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ABSTRACT OF DISSERTATION

Asymptotic behaviour of hyperbolic partial differential equations

We investigate the asymptotic behaviour of solutions to a range of linear and nonlinear
hyperbolic equations on asymptotically flat spacetimes. We develop a comprehensive
framework for the analysis of pointwise decay of linear and nonlinear wave equations
on asymptotically flat manifolds of three space dimensions that are allowed to be
time-varying or nonstationary, including quasilinear wave equations. The Minkowski
space and time-varying perturbations thereof are included among these spacetimes.
A result on scattering for a nonlinear wave equation with finite-energy solutions
on nonstationary spacetimes is presented. This work was motivated in part by the

investigation of more precise asymptotic behaviour for dispersive equations.
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Chapter 1 Introduction

This dissertation studies certain asymptotic properties of solutions to nonlinear and
linear hyperbolic partial differential equations (PDEs), also known as wave equations,
in particular their scattering and pointwise decay properties.

Nonlinear hyperbolic equations manifest in the study of various physical systems.
The equations describing the motion of elastic materials are hyperbolic equations. The
Einstein equations of general relativity are a system of nonlinear hyperbolic equations.
The irrotational compressible Euler equations, which describe the dynamics of a
compressible gas, provide another example of a nonlinear hyperbolic equation. This
is not an exhaustive list of examples of physical situations described by hyperbolic
PDEs.

From a more mathematical perspective, hyperbolic equations can be viewed
as belonging to a broader family of partial differential equations called dispersive
equations. Dispersive equations have origins in geometry, mathematical physics, and
other fields. Famous examples of dispersive equations include Schrédinger equations,
wave equations, and the Einstein equations. Dispersive equations with variable
coefficients (which can depend on position or time) arise both mathematically and in
applications, e.g. in optics.

In the subject of general relativity, black holes are modelled as Lorentzian manifolds
that solve the vacuum Einstein equations. By studying the asymptotic, or long-time,

behaviour of solutions to both nonlinear and linear wave equations, we contribute a step



towards the understanding of the behaviour of solutions to the Einstein equations. The
Einstein equations belong to a class of hyperbolic equations with a certain structure
that allows for global existence with small initial data. In this thesis, we consider
a variety of nonlinear hyperbolic equations, such as those satisfying the classical
null condition; this condition is a stronger assumption than the one satisfied by the
Einstein equations.! Nevertheless, improving our understanding of the behaviour of
solutions to nonlinear wave equations such as the null condition has contributed to a
better understanding of the properties of solutions to the Einstein equations. The
Einstein vacuum equations do not satisfy the classical null condition when written
in wave coordinates, but they do satisfy a geometric form of the null condition. At
present, nonlinear wave equations continue to serve as a model problem for studying
the Einstein equations. There are other physical motivations for studying hyperbolic
equations, in addition to other mathematical motivations, but we shall not elaborate
further on this here.

A traditional direction of research regarding the long-time behavior of dispersive
equations is the study of asymptotics, i.e. pointwise values, of solutions. Another
direction is scattering, which means that the asymptotic behavior for the nonlinear
dispersive equation as t — 400 is the same as for the linear equation in some norm.
We present results in both directions in this thesis.

Compared to the constant-coefficient case, much less is known about the asymptotic

properties of linear variable-coefficient problems. Understanding asymptotic properties

'A quadratic nonlinearity satisfies the null condition if a derivative transversal to the light cone
is always multiplied by a derivative tangent to the light cone.



for linear variable-coefficient problems helps with obtaining asymptotic properties in
nonlinear problems, where even less is known about solutions on large timescales. The
work in this thesis improves our understanding of long-time behavior of dispersive
equations in generic contexts. This includes nonlinear contexts and variable-coefficient

contexts.

1.1 Outline of thesis

The chapters in this thesis were written to be as self-contained as possible. We

summarise the contents of each chapter:

1. The first chapter of this thesis contains background information describing
existing work on asymptotic behaviour for linear and nonlinear hyperbolic

equations.

2. The second chapter consists of a collection of notation used throughout this

thesis.

3. The third chapter of this thesis consists of an introduction to the notion of
integrated local energy decay, or ILED for short. ILED estimates can be viewed
as core estimates in the study of hyperbolic equations, because many other
important estimates in the subject follow once ILED estimates are established.
For instance, sharp pointwise decay estimates, such as those obtained in this
paper, follow once ILED is established. Strichartz estimates also follow as a

consequence of ILED (see [75]).



4. The fourth chapter contains a discussion of sharp pointwise bounds for linear wave
equations on a general class of asymptotically flat, nonstationary backgrounds
which may be large perturbations of the Minkowski spacetime; all that is assumed,
in terms of ILED, is that a weaker form of the standard ILED estimate holds.

This weaker form is known to hold for certain black hole spacetimes.

5. The fifth chapter of this thesis contains a proof of the global existence of the
wave equation with the classical null condition on nonstationary spacetimes
evolving from small initial data, as well as a proof of sharp pointwise decay

estimates for these solutions.

6. The sixth chapter also includes a discussion of a scattering result for this nonlinear
wave equation. We consider the energy-critical nonlinearity on nonstationary
spacetimes evolving from either large or small initial data. Scattering is yet
another form of asymptotic behaviour, which means that the asymptotic behavior
for the nonlinear hyperbolic equation as ¢t — +oo is the same as for the linear

equation in some norm, which in this case is the energy, or H' x L? norm.

7. The seventh chapter of this thesis contains a proof of the sharp pointwise decay
rate of the wave equation with energy-critical nonlinearity on nonstationary
spacetimes evolving from either large or small initial data. The largeness of the
initial data introduces several new difficulties which we show how to overcome

in this chapter. We also prove results for other integer-power nonlinearities.

We briefly remark on some of the difficulties involved in the study of pointwise



asymptotic behaviour of linear and nonlinear hyperbolic equations. If we use 0 to
denote derivatives that are tangent to the level sets of u =t — r, then if ' denotes
either a Lorentz boost x;0; + t0; or a translation vector field, a rotation vector field,
or the scaling vector field 0; + r0d,, we have for any smooth function f
0f1 < = ‘t |Zl rofl, 10f1 < = ,t o HZl\ e fl.

Thus derivatives tangent to the light cones u = t—7r are better-behaved than derivatives
which transversal to the light cones. However, the Lorentz boosts generate large
errors when we work on physically interesting backgrounds, and as we shall not have
access to the Lorentz boost in this thesis, we have to work with worse decay estimates
than those displayed above. Moreover, with the Lorentz boosts, tools such as the
Klainerman-Sobolev inequality give access to stronger decay estimates. Without the
Lorentz boosts, and only with integrated local energy decay, we shall show in this
thesis how to obtain both sharp pointwise decay bounds and scattering for various

linear and nonlinear wave equations.

Copyright© Shi-Zhuo Looi, 2023.



Chapter 2 Notation

In this chapter, we collect notation that will be used throughout this thesis. We fix
the spatial dimension to be three, but we note that most of the ideas carry over with
trivial modifications to other spatial dimensions. We define the d’Alembertian, or

wave operator

O=-07 +A.

Coordinates

In (1 + 3)-dimensional Minkowski space, we shall sometimes use z® to denote coordi-
nates. In n spatial dimensions, Greek indices in expressions range from 0 through n
(that is, both space and time coordinates), and Latin indices range from 1 through
n (that is, only space coordinates). We shall occasionally use Einstein summation
convention. We shall occasionally raise and lower the indices with the Minkowski
metric.

If v = (x1, 79, 73) € R3, we let r := |z| = (23 (2:)2)1/2.

i=1

Vector fields

We shall often commute with collections of vector fields, often denoted by Z, and
expressions of the form Z7 will denote an ordered application of these vector fields,
where J is a multiindex. The collection Z is comprised of the translation vector

fields 0, the rotation vector fields €;; = z,0; — x;0;, and the scaling vector field



S =t0, +r0,. We note in particular that we shall not be commuting with the Lorentz

boosts in this thesis.

Definition 2.0.1 (Commuting vector fields and function classes S%). In R*3, we

consider the three (ordered) sets

3
0:= (0, 0,, 00y, 0ny),  Qi= (0,05 — 2;0:),  S:=1d+ Y w0,

=1

which are, respectively, the generators of translations, rotations and scaling.

We introduce the null coordinates v = t 4+ and u =t — r, giving us the coordinate
system (u,v,w) where w is an element of the two-dimensional round sphere S?. We
shall also use the vector fields L = 0; + 0, and L = 0, — 0,. We note that L is a
simple rescaling of the coordinate vector field 0,, and L is a simple rescaling of the
coordinate vector field 9,. More generally, the notion of null frames has been used for
studying hyperbolic equations: Given a point p, and designating polar coordinates
denoted by (¢, r,w) centred at p, we can then form the vector fields L, L and e 4, where
ea denotes a frame tangent to spheres that are the level sets of r intersected with the
level sets of ¢.

We shall in particular use 0 to represent L and ey, and O to represent an arbitrary

derivative. We shall often denote the angular derivatives by either d,, or @.

Function spaces and norms

We define the function class

S%(f)



to be the collection of functions g : R x R?* — R such that

|127g(t, )| <g 1]

whenever J is a multiindex. We let (r) = (z) = (1 + |2|?)*/2. We will frequently use
f = (r)* for some real k.

We shall also use the alternate notation

¢s=2"¢
and
G<m = (1) 1:101<m-
Given a norm || - ||, and given any nonnegative integer N > 0, in this thesis we shall
write
lg<nl
to denote

> gl

[JI<N

For instance, taking the absolute value as an example of the norm, the notation

|p<m(t, )| means

[S<m(t. )l = D |oslt,x)l.

J:|J|<m

Notation in estimates
We write either X <Y or X = O(Y) to indicate that

1X| < CY



(rather than X < CY") for some absolute constant C' which may vary by line. Similarly,

X ~ Y means that there are constants 0 < C; < (5 so that

CiX| < Y] < Gyl X].

Notation for dyadic numbers and conical subregions

We work only with dyadic numbers that are at least 1. We denote dyadic numbers by
capital letters for that variable; for instance, dyadic numbers that form the ranges for
radial (resp. temporal and distance from the cone {|z| = t}) variables will be denoted
by R (resp. T and U); thus

R,T.U > 1.

We choose dyadic integers for 7' and a power a for R,U—thus R = a* for k > 1—
different from 2 but not much larger than 2, for instance in the interval (2, 5], such

that for every j € N, there exists 7' € N with

ol = gzﬂ'. (2.0.1)



Dyadic decomposition of spacetime

We decompose the region {r <t} based on either distance from the cone {r =t} or

distance from the origin {r = 0}. We fix a dyadic number 7.

.

{(t,2) €[0,00) x R : T <t <2T, r<t} T>1
CTI:

{(t,z) €[0,00) xR*: 0<t <2, r<t} T=1

\

(

Crn{R<r<2R} R>1
CR =4

Crn{0<r<2} R=1

\

(

{(t,2) €[0,00) x R : T <t <2T}N{U < |t —r| <2U} U >1
=

{(t,z) € [0,00) x R®: T <t <2T}N{0 < |t —r| < 2} U=1

\

If a need arises to distinguish between the R = 1 and U = 1 cases, we shall write
CE=1 and CY=! respectively. Note that |CF| ~ (R?*T)Y? and |CY| ~ (T3U)Y/2. We
define

LR | e]

R<3T/8

Now letting R > T, we define
CE={(t,z) €[0,00) xR¥:r >, T <t <2I'R<r <2R R<|r—t| <2R}

Note that |C%| ~ R?, as can be seen in the |r — t| and r directions.
CE CY and C% are where we shall apply Sobolev embedding, which allows us to

obtain pointwise bounds from L? bounds.

10



Distinguished subsets of the forward light cone emanating from the space-
time origin
Definition 2.0.2. Let

t_
R1 := {dyadic numbers R: R > 1,R < 4

}
denote the collection of dyadic numbers we shall occasionally call Region 1, and let
Ry := {dyadic numbers R: R > 1, t_TT <R<t+r}
denote the collection we shall occasionally call Region 2.
Definition 2.0.3. Let R, := [0, 00).
e Let D, denote
Dy ={(p,s) ERL: —(t+r)<s—p<t—r |t—r|<s+p<t+r}

When we work with Dy, we shall use (p, s) as variables, and DZ is short for

p~R
D

e For R > 1, let

DE =D, n{(p,s): R<p<2R}

and let

DE=Y = Dy, n{(p,s) : p < 2}.

Copyright© Shi-Zhuo Looi, 2023.
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Chapter 3 Integrated local energy decay

3.1 Energy conservation and integrated local energy decay in Minkowski

space

In order to motivate the discussion that follows, we devote this section toward proving
the integrated local energy decay estimate for the linear problem Uu = 0 in the setting

of Minkowski space. Consider the Cauchy problem

Ou =0 (t,r) € (0,00) x R?
(3.1.1)

ul0] € H' x L?
The energy of the solution u to (3.1.1) is defined to be
lin 1 2
E"(t) = [ =|Vigu(t,z)|*dz
R3 2
and it is conserved: for all T' > 0, E'"™(T) = E'""(0) = E.

The solution u to (3.1.1) also satisfies the integrated local energy decay estimate

|V, zul? u?
drdt < F
//OT]XR3 Yy " (r)3ty s

where v > 0 is an arbitrarily small fixed constant. Roughly speaking, this estimate

is a bound on integrals of the energy density on spacetime cylinders (centred at the
origin) for finite-energy solutions.
This estimate is proven by multiplying both sides of the equation by a(r)u +

b(r)0,u + Cu in the region [0, 7] x R3 with:

= r+ 27’

12



Tt

ff |Vx’t¢’2d$d1

i

Figure 3.1: Integral of the energy density on a spacetime cylinder centred at the
origin.

where for each j, this is a function catered to the region r ~ 2/ with the factor 2777,
where the small number v > 0 is introduced in order to obtain convergence of the
series; a(r) = b(r)/r; and C' > 0 is a constant chosen to be sufficiently large.

More precisely, one obtains

// Oub(r)d,u dedt = // V(0,u)? —|8 ul® + (b’ +2- )( — |V, ul?) dzdt
[0,T]xR3

+/ —b0,uduld dx,
R3

where |Pul? := |V, ul? — |0,ul?, and

1 1
// Cua(r)udxdt = // a(u? — |Vul?) + = Aau® dzdt + —/ —audyull dz.
[0,7]xR3 2 2 Jes

13



Since a = O((r)~!) and b = O(1), Hardy’s inequality [p, u*/r*dz S [ps |Voul? do

shows that there exists a sufficiently large constant C' > 0 such that
/ bdyud,u + adyuu + C|V; yul? dr ~ B ()
{t}xR3
for all ¢ > 0. We obtain
- 1 1 b A ‘
E"™(T) + // W2+ u2) — (20 — )P — 222 dadt < E'(0)
[0,T]xR3 2 2 r 2
One can check directly that
1
V2 ) b= S 20T, —Aaz )

and thus

2

&UQ S |V ul? u

Lo, o L, b 2
2b(ur%—ut)+( 2b +T)|@u| > R Ty T e (3.1.2)

which finishes the proof. U

3.2 Prior work on integrated local energy decay (ILED)

The first instance of a local energy estimate was obtained by Morawetz for the Klein-
Gordon equation in [79]. Some other work on local energy decay estimates and their
applications can be found in, for instance, [1,45,47,68,75,103,107,110]. For local
energy decay estimates for small and time dependent long range perturbations of the
Minkowski space-time, see for instance [1], [76], [68] for time dependent perturbations,
as well as, e.g., [17], [15], [105] for time independent, nontrapping perturbations. There
is a related family of local energy decay estimates for the Schrodinger equation as

well.

14



For Schwarzschild metrics, trapping at the event horizon was shown to be trivial
due to an effect guaranteeing energy decay along the trapped rays called the redshift
effect. On the other hand, for Kerr metrics, a local energy estimate with derivative
loss on the trapped set is often introduced. Weak ILED includes this loss.

For large perturbations of the Minkowski metric, if one assumes the absence of
trapping then local energy estimates can still hold; see for instance [15,77]. For weak
enough trapping, Weak ILED has been established; see for instance [16,20,85,122]. If
one assumes absence of trapping, then ILED holds; with trapping ILED cannot hold,
see [94,96]. With sufficiently strong trapping, even Weak ILED fails, see [26].

Weak ILED for the Schwarzschild metric was established in [17,22,67]. For the
Kerr metric with low angular momenta, Weak ILED was proved in [17,22,25]. The
ILED estimate for Kerr spacetimes with small angular momenta was proven in [119]
(see also [6] and [21] for related work), for large angular momentum |a| < M in [25],
and for extremal Kerr |a] = M in [7].

We now remark on how ILED relates to two types of asymptotic behaviour,
namely pointwise decay rates and scattering. ILED in a compact region on an
asymptotically flat region implies pointwise decay rates that are related to how
rapidly the metric coefficients decay to the Minkowski metric; see, for example, the
works [3,4,60,74,81,82,86,118]. ILED is also involved in proving scattering (another
type of asymptotic behaviour) on variable-coefficient backgrounds. In particular, they
imply Strichartz estimates on certain variable-coefficient backgrounds, see [75]. [61]
used local energy decay to prove scattering for the version of the defocusing problem

considered in this chapter but with only perturbations to the metric (thus P in (7.1.1)

15



included only the g®? terms), but the argument extends easily to the version of the

problem that includes the lower-order terms and angular terms defined in (7.1.1).

3.3 Formal statements of integrated local energy decay, and two weaker

forms of integrated local energy decay

We will use the following norms throughout this thesis. In (1 + 3)-dimensions, we

define
Ap:={z €eR*: R < |z| < 2R} (R>?2), Agr—q = {|x] < 2}.

Given a subinterval I of [0, c0),
[¢llLr = sup 1r) ™2 6| 2.
ol ey = I Veadl Lam + 1) " Sl Lem, (3.3.1)
1Flleary = D2 )= Fllacrcany

R
We also define

Il ey = D 110°0ll e

|or| <k
16l Lmosy = D 10*dllLem),
o<k
[ Fllzzsmy = 3 10 fllzs-).
o<k
For any norm, an omission of / will denote I := [0, c0).

Definition 3.3.1. We say that the solution to (7.1.2) satisfies the (integrated) local

energy decay estimate if the following estimate holds in [0, 00) x R3:

[Pl Lere Sk I Vee@O)| e + | fll ek, k>0 (3.3.2)
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Let x(x) be a compactly supported and smooth function equalling 1 in a neigh-
bourhood of the trapped set. We define a weaker version each of the LE' norm that
excises the trapped set region when evaluating V, ,¢ in LE norm. We also define the

attendant dual weak norm.

Ielles ) = 11 =) Veabllem + 1) Sleewy, 10l meg = D 10%lle )

o<k

[l = I fllee=y + IXVeafll2mze, I ey = D N0 fllesm

laf <k

We assume that (7.1.2) satisfies the following weak version of local energy decay

Definition 3.3.2, as expressed by the following bounds:

Definition 3.3.2. We say (7.1.2) satisfies the weak (integrated) local energy decay

estimate if for any real Ty > 0 and any integer k£ > 0

1Dl Lk r,00) Sk Ve @(To)llms + I F 1Ly g 00 (3.3.3)

Remark 3.3.3 (Loss of two derivatives in the inhomogeneity). Combining the k and

k41 cases of (3.3.3) implies

DNl Lt rimy.o0) Sk 1 Vee@(To)ll mreer 4 || f | Lperr2my o0- (3.3.4)

Notice that the right-hand side must have k 4 2 derivatives falling on f, since the
weak dual norm loses one derivative (at least on supp x), and we have applied the

k + 1 case.

Remark 3.3.4 (Instances in which weak local energy decay holds). Weak local energy
decay is known to hold in the Schwarzschild space-time and the Kerr space-time with

small 0 < |a| < M, where the parameter M denotes the mass of the black hole and
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the parameter a denotes the angular momentum per unit mass (thus aM denotes the
angular momentum of the black hole); more can be found in Section 3.2.
Examples where the assumptions we make on ¢ in this chapter are actually satisfied

include the following situations:

e the case with small (meaning O(e) in all compact regions for the function and

~179) and

all its derivatives) and asymptotically flat perturbations h € SZ(e(r)
a small potential V € SZ(e(r)=279) for arbitrary real numbers §,0 > 0. See

Chapter 7.

e The situation analyzed in [77], which proves local energy decay estimates for
solutions to scalar wave equations on nontrapping, asymptotically flat space-

times (in particular large perturbations of Minkowski space-time).

Definition 3.3.5. The problem (6.1.1) would be said to satisfy stationary (integrated)
local energy decay estimates (for derivatives) if for any interval [T}, Ts] and any integer

k > 0, we have

2
1Nl Ly 1) Sk Z IVead (Tl e + | fllewrir 1) + 10l Lporr ) (3.3.5)
j=1

Both Stationary ILED and Weak ILED are weaker forms of ILED.

Copyright© Shi-Zhuo Looi, 2023.
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Chapter 4 Pointwise decay for the wave equation on nonstationary

spacetimes

4.1 Introduction

In this chapter, we examine pointwise decay for linear wave equations on asymptotically
flat, nonstationary and stationary backgrounds in 1 + 3 dimensions and show how,
given certain weak forms of (integrated) local energy decay estimates, the decay rate
of the solution depends on the relative rates of the radial decay of the potential, the
first-order coefficients and the background geometry. See Theorem 4.1.1 for a simple
statement of a special case of the main theorem (Theorem 7.1.1).

We stress that we do not assume integrated local energy decay, but rather weak
forms of it; see Definitions 3.3.2 and 3.3.5 for the precise estimates, which accommodate
the presence of trapping, and are relevant for black hole spacetimes. The latter can be
thought of as an elliptic-type estimate at zero frequency. In particular, the spacetimes
we consider here need not be small perturbations of the Minkowski spacetime; with
respect to integrated local energy decay, we shall assume only Weak ILED, as defined
in Chapter 3.

Let

P = 0,0°%(t, )05 + ¢°(t, 2) Ay + D A%(t, ) + B(t,2)04 + V(t,z), t€R, z € R
(4.1.1)

where the conditions on the potential V', the coefficients A, B, g* and the Lorentzian
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metric g are given Theorem 7.1.1. A, denotes the Laplace operator on the unit
sphere.We let a, 5 range across 0, ..., 3 and use the summation convention. Thus P
allows for dynamic zeroth- and first-order terms, in addition to dynamic perturbations
of the Minkowski metric. We assume asymptotic flatness, thus 9,¢*° 0s approaches [J
asymptotically as |z| — oo, while all other terms in P approach zero asymptotically.
We assume that the coefficients, such as the potential V (¢, x), are sufficiently smooth
and obey certain pointwise upper bounds that involve decay as |x| — oo, but nothing
more. For instance, we make no assumptions on the sign of V.

While the results in this article were inspired by developments within the subject
of general relativity, many of the results in the present article treat compact spatial
regions as black boxes, and hence our results apply in more general settings beyond
the setting of general relativity.

We consider the linear Cauchy problem

P =f, (6(0),N¢(0)) = (¢o, 1) (4.1.2)

where N denotes the unit normal derivative to the hypersurface {t = 0}. We describe

our main result in a simple setting:

Theorem 4.1.1 (Simple and rough statement of main theorem). Let ¢ denote the
solution of equation (7.1.2). Assume that the coefficients B, g*® and V of P obey the

following bounds: let m*®” be the Minkowski metric, let r = |z| and let
|27(g°(t ) = m*?)| < C(147) 77,

|Z‘]V(t7 )| <C(1+ 7“)_2_“2,
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|Z7B*(t,z)| < C(14 7)1

for arbitrary real number ay, as,as > 0 and for all multi-indices J. Assume that the
other coefficients A* and g* are equal to zero for simplicity. Assume that the weak

and stationary integrated local energy decay bounds (see below) hold. Then
|1Z7¢(t, )| < C(1+t+7r) A+t —7))"1"% a:=min(ay,ay,as)
for all multi-indices J. Fix a compact subset K C R3; then the above implies that
Z7¢(t,2)| < C(1+t)"*", reK.

As Theorem 4.1.1 demonstrates, once the integrated local energy decay bounds
are known to hold, then the pointwise decay bounds of the coefficients of the wave
operator at spatial infinity are what dictate the pointwise decay bounds of the solution
everywhere in the spacetime, even within compact spatial regions. This is stated fully

rigorously in Theorem 7.1.1.

Definition 4.1.2. We define

Seane(f)
to be the collection of g such that |Z7g| < |f] in {¢/2 < r < 3t/2}. Thus S(f) €
SZ (f). We define

Sine(f)

to be the collection of g such that |Z7¢g| < |f] in {r < t/2}. We define

SZ 1 (f) :={g € S%(f) : g is spherically symmetric}.

Let || - || be any norm used in this chapter. Given any nonnegative integer N > 0,

we write [|g<n|| to denote >_, ;o [lg.][-
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Our main result, Theorem 7.1.1, is a pointwise decay estimate for the solution to

the following equation:

Po(t,z) =0 (t,z) € (0,00) x R, P given in (7.1.1)
(4.1.3)

(¢(07 I), N¢(O7 JJ)) = ((]50(.1’), (]51(1’))
where ¢ is a Lorentzian metric and ¢g¥, A, B,V are functions satisfying the following
conditions in Theorem 7.1.1. Recall that h € SZ({r)®) means that |Z7h(t,z)| < C;{r),

where |J| > 0.

4.1.1 Statement of the main theorems

Theorem 4.1.3. Let m > 0 be an integer and let N be a sufficiently large integer
relative to m, or N > m. Let g*°(t, z) be a Lorentzian metric such that for all ty > 0
the level sets {t = to} are space-like, and let h := g—m with m denoting the Minkowski
metric. Assume that ¢ solving (6.1.1) satisfies the weak and stationary local energy

decay (3.3.3) and (3.3.5), and that ¢y € L*(R3?).
1. Suppose that for some real 0 < 0,6, < oo,
h e S%((ry=177)

Ae s((r)y)
BAE€ S ((t+r)(t—r) () (r) 7)) NSZ, (1))
0A € S5,((r)>7) N SZ. ()2

cone

B e S%((r)™'°)
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0,B € S%((r)~>°)
V e SZ({r)2-9)

9° € Shau((r) )

radial
Then if k := min(o,d,d"), we have
ot 2)| S ()Tt =) Co,  r=|a]

where Cy 1s a constant depending on the initial data, which lies in a weighted
Sobolev space, with the weight depending on k. Moreover, if m € Ny, then the

vector fields ¢p<., of the solution ¢ also obey the same decay rates:
|p<m(t, )| S (¢ +7)7HE =) 77" (4.1.4)

In addition, we have improved bounds for the derivatives and even better bounds

for the time derivative:

1
1
(t+7r)(t —r)>ts

00<m(t, @)| S (4.1.5)

|Orp<m(t, )| S (4.1.6)

More generally, for every k € Ny, % ¢<,, has an upper bound with [{t+r) /({r){t—
)|k better decay than <, and OFd<,, has an upper bound with (t —r)~* better

decay than ¢<,, with the implicit constant on the right-hand side depending on

k.

Theorem 4.1.4. Suppose that in addition to the assumptions in Theorem 7.1.1, the

coefficients h, A and B satisfy:

oh € 5% ((r)72)
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92h € 57, ((t —r)"2(r)~179)
A€ SE((r)=)

g A € S ((t+r)r)y it —r) " (r)"277)
B e S((r)7)

OB € 57((r)"*)

The assumptions on h here are satisfied if, for ezample, h = h(x) is time-independent.
Then the solution to (6.1.1) satisfies the following improved decay rates in the o

category: for k¥ := min(1 + 0,6,¢"), we have

62nlt:2)| S T =7 (117)
[00<m(t, z)| < W (4.1.8)
|Osp<im(t, )| S ! (4.1.9)

(t +r)(t —r)zts"”
More generally, for every k € Ny, 0*¢<,, has an upper bound with [(t+r)/({r){t—r))]*
better decay than ¢<,, and OFp<,, has an upper bound with (t —r)~* better decay than

O<m, with the implicit constant on the right-hand side depending on k.

Remark 4.1.5. All the arguments in this chapter can be adapted to the exterior of
a ball and hence the proofs in this chapter can be applied in the case of black hole

spacetimes.

Remark 4.1.6. We give a novel argument in Proposition 4.9.2 to prove that solutions
of equations of the form 9,(g*?9s¢) = 0 decay at the rate O({v)~!(u)=277)—thus

t7377 in compact spatial regions—provided the assumptions on the time derivatives
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in Theorem 4.1.4 are satisfied. This involves taking advantage of the fact that the
equation has two derivatives, and intuitively each derivative provides one extra order
of (u)~! decay, which accounts for the better final decay rate. This is the subject of

the third paragraph of the abstract.

Remark 4.1.7. We make some remarks supplementing the main theorem.

e Second-order angular operators that have spherically symmetric coefficients of
the form %, thus %@2, can be written as % potential terms away from the
origin. These operators are included by the definition of our operator P in
(7.1.1). Indeed, (7.1.1) includes coefficients that have the following form away
from the origin: 1/r% a € Ryy. This appears in some equations of physical

interest.

e The argument shown in this chapter straightforwardly yields a proof of a more
general version of Theorem 7.1.1 which assumes more general decay rates on A
and B. Namely, given any real ¢’,¢” > 0, for part (1) of Theorem 7.1.1 (and
similarly for part (2)), if

/

A€ S%((r))
a4 € 7 (o))~ ) N1 8L ()7 )
Bes ()

&,B € SZ((ry=")

(in addition to the assumptions on h,¢* and V in part (1), as well as the

assumption on the generic derivative dA) then the same arguments in this
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chapter automatically give, for instance, with part (1) assumptions,

1
<
|¢§m (tv $)| ~ <U> <u>1+min(a,5,5’,0’,o'”)

007
and the corresponding bounds also hold for 0,¢<,, O¢<.,, and so on.

For simplicity of presentation, in this chapter we restrict to the case 0 = o/ = o”.

In item (2) of Theorem 7.1.1, one class of examples of metrics ¢g*° satisfying
the conditions given are the stationary metrics g, that is, those with stationary
component

h = h(z).
By substituting the natural number values § > 1,0 € N and ¢ > 2,0 € N, this
special case of item (2) of Theorem 7.1.1 recovers a similar result as the main

theorem in [80].

If h* € SZ((r)=%) for some q > 0, then \/|g|h®® € S%({r)~%). This is a
consequence of the product rule and the assumption that —g < 0. Thus

Theorem 7.1.1 also holds if 9,g*?9; is replaced by the geometric wave operator

1 (03 (0
Oy = ——=0./1919*%05, |g| := | det g*”|.

Vdl

An implication of the main theorem is the following: if a local energy decay
estimate even with derivative loss is assumed (see (3.3.4)), then one can obtain

the pointwise bounds in Theorem 7.1.1.

For a first reading, since SZ ((v) (u) = (r) 1 (r)~1=)NSZ _((r)~177) C SZ%((r)~279),
the reader may wish to keep in mind that 9;A € SZ({r)=2=9) for part 1 of The-

orem 7.1.1.
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4.1.2 Prior literature on pointwise decay

In the 1970s, Price [91,93] conjectured certain decay rates corresponding to a subclass
of the 0 = 6 = § = 1 spacetimes above; see also Price-Burko [92]. In [35], a
sharp version of Price’s law is proved for a class C of stationary asymptotically flat
spacetimes. After performing a change of coordinates (see [118, Section 2.1] for an
exposition of this), the class C can be viewed as a strict subset of the class of (possibly
time-dependent) spacetimes we consider in this article, as defined in (7.1.1). The
assumptions in [35] correspond to a subclass of the special case 0 = § = § = 1 of our

chapter, as already mentioned:
9" —m* e S7((r)7?), Ve 7((r) %), 9" € Sluia((r)™), B*=0,4" =0,

Let hof = g% — m®. If h*® = h*%(x), then the hypotheses on d;h,d?h in

Theorem 4.1.4 are satisfied. Taking o = § = §' = 1, we obtain

[o(t, 2)| S (o)~ Hu) PRIl = () M) 2 wi=t o vi=

~

Thus, taking Hintz’s result into account, Theorem 4.1.4 clarifies that under the
hypothesis of stationarity of h, the contribution of h®® decays at the faster rate
O({v)~'{u)~3), and hence, generically, it does not determine the final Price’s law decay
rate. The precise meaning of “generic” in this context can be found in [35].

The theorems here can handle all rates of decay that are past a certain threshold
of decay for the coefficients, namely o,d, 0" € R, unlike [74] which only treats the
aforementioned special case. Due to the small values of o, 9, " we are not able to use

the combination of the fundamental solution of the wave equation and local energy
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decay directly, and so we instead prove a Sobolev embedding-type lemma giving

{t —r)t/?
O<m| S 5
(t+7)
decay. In contrast, due to the fast decay rates of their coefficients, the authors of [74]

were able to initiate their iteration with the relatively fast decay rate of

log(t —r)
e =

|P<m| S
Due to this slower starting decay rate, we use only local energy decay to begin
the pointwise decay iteration, and we have to additionally prove an auxiliary result
(because the embedding alone gives weak decay near the cone): a Hardy-type inequality
in (7.3.6) with a weight that is localised to the cone {r =t}. Our commutations in
Section 4.2 of the more general wave operator in this article and vector fields are
provided in more detail than in previous work. The core lemma in our iteration
scheme, Lemma 7.4.4, is a new result allowing for inputs with rather general decay
rates. This result was not present in previous work, although special cases of it were
used in [74], but only implicitly.

The article of Morgan and Wunsch [81], which appeared at the same time as the
article corresponding to the present chapter of this thesis, assumes weak local energy
decay as well as certain uniform energy bounds, stationary potential V' and metric
coefficients, and considers the special case (0, + V)¢ = 0 of the equation P¢p = 0
we treat here. Moreover, they consider potentials that decay at least as fast as =4,
corresponding to the case > 1, rather than the § > 0 that we handle here; and we

consider arbitrary positive o, d, ¢ while they assume non-integer values. They assume,

roughly speaking, that |[V| < Cr=37" and |h| < Cr~'7" as well as similar bounds for
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derivatives with higher decay, with n € (1,00) \ N and prove |¢(t, z)| < Ct=37"t¢ for
compact sets in x, for any € > 0. Their assumptions, in the stationary coefficient case,
correspond approximately to our assumptions h € SZ((r)=179),V € SZ((r)=27°%) with
0 =14mn,0 =n. In contrast to the work [81], which assumed that the operator is
self-adjoint and did not analyze first-order terms, the present work includes first-order
terms in divergence form (A®) and non-divergence form (B%). The difference between
these two with respect to Z-vector field decay is clarified and weak decay assumptions
on them are made.

We prove results showing how to handle pointwise decay and complete the pointwise
iteration in the exterior region {(¢,z) : r > 3t/2}. In contrast, other work such
as [74,81] consider only bounds in the forward light cone, or for x in compact regions.
The work [74] considered only compactly supported initial data, but for the more
general initial data we consider, we reach the optimal pointwise decay rate stated
in the main theorem in this exterior region. As part of this work, we prove new
Klainerman-Sobolev embeddings in this exterior region: see Lemma 5.2.2. In a
similar vein, we prove in Section 4.4 new L? estimates for derivatives in the exterior
region. The pointwise decay iteration in {r > 3t/2} presents certain difficulties for

slowly-decaying coefficients, which we explain how to overcome in Section 4.6.

4.1.3 Pointwise decay and asymptotic behaviour

It is well-understood that local energy decay in a compact region on an asymptotically
flat region implies pointwise decay rates that are related to how rapidly the metric

coefficients decay to the Minkowski metric; see, for example, the works [3,4, 35,60, 63,
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64,74,81,82,86].

Local energy decay is also involved in proving scattering, another type of asymptotic
behaviour, on variable-coefficient backgrounds. In particular, they imply Strichartz
estimates on certain variable-coefficient backgrounds, see [75]. The article [61] used
local energy decay to prove scattering for the version of the problem (6.1.1) without
the potential V' and first-order terms A and B, although the argument extends
straightforwardly to the problem including V, A and B defined above.

In the case of the Schwarzschild metric, Price [93] conjectured that the solution to
the wave equation decays at the rate ¢t=2 within any compact region; this rate was
shown to hold for a variety of spacetimes, including Schwarzschild and Kerr spacetimes

with small angular momenta—see [27,74,118].

4.1.4 The main ideas of the proof

Aside from the standard tools of Sobolev embedding, albeit exploited primarily in
dyadic conical subregions, when proving pointwise bounds we take advantage of the
reduction to 1 4+ 1 dimensions in spherical symmetry—called the “one-dimensional
reduction”—and the positivity of the fundamental solution to the 1 + 3 dimensional
wave equation. This not only provides a simple setting for the analysis but also allows
us to “absorb” pointwise decay from the vector fields of the coefficients h, V, and so
forth, and transfer them to the decay of the solution ¢ or its vector fields. In this way,
gradual improvements, starting from an initial decay estimate (7.3.7)—obtained from
only Sobolev embedding and local energy decay—are possible, with the improvements

arising from the positivity of o, and ¢’.
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A little more precisely, for components of the wave equation that contain a
divergence structure, we analyze them separately in a neighbourhood of the light cone
{r =t} (see Section 4.9), and in all other regions. However, for components of the
wave equation that do not contain a divergence structure, we need not make this
distinction.

See Remark 4.5.4 for a simple case of the lemma that is used to convert decay rates
of the inhomogeneity (which includes the aforementioned decay rates of the potential,
first order terms and background geometry) into decay rates for the solution; this
lemma is the core of the iteration scheme that we use to obtain the final pointwise

decay rates stated in the main theorem.

4.1.5 Summary of sections

In Section 4.2, we commute P with vector fields and prove (weak) local energy
estimates for vector fields. In Section 4.3, we prove Sobolev embedding estimates
and obtain an initial pointwise decay estimate. We connect pointwise bounds to L?
estimates and norms, thereby connecting local energy decay to pointwise bounds. In
Section 4.4, we prove that derivatives of vector fields of the solution decay better at
the cost of applying more vector fields.

In Section 4.5, we define more notation that will be used for the pointwise decay
iteration, which occupies the remainder of the chapter. We also prove certain lemmas
used in the iteration. In Section 4.6, we prove the upper bound in {r > ¢ 4 1} for
components of the solution away from the cone. In Section 4.7, we show how to

convert a decay rate of (r)~? for the solution ¢ and its vector fields to (t + r)~? for
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p < 1. In Section 4.8, we prove the upper bound in {r < t} for components of the
solution away from the cone. In Section 4.9, we prove the upper bound for components

of the solution near the cone.

Enlargements of sets

Given any subset of these conical regions, a tilde atop the symbol C' will denote a slight

enlargement of that subset; for example, C’ﬁ denotes a slightly larger set containing
CE.
4.1.6 More notation for vector fields

We now define more notation for vector fields.

Subscripts on functions will denote vector fields.

Given a nonnegative integer m and a triplet J = (4, j, k) of multi-indices 7, j and k

for (9,2, S)—by this we mean 9°€) S*—we denote |J| = |i| + 4|j| + 10k.

Explaining the counting convention for |J|

In short, we insert the aforementioned counting convention |i| 4 4|j| + 10k for |J|
because we shall use extra derwatives in order to control the commutators of Z with
the operator P near the trapped set, where Z € {2, S}. More precisely, the coefficient
10 in front of k arises because of the fact [P, S| — 2P — s5,59Q% € C, where C is the
class of operators defined in (4.2.2). In particular the presence of Q2 as well as loss

of derivative considerations (a price of losing two derivatives if one wants to control
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the full LE' norm—see (3.3.4)) for the inhomogeneity P¢ in the weak local energy
decay Definition 3.3.2 leads to the count 10 = 2 4+ 2 - 4. If ¢*¥ = 0, then we would
count each S in the same way we would count 0%, i.e. two derivatives. We put in
place these differences in these numerical weights for 4, j, and k (respectively: 1, 4,
and 10) because of the trapped set. See Lemma 4.2.2.

We denote

by = 27¢ = 0V Sk, (4.1.10)
G<m = (D7) s<ms  Pmi<o<ms = (O1)mi<|T|<may  P=m = (D) J)=m
=" = (0" ) rizm, 0" = (9" O)jrj=m
Furthermore, by Z="¢ we mean ¢—,,, and so on. We write J; < J, to mean

11 < 19, J1 < J2, ky < ko,

and J; < Jy if at least one of the inequalities above is strict. If I is a multiindex of

order ¢ and n an integer, by I + n we mean
{I +J:|J| =n,J is an {~-multiindex}.

Throughout the chapter the integer N will denote a fixed and sufficiently large
positive numbersignifying the highest total number of vector fields that will ever be
applied to the solution ¢ to (6.1.1) in the chapter.

We use the convention that the value of n may vary by line.
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If ¥ is a set, we shall use ¥ to indicate a slight enlargement of ¥, and we only
perform a finite number of slight enlargements in this chapter to dyadic subregions.
The symbol ¥ may vary by line.

If f is a function, we shall typically use f to denote commuting vector fields applied
to f.

In this chapter, all implicit constants are allowed to depend on the dimension and
the initial data ¢<y[0], for a fixed N € N that is sufficiently large.

We write

to denote element of S%({r)~4). q will denote a nonnegative number.

4.2 Commuting with vector fields, and weak local energy decay for vector

fields
Remark 4.2.1. Let w be a sufficiently smooth function. Then
ow € SZ({(ry N Zw + pS?(1)|0yw| if r > /2 (4.2.1)

with = 0, Z = Q for angular derivatives 0,w on the left-hand side, and p = 1,7 = S

for the radial derivative 0,w on the left-hand side.

We define C to be the collection of real linear combinations of the operators

881+q/a, 51+q188, S244¢/, 881+q/, 81+q/8 (422)
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where ¢ > 0 is a number which depends on the assumptions made about the coefficients
h,g*,V, A, and B in Theorem 7.1.1. That is, schematically, C = {05140 + s14+¢00 +

Sotq T OS14q + 31+q’8}-

Lemma 4.2.2. Let w be a sufficiently smooth function. Given J and k > 0, there are

some operators C' € C such that
QJ(S + 2)kPw = PQJSkU) + Cw§4(|J|_1)+10k (423)

where we adopt the following conventions: we interpret ng4(u\_1)+10k as a sum, and

subscripts with negative real value denote the zero multiindez.

Proof (sketch). By the assumptions in the main theorem,

[P, €C. (4.2.4)
[P, Q] € C. (4.2.5)
[P,S] — 2P — s5,50Q* € C. (4.2.6)

One uses (4.2.4) to (4.2.6) and proves the result by mathematical induction. We
omit the details of the proof, except for the following observation. Starting from
Q7(S + 2)*P and then commuting the vector fields with P, then other than PQ’S*,
the terms with the highest vector field count (assuming ¢“ is not the zero function)

are those of the form
Cz=VH=Yy Ze{Q,8}, CecC;

more specifically, those of the form C'Q7I=1S*. This explains the subscript A(|J] —

1) + 10k.
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Lemma 4.2.3. Given the assumptions in either part 1 or part 2 of Theorem 7.1.1,

there exists a positive real number ¢ > 0 such that for any multiindez J,

|d<|71-1] N |Via0<|

’P¢J| S; <T>2+ql <T>1+q,

+[(Po)<i-

Proof. There is a constant ¢ > 0 such that the operator P can be written schematically
as P = 04081419 0+514¢P*+ 524 g+ 5149 0+0s14y. We have [Z, 0] = cd schematically,
for some real number ¢ depending on Z.

For terms of the form (&Zl)gz;, where A, ¢ denote possible vector fields of A, ¢, we

apply the assumption

0A € S7,((r)™*7) N SGa((r)™*7)

cone

on generic derivatives 0A from part 1 of Theorem 7.1.1 in {r < 3t/2}, and the
assumption on 9;A and (7.4.2) in {r > 3t/2}, giving a contribution of the form
(r)=%=7|¢-,|. For part 2, on the other hand, we in fact need not look at r < 3t/2
and r > 3t/2 separately, because the statement dA € SZ((r)=%7) is already trivially
satisfied for any (t,r)-pair given the assumption on A.

We include the terms arising from g“A,, together with the (r)™'7|V, ,d<s| term.

The rest is clear, and the claim follows. O

We recall the weak local energy decay estimate

161l L Sk Ve @(To)llme + N1 L

w
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which can be rephrased as

> (= Xx)*0llLemoce) + 1) " Hlisme + Y 11070l LEm )

lo|=k-+1 1<|y|<k

Sk,x ||Vt,x¢(T0)||Hk + HfHLE;;’“[TO,oo)'

Proposition 4.2.4 (Weak local energy decay for vector fields). Let ¢ be any smooth-
enough function solving (6.1.1) and satisfying Definition 3.53.2. Then for any natural

number m > 0,

|p<mllLer S Vied<me1(0)|L2 + || femiallLe-- (4.2.7)

Proof. We prove (4.2.9) by induction.

The base case

lollLer S I Vied<1(0)|lL2 + || f<2lle-

is simply given by combining Definition 3.3.2 at £k = 0 and k£ = 1, which yields

Iller S IVead(O)lm + 110%! fllze- + X0 fll sz,

which is clearly bounded by

IVeo@(O) 2 + 105 fllp < IVead<1(0)ll2 + || f<2 ]l Lp--
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Next, we use Lemma 4.2.2. Let |(I, J, k)| = m.

loamllie S IVeeQ S*G(0) g + 178" Fll pgeinez + [P, Q7 S*)o || geri2
S IVieb<mi1 (0) |22 + || femeall L + I[P, Q2SS s
S IViab<min (022 + [ femyelloe + [1(r) ™ Viadam ol e
+ (1) b<mal L
S I Via@<mi1 (022 + ([ famiellLes + [|[d<m—2|lLe

S I Viea®<ms1(0)|| 22 + || fem2 | e

In transitioning from the second line to the third line, we used (4.2.3). The third line
follows by the assumption that €2 counts for four partial derivatives.The final line

follows by the induction hypothesis. O

Remark 4.2.5. The above proof extends to time intervals [T}, 00), T3 > 0. (The proof

above assumes 77 = 0.) The estimate is

|p<mllLerimoe) S I Viab<mer(T)llzz + | f<mrallLemy,00)-

Proposition 4.2.6 (Stationary local energy decay for vector fields). Assume

105" || L1 (110, 11)xR2) S 10G(To) || gromsvo msy + 0= (P ) | L= (110,11) xR3)
(4.2.8)
+ 0.0 9| LEiT 1) -

Then we have

|p<m | et (10,1)xR3) S 10D<mro (T0)l| 22 + [[(PP)<mll (LB (10,10) xR3) + [|0:b<m || LT T1)-

(4.2.9)
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Proof. We prove (4.2.9) by induction. The base case holds by the base case of (4.2.8).

Then

o amlloe S 10927 S (To) || giniry + 197 SH(PO)|| Lpein + [P, 27 S*]@ | e
+110:0=11Q7S*¢|| 1.
S 00 <mine(To)ll 2 + (PO <mllies + I[P, 27 SMo| L peint + |10sd<mll e
S N0¢<m o (To) |22 + [(PB) <l + 1)~ 0d<m—alle-
+ () 2" b<m2llpe + 10rb<ml i
S N00<mino (To)l|z2 + [|(PO) <l + | 9<m—2llLer + |0d<ml|Le

S 100<miky (T0) |2 + [(PO)<mll i + 10id<ml| e

The final line follows by the induction hypothesis. O

4.3 Initial L*>*° estimates

We now state the Sobolev embedding estimates localised to our selected conical regions.
Lemma 4.3.1. Let w € C*.

e ForallT > 1 and 1 <U < 3T/8, we have

1 o UNZ oy
il S S el Pl + (75) 105 Vulacp,

i<1,j<2

(4.3.1)

e ForallT > 1 and R > T, we have

1 Iy 1 i
||7~U||Loo(c};) S Z WHS QJUJHB((}};) + WH&:S ijHp(é};)-

i<1,j<2

(4.3.2)
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e For allT > 1 and 1 < R < 3T/8, we have

1 1 s
[wl| ooy < Z W”S Ywl| 2 em) + WH@S Vw2 em)-
i<1,j<2

(4.3.3)

Proof. In C¥ we make the change of coordinates t = e* and |r — t| = e***. With

this change of coordinates, we are now dealing with a region of size 1 in spherical

coordinates including s. We have 0, = t0, + r0, = S and 9, = (r — t)J,. Then we

apply the fundamental theorem of calculus in s and also in p. Finally, we rescale to
CY obtaining (5.2.4).

For C}, we let r = e* and r — t = ***. Thus d; = S and 9, = (t — r)d;. We get

1 i R-T i,
lwllpmery S ) WHS Ywl|p2ery + WﬂatS Ywl| 2o

i<1,j<2

This implies (5.2.5) since R — T < R.
For CE we let t = ¢* and r = e*™”. We obtain 9, = S and 0, = 10, and

(5.2.6). 0

Corollary 4.3.2.

1 Py
||¢HL§5;(C;3T/4) S Z WHS QJ¢HLE,}YI(C‘;3T/4)' (4.3.4)

i<1,j<2

Proof. By rewriting (5.2.6) in the local energy norm by shifting the R weights around,

we obtain (4.3.4). O

Lemma 4.3.3. Let Ala,b] :={z € R®:a < |z| <b}. If f € C'([0,00); x R3), then

t 2
JE = B Y e
Alt/2,3t/2) (6= 1) Alt/4,7¢/4]

+t72 (/ f(t,z)*dx —|—/ f(t,x)Qdm)
Alt/4,/2] A[3t/2,7t/4]

40
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Proof. Let x : [0,00) — [0, 1] be a cutoff such that x(s) =1 for 1/2 < s<3/2 and 0

when s < 1/4 and s > 7/4. We will show that, if v > —1/2, and v # 1/2, then

Je= 2ot < [0 05w o

b =0 e e

The conclusion then follows if we take v = 0 and integrate over the angular variables
w.

We now begin the calculation. We have

7t/4

flr,w)?x(r/t)—f(Tt/4,w)*x ((Tt/4)/t) = =2 F(p,w)x(p/t)-0,(f(p,w)x(p/t))dp

r

Hence

7t/4
f(?“,w)2x(r/t)7‘25f(7t/4,w)2x(7/4)t2+2/ |f(p,w)x(p/1)-0:(f(p.w)x(p/t)|p*dp

Recall that x(7/4) = 0. We multiply by (¢t — r)*"%7 and integrate r from t/4 to 7t/4.

Thus

7t/4
/t (= 1) w0\ (r ) r2dr

/4
7t/4 7t/4
<2/ <t—r>—2—2w/ |f(ﬂ, ) (p/t) ( (p7 ) (p/t))|p2dpdr
7t/4
/ / )22 | f(p,w)x(p/t) - 0:(f (o, w)x(p/t))|p*dp
7t/4
§/t/4 {t =)™ (p,w)x(p/t) - Dp(f (0, w)x (/1)) p*dp

By the chain rule, |9,(x(r/t))] < Ct7|x'(r/t)]. Thus by Cauchy-Schwarz and the
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chain rule

3t/2
(1—¢) /t/2 (t — )22 f(r,w)*r?dr

7t/4
S [ a=n e
t/4

7t /4
+ 1t2/ (t =)™ f(r,w)?|[x(r/t)X (r/t)|r*dr.

€ t/4

This concludes the proof. O

The following result is an analogue of Theorem 5.3 in [7].

Lemma 4.3.4. Let T be fized and ¢ solve (6.1.1) for the times t € [T,2T). There is

a fized positive integer k such that for any multi-index J with |J| +k < N, we have:

< >1/2

11| Siai lléra<. <|J|+k||LE1[T2T]W (4.3.6)

Proof. We prove this by looking separately at (¢, z)-pair values in C%, C%L and CY.
e (The C¥ regions, with 1 < U < 37'/8) In contrast to the “near” region C and

the “far” region C%, the regions close to the cone will proceed differently: we

utilise a Hardy-like inequality adapted to the cone, namely (7.3.6).

Let x : R, — R, be a smooth cutoff function with x(s) = 1,s > 1/2 and

x(s) =0,s < 1/4. For any smooth-enough function w,

X
15 s ey NH -~

L2[T,2T)L?

,
S 1or(x ( Jw) || 2oz + T “X(;)w”ng([T,ZT}><{T/8§r§15/8T})
ST wll g oy

(4.3.7)
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where the second line follows by (7.3.6).

Thus
1
< L 15 ey + () 110526 o
1950l oo (c) S WH Gallcaey) + \ 7 | 105"V sll 2oy
i<1,j<2
U\ o
<(5)' 1" X 1900l
i<1,j<2
U1/2

e (The CE regions, for R values sufficiently small relative to 7') This is essentially

Corollary 4.3.2: apply the Sobolev embedding estimate (5.2.6) to ¢

1 Py 1 i
@l Le(cry S Z WHS Yyl 2em + WH@S Yl 2 em

i<1,j<2

1
S T1/2 1011<.<14nll LT 27,

and take the supremum over, say, R < 37'/8. The second inequality comes from
commuting S0 with Z7 in a way that will put it in the form (4.1.10). This is

where the integer k£ arises.

e (The C} regions) (5.2.5) implies

1 g i B o
[0l Loecz) S Ri2 Z |R™*2S Vol paery + IR 29,8 Vol paem)

i<1,j<2

1 o
531/2 Z 15" b || L 2my

1<1,j<2

N R1/2 ||¢|J|§'§\J|+k’||LE1[T,2T}-

Then we take the supremum over the relevant R values. In C%, we have v ~ r

and u ~ r.
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4.4 Derivative estimates in L?

Lemma 4.4.1. Suppose that o and ¢ from (7.1.1) are nonnegative real numbers, and
§ € [—1,00). Let L, L’ denote dyadic numbers of the form (2.0.1), with L, L' =1 when
h =0 and, in general, L, L' >, o 1 are appropriately large relative to 1, depending

on h and g*.*

o If L<U,R<3T/8, then

RIIVeawemll ey S lwsmll p2(am) + 1Sw<mll 2 am) + BN Pw)<mll 20y

(4.4.1)

— Let O, := C{ n{r <t} and CF, := CF N {r > t}.

UV ewozmllizey ) S lwzmll ey ) HISwemll ey, HUTI PO <2y,

(4.4.2)
U||Vt,ww§m||L2(cg2) S ||w§m||L2(ég’2) + Z ||Zw§m||L2(C~’¥’2)
Ze{Q.5} (4.4.3)
+ UTI|(Pw)<ml 20
e If'’<T<R,ie L'<T<3R/8, then
RHvt,wamHL?(Cg) S Hw§m\|L2(é};) + Z ||Zw§m\|L2(é,7;)
Ze{Q.5} (4.4.4)

+ R |(Pw) <l ey

'For example, if h € SZ(e(r)~!) for a sufficiently small € > 0, then L = 1.
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Proof. We begin by proving (4.4.1). Let w denote a reasonably smooth function. We

shall first prove that for 1 < R < 37/8,
RIVecwllz(epy S ol agopy + 10l agepy + BN Pullnepy  (445)

Let x(t,7) be a radial cutoff function on R'"*3 with supp y € CF and y =1 on CF; a

further fixing of y will come later in the proof. Two observations are in order:

1. If r < t then for a sufficiently large constant C’, we have

U 9 9 9 C’ 9
_ < _ _
X (t Wt,xw(t,x)’ ) X (|Vmw| w; + ut|Sw| ) (4.4.6)

(which holds without the multiplication by x as well) as an expansion of the
terms |Swl|?, |V, w|? reveals; the values C' > 3 work for every (r,t) such that

0<r<t.

2. By integration by parts,

/X(\VIwP —w}) drdt = /Xw(af — A)wdzdt — / %(83 — A)xw? dadt.
(4.4.7)

There are no boundary terms in either time or space because of the compact

support of x(¢,r) in both time and space.

Integrating (4.4.6) in spacetime, we have via (4.4.7)
u 2 2 25, ¢ 2
X;|Vmw| dredt < [ xw(9; — A)w + O(|Ox|w?) + —tx\Sw\ drxdt.  (4.4.8)
u

The proof of (4.4.5) will be complete once we incorporate Pw into (4.4.8):
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e Let [, denote the second order operator
Op := 0ah*? 0.

For [(xw)(Opw)dxzdt, we integrate by parts and use Cauchy-Schwarz. A term

2
/ xh*P0u0s¢ dadt = O ( / X|Vt<’$;” | d:cdt)
T

arises, and for this term we use the hypothesis that L > 1 for h # 0.

Similarly, [(xw)(g¥A,w)dzdt is treated by integration by parts and Cauchy-
Schwarz. We use the smallness of ()29 (which is O((r)~!) since ¢’ € [~1, 00))

for sufficiently large R.
e We use the bound V' < (r)~2

e For [ xywBOw we use Cauchy-Schwarz. For [ xwd(Aw) we integrate by parts
and use Cauchy-Schwarz; it is also possible to bound this using information on
0A if one does not integrate by parts, but we integrate by parts in order to
use fewer assumptions. The bounds we obtain are sufficient to prove the claim

(4.4.5) even when ¢ = 0, and we only assume A, B € SZ({r)~!) in this part.

Assuming Oy < (r)72, separating |[ywPw| < x[(R™'w)? + (RPw)?] in the right-
hand side of (4.4.8), and using the reasoning in the bullet points (along with the

triangle inequality) to deal with

/ (xw)((0 — Pyw) dedt,

this proves the claim (4.4.5) for CE.
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The same proof shows the analogue of (4.4.5) for the C¥ N {r < ¢} region,

U||Vt,waL2(cgm{r<t}) S ’|w|’L2(é¥ﬁ{r<t}) + stHL2(C'¥ﬂ{r<t}) + UTHPU)HLz(égm{Nt})

(4.4.9)

if we choose a x adapted to CY N {r < t} (rather than CF) that satisfies

1
R e

(rather than Oy < 1/(r)?).2

Similar arguments show the result for vector fields, (4.4.1) and (4.4.2). The only new
thing one has to deal with is [ xyw<,,[P, Z=™|w dzdt and similar arguments involving

integration by parts and Cauchy-Schwarz establish the claims (4.4.1) and (4.4.2).

Next, we prove
R|Viawl|r2ory S llwll 2oy + Z | Zw] paez) + R2||Pw||L2(ég)~ (4.4.10)
Ze{Q,S}
The proof for the region {r > t} is essentially a switching of the r and ¢ variables in
what has been done for the CF and C¥ N {r < t} regions. For any point (¢, z) such

that |z| > t,

T (w? — w?) + G Ewt)g (Sw)? + oS (4.4.11)

TZ
%(Note that if T is sufficiently large, then we may even take L =1 for C¥ and L' =1 for C}.)

Viw(t,z)]? <
Viaw(t,o)? < ——
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for some sufficiently large constants C, C" > 0. For the angular derivatives, this follows

because
P=> ¢
J

for some coefficients c¢; such that
i) S 1/
We shall only use the weaker estimate

r 2 2 ¢’ 2 (Qu)?
e = (Vo) + g (S + O

Veaw(t,2)]” < - (4.4.12)

We use this because it makes (4.4.13) conceptually cleaner; and because using (4.4.11)

would lead to no gain in the final derivative estimates for C%, due to the presence of

the (r — t)~2 coefficient of (Sw)?.

e (Bound in C%) Let x(t,7) be a radial cutoff function adapted to C%. By (4.4.12),

r r Quw)?

!

C
+ mx\&'w\z dxdt.

The analysis henceforth is similar to the three bullet points above. Assuming

we end up with
IVeawllpa(ery S B | lwllaery + D NZwllaegy | + BIPwl )
Ze{Q,S}

ie., (4.4.10).
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e (Bound in C¥ N {r > t}) We adapt x to C¥ N {r >t} with
Ox S ({t+r){t =)~
Then by Cauchy-Schwarz,

Hvt,szL2(C¥m{r>t}) SJU*l ||wHL2(é¥m{r>t})+ Z HZU)HL2(C‘¥Q{r>t})
Ze{Q,S}

+ T||PwHL2(C~‘¥ﬁ{r>t})'

The full results for vector fields w<,, again follow simply by similar integration by

parts and Cauchy-Schwarz arguments. n

We will need to bound the second derivative of vector fields in L? when proving L™

estimates for vector fields of a function. Hence we present Corollary 4.4.2 immediately.

Corollary 4.4.2. Assume the hypotheses of Lemma 4.4.1. Then

RHth,ngmH[ﬁ(Cj@) ,S ||Vt,xw§m+n||L2(c~vI}§) + R2||Vt7x(Pw)§m||L2(C~vq}§) (4414)

UIVE wmllizepy S [1Veatvcmsnll o) + UTIVialPw)mllpsieyy (44.15)

R“VimwﬁmHL?(C};) S ||vt,zw§m+n||L2(ég) + RQ||Vt7x(Pw)§m||L2(ég) (4.4.16)
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Proof. Fixing any « € {0,1,2,3} and denoting d, by 0, we substitute dw<,, for the
function w in the proof of Lemma 4.4.1.

A new type of term arises, which is
/Xﬁwgmpawgm = /Xﬁwgm(ﬁfgm + 0[P, Z="|w + [P, Olw<p,).

We can handle the first term on the right-hand side by Cauchy-Schwarz.
For the Uy, g¥A, and V contributions to P, similar arguments as before using
Cauchy-Schwarz and integration by parts work. For the contributions of the 9,A“

and B“0, components to P in both

o[P, Z="w
and

[P, 8]w§m,

we also use integration by parts and Cauchy-Schwarz, and the fact that 4 € SZ((r)~2),
i.e. this bound holds for all (r,) (and hence all three dyadic regions), which follows

from the assumptions

0A € ST, ({r) ™) NS5, ((r) )

cone

and

0. A € 87 ({v){u)™H{r) ()71 77)

because of (7.4.2). More concretely, we have the schematic equalities
/X8w<m8[B°‘8a, Z=mw = /(X’8w<m + XO* W< ) BOwep,
/X8w<m8[8aAa, 75w = /(X’8w<m + XO* W< )OA - W,
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where tildes denote vector fields. We apply the aforementioned assumptions
OA € SZ((r)~?)
and
B e S%((r)™).
O

Corollary 4.4.3 (L* estimates for derivatives). Assume the hypotheses of Corol-

lary 4.4.2. Hence o and § from (7.1.1) are nonnegative real numbers.

1. If 1< U < 3T/8, we have

1 _
HawSmHLoo(cg) S W<U 1||wSm+n||L2((jg) +T(||(Pw>ﬁm+n||L2(~¥)

+ 1UD(Pw)<mll () )
(4.4.17)

2. Let 1 < R < 3T/8. Then we have:

1 _
J0wsll (o) S s (B lwzmenllzz o) + RUPW msnllep)

+ | ROPw) <l x(cp))).

3. Let 1 < T <3R/8. Then we have:

1 _
10w <mll oo (1) S s (R Hlwsmnll g2 er) + RUPW)<menll o)

+ 1RO(Pw) <mll o cx)) )
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Proof. Let v = w<,,. The main idea in this proof is to

e first use the initial L>° estimates proved in Section 4.3 on derivatives dv, and to
commute this @ with the vector fields S’ in both terms of the majorizer in

the estimates (5.2.4) to (5.2.6). This results in

vl S Y (WPW)TH2IS YO0l + (W) (WPW)7H2)|[ V105" Ou2

i<1,5<2
S (WAW) 2 (|0v<nll2 + (W) (WAW) ) [ 0Pv<n o

= (WW) 2 ([[Duzlly + W [0P0ll)

for dyadic weights W, W’ and W € {W, W'}, where the choices of W, W’ and

W all depend on the region in question.

e And secondly to use the derivative estimates just proved in Lemma 4.4.1 and

Corollary 4.4.2; in order to control ||V;,v<,||2 and W||Vf7wv§n||2 respectively.
In CY, one has W =T and W/ = W = U. Let k > 0 be any integer. Then
10v<k]l2 + W|0*v<klla = [|0v<kll2 + Ul|0®v<]l2
S N0v<kiallz + UT(O(Pv) <2
S UM ozksallz + TI(Pv)<psllz + UT(|O(Pv)<ll2

This proves (4.4.17). For the other two regions, the proof is similar. H

Corollary 4.4.4. Let ¢ solve (7.1.2), let R € {CE,CY, CL} and assume the hypotheses
of Lemma 4.4.1 (that is, assume the hypotheses on the dyadic parameters for R and

on the exponent parameters of the coefficients of P). Then

10¢<mllzo®) S 1™ G<menll ooy p = (min(r, [t = r]). (4.4.18)
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Proof. This is an immediate consequence of Corollary 4.4.3 because P¢ = 0. [

4.5 Setup for pointwise decay iteration

Lemma 4.5.1 (Maximal vertical length within Dy, N{(p, s) € R% : p < s}). Uniformly
in the set of r,t values lying in {(r,t) : 0 < r < t}, we have that for any point

(0',8') € Dy CRY x RY,

1. If r <t/3, then
| Doy N {(p',8) 2 p = p'}| < min{2p, 2}
2. Ift >r >1t/3, then

{s' >0 203N D0 {(p,s):p=p} <t —7

where | - | denotes the length.
Proof. We split the proof into two cases.

1. Let r <t/3; then for each p, the maximal vertical length within Dy, is 2r and
occurs when r < p < t’TT; by symmetry, this length, 2r, is maximal. When
0 < p < r, the maximal vertical length of Dy, is 2p, which implies that this

value of this length is sharp if and only if 0 < p <r.

2. Let r > t/3; then for each p, the maximal vertical length within Dy, N {s > p}
is t — r and occurs when t_TT < p < r and by symmetry once more, this length,

t — r, is maximal. Furthermore, in a manner precisely analogous to the r <¢/3
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case, we once more have that when 0 < p < t_TT, the bound 2p is sharp if and

only if p lies in this small region.

Definition 4.5.2. Given \ € R,

1 n>1

K(n,t—r) = log(t —r) n=1-

(t—r)t=n p<1
\

In this chapter, this function arises either as

Z 1 or /t—?" Ldv
Rt o (v

1<R(t—7)
The following lemma allows us to convert pointwise decay rates of inhomogeneities

g in [y = g to pointwise decay rates for ). A simple case of Lemma 7.4.4 is explained

in Remark 4.5.4.
Lemma 4.5.3. Let m > 0 be an integer and suppose that 1) : [0,00) x R? — R solves
O(t, z) = g(t, x), (t>0, x € R?)

with vanishing iitial data, with

log™(t —r)
GRIE Y

where the values of a, B, n will be specified below.

o (The case r <t) Assume that f >0 and n € R. Assume also that |x| < t.
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If 1 <a <3, then

()t 2) <mm<m<a—1,t—r> 1 )+ K t=1) (50

log™(t —r) ~ (t —ryBtn=1 7 (t — p)Btnta=3 (t —ryats=2
If @ > 3 (we will not be needing the cases o« =3 or a < 1),

DU sa-Lion  swin o
log"(t —r) ~ (t —r)ftn-1 (t — ryothi-2

o (The case r > t + 1: in this chapter we will only need o« > 1,1 # 1; a full
explanation is given in the proof of Proposition 4.6.2) Let o > 1,11 € R. Suppose

thatr >t+1, and

1
95 Tyt =y
Then
g 1 1/{t—r)t n>1 Lo
<T>¢NW (4.5.3)

Proof. 1. (The case r < t) We write

/psup|Dz/J|dsdp:Z/ psup|D1/1|dsdp+Z/ psup |Ov|dsdp
Dy 52 R, /D S? R, /Di 82

and bound [y pointwise by the bound in the hypotheses. Throughout D;,., we

have

1

<
~t—r

w | =

and we will use this repeatedly below.

We begin with the first bound in (4.5.1), namely,

Kla—1,t—r)
Oyldsdp < - )
3 [, peup Ovldsde S
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In the region Ry := {1 < R < £} defined at the beginning of this section, we

8

have

Ss—p~t—r.

Therefore, for R € Ry and any > 0,7 € R,

1 m
[ oswiilasdp s [ | BN 1sdp
Dﬁ‘ DR v

2 o (p)eH(s)P ()
log"(t —r) [ dsdp
~ Ro—l(t — 'r>’7/ (s)8

N log™ (t —r) ds

Re2(t — )" / (s)?

log™ (t — )
Ro—2 <t _ ’T‘>/B+77_1

where v := s — p. Thus

kla—1,t—r).

log™(t —r log™({t —r
Z g™ ( ) _ g™ )

a—2(+ _ p\B+n—1 _ \B+n—1
1§R<’%R (t—r) (t—r)

Next, we prove that when a < 3, and § > 0,7 € R, we have

log™ (t —r)
E <
1 tr

This is shown as follows: since 8 > 0, we have (s)™% < (t —r)7#, and

log™"(t — 1) Z/R p|O¢ldsdp < (t — 7‘)_5_" Z R / / dsdp
R1 Dy R1

S(t=r) Y R

R1

< (t _ T)—ﬂ—n+3—a

where the last line follows by the hypothesis o < 3.
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Finally, we show that when o« > 1 and 8 > 0, then

/U o plOv|dsdp < log™ (t —7) K(n,t—r)

ReRg Pir <t B r>a+ﬁ72

which will complete the proof. For R € Ry, we employ the fact that when 5 > 0

we have

() S {t=n)F

to find that

log (¢ =) [ plOWldsdp S (¢ =)'~ [ () 0) sy

R
tr

< (t—r) o — )P / ds /O oy

S Wﬁ(n,t —)

with the last line following by Lemma 4.5.1.

2. (The case r > t) We now prove (4.5.3). Assume that a > 1. A straightforward

integration shows that

oy > 1
dsdp 1
5 (r+t) o
/Dtr Poyels —pyn ~ Gt —me2 | =y n=1

which shows (4.5.3).

O
In Remark 4.5.4 we state a simple version of Lemma 7.4.4. A particularly relevant

case for the present article will be the case 2 < o < 3, which we cover now.
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Remark 4.5.4 (Simple special case of Lemma 7.4.4). Let us set m = 0, which is the
case that there are no logarithms involved. The r < ¢ claim (4.5.1) states in the

special case 2 < o < 3 (that is, the inhomogeneity has (r)~* decay where 2 < a < 3)

that
rip < (u)~@HBN=3) gy ~(atBol4)
where
-1 n>1
=
n—2 n<l.

This simplifies to

i 5 <u>—(a+6—1+ﬁ).
Consider the problem
O+ V({t, )y =0
with
Ve SZ((r)7%).
This is (7.1.2) but with only a potential. We have o = 2 + 4, so we are in the special

case stated in this remark. Suppose also that we use (7.3.7) as an initial bound on

vector fields of ¢. Thus n = —1/2, 8 = 1. Accordingly,

T S ()@Y
= (u)~ (@A 1+(1-2))
< (u) @)+ M+(=1/2)=3)

— <u>7(671/2) _ <u>1/276_
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Thus at least in the region {r > ¢/2}, our pointwise bound on v has gained a factor

of {u)~?.

The strategy of the proof of this article is then to propagate this improved bound
into the region {r < t/2} using Theorem 4.7.4, which we explain in Section 4.7. In
this way, we obtain the bound (t + 7)¢ < (t — r)1/27%. We then apply Lemma 7.4.4
again and iterate in this fashion. Eventually, we reach the final pointwise bound for

the solution ¢ (and for ¢<,,) stated in the main theorem.

Definition 4.5.5 (Cutoff functions). Let

Xexte (t, I’)

denote a smooth radial cutoff function adapted to {r > t,r —t ~ r}. Let

Xinte (ta x)

denote a smooth radial cutoff function adapted to {r <t,t —r ~ t}. Let

XCOIle (t, x)

be a smooth radial cutoff function equalling 1 — (Xinte + Xexte)- We also assume
supp x°" C {r/2 <t <3t/2}. Thus: in Cp, for instance, Xinte and x°" sum to 1,

while in ([T, 2T] x R3) \ C7, Xexte and x°°"® sum to 1.

In the following sections, we shall finish the proof of Theorem 7.1.1; by the product
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rule, and also (7.4.2), it will suffice to prove pointwise decay for

Op<m = (V + 0B)p<m + O([A+ Blo<m) + 0(hdd<m) + §*d<m,
(¢<m(0), No<in(0)) = ((¢0)<m> (#1)<m—1)
(4.5.4)
where ~ denotes vector fields.

Before commencing the pointwise decay iteration in the next section, we note that:

e By (7.3.7), the desired decay rate in Theorem 7.1.1 already holds in the region
{Ju| < 1}. Henceforth in this article, we shall assume that |u| > 1, i.e., |[t—r] > 1.

Thus we work away from the light cone {r = t}.

e Due to the domain of dependence properties of the wave equation, we shall first
complete the iteration in {r > ¢+ 1}, which is the content of Section 4.6. For the
iteration in {r < ¢t — 1}, the decay rates obtained from the fundamental solution
are insufficient in the region {r < ¢/2}. To remedy this, we prove Theorem 4.7.4.
With the new decay rates obtained from Theorem 4.7.4, we are then able to
obtain new decay rates for the solution and its vector fields. At every step of
the iteration, Lemma 7.4.4 is used to turn the decay gained at previous steps

into new decay rates.

4.6 The upper bound in {r > ¢+ 1}

Before embarking on the pointwise decay iteration for the equation in (7.1.2), we

explain how we deal with the initial data in (7.1.2)—see the following remark.
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Remark 4.6.1 (The initial data). Let

w = S(t,0)(¢po, P1)

denote the solution to the free wave equation at time ¢ with initial data (¢g, ¢1) at

time 0. Thus

1
wy(t,x) = 0B, 1)| 6B(z,t)(¢O)J(y> + Vy(d0)s(y) - (y — ) + (1) s(y) dS(y).

Let

a—1¢€ {1+ min(c,4,d"),1+min(c +1,4,0")}

with the first (resp. second) number in the set as the value of a — 1 assuming
hypotheses from part 1 (resp. part 2) of Theorem 7.1.1. For any multiindex J, we
now show that

(o) )

U)J<

~Y

by the Kirchhoff formula and the weighted L? decay assumption on the initial data.
We use Cauchy-Schwarz and Sobolev embedding to control the free wave pointwise by

the weighted L? bound assumed on the initial data. When r > t and y € 9B(x,t),

[(0)s(W)| + V(o) (y) - (y — )] + [t(d1)s ()| S (1)~

so that

Similarly, when r < t and y € 0B(x, t),

[(@0)s ()] + [V (¢0)s () - (y = 2)| + (1) s (W) < ()"
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so that

When r ~ t, we have

Recalling (4.5.4), in this section we prove that the solution to
Owmy = O((r) 2700t gy (4.6.1)

obeys the maximal decay rate

1
(r)(t — r)1+min(1+.6,8")

Wim) S

in {r > t+ 1} assuming that

B e SZ((r)"279),8,B € SZ((r)=3"°).

We used the results from Section 4.4 in transitioning from (4.5.4) to (4.6.1).

If

B e S%((r)717),8,B € S%((r)"*)

then we instead have

and the final bound
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the argument shown below proving Proposition 4.6.2 covers this case equally well. For

the sake of simplicity and concreteness, we pick and fix the assumption (4.6.1).
(4.6.1) includes all the terms in (4.5.4) except for the parts of the right-hand side

of (4.5.4) that are supported near the cone; we prove estimates for those parts in

Section 4.9.

Proposition 4.6.2. Assume that r >t + 1. Assuming the hypotheses of part 2 of

Theorem 7.1.1,

1
(r)(u) HHmin(1+0,0.8)

Assuming the hypotheses of part 1 of Theorem 7.1.1,

1
Wim) ~ (r) (u) Frmin(e.5.8)

Proof. We only prove the case assuming the hypotheses of part 2; thus
Dw(m) — O(<T>_2_min(5/’5’0+1))¢§m+n

since the other case is similar.
Given

Dw(m) = G¢§m+n

with

G =0(1/(r*")

(here, 8 = 14+min(o + 1,0, ")), the first step is to use (7.3.7) and Lemma 7.4.4, which

yields

1

BTl (4.6.2)

Wim) S
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Then, a second application of Lemma 7.4.4 yields

(v)Hu)=@F52 g — 1> 1ie min(d,8,0+1) >

[

(0) /28 ()15 B—1<lie min(¢,6,0+1)<

N |+

Note that the sum of exponents in the denominator, call it 7,, if we are at step n, has
increased by min(o + 1,4, d").

The case n = 1 in Lemma 7.4.4, whenever r > ¢, arises if nmin(é,0’) = 1 for some
integer n > 1, but in this case we incur an arbitrarily small polynomial loss in (t —r);
so we avoid having to apply Lemma 7.4.4 for the case when 7 takes the value 1. For
r > t+1, given a certain fixed value of i,, we always have i, .1 — i, = min(o + 1,9, ")
or iy41 — i, = min(o + 1,6, 0")—, with the latter occurring if there is a borderline case
which leads to an arbitrarily small loss.

Let a :== min(1 + 0,0,9"). The general pattern after the first iterate (4.6.2) is as
follows. Suppose that ¢ = min(d,d") < 1/2 (the case a = 1/2 is similar because we
just incur an arbitrarily small polynomial loss). For some integer N > 1, one has

either

(A) Wy S Y72 VYN or (B wgy S ()72 ()N )~V
(4.6.3)
for some a € (0, a] which we may (and do) choose to be arbitrarily close to a in the
event of a borderline case, whereas a = a if and only if we are in a non-borderline
case.
The pattern will cycle between these two, starting at (A) for an integer value NV,

going to (B) for that same integer N, and then going to (A) for the integer value
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N + 1, then to (B) for the integer N + 1, and so on.
There are correspondingly two kinds of integrals, as follows: writing N now for
the previous value of N + 1, so that we work with a instead of a, by Lemma 7.4.4 the

function 7w, is bounded by one of

. ) (u)~Wa=b) if Ng > 1
min - .
(u)>
(ry=We=1 if Ng < 1

) (uy=(V+Da=3) if L4 (N 4 1)a > 1
(u)(N+1)a
(ry~(+Da=3) i L (N4 1)a < 1

This iteration continues until Na > 1. Then respectively

1 1

< <
Wim) (r)(t — r>7%+(2N+l)a’ Wim) > (r)(t — T>—5+2(N+1)a'

For the minimal integer N satisfying Na > 1, by Lemma 7.4.4 we have
(MY wmy S 1/{t — r)Femst @V < (g gyt
<7’)w(m) <1/(t— r>1+a—%+2(N+1)a <1/{t— 7ﬂ>1+a‘

Suppose that a > 1/2. After one iteration, by Lemma 7.4.4,

Wiem) < <U>3/2/<u>1+min(1+g’6’6/).

~Y

After the second iteration,
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In the third iteration, one obtains 1/(u)'*™n(1+789) from the p integration alone, and
for a which is big enough (a > 3/4, more precisely), the iteration halts here. For
1/2 < a < 3/4, continuing as many times as necessary, one eventually gets

1
(r) (u)Fmin(i+0,6.5)

4.7 Converting r decay to ¢t + r decay

In this section, we convert radial decay 1/(r)?,p < 1 in {r < t/2} to 1/(v)?. In
particular, the fundamental solution to the wave equation gives a 1/(r) decay rate,

which we can now convert to 1/(v). This holds for both ¢ and vector fields of ¢.

Lemma 4.7.1. Assume that ¢ satisfies the stationary LED. We have

1
”(bﬁm HLoo(C;?’T/‘l) S m H <r>¢§m+n |’LE1(C’;3T/4)'

Proof. This estimate will follow as a consequence of Corollary 4.3.2 and from proving

that

1

Hgbﬁm ||LE1(C~”;3T/4) 5 T H <T>¢Sm+n ||LE1(C”;3T/4)‘ (471)

The statement (4.7.1) hints at the fact that we will transfer (a limited amount of)

(r) decay into (v) decay in the LE" local energy norm. From the LE! norm, we can

recover pointwise bounds simply by explicit computation.

Remark 4.7.2 (It suffices to look at ¢ supported in Cyy 3T/ 4). In this proof we can assume

C;ST/4

that ¢ is supported in because we can control the commutator [P, x<s7/4]
T

adequately where x <sr/4 is a cutoff function adapted to the region CT< 3T/ Henceforth,
T
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we will assume that ¢ is supported in C’;?’T/ 4, although support in (r) < AT for any

fixed A > 0 would also be fine.

Let m > 0. Let () (t') denote an integral curve of S, parametrized by unit
speed, such that ¢ = 0 corresponds to time ¢t = T and spatial position z. That
is, it corresponds to the point (7, z). By the fundamental theorem of calculus and

Cauchy-Schwarz, we have

1 T
Viatd<mir (T, 2)]* S T/o |(Viatd<m) Ve ()P + [(SViatdam) (yera ()] di’.
(4.7.2)

(This bound clearly works for any smooth-enough function other than ¢<,, as well.)

Next, integrating (7.7.6) on {z : r < At} for some A > 0, say, {z : r < t},

1
| Nt @aPde S 3 [ (Vitenl + 15T dud
CTﬂ{t:T} Cr

A similar bound holds for ¢ = 27", where we now average over [0, 7| again but this
time over the integral curves of —S, using yore)(t') as the argument for the function

Viz®<m, with ¢’ = 0 corresponding to time ¢ = 27". Thus

1 [T
Viad<m@T,2)]" S 7 / |(Vewd<m) (Vera O +1(SViabd<m) (Yera ()] dt'.
0
Then, integrating over {z : r < t}, we obtain the same upper boundas the ¢t = T case.
Hence by the solution ¢ satisfying Proposition 4.2.6 (stationary local energy decay
for vector fields),

6ol g ezsrrty < 1Veabem(Dllze + 106 mllie

1

< m“vt,xébgmmﬂﬂ((h) + |0cp<ml|LE-

(4.7.3)
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Next, we bound ||V z¢<mnllr2(c,) using Lemma 4.7.3. Intuitively, Lemma 4.7.3
“multiplies” or “boosts” all integrands in Proposition 4.2.6 by (r)*/2. A first naive
thought that comes to mind is to multiply the equation by r0,¢ to achieve this boost.
This works, if we add a zeroth-order correction term ¢ to the multiplier. Unlike
the unweighted multiplier, this weighted multiplier leads to unsigned constant-time
boundary terms, hence we put both energy terms in the majorizer. Lemma 4.7.3 adds
new information beyond Proposition 4.2.6 only for sufficiently large values of r.

We will sometimes use the notation C’% =[N, T3] x {z:r <t}

Lemma 4.7.3 ((r)'/?-weighted Stationary Local Energy Decay for Vector Fields).
Suppose that the solution to P¢ = f satisfies the stationary LED for vector fields, as

proved in Proposition 4.2.6. For all 0 < Ty <T,, we have

2
IVewd<mll a2y S DIV ewbcn( Tz + 14r) femllzaim raze + 18cb<mll 2 zoire-

j=1

(4.7.4)

Proof. We shall focus on proving (7.7.3), as the proof is very similar for the other
estimate. We will take as assumptions those stated in part (1) of Theorem 7.1.1 and
prove this result. This implies that this result also holds for part (2), because the

assumptions in part (2) are stronger than those for part (1).

e (The zero multiindex case) We demonstrate the case m = 0 first for simplicity.
In this proof we shall need o and ¢ to be strictly positive real numbers, as well

as 6’ > —1, in contrast to the situation in Lemma 4.4.1.
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We multiply P¢ = f by r0,¢ + ¢ and integrate by parts in [T}, Tp] x R3. There

is a number ¢’ > 0 such that
[ 1900 4 0(r) )IVeadl + O((r) PO + Otr) > o
< Z / NIV 0 +Ol(r) (T o) do+ [ Irso0l
+ | fo| dxdt

52/ O((r))|V:.0(Ty, x) |2dx+/|rf8r¢\+|f¢\dmdt

(4.7.5)

with the last statement following by a version of Hardy’s inequality.

For instance, with the term 9, A",

0u(A"9)(r0:¢) S O((r) =) Viwdl* + O((r)*77)¢".

This follows by combining the assumptions on A, A and 0, A as stated in part

(1) of Theorem 7.1.1. Only an arbitrarily small o > 0 is needed.

Next,

1
J[ 171061 = [[11r110.61 < I flsl@rolle < Sl g + el 0ol

and we then bring €||0,¢| 222 onto the other side together with ||V;.®|12r2.

Similarly

1
J10t61= [[1n121 < 21 ere + o

We remark that it is possible to place rf in L'L? if we place 0,¢ in L®L? (we
can use Hardy’s inequality for the zero order term). This alternate route leads

to |7 f|| 12 instead of ||rf]|7.,. on the right-hand side.
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For small |z| values, our assumption of Proposition 4.2.4 implies the bound on
IVeadll L2 2 erg)-

By using the positivity of ¢’ on the left-hand side of (7.7.4) for large |z| values,

we can then obtain

2
IVeatllizpm e S Y1) Viwd(T))]| 2
j=1 (4.7.6)

. 1/2
o+ min (1150, e 1) Fllzzin mine )

(7.7.5) implies (7.7.3) for m = 0.

e (The higher multiindex case) Next, we prove (7.7.5) but for ¢;,J # 0. By
Lemma 4.2.2, we have
Py = f1+O0((r) ") Viabss + O(r) ) deiy1-
We multiply this by rd,¢; + ¢;. Then we integrate in [T}, Tp] x R3.
— For small 7, the estimate (7.7.3) is implied by the weak local energy decay

estimate for vector fields proved in Proposition 4.2.4, so to prove the desired

conclusion (7.7.3) it suffices to restrict attention to the case of large r.

— For large r, owing to the positivity of ¢’ > 0, we may use the triangle in-
equality, the triangle inequality for integrals, Cauchy-Schwarz, and Hardy’s

inequality to absorb the terms

[ w065+ 001 Visocin + 0L) > 1611

into the left-hand side, namely into

| Vieb<mll L2 1)< gr<t})-
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The positiveness of ¢’ provides the necessary smallness for the absorption.

We have explained how to take care of the extra terms arising from commuta-
tors in the higher multiindex case, namely the terms O((r)~1=7)V, ,¢< s +
O((r)’2’q')¢§u|,1. For the remaining part of the equation, namely P¢; =
f7 + (taken care of), we can just apply precisely the same procedure used
to prove (7.7.5) to ¢ ;—that is, the first bullet point. Then we sum over

|J| < m.

Applying Lemma 4.7.3 for ¢, we have

2

IVeadsmllizien S D I *Vied<n(GD)ie + 10rd<mllr2en)-
i=1

Thus so far, we have

1
9zl ez, S gl Vesbmenllizen + [0bemenllis

2
1 .
S 73 (O ) 2V iabmin (D) 12 + |0 <minllizen) (47.7)
=1

+ 10 d<mnllLe
Now we bound these weighted energy terms by LE! norms, picking up appropriate T’
weights along the way.

By the fundamental theorem of calculus and Cauchy-Schwarz once more,

1 1

/<r>|vt,x¢§m+n(T)|2 Az S 7w (M2 Vs ob<menl® + f(r>3/2|svt,$¢gm+n|2 dxdt.
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To bound the second term, we note that by Remark 4.7.2, we assume that (r) < T,

which lets us bound

1

1
T3 [ ISV ot S . [ (]S Pt

1
5 T H <T>¢Sm+n+n/ H%El (Cr)*

for some n'.
To bound the first term, we treat it perturbatively for small r values in the norm,
and for a fixed finite number of large R regions, where r ~ R, we can make this bound.

Thus let us decompose

T4V 4 wbamllizieny = D T AV o dcm | 2(r 2 An) -
R

When R <« T we absorb this term into the left hand side. For all values of R with
R ~ T, we are able to directly bound by T_I/QH<r>¢§m+nHLE1(CT).
Finally, using the relation 9, = t~*(S — rd,) and (4.4.18), which implies that

|rar¢§m| S |¢Sm+n| n C,;3T/4,

10 p<minllLzory ST |p<mtnllz2(Cr)

-

P
R
EST RV R 224
R
— R -
< TR IR o cminllzetan)
R

5 T_1/2||¢Sm+n||LE < T_1/2||<T>¢§m+"||LE1

Similarly,

Hatqbé'mHLE 5 TﬁlH(bSm—&-nHLE
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Collecting our estimates, from (4.7.7) we now conclude

1P<mllprezomrny S T7H(r) p<minll e

Theorem 4.7.4. Let ¢ solve the main equation (6.1.1). If
bt S (M) — 1) (4.7.8)
for some real p < 1, q,n € R and a (sufficiently large) fized M € N. then
¢S ()t —r)"

Proof. For all (t,r) pairs with r sufficiently large relative to t, say r > t/2, the
conclusion follows since (r) ~ ().

C;3T/4

For the other region, , this follows from the proof of Lemma 4.7.5, because

in O (t—r) ~ (1),
Lemma 4.7.5. Let ¢ solve the main equation (6.1.1). If
s ST (4.7.9)
for some real p,q € R and a (sufficiently large) fixed M € N where p < 1, then
¢S ()

Proof of Lemma 4.7.5. We compute the norms involved on the right-hand side in

Lemma 4.7.1. The rest of this proof works for not only C;3T/ 4, which is the region we

compute in, but actually in [T, 27 x {r < At} for any fixed A > 0. The right-hand
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side norm of Lemma 4.7.1 is

”<r>¢§m+nHLE1(c;3T/4) = ’lvt,x(<r>¢§m+n)"LE(C;3T/4) + H¢Sm+n”LE(C;3T/4)

5 ” <T>Vt,$¢§m+n||LE(C;3T/4) + ||¢§m+n||LE(C;3T/4)

5 || ngm-i-n HLE(C;STM)

where the last line is a consequence of Corollary 4.4.3 applied uniformly across

the collection {CE : 1 < R < 3T/8} of dyadic regions. Thus ||¢SmHLE1(C<3T/4
T

) ~

%Hgbﬁm—i-n“LE(C;sTM).

Next, we bound ||¢<minll, p(o<r/4y and finish the proof. We shall use pointwise
- T

bounds on |p<.,|, and not just on |¢|, here:

e For R > 1 we have

2T (2R 1/2
sup (/ / — ((t>_2qr_2p) r2drdt)
1<R<3T/8 7"
2T 1/2
~ Sup ( 2‘1/ / 2drdt>

1/2—q__ —

1
< TY20 gup < To- since p < 1.

1<R<3T/8 Rp*

e For R =1 we have

9 1 1/2
(/ <r>2p1d7“> <ol

for any p € R.
Thus
1 1 1
T3/2 H¢Sm+"HLE(C;3T/4) S T'3/2 Tmin(0,p—1)+q—1/2
B 1
© min(1,p)+q
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hence ||¢§m||LOQ(C;3T/4) ST P aifp<l. m
This establishes the proof of Theorem 4.7.4. O

Corollary 4.7.6. Let k > 1 be an integer. If ¢ solves Pp = f and

M-

Il
—

ban £ Ar) ) (=)

J

and the conditions on the exponents pj,q;,n; and M in Theorem 4.7.4 above are

satisfied, then

W

63— ),

1

.
Il

Proof. The proof is a straightforward consequence of what has already been done.
One can use elementary inequalities to handle sums instead of single summands in

the computations above, and the estimates still hold. O

4.8 The upper bound in {r <t}

We consider (4.6.1) with » < t. We now show the desired final decay rate in Theo-

rem 7.1.1, namely

1
(r)(t — r)l+min(i+0.6,8) "

Proposition 4.8.1. Assume that r < t. Assuming the hypotheses of part 2 of

Theorem 7.1.1,

1
<7’> <t _ T>1+min(1+a,5,6’) ’

Wimy S

Assuming the hypotheses of part 1 of Theorem 7.1.1,

1
<
U}(m) ~ <T> <t _ ,,a>1+min(0',5,5’) :
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Proof. In {p > s}, the argument has essentially been done in Section 4.6; when
integrating in {p > s}, one plugs in the final pointwise decay rates for vector fields of
¢ obtained in Section 4.6, only to get the final pointwise decay rates as output.

In {p < s}, we let
v:=min(l + 0,6,d',1—) = min(4, 0", 1—).

We need v < 1 because we will be using the fact that in R, we have

1

<
Z /DR IO |dsdp S (t — r)Brnta=s
ReERy tr

(using the notation from Lemma 7.4.4). Note that 2 + v < 3, allowing us to apply
Lemma 7.4.4’s Region 1 bound 1/{t — r)#*" =3 if we put (v) as (t) in (4.8.1) when
applying Lemma 7.4.4. For the rest of the proof, the strategy will be to improve by
increments v which are strictly less than 1. Below in the proof, we split into the cases
where min(9, ) is either < 1 or > 1, but the main idea in either case is really the
same, since in the latter case we simply introduce an artificial decrement € < 1 to
make v, which equals 1 — € in that case, smaller than 1.

By Lemma 4.4.1, we have

Dwimy S (r) 27 () 71t — )2 (4.8.1)

~Y

By Lemma 7.4.4,

(rYwgmy S (=)
We have gained (t — r)~". Hence by Theorem 4.7.4,
Dwny S (r) 727" () 71t = )27,
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and this process can be continued as long as the uppermost case thresholds in the
definition of x are not met.

Positivity

(t)2/t > (t,)27%)r

Stationary LED

Y

1 1
t* =—20 < t* =—0 t
(t)z2/r Positivity (8)27/

Stationary LED

\J

Positivit
(L) ft d

\J

Figure 4.1: The first few steps of the proof of the upper bound in the r < t region,
where t, =t — r. Here, 6 > 0 is some positive number, and “positivity” refers to
the positivity of the fundamental solution in three space dimensions. Vertical arrows
denote applications of the Stationary LED estimate, and horizontal arrows denote
applications of the positivity property.

Suppose n’ > 0 is an integer for which this threshold is not met; then after

performing this procedure n’ times,

Owgmy < (r)~ 27 (8) 71t — ) />,
Now we define n’ to be

n' :=max{n € N:1/2+nv < 1}.
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There are two cases:

I<1/2+ (W +1)r<l+v

then write

1240+ 1v=1+ X

where 0 < X < 1; thus

Then

Owmy < (r) 727 (v) =Mt —r) 7
< min{ (r) 2 (w) Tt =) T () (= )TV

=: min{a, b}.
Lemma 7.4.4 implies that in Region R;, we have the bound by
1/{t — 7n>6+n+a—3‘
We use a to get the bound in R by
(t — )"l

On the other hand, we use b, with o = 3+ v and S+ 71 = 1+ Av to get a Region
Rs bound by

{t—ry v,
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Thus

(Fywimy S /(¢ —r)Hre=3 4 (¢ —r)=Fe=D(n £ —r)
_ <t . T>—1—V—>\l/ + <t . 7">_1_V

< (t— 7’>_1_”.

124+ (n'+1r=1,

thus w,y S (€)'t —r)~", we have
Dwmy < (r) 770t =)~

Hence

for any 0 < A < 1, which now puts us in case (1).

The proof is complete when min(d, §’) < 1.

Part two of the proof: The case where min(6,0") > 1, that is, all three parameters 0,0’

and 1+ o are at least 1. Suppose that min(1 + o,d,6’) > 1. We shall still work with
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)

an increment v that is less than 1. Rather than using “1—" in the definition of v, we

write v as the definite number v := 1 — € where € > 0 is a small number. Then

Hwm) < <U>_1(t — 7")_1_” min{<r>—2—v’ <r>—2—min(1+a,6,5’)}
= (0) "t — ) 0D min { () 72079 (p)2mmin(i4e8dy
where we wrote down the trivial minimum of the two powers of (r) to emphasise the

fact that we will be using aw = 2 + min(1 + o, 6, ") for Ry but o = 2+ v for R;. Thus

by Lemma 7.4.4,

t —
(P Wiy S (t — )~ BHnta=d) 4 _wmt—r)

<t _ T>o¢+/3—2
1
< Y —gp\N—Btnte=3) . -
S({t-7) + (t — ryotB-2
1
e A= (B+n+a-3)
=({t—r) * (t — r)@min(l+o.667)+(1)-2
1

_ —1-2v
=(t—r) + {t— r>1+min(1+cr,6,5’) :

It remains to prove the desired bound in Region R, and it is safe to ignore the
Rs portion of the bound henceforth because the 5 and « exponent components of
Uw(,ny remain stable while > 1 will stay larger than 1, and in R, we use the bound
k(n,t —r)/{t —r)**P=2. We note that no more improvement is possible in R, using
Lemma 7.4.4.

In R4, this iteration continues until

1

Wy S ()Nt =)

where

n” :=max{n € N:n(l —¢€) < min(1 +0,4,0)},
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e.g., n” = 1 if the two numbers min(1 + 0, 4,d’) and 1 — € are both close to 1.

One way to view this situation is that there are two cases:

1. If

(n” +1)(1 —€) > min(1 + 0,0,0")
then we obtain the bound (¢ —r) 1=+ = (t —p)=1=("+1(1=9) in R by using

1 1

(t — r>5+77+a—3 - (t _ T>1+(n”+1)1/

1
- <t _ r>1+min(1+cr,6,5’) ’

(n" +1)(1 =€) = min(1 + 7,0,9")

then we obtain the final display in item (1) but with equality rather than

inequality, and we halt.

This completes the proof for w,,) when r <. O

Remark 4.8.2 (Lockstep). If v := min(o, d,d’, 1—) then essentially an identical proof

follows for proving wgn,) S L

S P The case partition is then (a) part one:

min(o,d,d") < 1, (b) part two: min(o,d,d’) > 1. Everything else follows when one

replaces 1 4+ ¢ in the appropriate locations in the proof above by o.

4.9 Cone bounds

In this section we show how we prove the final decay rate in the main theorem for the

terms involving the metric coefficients h®” that are supported near the cone {r = t}.
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Recall that we write B@gbgm = 0(B(b§m) — (8B)q5§m. Let j = 0 (respectively
j = 1) correspond to the hypotheses of part 1 (respectively part 2) of Theorem 7.1.1.

Near the cone, we rewrite (4.5.4) as

O<m = (V] +10B] + |g° D d<mral + (" (hds + A+ B)p<m),
(4.9.1)
(¢<m(0), No<m(0)) = (0,0). (4.9.2)
and use (7.4.2). Note that

(V141081 +19°1) bz S (V14 1831 + ()7 | Bl +16°1) e

(1/< >2+m1n (o+(5-1), 66’))

assuming the hypotheses of part j of Theorem 7.1.1, j =1, 2.

It suffices to prove pointwise decay estimates for

Dv(m,l) _ Xconeilat(bgm’ Dv(m,2) _ Xcone( >¢<m;
Let © € {vgm;) : J = 1,2}. We now prove

Proposition 4.9.1. We have

1

v <
00 S (1) (t — r)lmin(e.83)

under the assumptions of part 1 of the main theorem.

Proof. If x := x* and f € {\(A + B)¢<m, xhOsp<m}, then by Corollary 4.4.3 and

assumptions on h and A we have
|f<s7p)|+|5f|+|< _S> pf’ < >1+J|¢<m+n|
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The iteration for v is as follows. Note that suppx C {|s — p| < (¢t —r)}. One
simplifying observation is that p > ¢(t — r) in all f cases with ¢ > 1/4; in r < t,
supp x°"¢ for instance, p > [t — r|/4, which has smallest ¢ value amongst all cases
(for example, if > ¢t then ¢ = 1 and if r < ¢ then in supp x*"¢, ¢ = 1/2). This and
the fact that the horizontal (i.e. p) diameter of supp x is O((t — r)) leads to simpler
integrations in p.

We begin with the bound (7.3.7) for the functions ¢ <, . By Corollary 4.4.3 (used
to handle terms that have the operator (s — p)0, in the integration inside D,,) and

Lemma 7.4.4,
<T’ _ 75)1/2—5

(r)

Thus we run the iteration with exponent a := min(o,d,d’, 1—)—see Remark 4.8.2. By

05 <

Lemma 7.4.4, after N steps one gets

(VO < ——

S Gt )

where = Na < 3/2 is the gain at the N-th step of the lockstep. The procedure is

similar to w(,)’s case, and in the end we get

1
<7«> <t _ r>1+min(a,6.6’) ’

o <
We have d(Ap<,,) + Bdp<y = O([A + Blp<m) — (0B)¢<pm. For T solving
00 = XAp<m,

the bound on 0,v is just an argument that is an application of Lemma 7.4.4 similar to

what has been done. We write BO¢p = 0(B¢) — (0B)¢; then the arguments already
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shown (along with the assumptions on B in Theorem 7.1.1) give the bound on ;W

for OW = Xé¢§m. This concludes the proof. m
Proposition 4.9.2. We have

1
o<
0,0 ~ <T><t _ r>1+min(1+o‘,575’)

under the hypotheses of part 2 of the main theorem.

Proof. We now prove

1
v <
U S (r)(t _ r>1+min(1+0,5,5’)

assuming more on the time derivatives of our coefficients and also a little more on A

and B; see part (2) of Theorem 7.1.1. For the first-order terms, we again write
O(Ap<m) + BOd<m = O([A+ Blo<n) — (9B)d<m;

since A and B, respectively 0,4 and 0,8, belong to the same SZ class, with one higher
rate of (r) decay relative to the hypotheses of part 1 of the main theorem, we are
done by the previous proof and we henceforth focus on the metric coefficients. By the

product rule,

O(xhDrp<m) = 0} (xho<m) — O(Or(xh) d<nm) (4.9.3)
where 0;(xh) = O((r)=277) since d,h € SZ,.({r)=277).
For
OU = ~0,(0:(xh)p<m)
the pointwise decay rates for U follow from techniques already shown. The main task
here is to show that we have the improved decay rate for solutions d?u to the equation

Datzu = aE(XiL¢§m)'
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Intuitively, this means that each of the two time derivatives yields a gain of (u)~*
more decay in supp x C {t/2 < r < 3t/2}.
For

00}u = 0 (xho<m),

by using the relation

12 — 2 )

8t QOi = t@z + xﬁt

we have

[{r = 1)k ()| < (t+7) 7] Z 2i80i ()| + 15 ()]

(2

1 _
S0 Lw)| + [Opu| + |0 (Su)| + T) Z |Zu|, L€ {Q}tiz123
Ze{Q,S}

(4.9.4)
where we commuted 0; with Qp;, S in the second line; this produces |(0;, 0;)w| terms,

and then we noted that in the regions {r ~ t},
[Ow| < 57 (1)[dyw| + S((r)~HI(2, S)ul.
It suffices to bound the first three terms on the right hand side by

m i Z((p\—a
@) ( o ) fheS“((r)7). (4.9.5)

To achieve this, we shall use the same one-dimensional reduction idea already employed
beforehand. The r decay will come from this reduction. It suffices to have the 3/2
exponent on the right hand side because of the extra one power of (u) decay on the
left-hand side of (4.9.4). Recall that 6 denotes the exponent such that before this

iterate, the solution obeyed the decay rate (r)~*(u)'/2~%; thus due to the positivity of
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q, successfully showing (4.9.5) would indicate an improvement in pointwise decay by

exponent ¢, because combining (4.9.4) and (4.9.5) implies
[Brue| S (r)~Hu) /207,

We now bound |dyu|. Writing Ou = xh¢<,, with simplified notation henceforth as
xXhe or xho<m,

(r){t =rjur <

~Y

(r)([Sul + [Lul)

< /D Ixhd| +1S(chd)| + (s — )18, (xho)| pdsdp (4.9.6)

S {t=r)"" g=1+0

(t —r)a
where the last line follows from Lemma 7.4.4 and Corollary 4.4.3.

The same calculation shows that d;(Su) is also bounded by this, since by replacing
u by Su above we still find the same upper bounds for the integrand; this is because

the three functions S7(yh¢),j = 0, 1,2 satisfy the same bounds, and the analogous

integral is

()t = r)(Su) S [ 1OLSul+ (D) pdsdp

Dt'r

S / (s = ) D" 10,5 (xho)| + (Z \Sj(xh¢>)|> pdsdp  (4.9.7)
1 _p)3/2-0
S ol

The function (Lu); also obeys the same bounds as u;, and the analogous integral is

(Yt — 1Y (L), < / OSLu| + [OLLu| pdsdp. (4.9.8)

Dtr
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We have

/ |OLLu| pdsdp < /(2|DLU|) + |LLOw| pdsdp
Dtr
S [ Skl + (5 = plon(xche)) + [LLOu] pdsdp

< / (IS(chd)| + (s — )8 oy

+[S2(xho)| + [S((s — p)Dp(xho))| + (s — p)|9,5 (xho)|
+ (s = p)0p((s — )0, (xhe))| pdsdp

< 1
~(t—r)e

(t=r)* q=1+0

where we changed 8, to 95 by (7.4.2) and used the assumption on d7h. The final line
follows by Lemma 7.4.4. The final integrand term (and specifically, when the two

derivatives both fall on h),
[ts =P pda, dadsdy
is the sole instance where the extra assumption on 92k in Theorem 7.1.1,
Oih € Seone((r) ™77 () ™),

is used.

For OS Lu we have

OSLu = SOLu + 20Lu
= SLOu + 20Lu

= LSOu + O(td(xhe)) + 20Lu
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where O(t0(xhe)) arises from [S, L] and can be broken into three cases: this function

takes one of the three forms
t0;(xhe) = 0;(txho),

20, (xho) = Oy(zixhe),
and
t240,(xhe) = 0,(t=xho).
We may then replace 0;, 0, in the first and third cases by 0, via (7.4.2). Then all these
terms on the right hand side yield the upper bound (¢ — r)%/279=(%9) via Lemma 7.4.4;
to see this, it suffices to consider a solution of Ow = (¢ 4 r)xh¢ and prove bounds for

8{11].

For LSUu on the other hand,

| 1S50) + (s = 10,5 ko) pdsdp € Tt =) g =140
Dtr

(t —r)a
also. For [JLu, this upper bound was proved earlier. Thus

1

_\B/20
TEESTA

(r){t = r)(Lu)e S

In summary, (Lu); and (Su); obey the same bound as u;, because CJ(Lu); and
O(Su); obey the same bounds as [Ju; and the claim then follows from Lemma 7.4.4.
Thus

1

uy S —(t — r>l/2’9’q, g=1+o0

(r)

and the iteration finishes with
8t17 S, (<7”> <t o 7a>1+min(1+a,6,6’))71'
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Notice that this argument works for any positive value of ¢.

Copyright© Shi-Zhuo Looi, 2023.
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Chapter 5 Global existence and pointwise decay for the null condition

5.1 Introduction

In this chapter, we study the wave equation with the classical null condition on a
variety of spacetimes. The goal of this chapter is to prove global existence, and to
obtain sharp pointwise decay for solutions to this wave equation satisfying the null
condition.

For simplicity, in this chapter we have written down the proof of global existence
and O({t + r)~'(t — r)~!) upper bounds for solutions of nonlinear wave equations
satisfying the semilinear null condition. However, we note that the proof provided
below of the O({t + r)~'(t — r)~') upper bounds for the solution and its Z-vector
fields, assuming sufficiently localised and regular initial data, extends nearly verbatim
to solutions of quasilinear wave equations satisfying the null condition as well.

The chapter is structured as follows. Section 1 introduces the main result, and
some of the history of the problem. Section 2 contains some notation, a discussion
of local energy decay estimates, and the rigorous statement of the main theorem.
Sections 3 and 4 contain the proof of global existence. Sections 5, 6 and 7 are dedicated

to the sharp pointwise bounds.
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5.1.1 Statement of the result

We consider the operator
P = 0,9°°(t,2)05 + ¢“(t,2) Ay + B*(t,1)0, + V(t, ). (5.1.1)

Here A, denotes the Laplace operator on the unit sphere, and «, 8 range across
0,...,3. The main assumptions on P are that it is hyperbolic, asymptotically flat, and
that the linear evolution satisfies strong local energy decay (and thus the Hamiltonian
flow must be nontrapping); the precise conditions on the potential V', the coefficients
B, g* and the Lorentzian metric g are given in the main result, Theorem 7.1.1. On
the other hand, we allow time-dependent coefficients, as well as large perturbations of
.

We study the nonlinear Cauchy problem
P¢ = 570,60950. (6(0), 9:6(0)) = (¢o, 1), (5.1.2)
where S*? € R are constants such that S*# = S5 and
S¢és =0 (5.1.3)

for all £ such that £ = 2?21 €7, We will also write 50,0050 = Q(d¢,d¢). We
shall prove global existence and pointwise decay for (5.1.3); see Theorem 7.1.1.
In addition, we prove existence and pointwise decay for the Cauchy problem with

the quasilinear null condition

P¢ =Q = Q(0¢,0°0) = C*"0,003,6, (6(0),3;6(0)) = (¢o, 1), (5.1.4)
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with C*%7 = C*% and C*P7¢,£5¢, = 0 whenever & = &7 + &2 + £3. However, we
assume for the quasilinear case that the metric is nontrapping. See Theorem 7.1.1
below.

Our main theorem states, informally, that if the solution to the linear wave
equation P¢ = F satisfies strong local energy bounds, then (7.1.2) with small initial
data admits a unique global solution. Moreover, we prove global pointwise decay rates
of (t —r)~!(t +r)~! for the solution and vector fields applied to it. The rate of decay
coincides with the one obtained by Christodoulou [19] in the case P = [ by using the
conformal method; we believe this rate to be sharp. See Theorem 7.1.1 for the precise

statement.

5.1.2 History

The semilinear wave equation in R!*3

Oo = Q(9¢,00),  dlio =0,  Oedli=o = ¢1 (5.1.5)

for small initial data has been studied extensively. It is known that the solution
blows up in finite time if Q(d¢,dp) = (9,¢)?, see [42]. On the other hand, if the
nonlinearity satisfies the null condition (5.1.3), first identified by Klainerman [50],
it was shown independently in [19] and [51] that the solution exists globally. This
result was extended to quasilinear systems with multiple speeds, as well as the case of
exterior domains; see, for instance, [70], [71], [72], [36], [115], [53], [1], [56], [102], [29],
as well as to systems satisfying the weak null condition, including Einstein’s Equations,

see [57], [58], [59].
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There have also been many works for small data in the variable coefficient case.
Almost global existence for nontrapping metrics was shown in [15], [105]. Global
existence for stationary, small perturbations of Minkowski was shown in [121], and for
nonstationary, compactly supported perturbations in [123]. See also the works [124,125]
which prove global results and some pointwise decay.

In the context of black holes, global existence was shown in [65] for Kerr space-times
with small angular momentum, and in [2] for the Reissner-Nordstrom backgrounds.
See also the upcoming [66] for sharp pointwise bounds and asymptotics, given certain
assumptions, for a variety of nonlinearities.

The results of this chapter can be extended to to the semilinear problem sat-
isfying the null condition as long as weak local energy decay, also known as weak
integrated local energy decay (weak ILED) holds. The weak ILED condition holds on
Schwarzschild spacetimes and subextremal Kerr spacetimes.

We define
SZ 1 (f) :={g € SZ(f) : g is spherically symmetric.}
We recall the following notion of local energy decay.

Definition 5.1.1 (Local energy decay). We say that P has the strong local energy

decay property if the following estimate holds for all m > 0, and 0 < Ty < T < oc:

|p<mllLer(mo.m)xR3) Sm |00<m (T0) || 2®s) + (P®)<m |l (2124 LE*)(10,11) xR3)- (5.1.6)

Here the implicit constant may depend on m, but not Tj and 7.
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For example, Definition 5.1.1 holds if the operator P is a small perturbation of [,
see for instance [76]. More generally, strong local energy estimates (for m = 0) were
shown in [77], provided there are no negative eigenvalues or real resonances. Provided
that P is stationary, one can extend the result to (5.1.6) by commuting with the

vectors fields in Z.

5.1.3 Statement of the main theorem

Let h = g — m, where m denotes the Minkowski metric. Let o € (0,00) be real. We

make the following assumptions on the coefficients of P:
h*?, B* € S7((r)~'7)
8B,V € S%((r)=2) (5.1.7)
9* € S ((r)777)

Theorem 5.1.2 (Main theorem). Assume that P has the SLED property (Defini-

tion 5.1.1), and that the coefficients of P satisfy (7.1.3).

(i) Assume that (¢(0),0,¢(0)) € H¥3(R3?) x H'?(R3). Then there is ¢g > 0 so that,
if
> 1061(0)] 2s) < e,

I|1]<12

then (7.1.2) has a unique global solution.

(it) Fiz m € N. Then there is an integer N > m so that, if we assume in addition

that

Z ”<T>1/23¢I(0)||L2(R3) < 00

L:|I|<N
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then the solution satisfies

Y st 2)] S (o) Hu) !

J:|J|<m

where v :=t+r,u:=1t—r.

We expect the rate of decay to be sharp even for the Minkowski metric.

5.2 Pointwise bounds from local energy

In this section we will show that local energy bounds imply certain weak pointwise
bounds, see Proposition 7.3.5 and Proposition 5.2.5. Nevertheless, these bounds are
sufficient to prove global existence in Section 4.

We start with the following Klainerman-Sideris type estimate for the second

derivative

Lemma 5.2.1. Assume ¢ is sufficiently reqular. We then have for all r > 1

0,1 S (7 + a7 ) 106l + (14 1 ) 1) ocnaal + (14 115 ) I(Po<l
(5.2.1)
Proof. Note first that
2 1. 1 t
0°¢s] < <<T> + <u>) |0¢< 41| + (1 + <u>) |(O8) <] (5.2.2)

The case |J| = 0 is an immediate consequence of Lemma 2.3 from [53]. The general
case follows after commuting with vector fields.

It is thus enough to estimate the difference P — . We write by (7.1.1)
P — 0= h*0,5 + (0,0")05 4 g*(t, 2) Ay, + B*(t, )0 + V (L, 2)
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Using the assumptions on the coefficients in subsection 7.1.3 we have

(P—0O)¢ € S7((r)~177)(8%¢ + 0¢) + 57 ((r)*77)Q2=%¢
After applying vector fields we thus obtain

(P =D))<y | € SZ(Ur) =)0 P<in] + SZ((r) T =7) 0y + S7((r) 777 |d <l

(5.2.3)

The conclusion now follows from (7.3.2) and (7.3.3) , since the first term on the

RHS of (7.3.3) can be absorbed in the LHS of (7.3.2) for r > 1. O

The main tool for turning local energy estimates into pointwise bounds is the

following lemma
Lemma 5.2.2 (Dyadically localised bounds). Let w € C*.

e ForallT > 1 and 1 < U < 3T/8, we have

Iollos S 3 gl Puliacn + (g5) 1659wl
o (5.2.4)
o Forall T > 1 and R > T, we have
1 o 1 o
||wHLoo(cg) S i<1z'<2 WHSQJWHB(C};) + Wﬂatszﬂjwﬂm(cg)'
o (5.2.5)
e For allT > 1 and 1 < R < 3T/8, we have
1 o 1 o
[wllgoecry S i<1z:<2 WHSZQJMHL%C@ + WH@SZQJMHL?(cﬁ
o (5.2.6)

96



e ForallT > 1 and R > T, we have

1 Iy 1 Iy
[wl[ ooy < Z EHS Ywl|p2cry + EHatS Yw| g2 ony.- (5.2.7)

i<1,j<2
The proof of this lemma can be found in [60]. For (5.2.7), note that |C&|'/2 ~ R?,
which explains the 1/R? factor.

We will also use the following lemma near the cone, which is a slight extension of

Lemma 9.1 in [58].

Lemma 5.2.3. If f € C!, then

3t/2 7t/4
/ (t — 1) f(t,0)da < / 0.£(t, 2)Pde
t/2 t/4

. 12 7t/ (5.2.8)
+—< F(t, ) + f(t,xfdx)

2\ Jia 3t/2
Proof. Let x : [0,00) — [0, 1] be a cutoff such that x(s) =1 for 1/2 < s<3/2 and 0

when s < 1/4 and s > 7/4. We will show that, if v > —1/2, and v # 1/2, then

/ (= )2 B (1) f (rw)rdr < / (t— )20, £ (. o)X (/1) Prdr

1

o [ = 1w /) Prr

The conclusion follows if we take v = 0 and integrate over w.
We have

7t/4

Flr,w)?x(r/t)—f(Tt/4,w)*x((T/4)/t) = —2 flp,w)x(p/t)-0.(f(p,w)x(p/t))dp.

r

Hence

7t/4
flrw)x(r/t)r? S f(7t/4,W)2x(3t/2)t2+2/ |f(p,w)x(p/t) - 0-(f(p, w)x(p/1))|dp
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Recall that x(7t/4) = 0. We multiply by (¢t — )27 and integrate r from ¢/4 to 7t /4.

This yields

t/4
/ =y ) )
t/4

7t/4
< / (t— 1) R w)x (/)0 () x (/) P2
t/4

By the chain rule, 8, (x(r/t)) < x'(r/t) - +. Thus by Cauchy-Schwarz and the chain

rule
3t/2 7t/4
J B R 0 E e O e e LY PN
t/2 t/4
1 7t/4
+ 3 {t =) 72 f(r, )X (r/t)Prdr.

t° Jisa

This concludes the proof of the lemma. n

Our next proposition yields global pointwise bounds for ¢; under the assumption
that the local energy norms are finite. These estimates are sharp from that point of

view, but can be improved for solutions to (7.1.2), see Sections 5-7.

Proposition 5.2.4. Let T be fixed and ¢ be any sufficiently reqular function. There is

a fized positive integer k, such that for any multi-index J with |J| < N — k, we have:

6] < Cunlld<inll Lo o (W) ()1 (5.2.9)

Proof. Away from the cone, (7.3.7) is a straightforward consequence of (5.2.5) and

(5.2.6). For the C¥ region, one uses (5.2.4) in conjunction with Lemma 7.3.4:

(NI

”¢J||Loo(cg) ST U% (”U_1¢S|J|+3||L2(C¥) + ||8T¢§\J\+3HL2(C¥)>

_3..1 1
ST 202 (||9r¢<|J|+3||Lz(cg) + f||¢<|J+3||L2[T,2T]L2<mT>)

|<is1+3llLErir,2m)
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]

We now obtain an improved bound on the derivatives. Note that here it is crucial

that ¢ is a solution to (7.1.2) , since we need to use Lemma 7.3.1. Let

o= plt, ) o= min{g), (u)) V2
Proposition 5.2.5. Let T be fized and ¢ solve (7.1.2) for the times t € Ip. Then for
any dyadic region C € {CE CT CZ} and m > 0 we have

_ 1 1
00<nlli=ic) < Co (5 + 108 ngsllimio) ) bcmssllaran  (5210)

Proof. Note first that if » < 1, the bound follows immediately from Lemma 5.2.2.
Subsequently, we assume that r > 1.

Note first that

(P)<m+s S ‘(acﬁngH) (3¢§m+3)‘

We also have

1. In C% and CE, the bound in (7.3.1) is
Pd<mss S B00<mral + R b<ms| + [(P)<msl. (5.2.11)
2. In CY, the bound in (7.3.1) is

1
P o<z S U 0<mia] + ﬁ|¢gm+5| + TU(Pd)<mss)- (5.2.12)

99



We now apply Lemma 5.2.2 in our region C. When C' = CZ we obtain, using

(5.2.6) and (5.2.11):

1

1
S WHa%mem(oﬁ) + Wl\a%gmmm@

10¢<mll o cp)

1 |0¢< ms | Loo(comy
5 RT1/2 ||¢§m+5||LE1[T,2T} + (RQT)l/Q d ||a¢§m+3||L2(leg)

1 -
S (Rw +T 1”\!8@6@”%@) |<mess
Similar computations yield, using (5.2.5) and (5.2.11)

1 _
10¢<mllLoocry S| 5 T T 1/2"8¢§L‘*‘3||L°°(CT) |p<msllLErir,2m
R RTY/ 2 R

When C = CY we obtain by (5.2.4) and (5.2.12):

1 _
[00<nllimcpy 5 (75 + U 100zmss limicy ) 1smssllmmman
This completes the proof of Proposition 5.2.5. O]

Remark 5.2.6. We only need to use the following estimate (5.2.10):

~ 1
[00<nllimier < Co (i +100znss i) Iemsallamman (5213

Thus in r < 3t/2 we have

Op<m S <T>_1<u>_1/2”¢§m+5HLEl[T,2T]

5.3 The proof of small data global existence
We are now ready to prove our first theorem. For any N € N, define
En(t) = 100<n|lzepogr2 + |d<n|lLEr)04

We also define N = N — 1, and N, = N/2.
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Theorem 5.3.1. Assume that ¢ solves (7.1.2). Then there exists a global classical
solution to (7.1.2), provided that the initial data is smooth and satisfies, for some
sufficiently small eg < 1,

En(0) < e

for any natural number N > 12.
Moreover, write Ex(0) := vye where vy is a small constant to be determined later

(see (5.3.14)). Then for any 6 > 0, there is some C >0 so that

En(t) < C{t)’uye, (5.3.1)

b<m | < e(u) 2 (0) 7", |0d<n,| < (5.3.2)

Proof. The proof will be by a bootstrap argument. Clearly (5.3.1) and (5.3.2) hold for
small times. Assuming now that (5.3.1) and (5.3.2) hold for 0 < ¢ < T, we improve
the constants by a factor of 1/2. Thus by continuity the solution exists for all time.
The proof that (5.3.1) holds with a better constant uses, crucially, the smallness
of e. For instance, as the reader can verify below, in the region r < ¢/2 we manage to
absorb the nonlinearity to the left-hand side by way of this smallness. We note that
in the course of proving (5.3.1) we can actually assume C to be as big as desired.
The proof that (5.3.2) holds with a better constant makes use of Proposition 7.3.5
and Proposition 5.2.5 and the previous paragraph. By using the fact, now already
proved, that £4(T) = O(vye) (see previous paragraph) where vy is a constant
independent of T" and the other constants involved in the proof, we can choose vy
small enough so that (5.3.2) indeed holds with a better constant. This concludes our

overview of the proof.
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Note that

1. By Sobolev embeddings and the smallness of the initial data, the estimates in
(5.3.2) hold for time 0. By local existence theory and the continuity in time of
the functions in (5.3.2), the estimates in (5.3.2) hold for all sufficiently small

times.

2. The estimates in (5.3.1) hold for time 0 by assumption that the initial data
satisfies Ex(0) < vye. The estimates in (5.3.1) hold for all sufficiently small
times by continuity in time of the norms involved in & (t), k < N—where we

choose C' to be big enough.

Note also that, since () satisfies the null condition, we have that

Q(0¢,0¢) € 57 (1)960¢

Moreover,

96 € SZ(<“>)6¢ + SZ<1>Z¢, (5.3.3)

0 ;
Combined with (5.3.2), (5.3.3) yields

— u 1/2

Assume that (5.3.1) and (5.3.2) hold for all 0 <t <T. Let

N :=L'I?>+ LE*

be the space in which we place the nonlinearity.
We start with the bound for £y. We will use L'L? near the cone, and LE* away

from it.
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Given the assumption of local energy decay (5.1.6), we have

En(t) < Cx (En(0) + |Qenllnn). (5:35)

We define

S1={(s,2):0<s <t |z] <s/2}
So={(s,2):0< s <t s/2<|z|] <3s/2}
S :={(s,2):0<s<t, |z|] >3s/2}
In S} we have by (5.3.2)

1Q<nlLe=(s1) S 1((80)*) < llLE=(s1)

S el(r) 200 <n | e (1)
(5.3.6)

S ell(r) " 0d<nllez (s0)

S ello<nllzero-
On the other hand, in Sy U S3 (5.3.2) implies that |[0¢<py,| < €(t)™'. We thus

obtain
t
1Q<n L r2(s,08s) S €ll(s) ' 0d<nl i r2(sauss) S e/ (s)"*En(s)ds (5.3.7)
0
We thus obtain, by (5.3.5), (5.3.6), and (5.3.7):
t
Ex(t) < O (Ex(0) + ¢ / (5) " En(s)ds)
0
By Gronwall’s inequality,
t
En(t) < CnEn(0) exp (C’N/ €<S>_1d8> < OnEn(0)()ENe, (5.3.8)
0

We now choose ¢, small enough so that Cyeq < §, and C = 20y.

103



We will now show that £5 is bounded, where N := N — 1. More precisely,
SN(t) < CNVNE (5.3.9)
We first see, similarly to (5.3.6), that
1Q<glle(s1) S ello<rllLeroy (5.3.10)
Since (5.3.2) implies that [0¢<x,| < e(t)~3/? in S3, we obtain
t t
1Qcxllzrrz(ss) S e/ (s)732€5(s)ds < e/ (s)732&0(5)ds < eEn(0) (5.3.11)
- 0 0

where the last bound holds by (5.3.8).
For the bound in Sy, however, we proceed differently. Let |a| < N/2 and let
la + 8| = N. We have
Qs llziza(ssy S ) 100a0dsllLir2(sy) + 100005l r2(sy)-
a,s

We begin with the second term. By (5.3.4) we have

t
1860063111205 5 ell (51206 cxllsy S € [ (5)*Ew(s)ds S een0) (5:312)
0

where the last bound holds by (5.3.8).
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For the first term, we use (5.3.3), (5.3.2), Lemma 7.3.4 and (5.3.1):
1060005 1112 (s)

S N0¢als — ) (r) ' 00sllL112(sy) + 100alr) ' SeslliLa(s,)

S [ el [ ellts = )24 80u(0, e

S e€x(t) + /Ot ell(s = r) ) P29 Ga(s, ) || 2 (s 2<al <302 A8 (5.3.13)
S e€x(t) + /Ot e(s) 72 ((s = 1)1 SBp(s, )|l L2 /250l <3/2) D5

S0+ [ el (1058505, e + 1S, 2) ds

S e€x(t) + /t e(s) 25 1 (s)ds S eEx(t) + eEn(0)

(5.3.10), (5.3.11) and (5.3.12) imply

and (5.3.9) follows for small enough e.

We now improve the constants in (5.3.2). We pick vy so that

2unCl, O < (5.3.14)

N =

We have by Proposition 7.3.5, (5.3.9) and (5.3.14):

[p<n] < O, (u)(v) €7 (T) < O, Cyowe(u) '/ (0) ™" < %6<U>1/2<v>_1

To improve the constant for the derivative, we note that, by Proposition 5.2.5s
(5.2.10) and the fact that 25 < N; and Ny +5 < N

_ 1 1
106 llz=c) < Ciy (RT ; ||3¢§N1||L°o(0)> £4(T)
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Using (5.3.9) we see that we can absorb the second term on the right to the left as

long as (5.3.14) holds. We now obtain

~ 1 1
|8¢§N1| < 2Cle ;SN(T> <
(r) 2

We have thus improved the constants in (5.3.2) by 1/2. This concludes the continuity

argument and the proof of small data global existence. O

5.4 Preliminaries to the iteration

Remark 5.4.1 (The initial data). Let w := S(t,0)¢[0] denote the solution to the free
wave equation with initial data ¢[0] at time 0. Then for any multiindex J with

/] = On(1),

1
wy(t,x) = 0B 8B(I?ﬂ(%)t}(@/)+Vy(¢o)tz(y)-(y—%)H(abl)J(y) dS5(y)- (54.1)

By (5.4.1) and the assumptions (¢(0), 3;¢(0)) € H'3(R3) x H'?(R3),
1(r)!20¢<n (0)] 22 < o0,

we have

5.4.1 Overview of the iteration

The iteration proceeds as follows. First we note that by Remark 7.4.1, we may assume
zero initial data in the following iteration. Second, note that (5.3.2) is already optimal
when ¢t — 1 < r < t+ 1. Third, we distinguish the nonlinearity and the coefficients of

P — [, and for both of these, we apply the fundamental solution and iterate. That
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is, we decompose ¢<,, into ¢p<,, = fr + fv where f solves the linear part of (5.4.4).
The iterations for f;, and fy proceed in lockstep with one another.

Since the iteration for {r < ¢t — 1} would depend on the values of the solution
and its vector fields in the region where r > ¢, we shall first complete the iteration in
{r > t+ 1}. For the iteration in {r <t — 1}, we note that the decay rates obtained
from the fundamental solution are insufficient in the region {r < ¢/2}. To remedy this,
we prove Proposition 5.6.2. With the new decay rates obtained from Proposition 5.6.2,
we are then able to obtain new decay rates for the solution and its vector fields. At
every step of the iteration, Lemma 7.4.4 is used to turn the decay gained at previous
steps into new decay rates.

A little more precisely: The fundamental solution gives us an improvement for
TO<m, SaY ro<m S (u)~* for some real «, and then by Proposition 5.6.2, we obtain
Vo<m S (u)~®. Then, using this improvement for ¢<,,, we improve the decay rate
for the derivatives O¢<,,. This improvement for the derivatives 0¢<,, is then used
to improve the decay rates for r¢<,, using the fundamental solution. We then again
apply Proposition 5.6.2, and this cyclical iteration between these two improvements
continues until we reach the final decay rate vo<,, < (u)~!.

To simplify the iteration—in particular, to avoid the appearance of logarithms—we
shall reduce the value of ¢ if necessary to be equal to some positive irrational number

less than the original value of 0. We also take 0 < 0 < 1.
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5.4.2 Setting up the problem

We rewrite (7.1.2) as
O¢ = (0= P)p+ Q = —0a(h*3¢ + B*¢) — g* A — (V — 0aB*)6 + Q
Using the assumptions (7.1.3), we can thus write
O¢ € 0 (SZ(r " "7)p<1) + SZ(r 2 ") <o + Q
Pick any multiindex |J| < N; — 2. We have after commuting

O¢s € 0 (S7(r™ ") bemr1) + SZ(r ") d<msz + Qzm (5.4.2)

When we commute vector fields with the null form in (7.1.2), we obtain more than
one null form, but for the purposes of pointwise decay iteration we may treat all of
these null forms as a single null form, which by a slight abuse of notation we also
denote by Q).

When r < t/2 or r > 3t/2 we will gain a factor of 1/r for the derivative. On
the other hand, we only gain a factor of 1/(u) for the derivative in the region
t/2 <r < 3t/2, which causes an additional issue. To deal with it, we remark that, for

any function w, we have
ow € SZ(r Nwe, + SZ(1)0w, r>1t/2 (5.4.3)

This is obvious for 0; and @, whereas for 0, we write

o, =5 1o,
T

r
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Let Xcone be a cutoff subordinated to the region t/2 < r < 3t/2. We now rewrite

(7.4.1) as

D¢J S SZ(T_2_U)¢Sm+2 + (]- - Xcone) (SZ(T_I_U)6¢§m+1) + at (XconeSZ(T_l_U)¢§m+1)

+ ng

(5.4.4)

We now write ¢; = 25:1 ¢; where

Oér = G1,  G1 € SZ(r7 ") dampz + (1 — Xeone) (SZ(r™177)0b<imi1)
Oy = 0,G2, G2 € XeoneS” (1™ ") d<imsn (5.4.5)
Uos = Q<m = G
Finally, from now on n will represent a large constant, which does not depend on
m, but may increase from one estimate to the next. We will not track the exact value
of n needed.

5.4.3 Estimates for the fundamental solution

We have the following result, which is similar to previous classical results, see for

instance [41], [8], [109], [114].

Lemma 5.4.2. Let m > 0 be an integer and suppose that 1) : [0,00) x R? — R solves
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Define

2
h(t, 7“) = Z HQZg(t, 7”0.))”[/2(52) (546)
0
Assume that
h(t,r) < ! 2<a<3, >0 > —1/2
V) S T8 « ) = Yy n-=—- .
(rye () (u)m
Define
. n—2, n<l
’]’] g
-1, n>1

We then have in both the interior region {r < t—1} (without additional restrictions

on o+ f+n), and in the exterior region {r >t + 1} in the case a + 5 +n > 3:

1

< -
W(t,x) < e (5.4.7)
On the other hand, if a« + 3 +n <3, n > 0" and r > t+ 1, we have
Yt x) S p2lethi), (5.4.8)

Proof. A detailed proof of (7.4.6) can be found in Lemma 5.5 of [60] (see also Lemma 6.1
in [120]). The idea is to use Sobolev embedding and the positivity of the fundamental

solution of OJ to show that

7%5/ ph(s, p)dsdp,
Dtr

where Dy, is the backwards light cone with vertex (r,t), and use the pointwise bounds

on h.

'We only use n > 0 in Section 7.6, wherein we iterate in {r >t + 1}.
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Let us now prove (7.4.7). In this case Dy, C {r—t <u' <r+t, r—t<p<r+t}

and we obtain, using that v’ < p and p 2 p+ s in Dy,

r+t r4t r+t
TS / / ()1 Pdp (W) du’ < / (/)2 OB oyt < (¢ 4 )3 (etB4m)
r—t u!

r—t
where the final bound follows from the hypothesis that o + 3 + n < 3. This finishes

the proof. O

In view of (5.4.4), we will also need the following result for an inhomogeneity of
the form 0,g supported near the cone. The result is similar to Lemma 7.4.4, except

that we gain an extra factor of (u) in the estimate.

Lemma 5.4.3. Let ¢ solve

Oy =dg,  ¢(0) =0, 9(0) =0, (5.4.9)
where g is supported in {t/2 < |x| < 3t/2}. Let h be as in (7.4.5), and assume that

|h| + |Sh| + |Qh] + (t — r)|Oh| < 2<a<3, n>-1/2

1
(r)(u)m’
We then have in the interior region {r <t — 1}, as well as in the exterior region

{r >t+ 1} in the case a +n > 3:

o
(r)(u)esn’

Wt z) < (5.4.10)

Proof. Let 1}? be the solution to

Clearly ¢ = 8@5. We also note that in the support of g we have
(t0; + x;0;)h < |Sh| + |QR] + (t — 7)|0,h].
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We now apply Lemma 7.4.4 (with g = 0) to VQZ, Q@Z, S@Z, and use the fact that

(W < VY| + [SY] + Q0] + Y |(t0; + 2:0,)0].

5.4.4 Derivative bounds

We will now derive better bounds for the derivatives; roughly speaking, the derivative
gains 1/(r) away from the cone, and 1/(u) near the cone. The idea is that we can use

Morawetz type estimates in the various dyadic regions defined in Section 2.
Proposition 5.4.4. Let ¢ solve (7.1.2), and assume that
G<min S ()74 () P {u) 7, (5.4.11)
for some sufficiently large n. We then have
Op<pn S ()~ ()™ (w)™ !, v = min((r), ()

Proof. Tt is enough to show that, if R € {CE,C%}, we have

[00<mlLem) S lH¢§m+nHLoo(fz) + R_1/2Ha¢§m+4||po(7i) (5.4.12)
and if R = C¥, then

106 mll=r) S T 16msallieiiy + U™ 2100<msall (5.4.13)

Indeed, plugging (5.4.11) into the bounds (5.4.12) and (5.4.13) yields for a large

enough value of n:

1060 <ims pollimcry S ()87 () 71072
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and now plugging the above estimate in (5.4.12) and (5.4.13) finishes the proof.

We now prove (5.4.12) and (5.4.13). Given a function w, we have

W<m+n
v

[Owemll2m) S| 2y + () (Pw)<mll 2 ) (5.4.14)

(We refer the reader to [60] or [74] for a proof.)

We remark that the second part of (5.3.2) can now be improved to

€

|0p<n,| < or

(5.4.15)

D=

when r > t. Indeed, this follows by the same arguments from Proposition 5.2.5 in the
region C&.
Note now that, by (5.3.2) and (5.4.15), we have that

1

(Pd)<m S |(09<2) (0d<m)| < W\%SM (5.4.16)
and thus (7.3.9) and (5.4.16) imply
P<mtn _
10¢<mll2my S 1= oy + 07200 <m 12 (5.4.17)

We now return to Lemma 5.2.2, using Lemma 7.3.1 and (5.4.16) to bound the
second-order derivatives pointwise and (5.4.17) to bound the first-order derivatives in

L?. We find

_1 ¢<m n _ _1
106 <l iy < R 2(|| Sy 1/2a¢gm||m®) R (P <msall oy

a¢§m+4

¢<m+n
SI—=lr=®) + ”7HL®(7€)7

~

where the second line follows by (5.4.16). This finishes the proof of (5.4.12) and

(5.4.13). O
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5.5 The iteration in {r > ¢+ 1}

In this section we prove the optimal pointwise bounds in the region r» > ¢ + 1.

Theorem 5.5.1. If r >t + 1, then

S<m S (r) " Hu)

Proof. We begin with the bounds (5.3.1) and (5.4.15), combined with (5.3.3), which

in the outside region translate to

1/2 1 B 1/2
’¢§m+n| S/ <120> ) |8¢Sm+n| S; W? a¢§m+n 5 <ZZ>2 : (551)

Since (u) < (r), this can be weakened to

1 1 = 1
‘¢§m+n‘ S <’I">1/2’ ‘a¢§m+n| S W? 8¢§m+n ,S <T>3/2' (552)

Recall the decomposition (7.4.4), and let

H Z ||Qk <n t TW)||L2(§2)

We thus have, using (7.6.2) (and (7.6.1) for H):

1 1 1

< < - < -
H S <T>5/2+a’ O Hy S <T>3/2+a<u>’ LEEDS (r)2 3 (u) 1=

Ae(0,1)

By (7.4.7) with « = 5/2+4 0, 8 =0, and n = 0, we obtain

(¢1)<m+n ~ _1/2_U

which gains a factor of (r)~ compared to (7.6.2). Similarly (7.4.7) with a = 3/2 + o,
B =0, and n =1 yields

(¢2)<m+n ~ 71/270
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Finally, (7.4.7) with « =2+ 0, § =0, and n = 1/2 yields

(¢3)§m+n 5 r—1/2—a

The three inequalities above, combined with Proposition 7.3.7 and (5.3.3), give

the following improved bounds (by a factor of (r)~7)

1 _
|P<imtnl S iz 00 <minl S OIEE s Ob<min S R (5.5.3)

We now repeat the iteration, replacing o by o + ¢ and applying (7.4.7). The
process stops after L%J steps, when (7.4.7), combined with Proposition 7.3.7 and

(5.3.3), yield

1 1 = 1
|¢§m+n| S/ <7"_>’ |a¢§m+n| 5 W7 a¢§m+n 5 W (554)

We now switch to using (7.4.6) for ¢, and ¢3, and (7.4.10) for ¢o. Note that (7.6.4)
implies
1 1 1
Hy < H; <
A O R CH )

By (7.4.6) with « =2+ 0, § =1, and n = 0, we obtain

H, <

(O1) <mrn S 771U~

Similarly (7.4.10) with & = 2 + o, and 1 = 0 yields

(P2)<mn S rt (u)=?

Finally, (7.4.6) with o =5/2, = 1/2, and n = o yields

(¢3)§m+n S 7071 <u> -
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The three inequalities above, combined with Proposition 7.3.7 and (5.3.3), give

the following improved bounds (by a factor of (u)~7)

1 1
e PPl S g

5¢Sm+n S W (5.5.5)

|¢§m+n’ 5

We now repeat the iteration, but we carefully observe that this is the last step

where we can improve decay for ¢3. Indeed, we have

1

S ot

and (7.4.6) now yields

(¢3)§m+n 5 T_l <u>_1

which does not improve as we gain powers of (u). On the other hand, we can continue

improving the decay rates of ¢; and ¢, all the way to

(¢1)<ms (D2)<m S 77 Hu) ™!

which finishes the proof.

5.6 The iteration in {r <t—1}

In the interior region the iteration is similarly based on Lemma 7.4.4, with an additional
twist. It turns out that plugging in a bound of (r)~'(u)~" on the right hand side
is not enough to gain decay. Instead, we first need to turn the r=! factor into a ¢t=*

factor.
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5.6.1 Converting r decay to t decay
We start with the following lemma:
Lemma 5.6.1. Assume that ¢ solves (7.1.2). We then have

||¢§m”LE1(C;3T/4) 5 T_1|| <T>¢§m+n||LE1(C;3T/4) + ”QSTVH-HHLE*(C;?’T/“)' (561)

Proof. One begins with (5.1.6), and we may assume that ¢ is supported in C’;3T/4

because the commutator [P, x <sr/4] can be controlled (here, x<sr/s is a smooth
T T

cutoff). Thus

||¢Sm||LE’1(C;3T/4) 5 ||a¢§m(T)HL§ + ||Q§m||LE*(C;3T/4)

and from here transitions the spatial norm L7 to the L7, norm in the usual way
(averaging in time using the scaling vector field S) and then transitions to the LE!

norm. For details, we refer the reader to [60] or [74]. O

The next proposition uses the previous lemma to turn r-decay in {r < ¢/2} into

t-decay.
Proposition 5.6.2. Let ¢ solve (7.1.2). Assume that
Gemin S VU, Dbcmmpn S () M) T, (5.62)
for some ¢ > —1/2. We then have
6l gomry S (67 (0) (5:63)
Proof. We estimate the right hand side of (5.6.1). Using (5.6.2) we compute
T71”<T>¢Sm+nHLE1(C’;3T/4) STV =
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[Qcnsnllyprzomrny S S22 xS T2 T S 771270
R

where the last inequality holds for all ¢ > —1 + 20. Therefore Lemma 7.7.2 implies

||¢§m||LE1(C;3T/4) 5 ’_Z"—l/?—ll7

and the conclusion follows by (5.2.6). O

5.6.2 The iteration

Finally, we are ready to improve the bounds in the interior region.

Theorem 5.6.3. If r <t —1, then
bem S (o) ),
Proof. We have the following bound that is similar to (5.3.3):
36 € SZ(@>6¢+SZ(1)Z¢ (5.6.4)
; ; : 6.

As before, we begin with the bounds (5.3.1) and (5.3.2), combined with (5.6.4),

which in the inside region translate to

(u)'/? 1 - (u)V/?
’¢§m+n| N ) ) |8¢§m+n| S W, 0b<min S <r><t) (5.6.5)
We thus have, using (7.7.8):
(u)'/? 1 1
3w MR g S e

By (7.4.6) with « =240, § =1, and n = —1/2, we obtain

<¢1)§m+n ,S <’I“>71<u>1/2*o
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Similarly (7.4.6) with a =2+ 0, § =0, and n = 1/2 yields
(d2)<min S (1)~ {u)'*7
Finally, (7.4.6) with « =2+ 0, f =1 — 0, and n = 0 yields
(63)<min S (r)~Hu) 27
The three inequalities above give
¢§m+n /S <7">_1<u>1/2_0

Now recall that by (7.7.8) we also have that

1
CIDEE

We can now apply Proposition 5.6.2 (with ¢ = —1/2 4+ ), in conjunction with

’8¢Sm+n| S

Proposition 7.3.7 and (5.6.4), to obtain the following improved bounds (by a factor of

{u)=7):

()27 Okl

1 _
O |3¢§m+n|§Wa OP<min S 10 (5.6.6)

|¢§m+n| 5

We now repeat the iteration, replacing n by n + o, applying (7.4.7) and then
turning the r decay into ¢t decay by Proposition 5.6.2. The process stops after |- |
steps, when (7.4.6), combined with Proposition 5.6.2, Proposition 7.3.7 and (5.6.4),

yield

1 _
|S<mtn| S 0] |00<min| S Ob<min S (5.6.7)

) (r)(u)’ (r)(t)
At this point we switch to using (7.4.10) for ¢9, and the iteration process follows

the same pattern as in Section 6, with the extra use of Proposition 5.6.2 to turn

factors of (r)~! into factors of (¢)~*.
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Chapter 6 Scattering for the quintic-power nonlinear wave equation

6.1 Introduction

In Minkowski space, solutions of the equation

Ou = |uP~tu

with 00 = —9? + A have a conserved and positive-definite energy

1 1
B() = [ 3IVu(t. o) + —lutta)p* da

and the scaling symmetry

2 t
u(t, ) — )\ﬁu(x, %)

In three dimensions, the exponent p = 5 is called the energy-critical exponent, because
solutions of the equation have an energy that is invariant under the scaling symmetry.

For the Cauchy problem with initial data in the energy space H* x L2, local well-
posedness is proven for 1 < p <5 by Strichartz estimates. Global existence for small
initial data is a straightforward adaptation of the proof of local existence. In addition,
there is global existence for large initial data due to the existence of a blowup criterion,
which informally says that the energy cannot concentrate at any point in spacetime.
Moreover, given any finite-energy initial data there is a unique global solution with
finite energy lying in L*L'%([0, 0o) x R?); these solutions are known as strong (or Shatah-
Struwe) solutions. See [31], [34], [32], [33], [44], [83], [84], [87], [95], [98], [99], [113]

for details and more. The results in [10] and [9] then combine to prove scattering of
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solutions with finite-energy initial data using a profile decomposition, which describes
the failure of a sequence of uniformly bounded solutions to the free wave equation to
be compact in the sense of Strichartz estimates. A similar result holds for the focusing
equation with energy below that of the ground state: see [46].

This chapter considers the equation

Pu(t,z) = u(t,x)® (t,x) € (0,00) x R3, P = 0,90
(6.1.1)

ul0] € H' x L?

Clobal existence and uniqueness of strong solutions (lying in C(Ry, H') N L} L'°)
was shown in [37] in the stationary setting. A similar result for classical solutions in the
non-stationary setting was shown in [54]. These results require minimal assumptions
on the coefficients, as eliminating the blowup scenario only requires local-in-time
arguments.

Our main theorem establishes scattering of strong solutions to (6.1.1) for certain
small, asymptotically flat perturbations of the Minkowski metric. To the authors’

knowledge, this is the first such result for small perturbations of the Minkowski metric

m with variable coefficients.

Definition 6.1.1 (Scattering in the energy space). We say that the solution u to

(6.1.1) scatters in the energy space if there exists (f,g) € H' x L? such that

lim [uft] = S(,0)(f, 9l 12 = O-

t—o00

Definition 6.1.2. We define L := 23 x—i(‘?xl. — 0.

i=1 [a]
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Theorem 6.1.3. Let g*®(t,z) be a Lorentzian metric, let P = 0,9*°03, and let
h := g — m denote the perturbative terms of the metric g. The unique global strong

solution to the Cauchy problem (6.1.1) scatters in the enerqy space H' x L? provided

that
{t —|z=[)!/?
<
’h’ ~Y €<T>’Y<t + |I’>1/27 (612)
LL| < (t —|z])
|hLL| < e (6.1.3)
107h| < E(r>|J|+V for|J| =1 and|J| =2 (6.1.4)

where v > 0 is an arbitrarily small constant and € > 0 is a sufficiently small constant.
In these assumptions, 0’h denotes 07h*? for all multi-indices o and B, and htL =

hes L, Lg, where we lower indices with respect to the Minkowski metric.

This says that the unique global solution of the non-linear problem on small,
asymptotically flat perturbations of Minkowski space that have appropriate decay at
infinity behave, in the asymptotic sense, like the solution to the linear homogeneous

problem Pu = 0, at least in the energy space.

Remark 6.1.4. The assumptions (6.1.2), (6.1.3), and (6.1.4) are satisfied by metrics
that arise as solutions to Einstein’s Vacuum Equations when expressed in harmonic

coordinates, see [?].

Remark 6.1.5. One of the key ingredients in our proof is the fact that Strichartz

estimates for the linear problem hold. Assuming

107h| < e for0 < |J] <2
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this was proved by Metcalfe-Tataru [75]. Our assumptions are the same, except that
we require more decay of i (but not its derivatives) near the light cone. This is due to
the fact that we need to control certain boundary terms that appear when multiplying
the equation by t0; 4+ r0,. In particular the extra decay requirement (6.1.3) is needed
to control the term |Lu|* on the boundary, and geometrically it implies that the light

cones of the perturbed metric are comparable to those of the Minkowski metric.

Remark 6.1.6. Theorem 6.1.3 also holds if we replace P by the geometric wave operator

1
O, = ——=0.V/l9l9*°05, gl := | det g*”|.

Vol

Indeed, in the estimates below one integrates with respect to the volume form
\ﬂ g|dtdz, and uses the fact that /|g|g®® ~ ¢*®. There are extra error terms of the

form 9/|g|u® arising, which can be absorbed since by (6.1.4) we have

oy

Vlgl <
Remark 6.1.7. A key tool in proving scattering on variable-coefficient backgrounds is
local energy decay. Such an estimate was proven in [79], [111], and [45] for Minkowski
space and in [?], [76] for perturbations of Minkowski space, and became a valuable
tool in the study of both linear and nonlinear problems. In particular, they imply
Strichartz estimates on certain variable-coefficient backgrounds, see [75]. Our result
is one of several showing that local energy decay is fruitful for understanding the

long-time behavior and asymptotics of solutions to nonlinear dispersive equations on

variable-coefficient backgrounds.

Remark 6.1.8. For the energy-critical problem on Minkowski space, global a priori

estimates were proven in [83], [84], from which scattering for the wave and Klein-
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Gordon equations were deduced. Analogous results in the exterior of obstacles were
obtained in [45], [104], [18], [28]. Scattering on Profile decompositions akin to [9]
have been shown for waves on hyperbolic space in [55]; a similar result was shown for
(O + a|z|?)u = v® in [78]. Finally, for the equation (00 + V(z))u = u°, scattering to
steady states was shown in [39], [40].

For the nonlinear Schrodinger equation, the energy-critical problem for the de-
focusing quintic problem with initial data in the energy space for small, compactly
supported perturbations of the FEuclidean metric also exhibits scattering to linear
solutions for all finite-energy data, as shown in [38]. There are many other known
results for the energy-critical energy Schrodinger with potential, and for the exterior

of a strictly convex obstacle, see [128], [48], [49] etc.

6.2 Notation and Preliminaries

We write V = (0, V) for the spacetime gradient. Throughout the chapter, we use
the Einstein summation convention, and we let Greek (resp. Latin) indices denote
spacetime (resp. space) indices. We write u[T| = (u(T), x), Owu(T, )).

The energy of the solution u is defined to be
1 2 1 6
E(t)= [ =|Vu(t,z)|* + zu(t,z)° dx.
R3 2 6
We will also use the notation

1 1
Ex(t) == /K §|Vu(t,x)|2 + éu(t,x)ﬁ dx

for some subset K of R3.

125



In this chapter, we let P denote
P = 0,90

where g = ¢(t,x) is a Lorentzian metric.
For any (f,g) € H' x L?, we denote by S(t,s)(f,g) the unique solution u €

C(Ry, H') with d,u € C(R,, L?) to the equation

Pu=0 (t,z) € (s,00) x R?
(6.2.1)
uls] = (f,9)
Let
X = (C(Rt, HYn LfOCLlo) x C(Ry, L?)
and for any closed, finite interval
X(1) = (CU, ) N LMDL®) x C(1, 1?)
Consider the Cauchy problem
Pu(t,x) = u(t,z)® (t,z) € (0,00) x R?
(6.2.2)
ul0] € H' x L?
By Duhamel’s formula, classical solutions to (6.2.2) satisfy
b1
u(t) = S(t,0)ul0] —|—/ WS(IS, 5)(0,u"(s))ds (6.2.3)
0

We can thus define a strong solution to be a solution of (6.2.3) so that (u, dyu)
also lies in X.
The results of [37] and [54] show that, for smooth initial data, there is a unique

global classical solution to (6.2.2) that is also a strong solution. Moreover, this result
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is extended to initial data in the energy space in [37] for time-independent coefficients,
and the same argument can be used to prove it in the time-dependent case. We will
be interested in studying the asymptotic properties of the unique strong solution in
the energy space, in particular the fact that it approaches a solution to the linear

equation in the energy space.

6.3 Uniform energy bounds and local energy decay for the nonlinear

problem on perturbations

We now come to certain key tools, analogous to the results presented in the previous
section, that will be used in the proof of scattering for the non-linear problem on
certain perturbations of Minkowski space that have appropriate decay at infinity.

If g(t, x) is a non-stationary metric that satisfies certain decay conditions, and w is
a solution of the Cauchy problem (6.2.2), then we have uniform energy bounds: with

the energy now defined to be

1 1
B() ;:/ L + Ll de,
{t}XRS 2 6

if g and its derivatives satisfy certain decay conditions, then
E(T) < E:=E(0)
for some implicit constant that is independent of T'. In fact, we may prove local

energy decay and uniform energy bounds in one fell swoop for (6.2.2), as the following

proposition shows.

Theorem 6.3.1 (Integrated local energy decay for the nonlinear Cauchy problem).

Let u be a solution of (6.2.2) and let |J| < 1 be a multi-index. If 37h*? < e(r)=11=7
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where v > 0 is an arbitrarily small constant and € > 0 is a sufficiently small constant
then

HU’H%El[ThTQ} + BE(T) S E(Th) (6.3.1)

for some implicit constant that is independent of Ty and Ty, where

: VaP Wl
_ dxdt
HUHLEI[Tl,Tﬂ /\/[Tl’TQ]XR:)’ <T.>1+'y + <7,>3+’y + <71> X

Let us first assume that u is a classical solution to the equation
Pu=u"+F

Following the discussion in Chapter 3, we multiply the equation by a(r)u+b(r)0,u+

C’@tu, with
[e's) » r
b(r) =) 2 ﬂr+ 5o a(r) =b(r)/r.
=0
Upon integrating by parts, we obtain
1 1 b A
E(Ty)+ // V' (u2 +u?) — (50 — =) |Pul® — S22 4 By
[Tl,Tz]XR?’ 2 2 T 2

+Calr) = Ly )b dedt < BT + // PVl + 1 ot
3 6 [Ty, T2 xR3 (r)

where the error satisfies

Brr < Q% L IVA)(VaP + |Vu|%>

Since 87h*? < e(r)~1V177, we can estimate by Cauchy-Schwarz

|Vul|? u? )

<
Err S €<<7’>1+7 + (Y
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Moreover,

2 1 . . /1 1 1 r 1
Z 8 — 927IV | = i — i >
30— g =2 (27~+2ﬂ * 6(7’—1—23)2) ~ )

=0
Taking (3.1.2) into account, and applying Holder and Hardy to control the inho-

mogeneity, we get
ull] gy ) + E(T2) S E(T1) + |1 Fll oy e |Vl ooy 2 (6.3.2)

Consider now a strong solution u, and a sequence of classical solutions u,, so that
un(T1) — u(Ty) in the energy norm. After dividing the interval I = [T}, T3] into
finitely many intervals so that the L?L!® norm of u is suitably small on each interval,
a contraction argument shows that w, — w in X (7). In particular this implies that

5

ub is a Cauchy sequence in LT}, T5]L?, and thus by (7.2.8) we must have u,, — u in

n

LE'(Ty, Ty]. The desired conclusion (7.2.7) now follows.

6.4 L% norm decay of solutions in Minkowski space

In order to motivate the the next section, which contains the main result and its
proof, in this section we shall present the highlights of the proof of L5 norm decay in

Minkowski space for the non-linear problem, as done in [10].

6.4.1 More notation

First, we fix some notation which will be used for the rest of the chapter. Let

I'={(t,z): |z| —c<t,t >0}
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be a forward solid light cone with ¢ > 0 to be determined and let I'(7) = T' N (I x R?)

where I C [0,00) is a time interval. Let
D(T)={(t,x):t =T, |z| —c <t}

denote its ¢ = T slices and let L(I) = {(¢t,x) : t € I, |x| — ¢ = t} denote the lateral

boundary of I'(1) with

also used for emphasis, but usually we shall simply write L(I).

Consider next the Cauchy problem

Ou = v’ (t,z) € (0,00) x R3
(6.4.1)

ul0] € H' x L*

We now sketch a proof of the L norm decay in the energy space for solutions to
(6.4.1) (see [99], [9] for more details). We will adapt this proof to the variable-coefficient
case in the next section.

Given 6 > 0, pick ¢ sufficiently large so that the energy in the exterior region
|z| > cis less than 6/2. Now given any ¢ > 0, the flux on the time interval I is defined
to be the integral on the lateral boundary arising from multiplying the equation

Ou = u® by O,u, namely

1 1 1 ¢ do
flux(I) = —|pul® + =0 + O,ul* + =u® —
()= [ Sloul+ Slom s o+ Gt 7

It is clear that the flux is non-negative. As the upper and lower limits of I approach

infinity, the flux decays, as an application of the divergence theorem in the interior of
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the T'(I) region shows. More precisely, if I = [T}, T3], then in Minkowski space one

obtains for the arbitrary number ¢ > 0 chosen
E|I\<C+T2 (TQ) = E\w|<c+T1 (Tl) + ﬂUX([Tl, Tg])

Thus Ejgj<c4+(t) is monotone non-decreasing; moreover, it is bounded; therefore it
converges to a limit as t — oo, as claimed. In particular, for all T, such that 15 > T,
and any ¢ > 0,

lim lim flux([T,T3)) = 0.

T1 — 00 T2~>OO

We now multiply (6.4.1) by
Xu = (t+ )+ 2°0;u + u = Su + cOu + u

where
3
S =10, + Z 'O
i=1

and apply the divergence theorem in I'(7). We obtain

u® Xu \? do
P(T: +// — dxdt = P(T; +/ t+c ( ) — 6.4.2
®+ ] 5 @+ [ era() Fo 642
where
t+c Xu '\’ 9 x 9 u? t+c 4
P(T) = — Voul” — (—— -V, d
(1) /D(T) 2 (t+c> +(’ u <t—|—c W) +t—i—c 6

Recall that on L(I) we have r =t + ¢, enabling us to write fi—‘(‘: = O+ Oru + 7.

By Cauchy-Schwarz and Holder we obtain

Xu\? do ) u?
(t+c¢) — S (Th+¢) (Opu + Opu)” do + do
L(1) t+ec 2 L(I) t+c

S (Tz + o)(][ (0 + ar)uﬂiz(L(z)) + HUH%G(L(I)))
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In summary,

Tz/ u® d:l:,SP(Tg)—{—// u® drvdt < P(Ty) + (Ty + )G (fux([Ty, T3)))
D(Tz) r(I)

S (T + ) Ej<ry o(Th) + (T2 + o) G(flux([Th, T3)))

and

G(0) =0 + /3

is a function which decays to zero as its argument decays to zero. Take T7 = 6715 to

see that, since ¢ was arbitrary and the flux decays,

lim sup ||u(t, )| s 3y = 0.

t—o00

6.5 L% norm decay and scattering of solutions on small asymptotically

flat perturbations of Minkowski space

We now come to the main result and its proof.
Theorem 6.5.1 (Main Theorem). Let u be the unique global strong solution of (6.2.2).

1. We make the following assumptions on the perturbation h:

|Oh| < e(r)™t 7 (6.5.1)
h| < (t——r)1/2 6.5.2
~ eyt + )i (6.5.2)
LL (t—r)
|h|§GGFGIE (6.5.3)

where v > 0 1s an arbitrarily small constant and € > 0 is a sufficiently small

constant.
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Then

lim sup ||u(t, -)|| s 3y = 0. (6.5.4)
t—00
2. If in addition
070 S ey, ] =2, (6.5.5)

then w scatters in the energy space.

Recall that we define the normal derivative to the cone

x! '

L=":0— 0y =0 — 0,
] ]

and

J

AL = hePL Ly = h® — 23 RO Y T
7 J

o A=z
We also remark that the decay rates on h and Oh are consistent with the ones
required for local energy decay Theorem 7.2.7 except near the cone t ~ |z|, where we
need better decay rates to close the argument.
We now sketch the proof our the main theorem. Let us first assume that v is a

classical solution to the equation
Pu=u’+F (6.5.6)
The main estimate of the chapter is the following:

Proposition 6.5.2. If u solves (6.5.6), and for any R, T\ and Ty so that R > 0,

1<Ti!, and Ty + 2R < Ty, we have

T+ 2R E

/ u®(Ty, x)dx < E{aj<r+2ry(Th) + i
R3 2

(6.5.7)
o+ G Bapsrsmy (T0) + 1l g, g + 1P o, e 1Vl i g )

1We shall only be interested in certain sufficiently large values of T} and R.
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where E = F(0).

We now make the key observation that, unlike in the case of Minkowski, flux(7) is
not necessarily nonnegative on arbitrary light cones. Instead, by averaging we obtain

that there is ¢ € [R, 2R)] so that

[Vul? _
/L (5. () do S R7HullZ gy 1) (6.5.8)
(& 1,42

For the rest of this proof, fix ¢ as above. Note that the hypothesis T} + 2R < T5
implies that T, ~ T, + ¢. Moreover, in this case ¢ depends on T}, so we make sure
that we carefully track the dependence on ¢ in our estimates. In fact, the implicit
constants do not depend on ¢, 11, T5, or R.

Proposition 6.5.2 follows from the results of Sections 6.1 and 6.2. We then finish

the proof of Theorem 6.5.1 in Section 6.3.

6.5.1 L% norm decay of solutions on spacelike slices exterior to the cone

The next lemma shows that we can control both the outside energy and the flux
through L.. Note that, unlike in the Minkowski case, it is not clear that this can be

done for all c.
Lemma 6.5.3. Let u solve (6.5.6). Then

Efas oty (1) + flua([Ty, Ta]) S Egapsriey(Th) + [l prr my (659)

| oy o2 || V| Loy o 22

Here,

1 - 1 . do
fluz([T, Ty]) = / —]8u]2 + -t —
Lo((T1,T3]) 2 6 V2
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and

— L0,+0,

ou = {Lu, (rsin ) 'Opu,r'0yu}, L ™

denote the tangential derivatives of u to the light cone.

Proof. Let I = [T}, T,]. Multiplying both sides of the equation in (6.5.6) by O,u, we

obtain the identity
af 1 af 1 af 1 6
Ou (™" 0gudyu) — §8t(g Osudu) + éﬁtg Opuldatt = éat(u ) + Fou.
Define
() :={N <t <Ty|z|>t+c}, DT):=TI)N{t="T}

Applying the divergence theorem within the region I'***(7) leads to

1
// Foudxdt = // —(9tga685u8au dxdt+
]_“ext (I) Fext (I) 2

(6.5.10)
1 1
/ Vagaﬂf)guatu — §Voga685u8au — 6V0u6 do.
arext (1)

Next, let BD denote the part of the energy density on the boundary of T'™*(I)

arising from h
1
BD = Vahaﬁaguﬁtu — §V0ha5(95u8au.

Note that BD depends on the domain of integration. Expanding (6.5.10), we have

E{ja)>motey (T2) + /
D(T»)e

= // Fouudxdt + E{\x|>T1+c} (Tl) + / BD dx + / BD do
rext () D(Ty)e (1)

1
BD dx + flux([T1, T3]) + // Eﬁthaﬂaauaﬁu dxdt
[ext(])

(6.5.11)

The space-time term is easy to estimate by (6.5.1)

L [Vul®
~0,h*?dudgu drdt < // drdt < ||u))? ‘ (6.5.12)
//I‘ext(l) 2 ‘ B rext () <7~>1+’y LE[T,T>)
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Similarly, using that |h| < €, we obtain

/ BD dx 5 6E{\x|>Tj+c}(Tj)a ] = 1, 2. (6513)
D(T5)¢

which can be absorbed in Eyj;)>1,4.(T}) for small enough e.
Finally, we need to estimate the perturbative error term on the lateral boundary;

this is where we will use (6.5.2) and (6.5.3). We write

1 _

Vah®P 05 = —EhLLL +O(h)0
0 = 1(L L)
t — 2 )

h*P Qqudsu = ihLL(Luf + O(h)Oudu

Note that, due to (6.5.3) and (6.5.2) we have that on L(I)

1/2
hLE i h<e (6.5.14)

AN

and thus by Cauchy-Schwarz

2

/ BDda,s/ |hLL|(Lu)2+|h\|5u||(9u|da§eﬁux([T1,T2])+R/ vl

Le(D) Le(I) Lo(n) {T)TT
(6.5.15)

The conclusion of the lemma now follows from (6.5.8), (6.5.11), (6.5.12), (6.5.13),

and (6.5.15). 0

6.5.2 L% norm decay of solutions on interior spacelike slices of the cone

The objective within this section is to show that solutions to (6.5.6) satisfy the

following estimate.
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Lemma 6.5.4. Let u solve (6.5.6). Then

T, + 2R
/ W (T )de S
D(T?)

Euyerra (T1) + TE + G(flua (T2, To))+ -
6.5.16

[ull g1y ) + 1 F o o2 |Vl ooy )2

We remark that Proposition 6.5.2 easily follows from Lemma 6.5.3 and Lemma 6.5.4.

Proof. To prove (6.5.16), we multiply both sides of (6.5.6) by Xu and obtain

aa(gaﬂaguXu) — %Gt((t + c)ga'gaguaau) — %@(migaﬂ@ﬁu@au)

(6.5.17)

6 U6 UG

1 .
5 (X = 1)g™)daudu = dy((t + c)%) to' ) — 5+ FXu

Indeed, (6.5.17) follows by the following computations and the symmetry of g*’:
0a(g*POgudu) — %&(gaﬁagu@au) + %@ga'gﬁau{?@u = (Pu)0u;
similarly, we have
8a(go‘665ut8tu) — %@(tgo‘ﬁ@gu@au) — goﬁﬁgu&gu + %go‘ﬁ@auﬁgu
+%t8tga685u3au = (Pu)tou,
and
0 (g™ Ogur? 0ju) — ¢7P Dgudju — %@(gaﬁaguxjaau) + %xjﬁjgaﬁaﬁu(‘)au
+ggo"885u8au = (Pu)(270;u)

as well as

Da(g*Pudsu) — g*P0gudau = (Pu)u.

The nonlinear term follows in a similar manner. Upon summing these terms we obtain

(6.5.17).
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We now integrate (6.5.17) on I'(/) and apply the divergence theorem. We obtain

6 1
J[ %+ 50 = 000000 — FXudadt =~ [ g0

1 of 1 ub
oL (t+ ¢, 2)9*" 0gudau — 3" (t+c, ZL’)E do

Recall that on L(I) the outward unit normal vector v to L(I) is (=1, z/|z|)/v/2,

and thus v - (t + ¢,x) = 0 on L(I). The boundary term can now be written more

explicitly as

—P(Tg) + P(Tl) + ﬂuX([TI,T2]> — BDRh

where the first three terms come from the Minkowski case, and BDR;, denotes the

part of the energy density on the boundary arising from h:

1
BDRy, := / hOP OsuXu — §(t + ¢)h*P Dpudau da
D(T3)

1
- / RO OguXu — = (t + c)h* Ogud,u do + / Voh® OguXu do
2
D(Ty) L(I)

As explained in Section 5, we know that

P(Ty) zTQ/ u®(Ty, x)dx
D(13)

P(Th) S (Th + ) Efa)<ri ¢y (T1)

We can also make the trivial estimate
/ /F | FXudadt S APl Vol
Moreover, our assumptions on A% immediately imply that
(X — DR S t{ry 1
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and thus

// X —1)g*?9 u85u|dxdt<T2//
(1) (1)

The conclusion (6.5.16) will follow if we show that

dﬁdt < TZHUHLEI [Ty, T (6518)

BDR}L S 6(P(T2> + P(Tl)) + T2177E + T2 (G(ﬂUX([Tb TQ])) + ”uHiEl[Tth])

Let us write
D(T5) = Dint(To) U Deye(T3)
where

T2+C T2+C

Dini(T3) = D(T2) 0 {|z] < b Dew(T2) = D(T2) 0 {lz] = 2

Since |h| < € in Dy, we have that
1
/ hP dsuXu — 5(25 + )h*Pdgudau dr < eP(Th)
1nt(T2)

On the other hand,
1

|h| ~Y T’Y
in D.., and thus by the boundedness of energy
1
/D - hOP OsuXu — 5(15 + )h*Pogududr STy "E(Ty) ST, 'E
ext\4L2

Adding the last two inequalities we obtain

1
/ hP dsuXu — §(t + )h*Pogududr < eP(Ty) + T, 'E
D(T2)
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Similarly we can show that

1
/ hP dsuXu — §(t + )h*Pogududr < eP(Th) + T E
D(T1)

We are left with dealing with the lateral terms. We will show that
/L | X ude S T (GUEx([T2. 7)) + [0l e, ) (6.5.19)
We first remark that Xu = (rL + 1)u on L(I), and we again write
Voh®POgu = —%hLLLu +O(h)ou (6.5.20)
Note that (6.5.14) in particular imply the weaker estimates
R1/2

LL
h=23 (z)1/2H7 h$l

We can now estimate by Cauchy-Schwarz, (6.5.14) and the fact that r < To+c¢ < Ty:

R1/2
/ |hLLLu(rLu)|da§T2/ |TLuLu|da
L(I) Ly (m)E

2
<T (R/ Wﬂ do+/ \LuPda)
L(I) (r)ytt L(I)

S T2(HUH3:E1[T1,T2] + flux([T1, To]))

where in the last inequality we used (6.5.8).

Similarly,

/ |hou(rLu)| do < Ty / |OuLu| do
L(I) L(I)

< TQ/ |0u|? do < Toftux([Ty, To))
L(I)
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Thirdly, by an application of (6.5.14), Cauchy-Schwarz and then Holder’s inequality,

1/2

R
hEL Luu| do S/ ——— | Lul|u| do
/L(I)| | L(I) <7“>1/2+7| I
2 1/2 1/2
([, ) ()
Lo (r)tt L(I)

/2
Val? O\

S T (1l g, g + (T3, Te]) )

where again we used (6.5.8).

Finally,

/ |h5uu|da§(/ |5u|2da)1/2(/ o do) /2
L(I) L(I) L(I)
S joufdo) ([ julfaoy
L(I) L(I)

5 TQG(HUX[Tl, Tg])

The last four estimates now imply (6.5.19), which finishes the proof of (6.5.16). [

6.5.3 Proof of Theorem 6.5.1

Proof. Assume now that Proposition 6.5.2 holds. A similar argument as the one in

Section 4 allows us to pass to the limit and deduce the following:

Proposition 6.5.5. Let u be the strong solution to (6.2.2). For any R > 1, 1 < T7,
and T + 2R < T3, we have

T+ 2R E
T E{|x\<T1+2R}(T1) + T_;

/ u®(Ty, x)dx <
R? (6.5.21)

+ G(E{|J;\>T1+R}(T1) + ||u||%E1[T1,T2]>
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Let us now prove (6.5.4). Pick any € > 0, and let 7} be large enough such that

HUH%El[Tl,oo) <€

such a number may be found because of the local energy estimate (7.2.7). Next pick
R large enough so that

E{asm+ry(Th) < €

Now let 75 — oo in (6.5.21). We obtain

lim Sup/ u®(Ty, x)dr < G(é)
R3

To—00

and (6.5.4) follows by letting é — 0.

To obtain part (2) of Theorem 6.5.1, note that if
O7h < e(r)y I

where |J| < 2 (which are implied by our assumptions in the main theorem), then
global Strichartz estimates are implied by a refinement of the local energy decay
estimates (see Theorem 2 in [75]?). Then, for any 1 > 0, by choosing a sufficiently

large number 7" > 0, we obtain

w5 L10((T,00)xr3) < 1
where w solves (6.1.1). For any @ with

0| 25 L1017, 00) xRB) < 1,

let W be the solution to

PW = (w + w)®

2In the current arXiv version of this paper, see Theorem 6 instead.
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with

tlgglo IV (t, ')”L2(R3) =0.
As n > 0 was arbitrary, we may select n sufficiently small so that the map w +— W is
a contraction mapping, so that for any finite energy solution w of (6.1.1), there exists

a unique solution to (6.2.1) such that their difference vanishes in the H' x L? norm

as t — oo, and we conclude that the solution scatters in the energy space. O]

Copyright© Shi-Zhuo Looi, 2023.
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Chapter 7 Pointwise decay for power-type nonlinear wave equations

7.1 Introduction

We study the power-type nonlinear wave equations

Po = pl|olPo, p>2, pe{-1,1}

in three spatial dimensions on a variety of spacetimes. For clarity, we emphasise
that these spacetimes are allowed to depend on (¢,x) or only on x. The goal is to
obtain the optimal pointwise decay rate, stated in Theorem 7.1.1; this is achieved
by an iteration scheme that is outlined in Section 7.4.1. Along the way, we prove an
r-weighted integrated local energy decay estimate (Theorem 7.5.3). The results can be
viewed as extensions of the results for the linear problem studied in [60], albeit under
stronger assumptions on the coefficients of the wave operator P than in [60]. See
also Section 7.8 for how we reach analogous pointwise decay rates for both focusing
and defocusing power nonlinearities that are cubic or higher order, corresponding to
p>2,peN.

This chapter primarily focuses on the case p = 4. As part of the difficulties
introduced by the nonlinearity, we have to establish that the integrated local energy
decay norms are bounded. We have to use Strichartz estimates to handle the power-
type nonlinearity. We also need to prove an r-weighted integrated local energy decay
estimate, which we prove on spacelike foliations of the spacetime; this idea was inspired

by its origin in general relativity, in the work [24] of Dafermos and Rodnianski. Our
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proof of the estimate on spacelike foliations differs from the original setting of [24],
which used null foliations outside of compact spatial regions. Moreover, in order to
complete our iteration to reach the final pointwise decay rate, which we believe to be
the optimal rate, we prove all three of these results for vector fields of the solution.
From the perspective of pointwise decay, the lower powers p are more difficult, because
the nonlinearity decays more slowly. In contrast to power nonlinearities with p > 5,
the case p = 4 is more difficult because the nonlinearity does not decay sufficiently
rapidly; the purpose of proving the r-weighted integrated local energy decay estimate
is to overcome this difficulty.

We consider the operator
P = 0,9 (t,2)05 + g*(t,2) A, + B*(t, )0y + V(t,z) on R (7.1.1)

where the coefficients are allowed to depend on t and we use the summation convention.
Here A, denotes the Laplace operator on the unit sphere, and «, 3 range across 0, . . ., 3.
The main assumptions on P are that it is hyperbolic and a small asymptotically
flat perturbation of the d’Alembertian [0 = —9? + A; see Section 7.1 for the precise
assumptions on P. The precise conditions on the potential V', the coefficients B, ¢g*
and the Lorentzian metric g are given in the main result, Theorem 7.1.1.

We study the nonlinear Cauchy problem

Po(t,x) = ug(t, z)° (t,z) € (0,00) x R3
L oue{-1,01) (712

(¢(Oa 1‘), at¢(07 .27)) = (¢0a ¢1)

the convention we adopt is that ;1 = 1 corresponds to the defocusing sign.
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Our main theorem (Theorem 7.1.1) states, informally, that if the coefficients of
P — [0 are small and asymptotically flat, then the solution to (7.1.2), as well as its
vector fields, obey the global pointwise decay rates of (t — r)~1=min(e(P):2) (¢ 4 =1,
here ¢(P) is a constant depending on the coefficients in (7.1.1). Thus for bounded |z|,

we have

|§b(t, J})| < Ct_Q_min(c(P)’2).

This rate of decay coincides with the one obtained by [34] in the case P = [,
but in contrast to [34] we obtain it, on these general backgrounds P, for the solution
everywhere in spacetime for initial data in a weighted Sobolev space, rather than
merely in forward light cones |z| < At, A < 1 for the Minkowski background and for
the narrower class of compactly supported initial data. We believe this pointwise rate

of decay to be sharp. An overview of the proof is contained in Section 7.1.1.

History of the problem

The theory of global existence, uniqueness and scattering for the semilinear wave

equation on Minkowski spacetime, in three spatial dimensions, for

D¢ = :H¢’p¢’ ¢(0,.1') = ¢0($), at¢<07 1’) = ¢1(x)

was studied extensively; for instance, in the articles [10,34,43,89,100,108]. For small
initial data, there is a unique global solution if p > v/2; see [30,41,117]. Work has
also been done for the pointwise decay of solutions; see [88,108,127]. In the case of
compactly supported smooth data, decay rates were proved in [116] (for small data)

and in [13,34] (for large data).
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We now briefly remark on other spacetimes. Much work has been done for solutions

to the initial value problem

¢ = lgI"20. (1919 0,0) =0, ¢(0,2) = do(z),  Ap(0,x) = ¢1(x)

for various Lorentzian metrics g. For the Schwarzschild metric, the solution to the
wave equation was conjectured to decay at the rate of £~ on a compact region in [93].
This rate of decay was shown to hold for the Schwarzschild spacetime, the subextremal

Kerr spacetime with |a| < M, and other spacetimes; see [5,27,35,74,118].

Statement of the main theorem
Assumptions on P

Let h*f = g — m®? where m®® denotes the Minkowski metric. Let o € (0, 00) be
real. We make the following assumptions on the coefficients of P:

h*f B € SZ({r)y~'77)

0,B*,V € SZ({r)y=277) (7.1.3)

9° € Sa((r)7277).

(The assumption on 9;B is satisfied if, for instance, B is stationary.) In addition,
suppose that for a sufficiently small € > 0 we have, for A; := {2/ < |z| < 27"} and
an arbitrary interval I C R,

Z sup ()20?h*?| + (x)|0h*?| + |h*P| < €

I><A

Z sup (2)2|0B°| + ()| BY| < (7.1.4)

]><A

S sup @)V < e, sup [22V] <e.

j20 IXAJ‘ IxR3
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We use the assumptions (7.1.4) in order to apply Strichartz estimates on such variable-
coefficient backgrounds. Let N be the maximal number of vector fields we apply to ¢

in this chapter.

Theorem 7.1.1 (Main theorem). Let ¢ solve (7.1.2) with the assumptions (7.1.3)
and (7.1.4) and let

K := min(o,2).

Fixr m € N and some fized N > m. We assume ¢y € L*(R?®) and that up to N
vector fields applied to the initial data lie in an (r)*-weighted Sobolev space, for some

sufficiently large o = (k).

1. If the initial data are of any finite size, and if u € {0,1}, then we have

Y 1
;Om,xn S TG e 70 (7.1.5)

where the implicit constant is allowed to depend on ||¢|| 15w, .L10®3)) -

2. If

[Poll ern+imsy + |1l v wsy < 1,
then for any u € {—1,0,1}, we have

1

|J|Z:O\¢J<t,x>| S Tl roies SR _

Remark 7.1.2 (Commentary on the main theorem). Thus for ¢ close to 0, the solution

decays at the rate

|6l S (t+r) 71— )~

1See Remark 7.2.2 for an explanation of this dependence.
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for large o, the solution decays at the rate
t+r)Ht—r)"

e Thus if the coefficients decay rapidly as r — oo, then the pointwise decay rate

is similar to the problem on the Minkowski background,

O¢ = ¢°.

e On the other hand, if the coefficients decay more slowly (for instance, suppose
that the potential V' decays more slowly than 7= for 7 large), then the pointwise

decay rate is similar to the linear problem

Pé = 0.

Moreover, we prove these rates in (1) and (2) for vector fields of ¢. The parameter
o > 0 can be of any size and appears in, for instance, the assumptions for proving the

r-weighted local energy decay estimate of Theorem 7.5.3.

Remark 7.1.3 (The linear problem: p = 0 in (7.1.2)). When p = 0, Theorem 7.1.1

states that the solution to

P¢ =0, ¢(07 iL‘) = ¢0($), at¢<07 I’) = (bl(x)
obeys the bound
G S W)Y HU) T vi=t b ui=t -7 (7.1.7)

this result is part of the main theorem in the article [60]. In [60], all coefficients were

allowed to be large perturbations of the Minkowski metric (thus e € (0,00) in that
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setting), and the assumptions (7.1.4) were not needed. Here we bring in (7.1.4) to
apply Strichartz estimates for the variable-coefficient backgrounds encoded in P, and
are unneeded for p = 0 due to the absence of the nonlinearity.

In addition, for g = 0, the main theorem in [60] shows that the final decay rate
(7.1.7) still holds as long as a weak local energy decay estimate is assumed to hold. As
its name implies, having such an estimate is a more general assumption than having
a local energy decay estimate. Weak local energy decay estimates are satisfied in a
large variety of situations, such as in the study of black holes, where they are known

to hold for the Schwarzschild spacetime and the subextremal Kerr spacetimes.

Remark 7.1.4 (Differing increments). The argument shown in this chapter straight-
forwardly yields a proof of a more general version of Theorem 7.1.1 when the decay
increments o differ for the coefficients. (In (7.1.3), the increments are all assumed to
be equal to ¢.) The proof of the main theorem in [60] demonstrates this claim in full

rigour; by contrast, the present chapter does not emphasise this.

7.1.1 Outline of the chapter and strategy of the proof

Here we overview the proof of Theorem 7.1.1.

e In Section 7.2 we prove the boundedness of the Strichartz and integrated local
energy decay norms for ¢ and vector fields applied to ¢. In Section 7.3 we
connect pointwise bounds to L? estimates and norms, thereby connecting local
energy decay to pointwise bounds. We show how the derivative of ¢ decays at a

certain better rate than ¢ and its vector fields; this improvement depends on the
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distance from the light cone {r =t} at which one is evaluating the pointwise
value of the solution. In Section 7.4 we rewrite the equation in a way amenable
to our pointwise decay iteration scheme. We state and prove lemmas that are

used in the scheme to improve the pointwise decay rates of the solution.

In Section 7.5 we prove an r-weighted local energy decay estimate in Theo-
rem 7.5.3. To do so, we use Strichartz estimates on such variable-coefficient
backgrounds that satisfy the assumptions in Section 7.1 (more precisely, only
(7.1.4) is assumed? in order to use Strichartz estimates). This part uses the

results from Section 7.2.

This result of Theorem 7.5.3 is then used to improve the decay rate of ¢ (and

its vector fields)—see Proposition 7.5.6.

In Section 7.6 we prove the final decay rate for ¢ and its vector fields in the region
exterior to the light cone {r = t}, that is, in the region {r > t}. In Section 7.7
we prove the final decay rate for ¢ and its vector fields in the region inside of the
light cone, that is, {r < t}. In Section 7.8 we explain how the iteration applies
to other power nonlinearities, reaching pointwise bounds analogous to the one

stated in Theorem 7.1.1.

Pointwise estimates and asymptotic behaviour

We begin with works studying the Minkowski background. In [115], pointwise decay es-

timates were proven for linear wave equations with a source term using the comparison

2The Strichartz estimate is written as Theorem 2 in the published version of [75], or Theorem 6
in the current arXiv version of [75].

151



theorem (positivity of the fundamental solution) in 1+ 3 dimensions. In [14], numerics
were shown for the asymptotic behaviour of small spherically symmetric solutions of
nonlinear wave equations with a potential which showed that the dominant tail results
from a competition between linear and nonlinear effects. In [127], pointwise decay
estimates in R for various ranges of p in the defocusing nonlinearity |¢|P¢ were
shown given data in a weighted energy space; more precisely, the solution is shown to
decay as rapidly as the linear case for p +1 > (14 1/17)/2. [126] investigated similar
questions for 1 4 d dimensions where d > 3. While prior investigations along these

lines of questioning used the time decay of

t— lp(t, ) |PT2 dx

R1+d

for 1 < p+1 < 5 to study pointwise decay estimates and scattering, [127] uses
the method introduced in [24] to obtain pointwise decay estimates, via a weighted
spacetime energy estimate for 2 < p+1 < 5.

We now comment on various works that study other backgrounds, or general
backgrounds that include the Minkowski spacetime as a special case. For small
initial data, global existence and an upper bound of t~! was shown for spherically
symmetric solutions on the Schwarzschild background for p > 4 in [23]; also on
Schwarzschild, a similar result was shown in [12] for p > 3 and without the assumption
of spherical symmetry. More recently, the work [120] proved upper bounds for power
type nonlinearities with small initial data on Kerr backgrounds.

The work [62] considers the null condition, also on nonstationary spacetimes similar

to those in the present chapter; it proves global existence and sharp pointwise decay,
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assuming an integrated local energy decay estimate holds. On these nonstationary
spacetimes, the work [63] proves decay rates that are sharp in many cases for wave

equations with cubic and higher order nonlinearities
P¢ = NZcubic(82¢a a¢7 Cb),

including quasilinear equations, assuming an elliptic-type estimate and assuming
global existence. Global existence for these cubic and higher order nonlinear equations
holds, for instance, when the initial data is small. The upcoming work [66] obtains

sharp pointwise asymptotics, given certain assumptions, for a variety of nonlinearities.

Remark 7.1.5 (High and low power nonlinearities). In this remark we explain how
the methods of the present chapter automatically give either partial or complete (if
certain known results are assumed) proofs of pointwise decay rates (7.1.8) for various
other power nonlinearities. Beyond the present remark, we provide more specifics
about this in Remark 7.8.1, after the iteration has been presented.

We shall distinguish between the small and large data cases:
1. For small initial data, we consider the Cauchy problems
Py =+, pe N>

with smooth and compactly supported initial data that is small in a H"™! x H"
norm. If p4+1 > 14 +/2 then for sufficiently small and smooth initial data, there
exist smooth global solutions. Then the techniques in the present chapter prove

the decay rate

1
(t+ Tal) & = lal) Fer =

ot z)| S (7.1.8)
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Here we simply mention that

a) for p > 5 the estimate found in Theorem 7.5.3 is unnecessary; instead, the
bound (7.3.7) and Lemmas 7.4.4 and 7.4.5 alone suffice to reach (7.1.8).
Heuristically, this is because if the nonlinearity contains enough decay, then
the initial global decay rate from local energy decay alone (see (7.3.7))

suffices to bootstrap the solution toward the sharp decay rate stated in

(7.1.8).

b) The (energy-critical) case p = 4 is the subject of the present chapter

(wherein both large and small data are considered).

c) For p = 2,3, if one had the initial decay rates®

Gmlratss S0 el ST W)T?, p=2  (7.1.9)

Gemlratrz S ) Gmnlime S YA W)TH p=3 (7.1.10)

for some sufficiently small 6—more precisely, for p = 2, we need 2 — 30 > 1
and thus § < %, while for p = 3 we need 2 — 49 > 1 and thus § < ;11— then
the iteration also follows Sections 7.6 and 7.7 nearly verbatim and one

reaches the rate (7.1.8) from the method in this chapter. This means, for

3This is because of an integration in the radial variable p in the backward light cone Dy, (see
Definition 2.0.3), when bounding fD” p|lo|PT1dA. More precisely, we are taking the exponent ex > 1
in 1/(p)*. (7.1.9) and (7.1.10) follow if Proposition 7.5.6 holds with 4 > 1, 4 > 1/2 respectively,
and see also Remark 7.5.7.

At first glance, the rates of decay in r < t/2 seem insufficient. However with the aid of an auxiliary
result for the 7 < t/2 region (Proposition 7.7.3) they can be converted to (v)~1(r)=%, (v)~3/4=9 for
p = 2,3 respectively. This (when combined with the r ~ ¢ pointwise decay rates) is then sufficient for
an improvement over (7.1.9) and (7.1.10). One perspective on what is happening here is that one
is propagating improved decay in {r > t/2} into {r < ¢/2}. This auxiliary result makes use of the
scaling vector field S and some sort of integrated local energy decay statement or some elliptic-type
estimate.
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instance, that in the cubic nonlinearity case p = 2, a decay rate of the form

Gam S (r) 5 (u)5F

in the wave zone and a decay rate

Gam S (r) 75T

in {r < t/2} together suffice to bootstrap to the final optimal decay rate.

See [120] for a proof of the small data problem on the Kerr background. In

the small data case, additional lemmas become available.

2. For large initial data, we consider the (defocusing) Cauchy problems

Po=|olP¢, pe 2N>,

where we avoid the odd integer values of p because of the issue regarding the
smoothness of the modulus of ¢ close to the zero set of ¢. (The method presented

in this chapter applies vector fields to the nonlinearity.)

The value p = 4 is covered in the present chapter. Concerning higher odd p values
and the question of global existence (but not uniqueness) on the Minkowski
background, at least for weak solutions, we refer the reader to a result of
Segal, [97]. If global existence and sufficient regularity are assumed for the
values p > 5, then the iteration presented in Sections 7.6 and 7.7 automatically
give (7.1.8), with the same remark in Item la above applying here. For p = 2, if
global existence is assumed, then the remark in Item 1c above applies here as

well.
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7.2 Boundedness of the integrated local energy decay norm and Strichartz

norm

After introducing Strichartz estimates, we state the version of these estimates that
holds on the variable-coefficient backgrounds considered in the present chapter
(Lemma 7.2.3), and then show how to control the Strichartz and integrated local

energy decay norms by the initial data (Theorem 7.2.7).

Remark 7.2.1. A subset of the Strichartz estimates for the constant-coefficient wave

equation on R can be stated as follows: For ¢; # oo,

D2l 0¢ |z par S N00(0)l| 2 + D20 1y o (7.2.1)

x

where (p;, pi, ¢;) obey the scaling relation

1 n 3 3
— - = - — p
poq 2
and the dispersion relation
11 1
-+ -< -, 2 <p< o0
p g2

(The ¢1, g2 = oo cases will not be relevant for this chapter.) This Strichartz estimate
is now understood globally in time within the setting of operators with variable
coefficients that are a small perturbation of the constant coefficients in [J: see

Lemma 7.2.3.

Remark 7.2.2 (Overview of the proof of Theorem 7.2.7). We would like to control
the local energy norm and the L°L!° norm of not only the solution ¢, but also its

vector fields ¢<,,. Prior to proving Theorem 7.5.3, we must first (see Theorem 7.2.7)
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control the nonlinearity ¢° and its vector fields on the right-hand side of the Strichartz
estimate. We partition the time interval R, into finitely many sub-intervals I so
that the nonlinearity norm is small on each [;. This smallness enables us to treat the
nonlinearity norm perturbatively (that is, we absorb it to the left-hand side of the
Strichartz estimate). However, this perturbative argument comes with the cost of
the implicit constant in the Strichartz estimate for ¢<,, now being dependent on the

Strichartz norm of the solution ¢.

Lemma 7.2.3 (Preliminary LED and Strichartz). Let I € {[Ty, T3], [To,00)} be an
interval, where Ty > Ty > 0 are real numbers. If for a sufficiently small € > 0, (7.1.4)

holds, and 1 is a function, then

|WH(LE10L5L10)(IxR3) + ||31/1|’L00L2(1xRS) S NOY(To)]| 2 + HP¢|’(L1L2+LE*)(I><R3)- (7.2.2)

Remark 7.2.4. We will assume but not prove Lemma 7.2.3. The statement of
Lemma 7.2.3 is obtained by combining Theorem 3 in [75] and Proposition 8 in [76].
The assumptions on the operator P in this chapter in (7.1.4) satisfy the assumptions

in both results.

Lemma 7.2.5 (Bound on commutator of wave operator and vector field Z7). Given
the assumptions on P in Theorem 7.1.1, there exists a positive real number ¢ > 0

such that for any multi-index J,

|d<|7-1] N |Via0<|

’P¢J| S; <T>2+ql <T>1+q,

+[(Po)<i-

Proof. Let s, denote a member of SZ((r)~®). There is a constant ¢’ > 0 such that
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the operator P can be written schematically as
P =04 + 881+q/a + SH_q/@Q + 82+q/ + 81+q/8.

We have [Z, J] = ¢z0, for some real number ¢z € R depending on Z. We include the
terms arising from the g“A, of the operator P together with the (r)™'7|V, < |

term. ]

Thus

(0<jgi-1] [ Viad<|

POl S T Ty 1@l

Corollary 7.2.6 (Lemma 7.2.3 with vector fields). For any m > 0

|P<mll(LErnrsL10y(1xR3) + [[0P<im|Loo L2 (1xk3) S [|0P<m (T0)|| 2 + | (P®)<m | (21 22y (1 xR3)-

Proof. Since

Po; = (Pg);+ [P, 274,

by (7.2.2) we have on any fixed I with left endpoint Tj the following estimate

¢\l Lmnrszo + |06 Loz S 1005(To) |22 + |(Po)sllrire + I[P, 2719 e

S 005 (To)l 2 + [[(Pé) sl iz + €l < gl e

The second line follows from assumptions on P and Lemma 7.2.5. The claim follows

for small e. O

Theorem 7.2.7 (Corollary 7.2.6 with no nonlinearity). Let ¢ solve (7.1.2). Assume

the hypotheses on P from (7.1.4). For any interval I of the form [Ty, T1] or [Ty, 00),
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the following estimate holds:

|P<m |l (LErALs L10y(IxR3) + |0P<ml| Lo r2(1xr3) < C(||@]] L5 L10(1xR3), M)||OP<in (T0) || L2 (3

(7.2.3)
Since ||@|| 510 is bounded by the energy of the initial data up to an implicit constant,
if the initial data are sufficiently small in the energy norm, then the bound (7.2.3)

holds without any specific dependence on the size of ||¢||sp10.

Proof. The base case Strichartz estimate

191l 25 (®;L10R3)) < 00 (7.2.4)

is implied by [61, Theorem 6.1]. The result [61, Theorem 6.1] implies that the solution
¢ scatters in the energy space, from which we obtain (7.2.4).

The base case integrated local energy decay estimate (plus the energy estimate)

101l et & xr3) + 00| L 2@ xr3) S 100(0)]] 22y

was proven in [61, Theorem 4.1], but for completeness we include it as Theorem 7.2.8.
The lower order perturbations present in P were not explicitly included in [61], but
we show how to include them in Theorem 7.2.8 below; see in particular the estimate
on the error term Err.

For m > 1, the bounds

|<m HL5(R+;L10(R3))ME1 (R xR3) < OO

can be proven by induction, which we now proceed with. Suppose that for some

integer m > 0, |[¢<ml| 15 &, ;110®s)) < 00; we shall show that (7.2.3) holds.
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There are intervals Iy, ..., I, “almost-partitioning” [0, 00) with ¢y := 0 € I, and

for 0 <j<n-—1,1; =t tj41], while I,, = [t,, 00), such that for all j, the following

norm obeys the bound

|p<mllL5(1;;10 ) LB (1, xR3) < 1/(4CStri)1/4, I; :=[tj,tj+1] unless j =n (7.2.5)
where Cg;,; is the constant from the Strichartz estimate from Lemma 7.2.3.
e By Lemma 7.2.3, we obtain
|p<mirller ) + | O<marllLsyoms)) + 100<miillLo(1;:02®2))
< Csuri ([100<mi1(t) |2 + (PO <mirllr a2 @3y + €lld<mirllLey))

= Csui (108<m+1(t)ll2 + (8" <met |22y + el d<merlLeray) -

(Here, we bounded the commutator in LE*(1;), and here we have chosen € from

Section 7.1 to be sufficiently small.) This estimate implies the estimate

l¢<milleray) + | @<mrllLs@mo@s)) + 100 <mtll Lo 1;:02(r3))

< 2054 <||a¢§m+1(tj)||L2 + ||¢§m||i5(1j;LIO(R3))||¢§m+1||L5(Ij;LIO(R3))> '

e By the fact that the Strichartz norm ||¢<p, || 15 ®, 110(rs)) is finite, we apply (7.2.5).
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Thus

10<msillmriey ) + d<merllosq, oymiza@e) + 100 <mall o ity 22 @)
< Cll0d<mir(ty)lzz, C = C(8llLs@yiz0@sy, m)
< Cll0¢<mllLoo ;o a0 02 ()
< C-Clod<mrr(tj—1)llre
< CTH|0d<m11(0)| 22
(7.2.6)

Here when j = n, the interval is understood to read [t,, co).

e By adding these estimates together, we obtain

[p<mrillLe @,y + |0<mirlls@, zroms)) + 100<mitll Lo my ;r2(re))

< C7 |00 <im1(0)]| 2

which holds because

Ha¢§m+1HL°°(]R+;L2(R3)) < Z Ha¢§m+1HL°"(lj;L2(R3))'
§=0

]

Theorem 7.2.8 (Base case integrated local energy decay, Theorem 4.1 in [61]). Let
¢ be a solution of (7.1.2) and let |J| < 1 be a multi-index. Let v > 0 denote an
arbitrarily small constant.

If (7.1.3) and (7.1.4) holds for some sufficiently small constant € > 0, then

HQﬁH%El[ThTﬂ + E(T,) < CE(Th) (7.2.7)
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where C' 1s independent of T1 and T, and

Vol ¢? WP
0] 2 Ty :// + dxdt
|| ||LE [T1,T%] (T3 To] xRS <T>1+'y <T>3+'y < >

B() = [ 5100(t.0)F + go(t. o) da

Proof. Suppose that ¢ is a classical solution to the equation
Pp=¢+ F.

We multiply the equation by a(r)¢ + b(r)0,.¢ + CO,¢, with

o0

b(r) =Y 27— a(r) = b(r)/r.

= r+ 27

We omit the discussion of how to handle the terms coming from the constant-coefficient

operator [J, as that is standard. Upon integrating by parts, we obtain

, 1, b Aa
By [[ ) - G - el = St
2 Ly 9
+(galr) - gb( r))¢” dedt S E(Th) + /Tl e 111961+ 73) dodt.

where the error satisfies

[
()

Err < (

1 ‘> 1 |9h)) (|a¢|2 T1as2l
< 8¢|2 ¢2 )

1+7 3+'y

) (Vo] + 1B°0u6] + 19D (|a¢| T Lﬂ‘)

6

The second line follows by 87h*® < e(r)~1/I=7, where |J| < 1, and by the assumptions

on the other coefficients. Moreover,
oo

2 1 T 1
_ __/ _ >
g0 = gbr Z (2r+21 +6(r+zj)2) ~

=0
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and

1, 1, b Aa 09 ¢?
56 (¢72~ + ¢t2) + (_§b + ;)‘@(MQ - 7¢2 z <r>1+’y + <T>3+7'

By standard applications of the Holder and Hardy inequalities,

1617 mip, 15 + E(T2) S E(TY) + |1 F |l oy e 106 ooy 12 (7.2.8)

Let ¢ be a strong solution, and let ¢,(71) — ¢(7}) in the energy norm, where
(¢n) is a sequence of classical solutions. After partitioning I = [T}, T3] into finitely
many intervals I,, so that each of the numbers ||| 15(z,;z10) is sufficiently small, by a

contraction argument we obtain convergence of ¢, to ¢ in the function space
X(I) = <C’0(I;H1) N L3(I; L10)> x C°(I; L?).

This clearly implies that ¢3 is a Cauchy sequence in L!([Ty, Ty]; L?).

Recalling the estimate (7.2.8), we conclude ¢,, — ¢ in LE'[T}, Ty]. O

Remark 7.2.9 (Constants can henceforth depend on the L°L'® norm of ¢). Henceforth,
we always allow the implicit constant in estimates to depend on ||d|| 15 £10([0,00)xR3)- AsS

a consequence of Theorem 7.2.7, we have
[@<mllLEr(0,00)xR3) S [|00<m (0)]] L2(ra).- (7.2.9)

7.3 From integrated local energy decay to pointwise bounds

In this section we will show that local energy decay bounds imply certain slow decay
rates for the solution, its vector fields, and its derivatives—see Propositions 7.3.5

and 7.3.7.
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We start with the following pointwise estimate for the second derivative. We
shall use it, for instance, when applying Lemma 7.3.2 to the functions w = 9¢<,,
(that is, when we bound the first-order derivatives pointwise); this will be done in

Proposition 7.3.7.

Lemma 7.3.1. Assume ¢ is sufficiently reqular. Then for any point (t,x)

st )l S (g5 + o7 ) 106l (14 ) 1) Hoamal+ (14 15 ) 1(Po<il

(7.3.1)

Proof. Note first that

070,] < <% + é) |00<|g141]| + <1 + <%>) [(Oe) <)]- (7.3.2)

The case |J| = 0 is an immediate consequence of a result by Klainerman and
Sideris, see [53, Lemma 2.3]. The general case follows after commuting with vector
fields. It suffices to bound P — . By the definition of (7.1.1), we may write this

difference as
P — 0= h"0us + (0uh*?)0s + g*(t, 2) Ay + B(t, )00 + V (t,2)
Using the assumptions on the coefficients in Subsection (7.1.3), we have
(P—0)¢ € S%((r)™' ") (0% + 99) + S7((r)*77)2=%
Thus

(P =0)9)<p| € S7(r) =IO dzy| + SZ({r) =) 0b <] + S ((r) > ) D <12

(7.3.3)
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The conclusion now follows from (7.3.2) and (7.3.3) , since the first term on the

RHS of (7.3.3) can be absorbed in the LHS of (7.3.2) for r > 1. O

By (7.3.7), (7.3.1) immediately implies for solutions to (7.1.2):

0%¢,] < (% + 6) 0¢<|111] + (1 + :7)) (r) 2| o<)42] (7.3.4)

The primary estimates that let us pass from local energy decay to pointwise bounds

are contained in the following lemma.

Lemma 7.3.2. Let w € C?,
Zij = Sin,
p = (min(r, [t — 7))
and

R € {CF,Cp, Cg}.

Then we have

1
lwllemy S ) W(HZz'ijL2<R)+HMaZz‘ijm(R))- (7.3.5)

i<1,j<2 |
where we assume 1 K U < %T, 1< R<L %T and R > T > 1 in the cases C¥, CE CF

respectively, and |R| denotes the measure of R.

Remark 7.3.3. Before proving Lemma 7.3.2, we sketch its proof: One uses exponential
coordinates, which results in R being transformed into a region of constant size in all

directions. Then one uses the fundamental theorem of calculus for the s, p variables
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and Sobolev embedding for the angular variables. Finally, changing coordinates to

return to the original region R produces the ]R[‘l/ 2 factor.

Proof. In C¥ we make the change of coordinates ¢t = €® and |r — t| = e*™*. With
this change of coordinates, we are now dealing with a region of size 1 in spherical
coordinates including s. We have 05 = t0, + rd, = S and 0, = (r — t)0,. Then we
apply the fundamental theorem of calculus in s and also in p. Finally, we rescale to
CY, obtaining the result in C¥.

For CF, we let r = e® and r —t = ***. Thus d; = S and 9, = (t — r)9;. We get

1 . R-T ..
||w||L°°(C£) 5 Z (RST)1/2 ||S Q]w”Lz(ég) + (R3T)1/2 ||8tS ij||L2(~£)‘

i<1,j<2
This implies the result in C% since R — T < R.
For CE, we let t = €* and r = e***. We obtain d; = S and 9, = 10, and the result

in CE. []

Lemma 7.3.4. If f € C!, then
12 7t/4

3t/2 Tt/4 1
/ (u) 2 f(t,x)%dx < / \6rf<t,x)\2dx+t—2 ( f(t,z)dr + f(t, x)%zg;) .
t

/2 t/4 t/4 3t/2
(7.3.6)
Proof. Let x : [0,00) — [0, 1] be a cutoff such that x(s) =1 for 1/2 < s <3/2 and 0

when s < 1/4 and s > 7/4. We will show that, if v > —1/2, and v # 1/2, then

/ (u) > (/) f (ra )P < / (u) 2110, £ (r, w)x(r/t) Pr2dr

1

b [ WX /P,

The conclusion follows if we take v = 0 and integrate over w.
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We have

7t/4

flr,w)?x(r/t)—f(Tt/4,w)*x ((T/4)/t) = =2 flp,w)x(p/t)-0.(f(p,w)x(p/t))dp.

r

Hence

7t/4
flrw)??x(r/t)r? < f(7t/4,w)2x(3t/2)t2+2/ | f(p,w)x(p/t) - 0:(f(p,w)x(p/t))|dp

Recall that x(7t/4) = 0. We multiply by (u)~*7%" and integrate r from ¢/4 to 7t/4.

This yields
7t/4 7t/4
/t (u) 2 (1) ()P dr < / (u) V2 £ (o)X ()0 ( (. 0) X (/1)) |2

/4 t/4

By the chain rule,
1
0.(x(r/1) S X(r/0) - .

Thus by Cauchy-Schwarz and the chain rule

3t/2 7t/4
/ ()22 f(r,w)*rdr < / (w)™|0, f (r,w)x (r/t)[*r*dr

/2 t/4
1 Tt/4
t o ()™ f(r,w)X/ (r/t) Predr.
t/4

]

The next proposition yields an initial global pointwise decay rate for ¢; under the
assumption that the local energy decay norms are finite. We shall improve this rate of
decay in future sections (see Sections 7.6 and 7.7) for solutions to (7.1.2), culminating

ultimately in the final pointwise decay rate stated in the main theorem.

Proposition 7.3.5. Let T' be fized and ¢ be any sufficiently reqular function. There is

a fized positive integer k, such that for any multi-index J with |J| < N — k, we have:
(641 < Cinlld<isinllLe o (w) /()= (7.3.7)
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Proof. Lemma 7.3.2 proves (7.3.7) immediately except in the wave zone (CY-type)
regions. For the wave zone, the inequality found in (7.3.6) is used to finish the

proof. n

Remark 7.3.6. By Theorem 7.2.7, which showed the boundedness of the LE! norm
for ¢ and its vector fields, (7.3.7) implies that ¢ and its vector fields obey the decay

rate (u)'/2(v)~L.

7.3.1 Derivative bounds

The next proposition shows that the first-order derivative (of solutions to (7.1.2))
decays pointwise faster by a rate of min((r), (¢t — r)). It utilises the initial global
decay rate (7.3.7). The estimates in its proof involve the nonlinearity, but for the
quintic nonlinearity as in (7.1.2) it turns out that the global bounds (7.3.7) alone
already suffice to make the pointwise decay of the first-order derivative similar to the
linear case, which is the content of Proposition 7.3.7. The reader can find details
for the linear problem in [60]. Proposition 7.3.7 will be used in the pointwise decay
iteration (see later sections, Sections 7.6 and 7.7)—more precisely, for iterating upon
the linear components of the equation, namely those having to do with the operator
P — [O. By contrast, the nonlinearity in (7.1.2) does not involve any derivatives, so

Proposition 7.3.7 will not be involved in the iteration for the nonlinearity.

Proposition 7.3.7. Let ¢ solve (7.1.2), and assume that

Gmn S ()7 (E) 7 (u) ™
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for some sufficiently large n. We then have
Op<m S (r)~ () {u) ™", = (min(r, [t —r[). (7.3.8)

Proof. Let R € {CY¥,CE CL}. Given a function w, we have

W<m4n

[w<mll2r) S | 2y + 1) (Pw)<mll 2 )- (7.3.9)

(See [60] or [74] for a proof of (7.3.9).) By the initial global pointwise estimate (7.3.7),

(7.3.9) with w = ¢ yields

¢<m+n
100<mlL2m) < |l » 2%y + 1) (@) <l 2y

SN e+ 1 ()2 (0) ) Sl oy
a (7.3.10)
< || ¢§m+n

~Y

2y + 1) (W) Sl 2r)

< ¢§m+n

I2(7):
The final line follows because (r)u < (v)?2.

Recalling Lemma 7.3.2, we have
1
106 <mllzmi) S RIS 1206 <mll2m) + 110206 <mll 2y
Z

_1
S IR (196 <minllizim) + 110 6cmsnllizcm)

_1 _
S IRITE (Il Sminlliacry + 110 <msnllim) )

_1 —
S IR (I dminl oy

1 t 9

e (G100l + (Lt o)) bsmial ) iz

1 _ t _
S IR (HM "cminll 2y + (1 + @)W 2¢sm+nI|Lz(R))

1l
SRz 1 G<minll 2 m)
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which follows by (7.3.4) and (7.3.10). The final line follows because

pA(L 4t/ (u) < (r)*.

Finally, the claim (7.3.8) follows because

_ 1 _
[ 1¢§m+nHL2(7é) S IRIZ u 1¢§m+n”Loo(7é)v

thus

10b<mllLoe ) S 117" S<mernl oo )

7.4 Preliminaries for the iteration

Remark 7.4.1 (The initial data). Let w := S(t,0)¢[0] denote the soluation to the free
wave equation with initial data ¢[0] = (¢o, ¢1) at time 0. Then for any |J| = On(1),

the bound

holds for initial data that lie in a sufficiently high weighted Sobolev space.

7.4.1 Summary of the iteration

By Remark 7.4.1, we may assume zero initial data in the following iteration. Second,
note that it suffices to prove bounds in |u| > 1, because the desired final decay rate
in |u| < 1 already holds by (7.3.7). Third, we distinguish the nonlinearity and the
coefficients of P — [, and for both of these, we apply the fundamental solution. We

iterate these two components in lockstep with one another.
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Due to the domain of dependence properties of the wave equation, we shall first
complete the iteration in {u < —1}. For the iteration in {u > 1}, the decay rates
obtained from the fundamental solution are insufficient in the region {r < ¢/2}. To
remedy this, we prove Proposition 7.7.3. With the new decay rates obtained from
Proposition 7.7.3, we are then able to obtain new decay rates for the solution and its
vector fields. At every step of the iteration, Lemma 7.4.4 is used to turn the decay

gained at previous steps into new decay rates.
7.4.2 Setting up the problem
We note that (7.1.2), with the sign = 1, can be written as

Op=(0O—-Plop+F, F:=¢

= —00(h*?030) — B*00¢ — g* N — Vi + F.

The rewriting of the equation
Given a nonnegative real number a > 0, let

p(a)

denote a member of SZ({r)~®). Using the assumptions (7.1.3), we can write this as
D¢ o (p(1+0)8¢) + Baaa¢+p(2+a)¢gz +F

(By assumption (7.1.3), 9,8 decays according to p**?).) Pick any multiindex J with

|J| < m. After commuting, we have

O¢y € 0 (p"*)0p<n) + BemO<m + p*Hbcrmia + Ferm (7.4.1)
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o (The leftmost term in (7.4.1)) We shall decompose the derivative to obtain the
desired decay rate, as follows: Note that for any function w, we may split generic

derivatives in the union of the wave zone and exterior region, namely, {r > t/2}:
ow € pMwey + p V0w, r>t/2. (7.4.2)

Moreover, we shall go beyond this to use the specific structure of p(®), which we
record: for 9, we have (p™), p®) = (0,1); for @ we have p(® = 0; and for 9, we
use 0, = % — L0, to obtain

PO = —t/r. (7.4.3)

We now partition unity as follows: let x := Xcone b€ a smooth cutoff function
adapted to the region {t/2 < r < 3t/2}; let xin be supported in a slight
enlargement of {r < t¢/2} and let xou be supported in a slight enlargement of

{r > 3t/2}, such that these three sum to equal 1. Then

0 (p(1+0)8¢§m) =0 ((Xin + Xcone + Xout)p(1+0)a¢§m) )

By Proposition 7.3.7,

OXinp 00 <) S PFT P

and so we group this term with a similar term in (7.4.1). Similarly, by Proposi-
tion 7.3.7
a(Xoutp(l+U)a¢§m> 5 P(2+U)¢§m+2-

For the term in the support of xcone: if the derivative in front is 0;, we leave the

term alone; if the derivative is @, we use (7.4.2) to obtain p®*®) ¢, » and we
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group that term with a similar existing term in (7.4.1); if the derivative is 0, we

use 0, = % — L0, to write

ag g t g
87“ (Xconep(l+ )a¢§m) = P(2+ )¢§m+2 - ;at(Xconep(H_ )a¢§ﬂ1)
t
= P Pcpin — 0, <;Xcone,0(1+")(9¢<m)
1 (140)
+ ;Xconep a¢§m

which is of the form

t
P bcmin = O, (;Xconep‘”">a¢<m> '
We group this first term with a similar term in (7.4.1).

e (The second term in (7.4.1)) We partition unity as Yin + Xcone + Xous again, and

note that

XinBSmaQSSm S Xinp(1+a)|a¢§m| 5 Xinp(2+a)|¢§m+n|7

with the second bound following from Proposition 7.3.7; we group this term with
a similar term in (7.4.1). A similar bound holds in the support of xou, again
by Proposition 7.3.7, and we also group the resulting term with a similar term
in (7.4.1). For the term supported in Supp Xcone, we note that if the derivative
is angular, then we rewrite it in terms of the rotation vector fields to conclude

that the term Xcone B<m® d<m is of the form p(2+")¢5§m+2. If the derivative is 0,

XconeBSmatngm = at(XconeBSmgbgm) - at(XconeBSm)¢§m

and note that

at(XcorleB§1n) S <7’>727U
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240

by (7.1.3)’s assumption on 9, B, thus we may group this term with the p2+? ¢, o

term in (7.4.1). If the derivative is 0,, we obtain as usual a term of the form

P> popin and then a term of the form

t t t
_XconeBgm;at¢§m = at(_XconeBgm;¢§m) + at(XconeBgm;)¢§m'

We note that

t
at (XconeB<m_) S Xconep(2+o)
T

where we used (7.1.3)’s assumption on 9;B. Thus we group this term with a

similar term in (7.4.1). This concludes our rewriting of the equation.

Thus the extra analysis in supp Xeone is due to the derivative gaining only (u)~! more

decay than the original wave (recall the main estimate in Proposition 7.3.7).

The decomposition of ¢
We now write ¢; = Z?:l ¢; where

Uopr = Gi, G € P(2+U)¢§m+2

t
D(bQ = atGZ; G2 € XconeB§m¢§m + Xconehgma(bgm + _XconeB§m¢§m
" (7.4.4)

+ ;Xoonehgma(bﬁm
oz = Gz = F<pp.
In G, the terms without the ¢/r coefficient arise from terms with outside derivative
0y, and those terms with this coefficient arise from terms that originally having outside
derivative 0,; this was explained in the two items above. Henceforth the symbol n

may increase from each line to the next.
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Remark 7.4.2. From the perspective of obtaining upper bounds on ¢5 (see Lemma 7.4.5),
the presence of (f)”, n = 1 coefficients in Gy does not change the proof significantly
from the n = 0 case. Thus in the iterations below in Sections 7.6 and 7.7 the reader

may take n = 0 during a first reading.

Remark 7.4.3 ((Temporarily) reduced, irrational parameter o). To simplify the it-
eration, we shall reduce the value of o if necessary to be equal to some positive
irrational number less than the original value of . We do this to avoid the appearance
of logarithms in the iterations for ¢; and ¢, (see the decomposition (7.4.4)). We
take 0 < 0 < 1. In the sections spelling out the details of the iteration, namely
Sections 7.6 and 7.7, we explain how we reach the final decay rate in Theorem 7.1.1

(wherein the original value of ¢ is included in the final decay rate).

7.4.3 Estimates for the fundamental solution

We have the following result, which is similar to previous classical results, see for

instance [41], [8], [109], [114].

Lemma 7.4.4. Let m > 0 be an integer and suppose that 1 : [0,00) x R?* — R solves

Dw(t7x) = g<t7$)7 w(o) =0, 3#/1(0) = 0.

Define

2
ht,r) =Y [Qg(t,rw)| 2 (7.4.5)
=0

Assume that
h(t,r) < a€(2,3)U3,x), £>0 n>-1/2.
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Define

n—2, n<l

R
Il

-1, n>1

We then have in both {u > 1}, and {u < —1} in the case o + f+n > 3:

1
< -
Pt z) < e (7.4.6)
On the other hand, if a« + 5 +n < 3 and u < —1, we have
Y(t, ) < rPolethf), (7.4.7)

Proof. A detailed proof of (7.4.6) can be found in Lemma 6.5 of [60]. The idea is to
use Sobolev embedding and the positivity of the fundamental solution of [J to show

that

s [ phts.pldsdp, (7.4.8)
Dtr

where Dy, is the backwards light cone with vertex (r,t), and use (7.4.5).
Let us now prove (7.4.7), which was subject to the hypotheses a + 5 + 1 < 3 and
u < —1. In this case Dy, C {r—t <u' <r+t, r—t<p<r+t}and we obtain,

using that v’ < p and p 2 p+ s in Dy,

r4t r4t r+t
S / / (o)~ Pdp (u) 7w S / (Y2 B0 gyt < (¢ 4 )3t Bn)
r—t u’

r—t
where the final bound follows from the hypothesis that o + 3 + n < 3. This finishes

the proof because t + r < 2r when u < —1. O

For the function ¢, we will use the following result for an inhomogeneity of the
form 0,g supported near the cone. The result is similar to Lemma 7.4.4, except that

we gain an extra factor of (u) in the estimate.
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Lemma 7.4.5. Let ¢ solve

O =dg,  ¥(0)=0, 81(0) =0, (7.4.9)

< % < %} Let h be as in (7.4.5), and assume that

where g is supported in {%

\h| + |Sh| + |Qh] + (¢ — 1)|0h] < 2<a<3, n>-1/2

N
(r)e(uym’
Then in {u > 1}, and {u < —1} when o +1n >3

o
(r)(u)e+n’

Wt x) < (7.4.10)
Proof. Let @Z solve D@Z = g,@Z(O) =0, 8@5(0) = 0. In the support of ¢ we have

(t0; + x;0p)h S |Sh| + Q| + (t —1)|0,h|.
By Lemma 7.4.4 (with 5 = 0) applied to VQZ, Q@Z, Szz, and the fact

(W) S [V9]+1S9] + [9] + D [(t0; + 2:00) ]

the claim follows. O

7.5 r7 integrated local energy decay, and thus improved pointwise decay

for ¢Sm

In the following theorem and its subsequent application (Proposition 7.5.6) to the
pointwise decay problem at hand, we have in mind only an arbitrarily small v > 0.
This estimate was inspired by [24], but unlike the result in [24], we partition the

spacetime into ¢ = constant slices. See also [112] for a similar approach.
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Remark 7.5.1. While Theorem 7.5.3 and its proof can be read independently of
Section 7.4, we note that the subsequent application Proposition 7.5.6 does use a

result from Section 7.4, which is why we chose to place this theorem after that section.

Remark 7.5.2. In proving Theorem 7.5.3, for the small data problem the use of (7.3.7)
suffices to control the nonlinearity and finish the proof. This is because the bound
(7.3.7) then comes with a small factor, and we can immediately treat the nonlinearity
perturbatively by bounding four of the five functions in the nonlinearity using (7.3.7).1

Thus for instance, at the level of zero vector fields,

/ / ¢°(r" 0y + 17 1) dwdt < € / / 13?4+ 171 (0,0)? dudt
and thus we can absorb the interaction of the nonlinearity and the multiplier. In
contrast, for the large data problem this factor can be large; nonetheless the goal in
our proof’s strategy will still be to treat the nonlinearity perturbatively. To achieve
this, we make use of an inductive argument that takes advantage of the defocusing
nature of the nonlinearity. More precisely, even though the defocusing structure is lost
upon application of one or more vector fields to the equation, we are able to make use
of the zeroth-order r-weighted estimate (wherein no vector fields have been applied to
(7.1.2)) to prove higher order r-weighted estimates. Compared to the higher order case,
the zeroth-order case controls an additional type of term, namely the nonlinearity
term: see (7.5.5). The estimate (7.5.5) is then used to prove higher order estimates.
The idea is that control of some lower order norms allows one to treat the higher order

norm perturbatively.

4The reader is encouraged to compare this with the analysis in Remark 7.1.5 on the sextic
and higher powers and to see why this approach fails for the lower power nonlinearities (cubic and
quartic).
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Theorem 7.5.3 (The r” estimate). Let ¢ solve (7.1.2). Let v < 20,7 < 1 and let the

potential V' satisfy

V e S%(e/r?);

assume that the solution to this equation exists. Note that SZ(e(r)=2=1) C S%(e/r?)
for anyn > 0. Let Ty > Ty > 0.

For any integer m > 0, we have

Ay + E;SM(T2> SJH¢IIL5L10 E;<m(T1) + €||a¢§m||%E(T1,T2) + 6”82¢§m||%E(T1,T2) (7.5.1)

where the A, E norms are:

T
A'y,m = / / (¢§m)27’773 + ’5¢§m|27"771 dl’dt, 5 = (8,5 + ar, @) (752)
T R3

¢<m
=) (1) |22 ee),

1
E]_ (1) = 17772(D <, (D) + D, + §)¢Sm, -

where
I Cfro s f)ll =D e £l
j=1
Proof. Fix m > 0. Let |[J| <m. Fix 0 < T} < Ty. Let

i) -
Ay gi= / ¢33 4|04 *r7 " dwdt;
7 JR3

note that the m appearing in (7.5.2) denotes integers, while J here denotes multi-

indices, which distinguishes these two pieces of notation.

®Recall from the main theorem, Theorem 7.1.1, that the potential V lies in SZ(e(r)=27") with
1n = o, but we prove Theorem 7.5.3 for a slightly more general potential. The reader can verify that
the potential from Theorem 7.1.1 lies in S (e(r)~277) by combining the hypotheses mentioned in
(7.1.3) and (7.1.4).
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Integrating by parts, and recalling that d, denotes 0; + 0,

y—1
// Oy (17 0pps + 17 ¢y) du dt = // - (0us)*
[Tl ,TQ] xR3 [Tl ,TQ] xR3 2

- %(2 — ) Peul® - W_#Wﬁ dadt (7.5.3)
+/ —r’ { |3¢J|2 + 00005 + = ! ngathi]} dz
RS

e We now manipulate the boundary terms to obtain positive definite terms: we

have
/ —T’leﬁJat(defﬂ_/—T’yl@(av—ar>¢Jd$
R3 2 2 T
1
:/—r 1101 @y dx +/ / ~ 2 0.¢ s 12 drdw
SQ

:/—Wl@ Uqﬁjda:Jr/ / r7+1 8¢J drdw
S2

1 1
:/— —@ vgzﬁjdx—/ / i r7¢J drdw
52 Jo

1 1
:/_m_@ 0 d _a+ / ﬂdm
2 4 Jas

;

Thus,

— [ (3ol + jouen+ G 4 120 m)ﬂ s
— [ (oest + [y + 12+ 1200 + G+ DE) "

AN
— [ (WW [U¢J+‘§*’]+<}+g>%>T i

(7.5.4)

e We shall now prove by induction the claim that

/ (G )*r?dadt < C
Ry JR3
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where C' is a constant depending on the initial data. We make use of the

defocusing sign of the nonlinearity. We have

// & (113, + 1719 dadt = /R wgﬁf dv + // <§ - %) P10 dudt

Note that both terms are nonnegative for our range of small v (indeed any

v < 4). This implies (for our range of small )

/0 /R3 7710 drdt < oo (7.5.5)

(because T; and Ty were arbitrary); and it also establishes the claim for the base

case value m = 0.

Suppose that for some m > 0,

/ / (p<pm)?r?2dadt < oco.
o Jrs

Then, letting M¢; = r7(0,¢; + 1 '¢;) and |J| = m + 1,

/T " /R 3(¢5)JM¢dedt — / rO=V2N Gy - r D2 (%) dadt (7.5.6)
1

< / w—l((&,qﬁj)? + (r—1¢J)2) dedt  (7.5.7)

+§/W+1((¢5)J)2dxdt (7.5.8)

for some small ¢ > 0. We treat that term with the € factor perturbatively and

absorb it to the left-hand side. Then we note that:

— In the case when there is no single factor in the nonlinearity that has m + 1

vector fields falling on it, we have by (7.3.7)

[rr@nanr s [0 aoa ndt, A= oamsallien
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which is bounded by a constant depending on the initial data by the

induction hypothesis.

— If there is a factor with m + 1 fields falling on it, we return to (7.5.6) and

use (7.5.5).
1 1

/ ¢l g dadt < € / P4~ / ¢ < €A / Mg A / g
€ €

for some small € > 0. We again used (7.3.7). We absorb the small term to
the left hand side, and the other term is bounded by a constant depending

on the initial data, from (7.5.5).

e 1. Here, in dealing with the potential V', we assume only that V € SZ(er—2).

We have:

T
[ 1Venbenr™ @t + ) doit S ¢ [ locnl (00051 + |°2]) dde

7 JRr3 r r2
56/ (¢<m:)3:+ o5 n \01;1@2:’2 dedt
T T
SeA,
(7.5.9)

If Be SZ({r)~1798) and 205 > 7v:

/ / B amt™ 6y |dudt < / PV
7 Jrs T - (ryttos 7=

1 |0 < |? _
< - | IErsmb =342 (7.5.10
s s e [ 15
< 1 2
~ E||¢SmHLE1(T1,T2) + GA%J

The bound on [ |B<;,0¢<mr?| - |0¢|dzdt is similar.

If B € S7(e(r)~'777) then this is bounded by €||0¢<mnl|7 gz, 1) + €Ay,
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2. We consider now all of the terms that involve the metric h*?. We may

schematically write this as

|91

[10n000cu] + 6 (22 + 0,6, e

where |J| = m.

¢4

Ts
| [ (0hendocnl + IhentPocr (22 + 10,6, s
T R3

<e/ L (18| + 1P Dem]) (Ir265] + 10uby]) dudt

<) T
rie =
S E/W (100<m| + [0 0<ml) <= (Ir~" ¢yl +1000.4]) dwd

1
S 6/ <T>2+2a7ﬂ+1 (|a¢§m’ + ’82¢Sm‘)2 dudt + €Ay

S €||8¢Sm||%E(T1,T2) + EHaQQbSm”%E(Tl,Tz) + €A, s if 20 >y

(7.5.11)

which we can control using (7.2.9) if we assume 20 > .

Taking the sum of (7.5.3), (7.5.4) and (7.5.9) to (7.5.11) over all |J| < m, i.e.
> gj<m ((7:5.3), (7.5.4) and (7.5.9) to (7.5.11)), and taking into account our argument

for the nonlinear terms as well, we get

Aym + B} (T) S Ej_ (0) + €lld<mllip iz 1) + €10 b<m L 1)

[]

Thus we used Section 7.1’s assumptions to obtain finiteness of the local energy

norms ||¢<m||Le1 (v, xrs), and now we have, in particular, showed that
| (e dndt £ B 0) + 10601 (O < Co
0o Jr3 =
where Cj is a constant depending only on initial data.
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Remark 7.5.4. The small factor € in the €|[(Od<, 0*d<pm)||?  terms of (7.5.1) will not

be needed or used in the rest of the chapter, and instead reflects the fact that we

assumed that P was a small perturbation of [J.

Lemma 7.5.5. Let vy := (s + p) where (p,s) € Dy.. Then

HU—;1HL2(D§3€R1) S L,

1
-1 (u) \ 2
HU+ ||L2(D§ER2) SJ ( R ) :

Proof. (7.5.12) and (7.5.13) follow from Lemma 7.4.4.

(7.5.12)

(7.5.13)

O

Proposition 7.5.6 (Application of the 77 estimate). Let ¢ solve Py = ¢°. Assume

the hypotheses on v in Theorem 7.5.8 and also (7.1.3).

(7.5.14)

(7.5.15)

Remark 7.5.7. If v > 1, then for u < —1 this theorem would instead conclude

(63)<m S Huy=207D,

Proof. o Let u > 1. We now show

2
/D pH3 dA S <U>1/27’Y/2, H3(t7 T) = Z HQk((bS)Sm(ta TW)HLQ(SQ)'
tr k=0
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We have

I,

tr

1
p |p<minllz2(s2) dA
DR < >2| =m (5%

s+ p

1
< / L b crminll ooy dA
Dfi U+ (7.5.16)

S ||U;1HL2(D§)||¢§m+n”L%,s,w

1 1

—1 —
S vl op) - 7=z

where () is a constant depending on the initial data. The first line follows by

(7.3.7). The last line follows by Theorem 7.5.3 because

[ 1ocmmnlPiodsap ~ &2 [ [ (6l Pdudsdp
DR Jsz DR Js2
~RP?R707Y / |<mnl 072 p dwdsdp.
DR Js2
1. Let RHS denote “the right-hand side of.” By Lemma 7.5.5,

Y RHS(7.5.16) < (u)'/>?, v € (0,1).

ReR1
2. Fix R € R,. By Lemma 7.5.5 we have

1
2 1 1

RRO32 (up! 2R,

s 510 < ()

Then we have

> RHS(7.5.16) < ()72, valid for 7 € (0, 00).
RER2

This finishes the proof of (7.5.14).
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o Let u< —1.
—1 3—
/ pH3dA < / ,O%HQSSm—&—nHLE ’PT7||¢§m+nH4LgO dA
Dtr Dtr

%
NE& (/ Pg_vH¢<m+n”8LB°dA>

< (r') )

Y

where (1 is a constant depending on the initial data (and on ||¢|| 15110, but recall
that Remark 7.2.9 was made). The second line follows from Theorem 7.5.3

because
/ pt / |G<imsn|*dwdsdp = / p? / |G<mn|*p?dwdsdp
Dtr §2 - Dtr SQ B
< (C1)* by Theorem 7.5.3.

The third line follows from (7.3.7), Lemma 7.4.4 and the assumption v < 1.

[]

Remark 7.5.8. Alternatively, by Theorem 7.5.3 and Lemma 7.3.2 (the latter applied

to CF) we conclude that
o<mll e (cmy S TR (7.5.17)

This can be used to provide an alternate proof of the iteration in Section 7.7 below.

7.6 The iteration in {u < —1}

Theorem 7.6.1. Ifu < —1, then

¢Sm < <T>71<u>717min(a,2)’

~Y

Here o denotes the original value of o taken from Theorem 7.1.1.
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Proof. We begin with the bounds in (7.3.7) and Propositions 7.3.7 and 7.5.6, which

in the outside region translate to

1/2 1
G<min S <12"> ;o 00<min S W; G<min S (1)

(7.6.1)

For simplicity, we shall use the first (far left) ¢<,,1, bound for ¢; and the other (far

right) ¢<,4n bound for ¢3. Since (u) < (r), (7.6.1) can be weakened to

1 1 1
P<min S SYE OP<min S Py P<min S OREEE (7.6.2)

Recall the decomposition (7.4.4), and let

H;, = Z Q8 (G <n(t, 7w0) || 282
Let o denote the reduced, irrational number mentioned in Remark 7.4.3 until
stated otherwise. We thus have, using (7.6.2):

1 1 1
- Ho < — — Ho < —— —
(r)ys/2+o” OpHy (r)3/2+0 (4’ 3~ (r)5/2+5/2y°

H, <
By (7.4.7) with « = 5/2+4 0, =0, and n = 0, we obtain

(¢1)<m+n ~ T_1/2_0

which gains a factor of ()~ compared to (7.6.2). Similarly (7.4.7) with a = 3/2 + o,
B =0, and n =1 yields
(¢2)§m+n S rot/2e

Finaly, (7.4.7) with a =2+ 2+, = 0,7 = 1/2 yields

(¢3)<m+n ~ 71/272’\/'
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The three inequalities above, combined with Proposition 7.3.7, give the following

improved bounds (by a factor of (r)=?" where o’ := min(2y, 0)).

1 1

G<min S W, 0b<min S m (7.6.3)

We now repeat the iteration, replacing o by a + ¢’ and applying (7.4.7). The

process stops after LQ%‘,J steps, when (7.4.7), combined with Proposition 7.3.7 yield

1
¢§m+n SJ TN a¢§m+n S

5 Sy (7.6.4)

We now switch to using (7.4.6) for ¢; and ¢3, and (7.4.10) for ¢. Note that (7.6.4)

implies

1 1 1
<7a>3+cr’ Hy S <7n>2+0’ Hs S 7\5 "

()

H 3

By (7.4.6) with « =2+ 0, § =1, and n = 0, we obtain

(D) <man ST7Hu)™7

Similarly (7.4.10) with & = 2+ o, and n = 0 yields

(P2)<mn S rt (u)=?

Finally, (7.4.6) with o =5, =0, and 1 = 0 yields

(63)<m+n ST (u) ™

We now repeat the iteration. We can continue improving the decay rates of ¢; and

¢ all the way to

(@1)<m, ($2)<m S 77Hu) 777 (7.6.5)



For ¢3, we note that after the bounds (¢1)<pmin, (02)<min < 77 H{u)™Y/5~ are obtained,

we have
(¢3)Sm+n SJ T_1<u>_3' (766)

By (7.6.5) and (7.6.6) we now have, for the original value of o from Theorem 7.1.1,

1 1 1
0SS ————+— HS+—————— H3S———.
b ()3 () 1 2 ()2t (y) 1+ S s )i+
Using (7.4.6) and (7.4.10) now completes the proof. O

7.7 The iteration in {u > 1}

7.7.1 Converting r decay to t decay

The pointwise decay rates for the solution and its vector fields obtained from the
estimates for the fundamental solution (see Section 7.4.3) are by themselves insuffi-
cient for completing the iteration. We show below that if the (r)~! decay from the

fundamental solution is converted into (¢)~!, then the iteration does work.

Outline of the entire conversion argument

First we note that in this proof we can assume that ¢ is supported in C’; 3T/ 4, because
we can control the commutator [P, x| adequately where y is a cutoff function adapted

to the region C’; /4, Next, by the embeddings proved earlier in Proposition 7.3.5,
|6<mll oozt S T2 dmnll g gzomsny-
By Theorem 7.2.7, this is bounded by
T2 || d<mtnllp g gzsrrny S T 2106 (T)] 2.
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By a certain averaging process which we write out below,

_1 _
T 2||a¢§m(T)||L§ ST 1||8¢Sm+n|lL%t[T,2T]‘

By a Morawetz multiplier argument in Lemma 7.7.1, we obtain

T 100<nliz, < (Z 17300 <) 12 + 1 ><P¢>gm||Lg,t) .

By another averaging process,
[r)206<n(GT) 2 S T311{r) 300 <mlliz, + T2 [1(r) 1506 <mlliz,, € {1,2}.
Hence
TY00<mlliz, ST (T 1) 00z, + T~ H 1) 00l
+ 1) (Po)mllzz, ) (7.7.1)

7 (I ocmralleen + 10} (PY)<mllzz )

where

T=3[(r)3806<mllz2, S (r)d<mnllLe
because we commute 0 and S, pass from the L? norm to the LE' norm, and in
the support of ¢, (r) < T; on the other hand, for small r values we absorbed
T4 ||(r)i Ol 12, into the left-hand side of (7.7.1), which completes our explanation
of (7.7.1).

In summary,

9<mllozimry S T (10 0zminllis + 1) (PO)<mlliz,)

In the sequel, first we record the aforementioned Morawetz multiplier argument, and
then we prove Lemma 7.7.2, which is a more detailed version of the outline just

provided.
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Lemma 7.7.1. Suppose that ¢ satisfies the bound proved in (7.2.3), thus

@<l LEr(1xR3) Smaligll s 1p10 3y, 10P<m (T2l L2(w3), I =1, T;]. (7.7.2)

Then for all 0 < T7 < Ty, we have

2

IVead<mll 2cm) Y2V abcm (Tl + 1) (P) <ol 22- (7.7.3)

j=1
Proof. We demonstrate the case m = 0 first for simplicity. We multiply the equation
by rd,¢ + ¢ and integrate by parts in [T}, Ty] x R3. There is a number ¢’ > 0 such
that
/ Vet + O((r) ™) [Viwdl® + O((r) @6 + O((r)=>7) || dudt
S [ 0DVt @) + 0 om0 s+ [ (oo
j=1
+ |(Po)o| dxdt

2 | 0NN o(T o) de+ [ 1r(Po)0,0] + (Pe)o] dod

(7.7.4)

with the last statement following by a version of Hardy’s inequality. Next, by Cauchy-

Schwarz and Hardy’s inequality we can bound all the terms involving P¢ by
1 2 / 2
POl + €100 2o

By using the positivity of ¢’ on the left-hand side of (7.7.4) for large |x| values, and

using (7.7.2) for small |x| values, we can then obtain

2
Hvt,mﬁbHLQ[ThTﬂLz rs Z ||<r>1/2vt,ac¢(Tj)HL2 + |I<T>P¢“L2[T1,T2]L2‘ (7°7'5>
j=1
(7.7.5) implies (7.7.3) for m = 0.
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(The higher multiindex case) We now prove (7.7.5) but for ¢, J # 0. We have

Poy = (Po);+O((ry ")\, o<+ O(r) 2 e g1

We multiply this by 70,¢5 + ¢;. Then we integrate in [T}, Ty] x R3. The rest of the

proof is then similar. n

Thus for the small data case, for instance,

2
[Vea<mllpaiemy < D 1) *Frabam(T)llze.
j=1

This follows by (7.3.7): one can take the ||(r)(P¢)<p||r2 term in (7.7.3) and bound it

as follows

1) (6”)<mllzz S €11(t) ™ d<mllr2

S EN10rd<ml| 2

for some sufficiently small ¢ > 0, so we absorb this term to the left-hand side of

(7.7.3).

Lemma 7.7.2. Assume that ¢ satisfies (7.7.2). Then

_ _1
||¢§m||LE1(C;3T/4) ST 1||<T>¢Sm+n||LE1(C;3T/4) + 712 H<r>(P¢)§m+n||L2(c;3T/4)'

Proof. Fix a dyadic number 7. Recall (7.2.3), which states that we have ILED for
vector fields. We may assume that ¢ is supported in C’T< ST/ hecause we can control
[P, x], where x is a purely spatial cutoff localised to the interior region {r < 3t/4}, in

the LE* norm. We need not perform any cutoffs in the time variable.
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Let m > 0. Let y(12)(t') denote an integral curve of S, parametrized by unit speed,
such that ' = 0 corresponds to the point (7,z). By the fundamental theorem of

calculus and Cauchy-Schwarz, we have

1 T
Viab<m(T,2)* < f/o [(Vead<m) Ve ()P + [(SViad<m) (Ve (¢))1* dt’

(7.7.6)
A similar bound holds for t = 27T". Thus, after we integrate in x, we control the energy

terms by
T_1/2||8¢Sm+n”L?’I'
By the fundamental theorem of calculus and Cauchy-Schwarz we have
1) 200 < (T) 122 S TV bkl + T2 () b o

and similarly for the t = 27" energy norm. We decompose

1) 4V eaillze = D IR Visd<illzgnry

R<T

and note that for all large R,

| R4V b <illizgmm S 1) dcinllm

while for all sufficiently small R, we may absorb this to the left-hand side. The proof

is complete. O

The next proposition uses Lemma 7.7.2 to obtain better pointwise decay for ¢<,,

in the region {r < t/2}.
Proposition 7.7.3. Let ¢ solve (7.1.2). Let 6 > 0. Assume that

Gntlreaya S )W) P benglienya S )T )T > 1 (7.7.7)
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for an M that is sufficiently larger than m. Then we have
Sl orsn S (1) Hu) /2
T
Proof. By Proposition 7.3.7 and (7.7.7),
T (M é<minllier ST ¢<msnllie ST, q=nd.
Fix n > 1. For Ag_;, we use the latter bound in (7.7.7) to obtain
1(6%) <mtnllr2raryzzcanayy S T72720702

For Ag, R > 1, we use the (t)~(u)"/2=("=1% bound and the (r)~'(u)!/>~ bound in

(7.7.7) in a three-to-two ratio (respectively). This yields, for R > 1,

_1 1
T2 |[{r) (") <mnll2qromyrzcany) S )2 (0°) <mnll 2 2m1ir2an))
< HRl/?(R—lTl/Q—q)Z(T—l/Q—q+6)3H
< (T—10n5+65)%

— T—5n6+36

Therefore Lemma 7.7.2 implies, after the dyadic sum,

H(bﬁm “LEl(C;STM) 5 T

and the conclusion now follows by Lemma 7.3.2. O

7.7.2 The iteration
Theorem 7.7.4. If u > 1, then
Gm S (v) " Hu) 7t D),
Here o denotes the original value of o taken from Theorem 7.1.1.
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Proof. As before, we begin with the bounds in (7.3.7) and Propositions 7.3.7 and 7.5.6,

which in the inside region translate to

()" ! Ol
¢§m+n S <t> ) a¢§m+n 5 W? ¢§m+n S T

(7.7.8)

where again for simplicity we use the far left ¢<,,+, bound for ¢; and the far right
®<m+n bound for ¢s.
Let o denote the reduced, irrational number mentioned in Remark 7.4.3 until

stated otherwise. We thus have, using (7.7.8):

(w)'/? 1 ()32 ()12
(r)2to (t)’ O Hy < (ryi+e (¢) (u)1/2’ H; S 0k < T

H, <
By (7.4.6) with « =2+ 0, § =1, and n = —1/2, we obtain
(D1)<min S (1) u)'*7
Similarly (7.4.6) with « =2+ 0, § =0, and n = 1/2 yields
(¢2)<min S (1) {u)'*7
Finally, (7.4.6) with o =0, 5 =3+ 5y/2, and n = —1/2 yields
(63)<min S (r) " (u)!/27>07
The three inequalities above give
Smin S (r) W) 77, o’ i= min(2y,0).

By Proposition 7.7.3 we obtain the following improved bounds (by a factor of (u)~7"):

<U> 1/2—0'

1
P<min S T, Ob<min S W (7.7.9)
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We now repeat the iteration, replacing n by n + ¢’, applying (7.4.7) and then
improving decay in {t/r > 2} by Proposition 7.7.3. The process stops after LZLJ,J
steps, when (7.4.6) and Proposition 7.7.3 yield

1 1

<mn§_a a<mn§—‘
|¢_ + | <t> | ¢_ + | <7"><U>

(7.7.10)
At this point we switch to using (7.4.10) for ¢,, and the iteration process follows
the same pattern as in Section 7.6, with the extra use of Proposition 7.7.3. Like before

in Theorem 7.6.1, we make the final iterate involving the original value of o from

Theorem 7.1.1. ]

7.8 Other integral powers p € N>, \ {4}

Remark 7.8.1 (Other integral powers p € N>y \ {4}). For ¢ solving P¢ = G35 with
Gs = |9P¢, p > 5 with large initial data

or
G3 = +¢P™,  p > 5 with small initial data

we remark that if global existence holds for the large data case (as this is clear for the
small data case), then just by the initial global decay rate (7.3.7) alone, the decay rates
in Proposition 7.5.6 are immediately achieved for some 7 (and hence there is no need
to prove Theorem 7.5.3), and letting ¢5 solve Op3 = G5 as before in Section 7.4.2, the
iterations in Sections 7.6 and 7.7 follow nearly verbatim, with the natural modification

that in the end we reach the final decay rate

(03)<man S 7“’1<u>’(p’1), for u < —1, (03)<man S v’1<u)’(p’l), for u > 1.
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Thus

¢Sm < <U>fl<u>7min{l+a,p71}'

~

We explain this modification: One way to view the estimates for the fundamental
solution in Lemmas 7.4.4 and 7.4.5 is that they involve integrating in the v and u
directions. For nonlinearities that are O(|¢|P™), in the relevant domain Dy, for the
spherically symmetric model (which majorizes the solution ¢ by the positivity of the
fundamental solution in three space dimensions), they are bounded along the p + s
direction by O((p + s)™P') and since the integration involves one power of p (see
(7.4.8)), near the cone {p =~ s}, this is an integral of p(p + )71 = O((p + s)7?),
which integrates out to «7P*!; on the other hand, integrations in the other null (p — s)
direction do not gain after a certain number of steps, and so this explains the final
—p + 1 exponent above.
For ¢ solving P¢p = G3 with
Gs =90

with large initial data, we remark here that if global existence holds and if Proposi-
tion 7.5.6 holds with v > 1, then the iteration also follows Sections 7.6 and 7.7 nearly

verbatim, and we reach the final decay rates

(03)<min S r_l(u>_1 for u < —1, (03)<man S v_l(u)_l foru>1

and thus
P<m S (V) Hu)
Similarly we have global existence for P¢ = £¢? with small initial data, and if we

had Proposition 7.5.6 with v > 1 then this remark holds as well.
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For ¢ solving P¢ = (3 with
Gy = +¢?
with small initial data, if we had Proposition 7.5.6 with v > 1/2 then after setting

Ugs = G5 in Section 7.4.2, the iterations in Sections 7.6 and 7.7 also hold nearly

verbatim and we reach
(¢3)Sm+n 5 <U>_1<u>_2'
thus

¢Sm S <U>71<u>7min{1+a,2}.

Copyright© Shi-Zhuo Looi, 2023.
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