so that T;; is an integer for all i = 0,...,d —2 and j =
0,...,t —1. Now consider

ﬁ(b—&—im)qu _ Bbﬁb(qu_1)+imqu — ﬁbﬁTU(q_l) _ (ﬁb)ﬂTij'
Hence, gtima” ¢ A(BP) for all i, j with 379 as the o-conjugate exponent. The last
result follows immediately by Corollary 2.1.28. m
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To reconcile the condition (¢ — 1)|m with the conditions of Theorem 6.2.1, we
need the following result.

Lemma 6.2.6. Let w be a primitive element of Fyse. If st > 2, then w?™! is a generic
element of Fyet (see Definition 2.2.11).

Proof. Assume r|st with r < st. Then, in fact r < %t, SO
@ -Dg-D=¢" ¢ (¢ -1)<qdT-1<¢" -1

Therefore, the order of w does not divide (¢ — 1)(¢" — 1), so (w?1)7 =1 #£ 1 for any
r|st, r < st. Thus, w?! is a generic element of F . O

Remark 6.2.7. The conditions in Theorem 6.2.1 and Theorem 6.2.5 do not con-
tradict. There are choices of m and [ where (¢ — 1)|m and N;(5™) # 1 for i =
1,...,n—1. Indeed, we saw in Theorem 2.2.13 that if we choose m = m(q— 1) where
ged(r, ¢ — 1) = 1 and 8 = w a primitive element of F s, then n can be as large
as st since w9~ ! is generic by Lemma 6.2.6. Hence, it is possible to have parameters
that satisfy both theorems.

Remark 6.2.8. Consider again the setting of Theorem 6.2.1. We will now make note
of the role of the additive constant b in the exponent of the roots. In the proof of the
Theorem, we see the matrix diag(1, N1(3%),..., N,_1(8)) is factored from the skew
Vandermonde matrix V = V,, (8, ..., B**(0=2™) " Since this n x n diagonal matrix
has full rank, the parameter b does not impact the lower bound on the Hamming
distance of the code C. The parameter b plays a larger role on the dimension and the
actual distance of C'. For instance, assume sets

A={p""™m:0<i<5—2} and Ay={f":0<i<d-2}

satisfy the conditions of the theorem. Then, let C' = vy(*(ma)) and let Cy =
v¢(*(Ma,)). The following is an example of very different codes C' and C.

Example 6.2.9. Consider Fzo /F3s /F3 with n =6, b=1, m =3, =3, and § = w,
where w is a primitive element of Fss that satisfies w® + 2w* +w? 4+ 2w +2 = 0. Then,
C'is an [6,2,5] MDS code and Cj is an [6, 3, 3] code. They are clearly not the same
code.

Theorem 6.2.1 above may be generalized to the following.

Theorem 6.2.10. /20, Thm. 4.10] Let b, my, mso, 0,7 € Ny with (my,ma) # (0,0) and
let B € Fyst. Define

A= {piramitieme =0 5 —2iy=0,...,1},
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and let A be the Galois closure of A under Aut(F/Fys). Thus, mg is in
Fys[x;0]. Pick n > max{deg(mz),d + r} such that N;(f™)# 1 fori=1,...,n—1,
Jj =1,2. Lastly, let the modulus f € F,s[x;0] be any left multiple of my of degree n.
Then C = v;(*(mz)) C Fy. satisfies dy(C) > d+r. We call C a skew-Hartmann
Tzeng code of the first kind.

Proof. Without loss of generality, we may assume b = 0. Let y; = N;(3) and let
G=1[Go | ... | G,] where

1 1 . 1
imo imao+mai ima+(0—2)mq
Y1 Y1 - Y
Gi=| . .
imo imo+mq im2+(5—2)m1
Yn-1 YUn- e n—1

Note that G; = D;M; where

1 1 1 1
im m (6—2)m1
Yy 2 1y oy
D; = b and M= |, b
m ' m 5—‘2m
Ynd 1oy, Ly

Let u = (uo, - - ., up—1) € C be nonzero, and note that uG = 0 since C' C ker;(G) NIFy..
Now, let

Ui = UDl = (UO, UlyimQ, c. ,Unfly;m_21>, for i = O, e, T
and consider
UO 1 1 .. 1 Ug
U U, B 1 oy™ ooy Uy
Ur1 Loy™ ooy U1

Label the matrices on the right hand side M, and D respectively. Then, we have
uG =0 < UM, =0 < MyDM,; =0.

Let wt(u) = w, and let the non-zero components of u be wug,,...,u,,. Also let
D = diag(ua,, - - -, U, ). We will use the notation M@ to represent the i-th row
vector of a matrix M, and M; to represent the i-th column vector of M. Now,
define

M

=
I

s and Mg = [MZ(al) | |M2(aw)} .

e
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Since u € C, we still have MgDMl = 0. By Theorem 6.2.1, if we set i5 = 0 we get
w > 9, if 11 = 0 we have w > r 4+ 2 because C' is contained in both the codes based
on the sets {B0T1™ 14, =0,...,6 — 2} and {8°F2™2 : iy = 0,...,r}. Hence, we can
extend M1 and Mg to square matrices in IF;“StXw

m 0—2)m 6—1)m w—1)m
Loygt yég ym1 y((lé e yf“ ym
m —2)m —1)m w—1)m
M_lya;myc(m“ ooyl
1= 1. .
. m 57.2 m 67'1 m w—1)m
Loy e Mgl gl
[ 1 1 1]
Yar? Yoy (T
Tmo Tm2 Tm2
My — Ya Ya Y
r+1)m r+1)m r+1)m
((11+ )ma yt(l2+ yma ((lw+ yma
w—1)m w—1)m w—1)m
B O ]
These matrices are classical Vandermonde matrices. Since o, ..., y,—1 are distinct,

Ml and Mg are invertible. Hence, the product MQﬁMl is invertible. As block matri-
ces, this product is also

- AT |:M2DM1 *:| _ |:O(7”+1)><(6—1) *:|
*

* * *

The first 6 — 1 columns must have full rank. This means w — (r + 1) > § — 1, so
w>0+r. O

6.3 Comparison of skew-BCH Codes of the 1st and 2nd Kind

In Section 6.2, we presented results on the minimum Hamming distance of skew-BCH
codes of the first kind from [20, Thm. 4.7]. In Section 5.1 we see BCH-codes of the
second kind have a similar lower bound on the Hamming distance. Now, we will in-
vestigate the dimension of BCH codes of the first and second kind that have the same
parameters, and hence the same lower bound on the minimum Hamming distance.

Throughout, let n = st and assume {a,a?...,a?" '} is a normal basis of Fyu/F,.
Then, set f = a?!. Assume b,d,m € Ny with 6 < s, m # 0, ged(m,n) = 1, and
N;(p™) # 1fori=1,...,n— 1. Define the set

A= {plrmeT0<i<6-20< i<t -1}

and L R
A2:{/Bq+zm+81:O§i§5_2’0§j§t—1}.
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For [ = 1,2 define g, = mz. Let the modulus f, € Fy:[x; 0] be any monic left
multiple of g; of degree n, and take fy = 2™ —a € Fys[x; 0] for a € N, (F;.). Then, set
C1=v4(°(q1)) and Cy = v£,(*(g2)). As defined in Theorem 6.2.1 and Corollary 5.2.5,
we call C; a skew-BCH code of the first kind and call Cy a skew-BCH code of the
second kind. Note since both sets are Galois closed under Aut(Fn/Fys), C; and Cs
are both contained in Fj.. Recall by Theorem 6.2.1 and Theorem 5.1.3, both C; and
Cy satisfy dy (C)) > 6. However, as we see next, C performs better on dimension.

Theorem 6.3.1. Given the constructions above, dim(C}) > dim(Cy).

Proof. Since dim(C}) = n — deg(g;), it suffices to show deg(g;) < deg(gs). Recall by
Proposition 2.1.16 the rank of a set is always bounded above by the size of the set.

Hence, o o
deg(g1) = tk, (A7) < [A3] < (5 — 1)t

By Theorem 2.2.4, the proof of Corollary 5.2.5, and since |Ay| = \A_Q(S)‘t’ we have
deg(g2) = rky(Az) = |As] = (6 — 1)t

Therefore, deg(g1) < deg(ga). O

Remark 6.3.2. If we take b = 0, then |A;| < (6 —2)t+1 < (6 — 1)t. Hence, we will
have a strict inequality in the Theorem above.

Copyright© Kathryn M. Hechtel, 2024.
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