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ABSTRACT OF DISSERTATION

g-Polymatroids and their application to rank-metric codes.

Matroid theory was first introduced to generalize the notion of linear independence.
Since its introduction, the theory has found many applications in various areas of
mathematics including coding theory. In recent years, g-matroids, the g-analogue of
matroids, were reintroduced and found to be closely related to the theory of Fm-linear
rank metric codes. This relation was then generalized to g-polymatroids and F,-linear
rank metric codes. This dissertation aims at developing the theory of ¢-(poly)matroid
and its relation to the theory of rank metric codes.

In a first part, we recall and establish preliminary results for both ¢-polymatroids
and ¢g-matroids. We then describe how linear rank metric codes induce ¢g-polymatroids
and show how some invariants of rank-metric codes are fully determined by the in-
duced g-polymatroid. Furthermore, we show that not all g-polymatroids arise from
rank metric codes which gives rise to the class of non-representable ¢-polymatroids.
We then define the notion of independent space for g-polymatroids and show that
together with their rank values, those independents spaces fully determine the g¢-
polymatroid.

Next, we restrict ourselves to the study of ¢g-matroids. We start by studying the
characteristic polynomial of g-matroids by relating it to the characteristic polyno-
mial of the projectivazition matroid. We establish a deletion/contraction formula for
the characteristic polynomial of g-matroids and prove a g-analogue of the Critical
Theorem.

Afterwards, we study the direct-sum of ¢g-matroids. We show the cyclic flats of the
direct sum can be nicely characterized in terms of the cyclic flats of each summands.
Using this characterization, we show all g-matroids can be uniquely decomposed (up
to equivalence) into the direct sum of irreducible components. We furthermore show
that unlike classical matroids, the direct sum of two representable g-matroids over
some fixed field is not necessarily representable over that same field.

Finally we consider g-matroids from a category theory perspective to study the
theoretical similarities and differences between classical matroids and g-matroids. We
show the direct sum of g-matroids is a coproduct in only one of those categories which
stands in contrast to categories of classical matroids. We conclude by showing the



existence of a functor from categories of ¢g-matroids to categories of matroids which
provide an alternative method to study the former categories.
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Chapter 1 Introduction

Rank-metric codes — originally introduced by Delsarte [18] and later independently
re-discovered by Gabidulin [21I] as well as Roth [43] — have been in the focus of
algebraic coding theory throughout the last 15 years thanks to their suitability for
communication networks. Their coding-theoretic properties have been studied in
detail, and various constructions of optimal codes, such as MRD codes, have been
found. For details we refer to the vast literature.

In this dissertation we focus on the algebraic and combinatorial aspects of rank-
metric codes and study them with the aid of associated g-polymatroids. We will focus
on linear rank-metric codes, that is, subspaces of some matrix space F;*™, endowed
with the rank metric. On various occasions we will consider F,m-linear rank-metric
codes, that is, codes that turn into Fm-subspaces of .. under a suitable identification
of Fy*™ with Fi.. Not surprisingly, the algebraic and combinatorial properties of a
rank-metric code depend on the ‘degree of linearity’.

In [36] Jurrius/Pellikaan introduce g-matroids and show that F m-linear rank-
metric codes give rise to g-matroids, thus providing a vast variety of examples of ¢-
matroids. As the terminology indicates, g-matroids form the g-analogue of matroids:
instead of subsets of a finite set one considers subspaces of a finite-dimensional vec-
tor space over a finite field. Furthermore, similarly to classical matroids there are
various ways to define g-matroids, called cryptomorphisms. A large collection of
cryptomorphisms is presented in [I1]. In [I1] (and the precursor [10]), Byrne and
co-authors considerably extend the list of cryptomorphic definitions. As has been
shown in [10} 111, 36], the theory of ¢-matroids nicely parallels the theory of matroids.
It should be noted that g-matroids appeared already much earlier in the Ph.D. thesis
[14] but remained unnoticed in the coding community until [36].

While Fym-linear rank-metric codes give rise to g-matroids, this is not the case for
[F,-linear rank-metric codes. However, as shown by Gorla and co-authors in [29] as
well as Shiromoto [44] and Ghorpade/Johnson [22], F -linear rank-metric codes induce
g-polymatroids. This means that the rank function attains rational values. As for
classical polymatroids this seemingly slight generality in the rank function causes g-
polymatroids to be much less rigid than g-matroids. An even further generalization
appears in [7], where Britz and co-authors study ¢-demimatroids associated with
rank-metric codes.

Since their reintroduction, much progress was made in the theory of ¢-(poly)matroids,
see 9] 13, 26], 23| 241, 27, 25, 33], 34] amongst others. This dissertation aims to develop
the combinatorial and algebraic theory of ¢-(poly)matroids and establish new relation
with the theory of rank metric codes. The content of the dissertation is separated in
five chapters as described below.

In Chapter [2| we introduce the notion of g-polymatroids and provide preliminary
results regarding the combinatorial structure of those objects. We then recall how
rank metric codes induce g-polymatroids and study their relation. We for example
show that the generalized weights of a code are fully determined by the flats of the in-



duced ¢-polymatroid and that deletion and contraction of g-polymatroids correspond
to puncturing and shortening of rank-metric codes. Finally we consider the question
of representability of ¢g-polymatroids. That is, a ¢g-polymatroid is representable if it
is induced by a rank metric code. We will show several example of ¢-polymatroids
that are not representable.

In Chapter (3] we introduce the notion of independent space of g-polymatroids
and study their properties. We show that our notion non-trivially generalizes the
notion of independent space for g-matroids. We furthermore prove the collection of
independent spaces of a g-polymatroid satisfies the same axiomatic properties than
the independent spaces of ¢g-matroids. However, unlike the latter, we show the inde-
pendent spaces of g-polymatroids fully determine the ¢g-polymatroid, if the rank value
of those spaces is also considered. This characterization provides a cryptomorphic
definition for g-polymatroids. We conclude the chapter with a study of the spanning
spaces of g-polymatroids and how their properties differ from those of spanning spaces
of g-matroids.

In the remaining of the chapters, we restrict ourselves to the study of g-matroids.
In Chapter 4] we study the relation between g-matroids and classical matroids via
the intermediate of the projectivization matroid, introduced in [34]. The latter is a
matroid defined on the projective space of the groundspace of the g-matroid together
with a suitable rank function. A g-matroids and its projectivization matroid share
a similar flat structure. Therefore we can use well-known results from classical ma-
troid theory to study invariants of ¢g-matroids that depend only on the flat structure
such as the characteristic polynomial of g-matroids. We use this to establish a dele-
tion/contraction formula for the characteristic polynomial of g-matroids and prove
a g-analogue of the Critical Theorem. The latter establishes a further connection
between [Fym-linear rank metric codes and g-matroids. In fact, it shows that given a
rank metric code, one can determine the number of ¢-tuples of codewords with given
support by evaluating the characteristic polynomial of a contraction of the g-matroid.

In Chapter [B] we investigate properties of the direct-sum of g-matroids, an oper-
ation between g-matroids established in [I3]. We first study the rank function of the
direct-sum and provide several equivalent ways to define it. Furthermore we show
that the cyclic flats of the direct sum can be nicely characterized in terms of the
cyclic flats of each summands. This in turn, allows us to show that every g-matroid
can be uniquely decomposed (up to equivalence) into the direct sum of irreducible
g-matroids. The latter are precisely the g-matroids that can’t be written as the direct
sum of two “smaller” g-matroids. We conclude the chapter by studying the repre-
sentability of the direct sum. For classical matroids, it is known that the direct sum
of two representable matroids over a fixed field is also representable over that same
field. However, this does not hold true for ¢-matroids. We provide examples of this
fact by using the notion of paving ¢-matroids.

Finally in Chapter [0] we introduce several types of maps between g-matroids, such
as g-weak and ¢-strong maps. The former type of map preserves the rank structure of
g-matroids whereas the latter preserves the flat structure. We use those maps to study
g-matroids from a category theory approach. This approach allows to bring forward
the similarities and differences between classical matroids and their g-analogue. We



show a coproduct always exist in only one of the categories introduced. The category
in question is that of g-matroids where the morphisms are linear g-weak maps where
the coproduct is the the direct sum introduced in [I3]. This holds in contrast to
categories of matroids as a coproduct also exist when the maps between matroids are
strong maps. Finally, we show the projectivization map is a functor from categories of
g-matroids to categories of matroids. This functor provides an alternative approach to
study maps between g-matroids. In fact it allows us to show an equivalent definition
for g-strong maps and show that ¢-strong maps are also g-weak.

Notation: ¢ is a prime power, F = F, is the finite field of order q. E is a
finite dimensional vector space over F and L(FE) is the collection of subspaces of
E. A k-dimensional subspace is sometimes referred to as a k-space. The subspace
generated by z1,...,2; € E is denoted by (xi,...2;). We write U < V if U is a
subspace of V and U < V if U is a proper subspace of V. Given G € F™*™, we
use rowsp(G), colsp(G) to denote the row space and column space of G respectively.
Furthermore we use the abbreviation RREF for reduced row echelon form. The
standard basis vectors of F" are denoted by ey, ..., e,.

Let [n] = {1,...,n} and for some finite set S we denote its collection of subsets
by 2. Finally ¢g-matroid are denoted by script letter, i. e. M, N whereas classical
matroids are denoted by capital letters, i. e. M, N.

Copyright© Benjamin Jany, 2023.



Chapter 2 An introduction to ¢-(poly)Matroids and their application.

In this chapter, we first introduce the notion g-polymatroids and ¢-matroids and es-
tablish some basic properties. We then introduce and study several classes of spaces
of g-(poly)matroids. Afterwards, we proceed to relate the theory of g-polymatroids
to the theory of rank-metric codes. We show how rank-metric codes induce g-
polymatroids and how the two theory relate to one another. Finally we discuss the
notion of representable g-polymatroids and show that not all g-polymatroids arise
from rank-metric codes. Results from this chapter also appear in [24] and [27].

2.1 Preliminaries on ¢-Polymatroids.

g-Polymatroids can be seen as the g-analogue of polymatroids and as a generalization
of g-matroids [36]. The following definition is from [29] Def. 4.1] of Gorla et al., with
the sole difference that we require rank functions to assume rational values.

Definition 2.1.1. A g-polymatroid (¢-PM) on E is a pair (E, p), where p : L(E) —
Q>0 satisfies

(R1) Dimension-Boundedness: 0 < p(V) < dimV for all V € L(E);
(R2) Monotonicity: V< W = p(V) < p(W) for all VW € L(E);
(R3) Submodularity: p(V + W)+ p(VNW) < p(V)+ p(W) for all VW € L(E).

The function p is called a rank-function, for all V- < E the value p(V') is called the
rank of V' and the value p(FE) is called the rank of the q-PM.

¢-PM is a generalization of the notion of ¢g-matroid as defined in [36]. In fact, the
latter can be defined in the following way.

Definition 2.1.2. A ¢-PM M = (E,p) for which p(V) € Ny for all V € L(FE) is
called a g-matroid.

Because of the above, all notions introduced in this section apply to both ¢-
matroids and ¢-polymatroids. Later on we will restrict ourselves to the study of
g-matroids which have a more rigid structure then that of ¢-PM. The following addi-
tional notions for ¢-PMs will be useful.

Definition 2.1.3. Let M = (E, p) be a ¢-PM. A number p € Q- is a denominator
of p (and M) if up(V') € Ny for all V € L(E). The smallest denominator is called the

principal denominator. We declare 1 the principal denominator of the trivial q-PM.

Let us relate our definition to the literature. First of all, a g-matroid in the sense
of Jurrius/ Pellikaan [36] is exactly a ¢g-matroid as defined above. Next, as already
mentioned, our definition coincides with that in [29] Def. 4.1] by Gorla et al. except



that our rank functions take rational values. As we will see in Section [2.3] this is
indeed the case for the ¢-PMs induced by rank-metric codes. Finally, for any » € N
a (q,r)-polymatroid as in [44, Def. 2] by Shiromoto can be turned into a ¢-PM with
denominator r by dividing the rank function by r. Conversely, given a ¢-PM (E, p)
with denominator p, then (E, up) is a (g, [p])-polymatroid in the sense of [44]. As we
will see in [3, denominators will play a crucial role in defining the independent spaces
of ¢-PMs.

Remark 2.1.4. (1) Every denominator p of a ¢-PM (E, p) satisfies p > 1. Indeed,
by (R1) p(V') <1 for all 1-spaces V', and by (R3) p is the zero map if and only
if p(V)) =0 for all 1-spaces V.

(2) Let (E,p) be a non-trivial g-PM. For V. € L(E) write p(V) = ay /By with

ay, By € N relatively prime. Then the principal denominator is given by

_ lem{py | V € L(E)}
H= ecd{ay |V € L(E)}

and puN is the set of all denominators of (E, p).

We now define the notion of loop and loopspace for ¢-polymatroids. They will be
used throughout the dissertation.

Definition 2.1.5. Let M = (E, p) be a g-matroid. A 1-dimensional space V < E is
a loop of M if p(V) =0.

Lemma-Definition 2.1.6. [36, Lemma 11] Let M = (E, p) be a g-matroid,
{(w), ..., (vs)} be the collection of loops of M and L =Y. (v;). Then p(L) = 0.
The space L the loop space of M.

The following g-matroids will occur throughout the dissertation. They can also
be found at [30, Ex. 4]. One easily verifies that the map p is indeed a rank function.

Example 2.1.7. Let E a vector space over F, and dim E' = n. Fiz k € [n] and define
p(V) = min{k,dim V'} for V€ L(E). Then (E,p) is a g-matroid. It is called the
uniform g-matroid on E of rank k and denoted by Uy, (q), or Up(E). Furthermore
the g-matroid Uy (q) is called the trivial ¢g-matroid and U, ,(q) is called the free
q-matroid.

Some of the basic properties for g-matroids derived in [36 Sec. 3] hold true for
¢-PMs as well. We spell out the following ones, which we will need later on. The
proofs are identical to the ones in [36, Prop. 6 and 7].

Proposition 2.1.8. Let (E, p) be a q-PM.

(a) Let V.W € L(E). Suppose p(V + (x)) = p(V) for allx € W. Then p(V +W) =
p(V).

(b) Let V. € L(E) and X,Y € L(E) be 1-spaces such that p(V) = p(V + X) =
p(V+Y). Then p(V+X +Y)=p(V).



The following notion of equivalence is from [29, Def. 4.4].

Definition 2.1.9. Two q-PMs M; = (E;,p;), i = 1,2, are equivalent, denoted by
My =~ M, if there exists an F-isomorphism o € Homy(E1, Ey) such that pe(a(V)) =
p1(V) for all V € L(Ey).

At this point we want to briefly discuss a more general notion of equivalence for
q-PMs.

Remark 2.1.10. Two q-PMs M; = (E;, p;), i = 1,2, are scaling-equivalent if there
exists an F-isomorphism o € Homg(E1, Esy) and a € Qo such that ps(a(V)) =
ap1 (V) for all V € L(Ey). This notion makes sense for q-PMs because there exist
non-trivial g-PMs that do not attain the upper bound in (R1) non-trivially. We briefly
elaborate. Let us call a ¢-PM M = (FE,p) exact if there exists some nonzero space
V € L such that p(V) =dimV. Clearly, a non-trivial q-matroid is exact, but there
exist non-trivial non-exact g-PMs; see Example in the next section. It follows
immediately from the submodularity in (R3) that a g-PM M = (E, p) is exact if and
only if there exists a 1-space V' such that p(V') = 1. This implies that any denominator
of an exact qg-PM is an integer. One can turn a non-exact q-PM (E, p) into an ezact
one using scaling-equivalence. Indeed, suppose p(V') < dimV' for all V € L(E) \ 0.
Let a = max{p(V)/dimV | V € L(E)\0}. Then a € Qo and there exists V € L(E)
such that a = p(V)/ dim V. Thus (E,a™'p) is an exact q-PM.

We now introduce the dual ¢-PM. It is a straightforward generalization of duality
of matroids based on the rank function (see, e.g. [39, Prop. 2.1.9]), but requires
more details when replacing set-theoretic complements by orthogonal spaces. Since
we define ¢-PMs over arbitrary ground spaces, we need to specify a non-degenerate
symmetric bilinear form, and, not surprisingly, the dual rank function depends on the
choice of this form. But as we will see, different forms lead to equivalent dual ¢-PMs.
This generality is needed in order to discuss deletions and contractions later on. Part
of the following result is from [29, 4.5-4.7] (see also [36, Thm. 42] for g-matroids).

Theorem 2.1.11. Let (-|-) be a non-degenerate symmetric bilinear form on E. For
V € L(E) define Vt ={w € E | (v|w) =0 for allv € V}. Let M = (E,p) be a
q-PM and set

p*(V) =dimV + p(V*) — p(E). (2.1)

Then p* is a rank function on E and M* = (E, p*) is a q-PM. It is called the dual
of M. Furthermore, M** = M, where M** = (M*)* is the bidual, and M and M*
have the same set of denominators. Finally, the equivalence class of M* does not
depend on the choice of the non-degenerate symmetric bilinear form. More precisely,

if {(-]-)) is another non-degenerate symmetric bilinear form on E and M* = (E, p*)
is the resulting dual g-PM, then M* ~ M*.

Proof. The fact that p* is a rank function and the identity p** = p have been proven in
[29, Thms. 4.6, 4.7]. The statement about the denominators is obvious. It remains to
show the very last statement. Thus, let ((-|-)) be another non-degenerate symmetric



bilinear form on E. For V € L(E) denote by V+ and V1 the orthogonal spaces of V'
with respect to (-[-) and {(-|-)), respectively. Let vy,..., v, be a basis of I and ¢ :
E — F* be the associated coordinate map. Let Q = ((v;|v;)), Q = ({vi|v;)) € F*¢

~

be the Gram matrices associated to the bilinear forms. Then @, @ are symmetric
and nonsingular and we have (v|w) = ¥ (v)Qy(w)T and (v|w)) = ¥(v)QY(w)T for

all v,w € E. Define the automorphism

¢:E— E, v 07 ($(0)QQ). (2.2)
Now we have for any V € L(F) and w € F

w € p(V)*F = Y(¢(v)QY(w)T =0 for allv € V
— w(v)QQlew(w)T =0forallveV
— weVt

Hence V14 = ¢(V)* and thus p*(¢(V)) = p*(V) for all V € L(E). This shows that
M* and M* are equivalent. m

The next result has been proven in [29] for ¢-PMs on F’, endowed with the stan-
dard dot product. Thanks to the just proven invariance of the dual, it generalizes as
follows without the need to specify bilinear forms.

Proposition 2.1.12 ([29, Prop. 4.7]). Let M = (E,p) and M = (E,p) be ¢-PMs.
Then M ~ M implies M* =~ M*.

Remark 2.1.13. In the g-analogue the dual q-matroid depends on the choice of a
NSBF' (see Theorem and therefore one needs to fix an NSBF in order to
define certain notion related to the dual g-matroid. For example, in classical matroid
theory, a single element set is a coloop of a matroid M if it is a loop in the dual
matroid M* (see for more details). For q-matroids, the notion of a coloop is not
well-defined, without fixing a choice of NSBF. Indeed, a 1-dimensional subspace (x)
would be called a coloop of M if it is a loop of M*, that is, if p*({x)) = 0. Hence we
say a coloop of M w. 1. t a choice of NSBF is a one-dimensional vector space (x)
such that p*({(x)) = 0.

Example 2.1.14 ([36, Ex. 47]). It is easy to see that Uy, (q)* = Un—k.n(q).

We now define deletion and contraction for ¢-PMs. We will see in[2.3]that deletion
and contraction are closely related to shortening and puncturing of rank-metric codes.

Definition 2.1.15. Let M = (E,p) be a ¢-PM and X € L(E).
(a) Define plx : LX) — Qs¢, W — p(W). Then M|x = (X, p|x) is a ¢-PM
on X and is called the restriction of M to X.

(b) Fiz a non-degenerate symmetric bilinear form (-|-) on E. The restriction of M
to X+ is called the deletion of X from M w.r.t. {-|-), and the resulting q-PM
(M|x1,plxr) is denoted by (M \ X))y or simply M\ X if the bilinear form is
clear from the context.



In (a), it is clear that p|x satisfies (R1)—(R3) from Definition and thus is
a rank function. In (b), the deletion (M \ X).y truly depends on (-|-): different
choices of the bilinear form lead in general to non-equivalent ¢-PMs. However, for any
bilinear forms (-|-) and {(-|-)) on E with orthogonal spaces V+ and V-, respectively,
we obviously have X+ =Y for Y = (X1)4 and thus M|y = M|yr.

We now turn to contractions.

Theorem 2.1.16. Let M = (E,p) be a ¢-PM and X € L(E). Letm: E — E/X
be the canonical projection. We define the map

peix P L(E/X) — Qs V — p(x™ (V) — p(X).
Then M/X = (E/X, pg/x) is a g-PM, called the contraction of X from M.

Proof. We have to show that pg/x satisfies (R1)-(R3).

(R1) Let V € L(E/X). Then X < 7 (V) and thus the monotonicity of p implies
pE/x(V) > 0. Next, 77 1(V) = X @& A for some A € L(FE). Then dim A = dim V" and
submodularity of p yields pg/x(V) = p(n=1(V)) — p(X) < p(A) < dim A = dim V.
(R2) Vi <V, < E/X implies 7~ (V) < 7~ (V3) and therefore pg/x (V1) < pp/x(V2).
(R3) Let V, W < E/X. Then 7 *(V 4+ W) =7"4V)+a'(W) and =1 (VNW) =
7 Y (V)Nna~'(W) and therefore

pe/x(VAW)+ppx(VOW) = p(x= (V) + 7~ (W)) — p(X)

£ p(x (V)P (1)) — p(X)
< p(r (V) + p(r=H (W) = 2p(X)
:pE/X(V)-i-pE/X(W). ]

Remark 2.1.17. Deletion and contraction of q-PM generalize the similar operations
defined for g-matroids defined in [36)]. In fact if M = (E,p) is a g-matroid it is easy
to see by definition that for all V < E, both MV and M \'V are g-matroids.

We conclude this section by showing that deletion and contraction are mutually
dual in the following sense. Since duality is involved, we need to pay special attention
to the choice of the non-degenerate symmetric bilinear form. For dim X = 1, the
following result also appears in [36, Thm. 60]. However, the proof given there does
not apply if X < X+ and yields a weaker form of equivalence between the matroids.
Also in [0, Lem. 12] the result below is proven for a weaker form of equivalence.
Recall from Definition that in this paper equivalence of ¢-PMs is based on
linear isomorphisms between the ground spaces.

Theorem 2.1.18. Let M = (E,p) be a g-PM and X € L(E). Then
M\ X))~ M /X and M\ X ~ (M*/X)".

Proof. We will show the first equivalence. The second one follows from from biduality;
see Theorem [2.1.11] and Proposition [2.1.12 We need some preparation. Recall from
Theorem [2.1.11] that the dual of a ¢-PM depends on the choice of the non-degenerate



symmetric bilinear form (NSBF) and that different choices lead to equivalent dual
g-PMs. Hence for the first equivalence we need NSBFs on £ and on X+, the latter
being the ground space of M \ X. Note that if (-|-) is an NSBF on FE, then the
restriction of (-|-) to the resulting orthogonal X is in general degenerate. For this
reason we proceed as follows. Choose a subspace Y € L(FE) such that X &Y = E.
Choose NSBFs (-]}, on X and (-|-)y, on Y and define

(T1+y1 | e +y2) = (@1 |22)x + (Y1 |y2)y forall xy, 20 € X, y1,y0 €Y.

It is easy to verify that (-|-) is a NSBF on E. Denoting the resulting orthogonal of a
subspace V € L(E) by V+, we observe X+ =Y and thus X ® X+ = E. Furthermore,
for any subspace Z < X' we have

7t =7+tnXx+ (2.3)

where Z+ denotes the orthogonal of Z in X+ w.r.t. (-|-),. Now we have compatible
NSBFs on E and X+ and can turn to the stated equivalence (M \ X)* ~ M*/X.
Note that we have a well-defined isomorphism

EE/X — X', v+ X — 1,

where v = x + % is the unique decomposition of v into z € X and & € X*+. We show
that

()55 (V) = (plx2) (&(V)) for all V € L(E/X). (2.4)

Let 7 : E — FE/X be the canonical projection and V € L(E/X). Then 7= }(V) =
(V)@ X and thus 771(V)1 = £(V)t N X+, Now we compute

(P")e/x (V) = p"(x 71 (V)) = p"(X)
H(V)+p(r (V)H) = p(B) = (dim X + p(X~) — p(E))
) =

=dim7~

= dim7 Y (V) — dim X + p(z 1 (V)*) — p(X1)
= dim&(V) + p(¢(V)F N XT) = p(X)

= dim (V) + ply o (E(V)" N X)) = plyo (XH)
= dim (V) + plx2 (E(V)F) = plxe (X)

= (plx1)"(E(V)),

where the penultimate step follows from ([2.3]) and the last step is the very definition
of (p|x1)*(£(V)) for the chosen NSBF on X*. O

2.2 More properties of ¢-(poly)matroids.

In this section, we consider different classes of spaces for both g-matroids and g¢-
polymatroids and study their properties. Many of the results from this section are
generalizations of results from classical matroid theory, (see for example [39]), and
serve as the groundwork results that will be used throughout the dissertation. We



start by defining the closure operator and flats for ¢g-polymatroids. We then restrict
ourselves to g-matroids and define several other types of spaces. The reason for
restricting ourselves to g-matroids in the latter part of this section, is that most of the
spaces we define have either no existing generalization to g-polymatroids or generalize
non-trivially (as we will see in Chapter . For flow of text, we delay examples of ¢-
polymatroids to the next section and will predominantly use the uniform g-matroids
as examples for this section. Throughout the section, some of the definitions and
results hold only for g-matroids. The reader should therefore pay close attention on
the objects considered in each statement.

2.2.1 The closure operator and flats of ¢-polymatroids.

We start with by defining the notion of flat and closure for ¢-polymatroids. As in
(classical) matroid theory, a flat is, by definition, an inclusion-maximal space for a
given rank. Flats naturally come with a closure operator. We derive some basis
properties of the closure operator and flats and will illustrate that — just like for
classical polymatroids — the lattice of flats is not semimodular and (without the
associated rank values) does not fully determine the ¢-PM. In fact, a ¢-PM may have
the same flats as a g-matroid without being a g-matroid itself. If otherwise specified,
throughout the section let M = (E, p) be a ¢-PM.

Definition 2.2.1. A space F € L(F) is called a flat of M if
p(F +(x)) > p(F) forallz € E\ F.

We denote the collection of flats by F(M), Fun, or simply F. A flat H is called a
hyperplane if there is no flat strictly between H and E. Furthermore, we define the
closure operator of M as

d: L(E) — L(E), V+— > X
P(V+X)=p(V)

Clearly, E € F(M), and 0 € F(M) if and only if M has no loops. With the aid
of Proposition [2.1.8(a) we obtain immediately

p(V) = p(cl(V)) for all V € L(E). (2.5)
Flats can be regarded as ‘rank-closed’ subspaces.

Proposition 2.2.2. A subspace F' € L(E) is a flat of M if and only if F' = cl(F).

Proof. If F' = cl(F)and xz ¢ F, then p(F+(x)) > p(F). Hence F is a flat. Conversely,
let F' be a flat and let = € cl(F). Then p(F + (x)) = p(F), and thus x € F. Hence
F = cl(F). O

The closure operator satisfies the following properties. The last statement below
has been proven in [36, Thm. 68].
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Theorem 2.2.3. Let M = (E, p) be a q-polymatroid and V,W € L(E). Then
(CL1) V <cl(V).
(CL2) If V < W, then cl(V) < cl(W).
(CL3) cl(V) = cl(cl(V)).

Furthermore, if M is a qg-matroid then the following also holds:

(CL4) MacLane-Steinitz exchange axiom: For all V € L(FE) and all vectors x,y €
EN\ (V) we have (y) < cl(V + (z)) <= (z) < l(V + (y)).

Proof. (CL1) is obvious.

(CL2) Let V< W and let z € cl(V'). We want to show that x € cl(W). This is clear
if z € V, and thus we assume that x ¢ V. Choose U € L(FE) such that W =V @ U.
Then

VaU)+p(Ve () -p(VelU)n (Ve ()
+o(V) —p(VeU)n (Ve ()

where the penultimate step follows from V < (Ve U)N(V & (z)) <V & (z) together
with p(V @ (x)) = p(V). All of this shows that p(W + (z)) = p(W) and therefore
x € cl(W).

(CL3) Let V € L(E). Then cl(V) < cl(cl(V)) follows from (CL1) since cl(V) is a
subspace. For the converse let x € cl(cl(V)). With the aid of (CL1) and we
obtain

p(V) < p(V + (2)) < p(cl(V) + (x)) = p(cl(V)) = p(V).

Thus we have equality across, and this shows that = € cl(V').The proof of the last
statement can be found in [36, Thm. 68] O

Flats satisfy the following simple properties. The last statement statement was
shown in [10, Prop. 26, Thm. 28, Cor. 29, Thm. 31| and [I1, Thm. 48]

Theorem 2.2.4. Let F be the collection of flats of M = (E, pp). Then
(F1) E € F.
(F2) If F1, Fy € F, then Fy N Fy € F.

Furthermore, if M is a g-matroid then F also satisfies:

(F3) For all F € F and vectors x € E '\ F there exists a unique cover F' € F of F
such that (x) < F’.

Furthermore a collection of spaces F C L(E) satisfies (F1)-(F3) if and only if there
exist a g-matroid M = (E, p) such that Fa = F.

11



Proof. (F1) is clear from Definition 2.2.1] For (F2) let Fy,F, € F. Then (CL2)
yields cl(Fy N Fy) C cl(Fy) Nel(Fy) = Fy N Fy. Thus Fy N Fy € F thanks to Proposi-
tion .The proof of the last statements can be found in [I0, Prop. 26, Thm. 28,
Cor. 29, Thm. 31], [I1, Thm. 48]. O

From (CL2), Proposition and (F2) we immediately obtain
Proposition 2.2.5. Any V € L(E) satisfies cl(V) = ﬂ‘%;- F.

In both Theorem [2.2.3] and Theorem [2.2.4] it is important to mention that in
general, ¢-PM do not satisfy properties (CL4) and (F3). An example of such a ¢-
PM is given later on in Example Note, moreover, that for any ¢-PM M the
collection F of flats forms a lattice under inclusion: the meet and join of two flats
Fi, Fb € Fare i ANF, .= F1NFy, and Fy V Fy := cl(F} + F3), respectively. We
call this lattice the lattice of flats of a ¢-PM. The flat cl(0) = () F is the unique
minimal element of the lattice . Furthermore, we say that F, covers F if F; < Fy
and there exists no F' € F such that F} < F < F;. For instance, the hyperplanes of
F are the flats covered by E. Furthermore given a lattice F, a chain of length t is a
sequence of elements £y < ... < F;, where F; € F and such that F; covers F;_; for
all 1 <i <t Welet hg : F — Zy where hx(F) is the length of a maximal chain
from ¢cl(0) to F, and call hx the height function of the lattice.

For g-matroids, the lattice of flats is a particularly well structured lattice. In fact,
it was shown as was shown in [34] that the lattice of flats is a geometric lattice. We
recall a geometric lattice is a finite, semimodular and atomistic lattice. Because none
of the latter terms will be needed in this dissertation and for conciseness purposes we
refer the reader to [39] for a more detail description of geometric lattices.

Theorem 2.2.6. [11, (54, Thm. 48 /Prop. 21] Let M = (E, p) be a qg-matroid and F
its lattice of flats. Then F is a geometric lattice. Furthermore for all F € F,

where hx denotes the height function of F.

Proof. The first statement was proven in [34, Prop. 2.1] whereas the second statement
was proven in [I1, Thm. 48]. O

The above result is in general not true for ¢g-polymatroids. It will furthermore
become especially useful in Chapter [
2.2.2 Independent spaces, basis and circuits of ¢g-matroids.

We start by introducing the notion of independent spaces, basis and circuits of a
g-matroid.

Definition 2.2.7. Let M = (E, p) be a g-matroid:

o A space I € L(F) is independent if p(I) = dim I. We denote the collection of
independent spaces of M by Iy or Z(M).

12



o A space B € L(E) is a basis if p(B) = dim(B) = p(E). We denote the
collection of basis of M by By or B(M).

o A space C € L(E) is a circuit if C' is dependent and all its proper subspaces
are independent. We denote the collection of circuits of M by Cyq or C(M).

Similarly to classical matroids, one can fully determine a g-matroid via any col-
lection of spaces defined previously (see [11]). As we will see in Chapter (3} the above
notions can be non-trivially generalized to ¢-polymatroids as well. However not all the
properties presented in this section hold for g-polymatroids. Consider the following
example.

Example 2.2.8. Let dimE = n, 0 < k < n, and consider the uniform g-matroid
Uy.n(q). Using the rank function of Uy, (q) its easy to show that

Tt ={I < E : dimI <k}
Buk,n(Q) = {B < EF . dimB= k‘}
CMk,n(q) = {C <F :dmC=k+ 1}

We now summarize some properties regarding those different spaces. First we
introduce the following notation.

Definition 2.2.9. Let M = (E,p) be a g-matroid and Ly, its collection of indepen-
dent spaces. For' V < E define

ZV):={I <V : eIy},

BV)={I<V :Ie€Iyandif | <W <V then W ¢ T}.

The set Z(V') are independent spaces of M contained in V and B(V') are the bases
of V', i.e. the maximal independent spaces of V' w.r.t. inclusion.

We start with the properties of independent spaces that allow to define a crypto-
morphism of g-matroids.

Theorem 2.2.10. [56, Thm 8] Let M = (E, p) be a g-matroid and Ty, its collection
of independent spaces. Then I satisfies:

(I1) Ty # 0.
(12) If I < J and J € Iy then I € Tyy.
(I13) If I,J € Ty and dim I < dim J then there exist x € J\ I such that [ @ (x) € T.

(14) Let VVW < E, I € B(V) and J € B(W). Then there exist K € B(V +W) such
that K < I+ J.
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Furthermore,

p(V) =max{dim(/) : I € Z(V)} (2.6)

for all V < E. Finally if a collection of spaces T C L(E) satisfies (I11)-(14) then
M' = (E,p), where p/(V) = max{dim(I) : I € Z(V)} for all V < E, is a q-matroid
such that Zypy = T.

Finally for circuits we have the following result for which the proof follows directly

from (12.6)).

Proposition 2.2.11. Let M = (E, p) be a g-matroid and Cpq its collection of circuits.
Then for all C' € Cyq we have

p(C) =dimC — 1.

Of course basis and circuits satisfy many more properties which will not be used
in this dissertation. We therefore refer to [I1] or [36] for the interested reader.

2.2.3 Open spaces and cyclic cores of ¢g-matroids.

We define the cyclic core of a subspace. Our definition (2.2.16)) is a vector-based
g-analogue of the classical cyclic core in [20, p. 395]. More precisely, our cyclic core
consists of vectors in the ground space E (rather than subspaces) that behave in
the desired way with respect to hyperplanes, and it is not hard to see that the so
defined set is indeed a subspace. Making use of duality and the properties of the
closure operator, we show that the cyclic core of a subspace V' is the largest open
space contained in V. This also shows immediately that the cyclic-core operator is
the dual of the closure operator (Corollary and idempotent (Corollary [2.2.22).
Subspaces that coincide with their cyclic core are called cyclic spaces, and it turns
out that these are exactly the open spaces. A theory of the cyclic core was first
proposed in [2]. Here we develop an alternative approach, which is well suited for our
study of the direct sum of g-matroidsin subsequent sections. We briefly describe the
differences and similarities.

Remark 2.2.12. The main difference between [2] and our work is the starting point
for developing the theory. In [2], the authors start with the definition of cyclic spaces.
This can easily be done without the need of a cyclic-core operator and is identical to
what we call cyclic spaces. Furthermore, the authors define two concepts that may be
regarded as q-analogues of the classical cyclic core: Cyc(V') is defined as a collection of
certain 1-dimensional subspaces ([2, Def. 2.3]) and the cyclic-core operator cyc(V') is
the sum of the cyclic subspaces contained in V' ([2, Def. 2.8]). The relation between
these two concepts is clarified in [2, Prop. 2.18], which then also shows that our
cyclic-core operator coincides with the one in [2]. Due to the different routes taken,
the authors in [2, Sec. 2.1] establish properties of cyclic spaces in order to study
their cyclic-core operator, while we establish properties of our cyclic-core operator
and obtain those for cyclic spaces as a consequence. Thus, while the results look
almost identical, they arise in different order and their proofs differ in each single
case.
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Notation 2.2.13. Let M = (E,p) be a g-matroid and M* = (E, p*) be its dual
with respect to (-|-) We denote by cl(-) and cl*(-) the closure operators of M and
M*, respectively.

Before getting to the notion of cyclic core, we introduce the notion of open space
of g-matroids, defined in [I1].

Definition 2.2.14. Let M = (E, p) be a g-matroid. A space O € L(F) is open if O
is a sum of circuits of M. We denote the collection of open spaces of M by Onq or
O(M).

We now list some fundamental properties of g-matroids. As one can see from
those properties, open spaces and flats are dual notion, whereas circuits are dual to
hyperplanes. Part (a) and (b) are in [I1}, Cor. 86, Cor. 79], and (c) is a consequence
of (a) and (b) together with Definition Part (d) follow from Definition

Theorem 2.2.15. Let M = (E,p) be a g-matroid and M* = (E, p*) be its dual
with respect to some NSBF (-|-). Let V € L(E). Then

(a) V€ OM) < V+ e F(M).

(b) V eC(M) = V+eHM.

(¢c) IfV € F(M), thenV = (| H.

F<H
HeH(M)

(d) 01,02 S O(M) — 01+ 05 € O(M)

With the above properties established, we now turn towards the notion of cyclic
core.

Definition 2.2.16. For V € L(FE) we define the cyclic core of V' as
cyc(V)={x eV | p(W)=p(V) for all W <V such that W + (x) = V'}.

Note that every subspace W appearing in the definition has codimension at most 1
in V. In the context of cyclic cores, we use the following notation.

Notation 2.2.17. For V < E define
Hyp(V)={W <V : dimW =dimV — 1}.

Clearly, if V' is independent then cyc(V') = 0. The converse is true as well as we
will see in Theorem 2.2.200

Proposition 2.2.18. Let V € L(E). Thencyc(V) € L(E), i.e., cyc(V) is a subspace
of .

Proof. Clearly 0 € cyc(V) and cyc(V) is closed under scalar multiplication. Let
z,y € cyc(V) and let W <V be such that W + (z +y) = V. We want to show that
p(W) = p(V). Without loss of generality let W # V. Then dimW = dimV — 1 and
x4y & W. Thus we may assume that = ¢ W. Hence W + (z) = V, and using that x
is in cyc(V) we conclude p(W) = p(V). O
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We will show below that cyc(V) is the largest open space contained in V. We will
do so by making use of duality and the closure operator.

Lemma 2.2.19. Let V € L(E) and C4,...,C; € C(M) be the circuits of M con-
tained i V. Then

cl” VL ﬂ C’L

Proof. Since cl*(V1) is a flat in M*, Theorem [2.2.15| implies

d'vhy= NHE = ()¢t = (ch

c*(VH<H c*(vh<ct c<v
HGH(M ) cec(M) CeC(M)

where the last step follows from the fact that C* is a flat of M*, which implies the
equivalences cI* (V1) < Ot <= Vi< Ct«—= C< V. O

Now we obtain the following description of the cyclic core. Using either the theory
developed in [2] or ours, it is easy to verify that it agrees with the one defined in [2]
Def. 2.8].

Theorem 2.2.20. For V € L(FE) we have

cyc(V) = Z C.

c<v
ceC(M)

Thus cyc(V') is an open space and in fact the largest open space contained in V. As
a consequence, V is independent if and only if cyc(V) = 0.

Proof. Let Cy,...,Cy € C(M) be the circuits of M contained in V. We have to show
that cyc(V) = >2'_, Ci. From Lemma [2.2.19 we know that cl*(V+) = n{_,C;-, and
thus (2.5 implies

(v = ( ﬂ ct). (2.7)

We now turn to the stated identity.
“C” Let x € cyc(V). Let W <V be such that dim W = dimV —1 and W+ (z) = V.
Then p(W) = p(V') and thus

§(WH) = dim W+ p(W) = p(E) = dim(VY) + 1+ p(V) = p(E) = p (V') + 1

Thus p*(Wt) > p*(ﬂle Cf), which in turn implies that W+ is not a subspace

of N, Ci*. Hence Y!_, C; £ W. Since this is true for every W € Hyp(V) not
containing x, we conclude that z € >'_, C;.

“D” It suffices to show that each C; is in cyc(V). Let z € C;. We show that
p(W) = p(V) for all W € Hyp(V') such that W+ (x) = V. Choose such a subspace W.
Then clearly x ¢ W and thus C; £ W. Using the containment C; < V' we obtain
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c* (VL) < ol*(Cf) = Cf and cl* (W) £ C-. This implies cI* (V1) < cl*(WH) and
thus

prVE) = p (el (V) < pf (el (W) = p" (W)
Since dim V+ + 1 = dim W+, submodularity of p* yields p*(W=) < p*(V4) + 1. All
of this leads to p*(W+) = p*(V+) + 1. Now we compute

p(V) =dimV + p*(V*+) — p*(E) = dim V + p* (W) — 1 — p*(E)
= dim W + p* (W) = p*(E) = p(W),
as desired. All of this proves that x € cyc(V) and thus S_i_, C; < cyc(V). Finally,

cyc(V) = 0 if and only if V' contains no circuits, which means that V' is independent.
O

The cyclic-core operator is dual to the closure operator in the following sense.
This also appears in [2, Lem. 2.23].

Corollary 2.2.21. Let V € L(E). Then cyc(V)t = cl*(V1).

Proof. Let Cy,...,Cy € C(M) be the circuits contained in V. With the aid of

Lemma [2.2.19) and Theorem [2.2.20| we compute cl* (VL) = (), O+ = (X1_, C’i)L =
cye(V)*. O

The previous results imply that open spaces of M form a lattice (O(M), <, A, V)
with VAW =cyc(VNW)and VVW =V 4+ W. It is the dual of the lattice of flats
of M*; for the latter see [10, Thm. 3.10 and 3.13]. The following is immediate with

Theorem [2.2.20| or Corollary [2.2.21} see also [2, Thm. 2.10].

Corollary 2.2.22. Let VW € L(E). Then
(a) V <W = cyc(V) < cyc(W).

(b) cyc(cye(V)) = cyc(V).

In the context of the cyclic core, it is natural to cast the following definition.

Definition 2.2.23. A subspace V € L(E) is cyclic if cyc(V) = V.
Theorem [2.2.20] and Definition [2.2.16| show that any V € L(FE) satisfies

Vis open <=V is cyclic <= p(W) = p(V) for all W € Hyp(V). (2.8)

We will use “open” and “cyclic” interchangeably.
Dualizing the identity p(V') = p(cl(V')) provides us with part (a) of the next result;
see also [2, Lem. 2.16 and 2.17].

Proposition 2.2.24. Let V € L(FE).

(a) dimV — p(V) = dim cyc(V) — p(cyc(V)).

(b) Let V.= cyc(V) @ W. Then p(V) = p(cyc(V)) + dim W and dim W = p(W),
1.e., W is independent.



Proof. (a) follows from

dim V' + p(V) = p(E) = p* (V1) = p* (" (V1)) = p*(eye(V)*)
— dimeye(V)" + pleye(V)) — p(E).

(b) The first part is a consequence of (a) because dim W = dim V — dim cyc(V'). Now
submodularity implies p(cyc(V)) + dim W = p(V) < p(cye(V)) + p(W), and thus
p(W) = dim W. O

2.2.4 Cyeclic flats of ¢-matroids.

We turn to the notion of cyclic flats, which are simply flats that are also cyclic spaces.
Thanks to the closure operator and cyclic-core operator, the collection of cyclic flats
turns into a lattice. The main result of this section states that the collection of cyclic
flats along with their rank values uniquely determine the ¢g-matroid . This section is
the relatively standard g-analogue of the theory of cyclic flats for matroids as can be
found in [4] or [20 Sec. 2.4]. The first two results appear also, with slightly different
proofs, in [2 Sec. 2.2]. Thereafter we take a different route than [2] by focusing on
the rank function.

We continue with the setting from Notation Our first result states that
the cyclic-core operator preserves flatness and the closure operator preserves cyclicity.
The corresponding fact for classical matroids is only mentioned in passing at [20),
Sec. 2.4].

Lemma 2.2.25. Recall the collections F (M) of flats and O(M) of open (i.e., cyclic)
spaces of M.

(a) F € F(M) = cyc(F) € F(M).
(b) F e OM)= cl(F) € O(M).

As a consequence, every V € L(E) satisfies cl(cyc(V)) < cyc(cl(V)) and both spaces
are elements of the intersection F(M) N O(M).

The spaces cl(cyc(V)) and cyc(cl(V)) are in general not identical. See Exam-
ple below.

Proof. (a) Let x € E \ cyc(F). We have to show that p(cyc(F) + (z)) > p(cyc(F)).

i) If x ¢ F, then p(F + (x)) = p(F) + 1, since F' is a flat, and the desired inequality
follows from ([2.5)).

ii) Let x € F \ cyc(F). The definition of cyc(F') implies the existence of a space
W € Hyp(F) such that = ¢ W and p(W + (x)) = p(W) + 1. Thus, p(F) = p(W) + 1.
Assume by contradiction that p(cyc(F) + (z)) = p(cyc(F)). Then implies
p(W + (x)) = p(W) for all subspaces W containing cyc(F). Hence we conclude
cyc(F) £ W. Thus there exists y € cyc(F)\W. Now W+ (y) = F, and p(W) = p(F)
since y € cyc(F'). This contradicts the above, and thus p(cyc(F) + (z)) > p(cyc(F)).

18



(b) Let cyc* be the cyclic-core operator of the dual g-matroid M*. With the aid of

Theorem [2.2.15((a), Corollary [2.2.21| and Part (a) we conclude

F e OWM) = Frec FM*) = cyc*(F*) € FIM*) = cl(F)*F € F(M?)
= c(F) € O(M).

As for the consequence note that cl(V) is a flat and thus (a) together with Corol-
lary [2.2.22] implies that cyc(cl(V)) is a flat containing cyc(V'). Now the stated con-
tainment follows from Theorem [2.2.3(CL2). The rest is clear. O

Using the cyclic-core operator and the closure operator we obtain a lattice con-
sisting of the cyclic flats. It also appears in [2, Prop. 2.24] and is the g-analogue of
[19, Prop. 3] (which refers to [4]).

Corollary 2.2.26. Let Z(M) = F(M) N O(M), that is, Z(M) is the collection of
cyclic flats of M, or, alternatively, of open and closed spaces. Then (Z(M), <, A, V)
15 a lattice, where the meet and join are defined as

ZyNZy=cyc(Z1NZy) and ZyN Zy = cl(Zy+ Zy) for all Zy, Zy € Z(M).
The rank values of the meet and join are given by
p(Zy N Zo) = p(Zy N Zo) — dim ((Z1 N Za) [/ Z1 N Zs) and p(Z1 N Zo) = p(Zy + Zo).
As a consequence
p(Z1) + p(Za) > p(Z1 N Zs) + p(Z1 A Zs) + dim ((Z1 N Za) [/ Z1 A Zs).

Proof. By (F2) and Theorem 2.2.15(d) Z; N Z, is a flat and Z; 4+ Z, is an open
space. Hence Z; A Zy and Z; V Z5 are in Z(M) thanks to Lemma . Next,
if Ve Z(M) satisfies V' < Z; for i = 1,2, then V is an open space in Z; N Z,
and thus V' < cyc(Z; N Z) thanks to Theorem [2.2.200 Similarly, if W € Z(M)
satisfies Z; < W for ¢« = 1,2, then W is a closed space containing Z; + Z, and thus
cl(Z1 4+ Z) < W by Theorem 2.2.3[CL2). Thus (Z(M),<,A,V) is a lattice. The
rank value of Z; V Z, follows from the fact that p(Z, @ Z2) = p(cl(Z1 & Z5)), while the
rank value of Z; A Z5 is a consequence of Proposition (a). The last inequality
now follows from submodularity of p applied to Z; N Z5 and Z; + Zs. O

Note that Z = Z(M) is not empty. The least and greatest elements of the lattice
Z are given by 0z = cl(0) and 1z = cyc(F) and their rank values are

p(0z) =0 and p(1z) = p(E) — dim(E/ cyc(E)),

where the second part follows from Proposition [2.2.24] In Example below we
will see that the lattice Z is in general not semi-modular, and thus not graded. But
even in the case where Z is graded, its height function does not agree, in general,
with the rank function p.
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Example 2.2.27 (see also [2, Prop. 2.30]). Let 0 < k < n = dim E and consider the
uniform q-matroid Up(E); see Example . The only flats other than E are the
spaces of dimension at most k—1, and the only nonzero cyclic spaces are the spaces of
dimension at least k+1; see (2.8). Thus Z := Z(Uy(E)) = {0, E}. Since this is true
for every k, this shows that the collection Z(M) of a g-matroid M does not uniquely
determine M. Furthermore, since p(E) = k, we also see that the height function
of the lattice Z does not agree with the rank function of Uy n(q) (unless k = 1).
Finally, for any k-dimensional subspace V' we have cl(cyc(V)) = cl(0) = 0, and
cye(cl(V)) = cye(E) = E. This shows that cl(cyc(V)) and cyc(cl(V')) do not agree.

For the trivial and the free g-matroid we have Z(Uy(E)) = {E} and Z(U,(F)) = {0}.

Below we will show that we can reconstruct the entire g-matroid M by way of
the cyclic flats along with their rank values. The following lemma will be needed. It
is the g-analogue of [19, Lem. 5] and also appears in [2, Lem. 2.23], where it is proven
with the aid of a characterization of cyclic spaces as inclusion-minimal spaces with
respect to the nullity function.

Lemma 2.2.28. Let V € L(E). Then V Ncl(cye(V)) = cye(V).

Proof. “2” is clear. For the other containment let x € V N cl(cyce(V)). Then
(x) + cyc(V) < V and p({x) + cyc(V)) = p(cyc(V)) because z is in the closure
of cyc(V'). Furthermore, cyc(V) = cyc(cyc(V)) < cyc({z) + Cyc(V)) < cyce(V), and
thus cyc(V) = cyc({z) + cye(V)). With the aid of Proposition [2.2.24|a) we compute

dimcyc(V) — p(cye(V)) <
((z) + cye(V))

m(cyc((z) + cyc(V))) — pleye((z) + cye(V)))
)

Hence we have equality in the first step, and this means x € cyc(V). O

Now we arrive at the following g-analogue of [4, Lem. 3.1(i)] characterizing inde-
pendent spaces. This characterization will be crucial because it will allow us to derive
the entire rank function of the g-matroid from the cyclic flats and their rank values.
This is different from the approach taken in [4] and in [2] for g-matroids, where the
entire (¢-)matroid is reconstructed through the lattice of flats.

Theorem 2.2.29. Consider the collection Z(M) of cyclic flats of M. LetV € L(E).
Then
V' is independent <= dim(V N Z) < p(Z) for all Z € Z(M).

Thus the cyclic flats together with their rank values fully determine the collection of
independent spaces and thus the entire g-matroid M.

Proof. “=" 1f V is independent, then so is VN Z and thus dim(VNZ) = p(VNZ) <
p(Z) for any subspace Z.
“<” Let V be dependent and Z = cl(cyc(V)), which is in Z(M). Then VN Z =
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cyc(V) thanks to Lemma and p(Z) = p(cyc(V)). Now Proposition [2.2.24(a)
implies dim(V NZ) = dimcyc(V) = p(Z) +dim V — p(V') > p(Z), where the last step
follows from the dependence of V. This establishes the equivalence. The last state-
ment follows from the well-known fact that the independent spaces fully determine

the g-matroid ; see Theorem [2.2.10] O

The previous characterization of independent spaces lets us determine the rank
function of the entire g-matroid from the cyclic flats together with their rank values;
see also |20, Prop. 3] for classical matroids.

Corollary 2.2.30. Let M = (E,p) be a g-matroid and Z = Z(M) be its collection
of cyclic flats. Then

pwvzmm(mzyﬂmmv+zyz)ﬁwleGggw

ZeZ

Proof. Theorem [2.2.29| tells us that a space [ is independent if and only if p(Z) >
dim(/ N Z) for all Z € Z. With the aid of the dimension formula for subspaces we
may rewrite the inequality as dim/ < p(Z) + dim(f + Z)/Z. Now let V € L(E).

Using (2.6) we obtain

p(V) =max{dim I | I <V, I independent}
max{dim/ | [ <V, dimI < p(Z) +dim({ + Z)/Z for all Z € Z}
<max{dim/I | I <V, dimI < p(Z) +dim(V + Z)/Z for all Z € Z}

glég <p(Z) + dim(V + Z)/Z).

IN

For the converse consider Z = cl(cyce(V)), which is in Z. With the aid of (2.5),
Proposition [2.2.24)a) and Lemma [2.2.28 we arrive at

min (p(Z) + dim(V + Z)/Z> <p

zZezZ

Z2)+dim(V +2)/Z
)

+ dim V — dim(V N cl(cye(V))
cyc(V)) + dim V' — dim cyc(V)
V). O
The above result does not imply that the lattice structure of (Z(M), < A, V)
together with the rank values of the cyclic flats are sufficient to determine the ¢-
matroid up to equivalence. This will be illustrated in Example [5.3.18]

The collection of cyclic flats is often astoundingly small. The following example
is inspired by [2, Sec. 3].

Example 2.2.31. Let F = Fy and in F® consider the collection Z = {Zy, ..., Z,;},
where

ZO = 07 Zl = <€17€2>7 Z2 = <€1762763764>7 Z3 = <e57€67€7768>7 Z4 == ]FS-
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Set p(Z;) =i fori=0,...,4. Using a computer algebra system one verifies that the
map

p: LE) — Ny, p(V) = erE (/3(2) +dim(V + Z) /Z),
satisfies (R1)-(R3) from Definition 1 (see also Corollary [2.2.30). Moreover,
p(Z) = p(Z) forall Z € Z and the q- matmzd M = (F®, p) satisfies Z(M) = Z. This

also follows from [2, Prop. 3.7 and Thm. 3.11]. We have the following cardinalities
of flats, cyclic spaces etc.

Table 2.1: The cardinality of flats, cyclic spaces etc. for some g-matroid.

’ flats ‘ cyclic spaces ‘ cyclic flats ‘ ind. spaces ‘ dep. spaces ‘ circuits ‘ bases ‘

99597 105097 5 307905 109294 94079 | 199775

Finally, notice that the lattice Z has the form

Figure 2.1: A non-semimodular lattice of cyclic flats.

and this is clearly not semi-modular (see [45, Prop. 3.5.2]).

We close this section with the most extreme case. Every g-matroid has at least
one cyclic flat, namely cl(0). Let us consider the case where this is the sole cyclic

flat. Such ¢-matroidsdo indeed exist, for instance, the trivial and the free g-matroid
on E (see Example [2.2.27)).

Proposition 2.2.32. Let M = (E,p) be a q- -matroid with a single cyclic flat, say
ZM)={Z}. Thus Z = cl(0) = cyc( ) and p(Z) = 0. Then for any V € L(E)

VeFM)<=Z<V and VeOM)=V<LZ
In particular, cl(0) = E <= M =Uy(F) and cyc(E) =0<= M =Uginp(E).
Proof. Note first that for any V € L(F) we have
cl(cye(V)) = eye(cl(V)) = Z. (2.9)
Thus if V is a flat, then Z = cyc(V) < V. Similarly, if V' is cyclic, then V < cl(V) =

Z. Tt remains to consider the opposite implications.
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NIV L ZA,A then p(V) =0 and V is clearly cyclic. A
2) Let now Z < V. Then (2.9) along with Lemma2.2.28 implies cyc(V') = Z. Writing
V =V, @ Z, we obtain from Proposition [2.2.24(b)

A

p(V) = p(Z) + dim V; = dim V;.

Let now 2 € E\V. Then Z < V + (z) and we may write V + () = (V1 + (1)) & Z for
some z; ¢ Vi. But then the same reasoning as for V' provides us with p(V + (x)) =
dim(Vi + (x1)), and hence p(V + (z)) = dimV; + 1 = p(V) + 1. Thus V is a flat.

The last two equivalences are clear. O

In Chapter 5] we will see that a ¢g-matroid with a single cyclic flat is the direct
sum of a trivial and a free ¢g-matroid .

2.3 Application of g-polymatroids to coding theory.

In this subsection we study ¢-PMs associated to linear rank-metric codes as introduced
in [29].

We furthermore establish several connections between rank-metric codes and ¢-
PM. Throughout, let F := F, for a prime power q.

2.3.1 Rank-metric code and the induced ¢-polymatroid.

We first collect some well-known facts for codes in F™*™.

Definition 2.3.1. The rank-metric on F*"*™ is defined as
d:F™>™ x F™*™ 3 Ny, d(A, B) = tk(A — B).
A linear-rank-metric code is a subspace C of the metric space (F"*™ d).

From the above definition note d(A,0) = rk(A) for all A € F**™. One can also
define non-linear rank-metric codes, which are simply subsets of metric spaces rather
than subspaces. However, for the entirety of the dissertation we consider only linear
rank-metric code. Part (a)—(c) of the following proposition is standard knowledge on
rank-metric codes, see for instance [2§], and Part (d) can be found in [42], Lem. 28|.
For V < F* denote by V+ < F? the orthogonal space with respect to the standard
dot product.

Proposition-Definition 2.3.2. Let C < F" ™ be a rank-metric code.

(a) The rank distance of C is defined as dy(C) = min{rk(M) | M € C\ 0}.

(b) If d = dw(C), then dim(C) < max{m,n}(min{m,n} —d + 1), which is known
as the Singleton bound. If dim(C) = max{m,n}(min{m,n} —d + 1), then C is
called an MRD code.

(¢) The dual code of C is defined as C+ = {M € F"™*™ | tr(MNT) =0 for all N € C},
where tr(-) denotes the trace of the given matriz. If C is an MRD code with rank
distance d, then C* is an MRD code with rank distance min{m,n} —d + 2.
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(d) For Ve L(F™) and W € L(F™) we define the following subspaces of C, which are
known as shortenings:

C(V,e)={M € C |colsp(M) <V} and C(W,r)={M € C | rowsp(M) < W},

where colsp(M) and rowsp(M) denote the column space and row space of M,
respectively. Then F™™(V, c)t = F»>*™(VL C) and F™*™(W, r)t = F>m (WL, r)
and

dimC(V+,c) = dimC — mdim V + dim C*(V, ¢), (2.10)
dim C(W+*,7) = dimC — ndim W + dim C-(W, 7).
Now we are ready to introduce ¢-PMs associated to a rank-metric code. The

following definition and the first statement are from [29]. The statements in (2.11])
are immediate consequences of Proposition-Definition [2.3.2{(d).

Proposition 2.3.3 (29, Thm. 5.3]). Let C < F™*™ be a nonzero rank-metric code.
Define the maps

_dimC —dimC(V*, ¢)

m

Pe E(Fn) — @20, Vo

Y

dimC — dim C(W+, )

n

Pr E(Fm> — QZO7 W —

Then p. and p, are rank functions with denominators m and n, respectively. Further-
more,

1 1
pe(V) =dimV — —dimC*H(V,c) and p,(W)=dimW — =—dimC-(W,r). (2.11)
m n

The denominators m and n are in general not principal. Note that in the notation
we suppress the dependence of these maps on the code C.

Definition 2.3.4. Let C < F™*™ be a nonzero rank-metric code. The q-PMs M (C) :=
(F™, p.) and M,(C) := (F™, p;) are called the column g-polymatroid and row g-
polymatroid of C, respectively. Their ranks are dimC/m and dimC/n, respectively.

The expressions in show immediately that if C; < Cs, then pe1(V) < pe2(V)
for all Ve L(F"), where pc; is the column rank function of C;. Similarly for the row
g-PM. This has also been proven in [22, Lem. 22].

Equivalence of codes, in the following (standard) sense, translates into equivalence
of the associated ¢-PMs.

Definition 2.3.5. Let C, C' < F™™ be rank-metric codes. We call C and C' equiv-
alent if there exist matrices X € GL,(F),Y € GL,,(F) such that C' = XCY =
{XMY | M € C}. If n = m, we call C, C’ transposition-equivalent if there exist
matrices X,Y € GL,(F) such that C' = XCTY :== {XM'TY | M € C}.
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The proof of the next result is straightforward with (2.11]) by noting that C’ =
XCY implies (C')* = (X HTCHY )T and ¢’ = XCTY implies

(€)= (XHTEeHT v HT.
For an alternative proof see [29, Prop. 6.7].

Proposition 2.3.6. Let C, C' < F™™ be rank-metric codes.

(a) Suppose C, C' are equivalent, say C' = XCY for some X € GL,(F), Y € GL,,,(F).
Then M (C) and M.(C') are equivalent via § € Homg(F",F") given by x
(X" Lz. Similarly, M,(C) and M,(C") are equivalent via the isomorphism o €
Homg(F™, F™) given by x — x(YT)~L.

(b) Let n = m and suppose C, C' are transposition-equivalent, say C' = XCTY for
X,Y € GL,(F). Then M.(C) and M,(C') are equivalent via o and M,(C) and
M (C) are equivalent via  with o, 5 as in (a).

Equivalence allows us to easily introduce Fym-linear rank-metric codes. Recall
that F = F,. Let o be a primitive element of the field extension Fym and f =
" — Z?:Ol fix" € Flz] be its minimal polynomial over F. We define the companion
matrix

1
As= || € GLn(®). (2.12)
Jo fioe fma
Let ¢ : Fym — F™ be the coordinate map with respect to the basis (1, a,...,a™ ).
Extending this map entry-wise, we obtain, for any n, an isomorphism
V(1)
UoFr, — T (2 e ) — S (2.13)

Now multiplication of ¢ := Zﬁgl c;a € Fym by w corresponds to right multiplication

of its coordinate vector ¥(c) = (co,...,cm—1) € F™ by Aj. Therefore, an F-linear
subspace C of Fy,. is Fym-linear if and only if its image W(C) < F™™ is invariant
under right multiplication by A;. Recall further that F[A;] is a subfield of order ¢™
of F™*™ and more generally, if s is a divisor of m, then F[A;qm_l)/ (qs_l)] is a subfield
of order ¢°. Allowing different bases for the coordinate map, we arrive at the following
definition.

Definition 2.3.7. Let C < F™™ be a rank-metric code (hence an F-linear subspace).
Let s be a divisor of m and set M = (¢"—1)/(¢°—1). ThenC is right F s-linear if there
exists an X € GL,,(F) such that the code CX is invariant under right multiplication
by Aﬁ‘/. Left linearity over Fyn and its subfields is defined analogously.

Clearly, the qualifiers right /left are needed only in the case where F,s is a subfield
of both F,m and F,». Note that for C := CX we have C(V,c¢) = C(V,c¢)X for all
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V € L(F™). Furthermore, if C is invariant under right multiplication by A% , then so

is C(V,c). Hence C(V,c) is right Fe-linear (see also [36, Lem. 19] for the case s = m),
and thus its dimension over F is a multiple of s. All of this leads to the following
remark.

Remark 2.3.8. Let C < F™™ be a right Fys-linear rank-metric code for some sub-
field Fys of Fym. Then p = m/s is a denominator of the column q-PM M.(C). In
particular, for s = m the ¢-PM M.(C) is a qg-matroid. These are exactly the gq-
matroids studied in [36)]. Of course, the column q-PM of a code C < F™™ may be
a g-matroid even if C is not right Fym-linear. This is for instance the case for MRD
codes in F"*™ if m > n (see Proposition . Analogous statements hold for the
row q-PM.

The above allows to consider Fym-linear codes as subspaces of Fy., which is often
common and will be extremely useful when presenting examples of ¢g-matroids. Con-
sider the isomorphism V¥ : Fy,, — F"*™ from . Then with any Fm-subspace C
of [, we can associate the column ¢-PM M. (¥(C)), which is in fact a g-matroid.
We denote this g-matroid by Mg, where G € F Zrﬁ” is a generator matrix of C (that is,
its rows form a basis of C). This is the approach taken in [36]. The following lemma
has been proven in [36, Sec. 5]. It determines the rank function of Mg with the aid
of G. For self-containment we include a short proof using our notation.

Lemma 2.3.9. Let C < ]Fgm be an I m-linear rank-metric code with generator ma-

trivr G € Ff}ﬁ”, where k = dimg,, C. Consider the associated q-matroid Mg =

(F™, p.). Let V € L(F") with dimV =t, and let Y € F"™** be such that V = colsp(Y).
Then
pC(V) = I'qum (GY)

Proof. Clearly I'k]qu (GY) does not depend on the choice of Y. Since Y has en-
tries in F, any z € F}, satisfies 1Y = 0 <= Y2 = 0 <= Y'¥(z) = 0 <=
colsp(¥(z)) < V*. Set C = W(C) < F™™. Then the space C(V+,C) satisfies
HC(VH,C)) = {z € C|2Y = 0}. Let my : C — Fl be the Fym-linear map
given by z — 2V. Then kermy = U~1(C(V*,C)) and im 7y = rowspy ,, (GY'). Now
the desired statement follows from
po(V) = dimeC d;er V4,0 _ dimg, . € — dimg,,, U(C(V",C)) = rke,,. (GY).
0

Remark 2.3.10. The above lemma generalizes as follows. Consider a general rank-
metric code C < F™™ with F-dimension k. Taking the pre-image under VU of a
basis of C, we obtain a matriz G € Fix™ such that U~'(C) = rowspy(G), where the
latter is defined as the F-subspace of Fyn generated by the rows of G. Denote its
F-dimension by rowrkg(G). Then it is easy to see that for V as in Lemma we
have p.(V') = rowrkg(GY')/m.
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Let us return to general rank-metric codes in F**™. From now on we will focus
on the associated column ¢-PMs. The discussion of the row ¢-PMs is analogous. On
several occasions we will have to pay close attention to the cases n < m versus n > m.
We first record the following simple fact, which is immediate with Proposition [2.3.3
(see also [29, Prop. 6.2] and [36, Lem. 30]). Let C < F"*™ be a nonzero rank-metric
code with rank distance d and let d* be the rank distance of C*. Then for any
Ve L(F™)

dmC e vV > —d,
V) ={ m (2.14)
dimV, if dimV < d*.

Together with Proposition-Definition [2.3.2(b),(c) this immediately leads to the
following result for MRD codes if n < m.

Proposition 2.3.11 ([29, Cor. 6.6]). Let n < m and C < F"™ ™ be an MRD code
with dy(C) = d. Let p. be the rank function of the associated column q-PM M.(C).
Then

pe(V)=min{n —d+ 1,dimV'} for all V € L(F").

Hence M.(C) is the uniform matroid U, a1 (F™). In particular, M.(C) is a q-
matroid, i.e., its principal denominator is 1.

In order to discuss the ¢-PM associated to MRD codes for m < n we need the
following lemma.

Lemma 2.3.12. Let C < F" ™ be a rank-metric code with dy(C) = d. Let V € L(F")
and dim V' =wv. Then dimC(V,c¢) < max{m,v}(min{m,v} —d+ 1).

Proof. First assume that V' = colsp(Z, |0)T = (ey,...,e,), where ¢; € F™ is the i-th
standard basis vector. Then we have a rank-preserving, thus injective, linear map

M

m:C(V,c) — F™ (O

) — M.

Hence im(7) is a rank-metric code in F"*™ of rank distance at least d, and the
upper bound for dim C(V, ¢) follows from the Singleton bound. For the general case
where V' = (x1,...,2,), choose Y € GL,(F) such that Yz; = e; for i € [v] and set
C' = YC. Then C' has rank distance d as well and YC(V,c) = C'(YV,C). Since
YV = (e1,...,e,), the upper bound on dimC(V, c¢) follows from the first part of this
proof. ]

Now we obtain the following information about the column ¢-PM of an MRD code
ifm<n.

Theorem 2.3.13. Let m < n and C < F™™ be an MRD code with d,x(C) = d.
Furthermore, denote the dimension of V€ L(F™) by v. Then the rank function p. of
the associated column q-PM M_(C) satisfies

v, ifv<m—d+1,
PelVI =Y mmeasn) oS

m
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Furthermore p.(V) > max{l,v/m}(m —d+1) ifv € [m —d+2,n —d].

Proof. For v > n —d + 1 we have p.(V) =m~'dimC = nm~'(m — d + 1) thanks to
(2.14). Next, using and the fact that d,(C1) = m—d+2 we arrive immediately
at po(V) = v if v < m —d+ 1. The remaining statement follows from along
with Lemma which applied to C* yields dimCH(V,¢) < m(v —m +d — 1) if
v <m and dimC*+(V,c) <wv(d — 1) if v > m. O

If m =n — 1, the interval [m — d + 2,n — d] is empty for any d. Thus we have

Corollary 2.3.14. Let C < F**"=Y be an MRD code. Then M.(C) is fully deter-
mined by the parameters (n, dw(C), |F|) and is not a g-matroid (unless dy(C) = 1).

Remark 2.3.15. In the situation of Theorem[2.3.1 the denominator m is not nec-
essarily principal (even if the code is not linear over a subfield of Fym ). This is for
instance the case for a [T x 6;4]-MRD code: n(m —d+ 1)/m = 7/2, and thus the
principal denominator is 2.

If m <n—1, the column ¢-PM of an MRD code C in F™*™ is not fully determined
by the parameters (n, m,d(C), |F|). This is illustrated by the following example.

Example 2.3.16. InF3*? consider the codes C; = (A1, ..., As) andCo = (By, ..., Bs),
where

11 11 0 0 0 0 10
10 11 0 0 0 1 0 1
Ar=10 0|, A4=1[1 0|, 4=[1 1|, A=]0 0], A=]1 1],
10 0 1 0 0 0 0 00
00 0 0 0 1 11 0 1
10 0 0 00 0 0 0 1
0 1 10 00 0 0 00
Bi=10 0|, B,=|0 1|, B;=|10]|,Bi=]00]|,B=1]01
00 0 0 01 10 0 0
00 0 0 00 0 1 10

Both codes are MRD with rank distance d = 2; in fact, Cy is a (Fys-linear) Gabidulin
code. The g-PMs M(Cy) and M (C3) are not equivalent. Indeed, denote the two rank
functions by p’, i = 1,2, and consider p'(V) for dmV € {2,3} = [m —d +2,n —d].
For the 155 subspaces of F5 of dimension 2 the map p! assumes the value 1 exactly
once and the values 3/2 and 2 exactly 28 and 126 times, respectively. On the other
hand, p? assumes the values 3/2 and 2 exactly 31 and 124 times, respectively, and
never takes the value 1.

In the following examples we let E;; € Fy™™ be the matrix with entry 1 in the
ij-coordinate and 0 elsewhere. The next examples show that properties (CL4) and
(F3) of respectively Theorem and Theorem may not be satisfied for ¢-PM.
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Example 2.3.17. (a) Consider the code C; = (A,...,As) < Fy** from Evam-
ple . It can be verified that M.(C) has 81 flats and 29 hyperplanes. Further-
more, the collection of flats does not satisfy (CL4) and (F3) (recall Theoremm
and Theorem. Unsurprisingly, the hyperplane axioms known for q-matroids
(see [11, Def. 12]) do not hold either, and in particular, the hyperplanes do not
all have the same rank.

(b) LetF =TFy andC = (E1a + Eoz + Es3, E1o + E13+ Es3, E1p + Ei3+ Eo + E3) <
33, It is straightforward to verify that the associated column q-PM M = (F3, p,)
18 not a q-matroid but has the same collection of flats as the q-matroid Mg, where

(1 0 « 2%3
G= (O ) a) e F;™".
As a consequence, F(M) and the closure operator satisfy (F1)-(F3) and (CL1)-
(CLY).

We briefly return to the notion of scaling equivalence and non-exactness from

Remark 2. 1.10L

Example 2.3.18. For q-PMs induced by rank-metric codes non-exactness is a very
restrictive property. Indeed, the first identity in (2.11f) shows that

M.(C) is not ezact <= C+(V,c) #0 for all V € L(F")\ 0. (2.15)

In particular, non-ezactness of M.(C) implies dy(CT) = 1. An example of a code

satisfying (2.15)) is for instance C,C+ < F3** given by
C = (E\3, Ess, Es3, Evg + Ex + Ex + Ejy3)
Ct= (Evi, Eor, Esy, Eq + Ess, Eio+ Eus, Eoy + Eus, Esy, Eyo).

The column q-PM M_.(C) can be rescaled with factor 3/2, leading to an exact q-
PM M'. It turns out that M' = Mc(C') for the code C' < F3** given by

C' = (Ew1, Era, B, Ex, Es1, Esg, Ev3 + Eos + Eyy, E1y + Eoy + Ey3 + Eug).

It is not clear to us whether representability of q-PMs by rank-metric codes (see the
next section) is preserved under rescaling.

We close this subsection with the following important result showing that dual-
ity of ¢-PMs corresponds to trace-duality of codes. Recall duality of ¢-PMs from

Theorem 2. T.111

Theorem 2.3.19 ([29, Thm. 8.1]). Let C < F™™ be a rank-metric code and C+ <
F™*™ its dual code. Then M.(C)* = M.(C*), where M (C)* is the dual of M(C)
w.r.t. the standard dot product on F"™. Analogously, M,(C)* = M,(Ct).
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2.3.2 Flats of g-polymatroids and generalized rank weights.

This subsection is devoted to showing that the generalized weights of a rank-metric
code in F™*™ can be determined by the flats of the associated column ¢-PM if m > n.
For m < n, the corresponding result is true for the row ¢-PM, and for m = n both
¢-PMs are needed. In order to be aligned with most of the literature on rank-metric
codes, we will assume m > n. For further details on generalized weights and anticodes
we refer to [41], from which the next definition is taken.

Definition 2.3.20 ([41l, Def. 22 and 23]). Let m > n and C < F™™ be a code.

(a) We define maxrk(C) = max{rk(M) | M € C}. We call the code C an optimal
anticode if dim C = m maxrk(C).

(b) Fori=1,...,dimC the i-th generalized weight of C is defined as

1
a;(C) = - min{dim(A) | A < F™™ is an optimal anticode,dim(C N A) > i}.

In [29] it has been shown that the generalized weights can be computed from the
associated ¢-PMs of the code. We will derive the generalized weights in a slightly
different form, and, since we need the ideas of the proof later on, we also briefly
sketch the proof. In [29, Thm. 7.2] the result has been used to characterize optimal
anticodes with the aid of ¢-PMs.

Theorem 2.3.21 ([29, Thm. 7.1]). Let m > n and C < TF"*™ be a code. Define

a®(C) =n —max{dim V | V € L(F"), pc(V) < pe(F™) —i/m},

7

al(C) =m — max{dim W | W € L(F™), p,(W) < p(F™) —i/n}.

(2

Then for alli=1,...,dimC

0,(C) = { a&(C), if m > mn,

min{a$(C),a’(C)}, if m =n.

at)

Proof. Let first m > n. It is well known [38, Thm. 3] that the optimal anticodes
in F™™ are the spaces of the form F"*(V,c) for any V' € L(F"). Furthermore
dimF™>™(V,c) = mdimV. Since C N F>™(V+ C) = C(V*,c) and m™1dimC =
pc(F™), the very definition of p. leads to

dim(C NF™>™(V+C)) > i <= p(V) < pe(F™") —i/m. (2.16)

Now the statement follows from n — dimV = dim V+ = m~t dim F*>*™(V+,C). In
the case m = n, the optimal anticodes are of the form F™ ™ (V| c) and F"™*™(V,r),
where V' € L(F™). This implies that we have to take the row and column ¢-PM into
account, and again the statement follows. O

Let us briefly relate af(C) to certain invariants introduced in the literature.
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Remark 2.3.22. (a) In [22, Def. 10] the authors introduce generalized weights of
q-PMs. Since their definition of q-PMs differs from ours, we need to be careful
when comparing the two notions of generalized weights. Let us start with a q-
PM M = (F",p) in our sense and let p be a denominator of M. Set T :=
pp. Then M’ := (F", 1) is a (g, u)-polymatroid in the sense of [22, Def. 1]. In
[23, Def. 10] the authors define the i-th generalized weight of M’ as d;(M') =
min{dim X | 7(F") — 7(X1) > i}. Suppose now that M = M.(C) for some
rank-metric code C < F™*™. Then pu := m is a denominator and the equivalence
p(V) < p(F") —i/m <= 7(F") — 7(V) > i shows that d;(M’) = a’(C) for all i.

(b) In [7, Thm. 8] the authors associate a q-demimatroid to a rank-metric code. A
q-demimatroid is a generalization of a qg-PM that does not require submodularity,
but captures a certain duality relation; see [7, p. 1505]. More precisely, to the
code C < F™™ they associate the g-demimatroid (F",s,t) defined by s(V) =
dimC(V,c) and t(V) = dimC*+(V,c). Neither of these functions is submodular,
but they satisfy the required duality relation thanks to . In [7, p. 1507] the
authors introduce various combinatorial invariants of such q-demimatroids, and it
is straightforward to verify that a$(C) equals their o; for all i. The power of their
approach comes to light in particular in [7, Sec. 4.2 and 4.3], where the authors
provide a very nice and short proof of the Wei duality for the generalized weights
of a rank-metric code with the aid of the associated q-demimatroid.

We return to Theorem 2.3.27] and consider the case m = n in further detail. As
we show next, for i = 1 we have a;(C) = a$(C) = da}(C).

Corollary 2.3.23. Let C < F™™ be a code. Then a(C) = a}(C) and therefore

dk(C) = m — max{dim V' | V € L(F™), p(V) < p(F™) — 1/m}
=m —max{dimV | V € L(F™), p.(V) < p,(F™) — 1/m}.

Recall from Proposition that p.(F™) = p.(F™) = m~'dimC for any code
C < F™™. Thus the above inequalities can be written as p.(V) < (dimC — 1)/m
and p,(V) < (dimC — 1)/m.

Proof. 1t is well known [41, Thm. 30] that d,(C) = a1(C), the first generalized weight.
Hence it suffices to show a$(C) = a}(C). Let d = d,(C) and M € C be such that
rk(M) = d. Let V. = colsp(M) and W = rowsp(M) and set A = F™*™(V,c)
and A" = F™™(W,r). Then A and A’ are optimal anticodes of dimension md and
CNA#0#CnNnA. Thus yvields p.(V4) < po(F™) — 1/m and, similarly,
pr(WL) < po(F™) —1/m. Since V and W are clearly of minimal dimension satisfying
CNA#0#CNA, all of this shows that a$(C) = a}(C). O

For i > 1 and C < F™™ we have in general a$(C) # a}(C), and it depends on i
which of the two is the minimum. Our next example shows that this is even the case
for vector rank-metric codes (that is, F m-linear codes in Fym). As a consequence, the
generalized weights in Definition do not coincide with the generalized weights
introduced in [37]. The example also addresses a small oversight in [41] and shows
that [41, Thm. 28] is only true for codes in Fy,, with n < m.
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Example 2.3.24. Let ¢ = 2 and m = 6. Let w € s be a primitive element with
minimal polynomial f = 2%+ 2* + 2% + x + 1. Consider the generator matrix

100w 0 0
G=(0o10 0 w® 0 |eFs
0010 0 w®

Note that, in fact, the entries of G are in the subfield Fos. Using the isomorphism W
from (2.13)), we obtain the rank-metric code

U (rowspg , (G)) = C = (AjAY 17 =1,2,3,i=0,...,m—1),
where Ay is as in (2.12)) and A; is the image of the j-th row of G under V. Thus

dimp, C = 18. By construction, the row spaces of the matrices Ay, Ay, As are contained
in the 3-dimensional subspace V := W(Fy) < FS. It turns out that dimC(V,r) =9
(which implies a§ < 3). SageMath computations lead to the following data

Table 2.2: Row and column generalized weights of C
i [[1][2[3[4]5]6][7[8[9[10[11[12]13]14[15[16][17]18]

212121222414 /4]4]4]4|6|6|6]6]|6]6
201212133333 |3[5 |5 |5 |66 |6]6]|6]6

Qa
Qa

0

S

We see that, for instance a} < a$, whereas af, > a$,. This implies that the

generalized weights a;(C) in general do not coincide with a$(C). In [37] the latter
are defined to be the generalized weights of C (see [37, Cor. 4.4, Thm. 5.4] and [{1,
Thm. 18]). This shows that the definitions of generalized weights in [{1, Def. 23] and
[37] do not agree for Fym-linear codes in Fyy,.

We return to general codes in F*"*™. Our next result shows that the generalized
weights of a rank-metric code are determined by the flats of the ¢-PM. It is straight-
forward to check that this is the analogue of [0, Thm. 3|, where the generalized
weights of a linear block code are determined via cocircuits of suitable truncations of
the associated matroid. The complements of these cocircuits are, by definition, flats
of a certain rank in the original matroid. The only difference to our result below is
the inequality (rather than equality) in p.(V) < pe(F™) —i/m below. This is needed
because — in contrast to matroids and g-matroids — for ¢-PMs equality may not be
attained.

Theorem 2.3.25. Let m > n and C < F™™ be a code. Let Fe and F, be the sets of
flats of the ¢-PMs M.(C) = (F™, p.) and M.(C) = (F™, p,), respectively. Define

W(C)=n—max{dimV |V € F¢, p.(V) < pe(F™) —i/m},
b/(C) = m — max{dim W | W € F,, p,(W) < p,(F™) —i/n}.
Then for alli=1,...,dimC

b (C), if m > n,
0i(C) = { | zc( ) f >
min{b5 (C), bl (C)}, if m =n.

(2
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Furthermore, if n = m then bS(C) = b7(C).

Proof. We will show ¢ (C) = a%(C) for all i. The proof for b}(C) = af(C) is analogous.
Clearly, a$(C) < b¢(C) for all i. For the converse inequality, let V' € L(F") such that
pe(V) < pe(F™) —i/m. Consider cl(V'), the closure of V. Then dimV < dimecl(V)
by (CL1) and p.(cl(V)) < po(F") — i/m thanks to (2.5). All of this implies the
desired inequality b$(C) < a$(C) for all i. The last statement for i = 1 follows from

Corollary [2.3.23] ]

Our final result allows us to determine the rank distance of a rank-metric code
via the hyperplanes of the associated ¢-PM.

Corollary 2.3.26. Let C < F™*™ be a code.
(a) If m > n, then dy(C) =n — max{dim H | H is a hyperplane in M.(C)}.
(b) If m = n, then dw(C) = n — w, where

w = max{dim H | H is a hyperplane in M.(C)}
= max{dim H | H is a hyperplane in M,(C)}.

Proof. 1t is well known [41, Thm. 30] that d;x(C) = a1(C). Suppose first that m > n.
Denote by Fe¢ the collection of flats of the ¢-PM M. (C). Theorem implies
di(C) = n — v, where v = max{dimV | V € F¢, p.(V) < p.(F") — 1/m}. Let
V € F¢ be such that dimV = v and p.(V) < p.(F") — 1/m. Suppose V is not a
hyperplane. Then there exists V' € F¢ such that V' < V! < F". Since all these
spaces are flats we have p.(V) < p.(V') < p.(F"). Using that m is a denominator of
M. (C), this yields p.(V') < pc(F™) —1/m. Now dim V'’ > v leads to a contradiction.
Thus V is a hyperplane. This concludes the case m > n. For m = n we know from
Corollary that d(C) = a$(C) = a}(C). Thus the result follows from the first
part of this proof. O

2.3.3 Shortening/Puncturing of codes and Deletion/Contraction of ¢-
polymatroids.

This subsection is devoted to the relation between deletion and contraction of g-PMs
induced by rank-metric codes and puncturing and shortening of the codes. We focus
on row puncturing and shortening, which will correspond to deletion and contraction
of the associated column ¢-PM. The following terminology is from [12] Sec. 3].

Definition 2.3.27. Let u € [n] and 7, : F**™ — F=wWX™ be the projection onto
the last n — u rows. Let C < F™*™ be a rank-metric code. We define

Co={M e€C| M,;; =0 fori <u},

that is, C, is the subcode consisting of all matrices of C whose first u rows are zero.
Let A € GL,(FF).
(a) The puncturing of C w.r.t. A and u is defined as the code

1(C, A, u) = m,(AC) < Fn-wxm,
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(b) The shortening of C w.r.t. A and u is defined as the code
Y(C, A, u) = m,((AC),) < Fn—wxm,

In Proposition-Definition [2.3.2(d) we called the space C(V,¢) a shortening of C.
This is consistent because C(V, ¢) is isomorphic (even isometric w.r.t. the rank-metric)
to X(C, A, u), where u = dimV and A = (A; | A3)" € GL,,(F) such that colsp(A;) =
VL

Now we are ready to relate deletion and contraction of ¢-PMs induced by rank-
metric codes to puncturing and shortening of the codes, respectively. The following
result is a direct g-analogue of the well-known relation between matroids and linear

block codes; see [35, Sec. 1.6.4].

Theorem 2.3.28. Let C < F™™ be a rank-metric code and M = M.(C) be the
associated column q-PM. Let X € L(F™) and set dim X = u. Choose any matriz
A € GL,(F) of the form A = (5, where D € F"™*" is such that rowsp(D) = X*.
Then

M\ X ~ M (I(C, A u)) and M/X ~ M (Z(C, (AT, u)).

Proof. We start with the first equivalence. Let p be the rank function of M.(C) and
p" be the rank function of M.(C’), where C' = II(C, A, u). Thus

dimC’ — dimC'(V+,r)

m

P LEY) — Qso, V +—
Consider the isomorphism
P F — Xt v — uD.

Then (V) < X+ for all V € L(F"*) and therefore pM\X( (V) = p(x(V)) by th
very definition of deletion. Now the desired equivalence M \ X ~ M_(II(C, A, u)
follows if we can show that

P (V) = p(p(V)) for all V € LF™). (2.17)

)

In order to do so, let V € L(F"*) and let Z € F**(»~% be such that V = rowsp(Z).
From the very definition of the matrices involved we obtain

C(X,C)={M €C|colsp(M)< X} ={M eC| DM =0},
CW(V)*,C) ={M € C|colsp(M) < ¢(V)'} = {M €C|ZDM =0},
C'(V+,C)={N cC'|colsp(N) <V} ={NecC | ZN =0}.
Furthermore, we have the surjective linear map
¢p:C—C', M— DM

and observe that C(X,C) = kerép < C(¢(V)*,C) as well as &p(C(p(V)*,C)) =
C'(V+,C). Hence we conclude

dimC — dimC’ = dimC(X,C) = dimC(¥(V)*,C) — dimC'(V*+,C).
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As a consequernce,

dimC’ — dimC'(V+,C)  dimC —dimC(4(V)*,C)

Y

m m

and this establishes ([2.17)).

We now turn to the second equivalence. Applying the first equivalence to the code C*+
we obtain M (C) \ X ~ M(II(C*, A,u)). With the aid of Theorems [2.1.18 and
[2.3.19 this leads to

M(C)/X = (Mc(CH)\ X)" m M(II(CH, A, u)" = M(TI(CT, A, u)™).

Now the desired equivalence follows from II(Ct, A, u)* = %(C, (A™Y)T, u), which has
been proven in [12, Thm. 3.5] (and is true for n < m and n > m). O

2.4 Representability of ¢-Polymatroids.

In this section we discuss representability of ¢-PMs via rank-metric codes. We will
present various examples of g-matroids that are not representable via [F;m-linear rank-
metric codes (thereby answering a question from [36 Sec. 11]). Later in this section
we will show that a g-matroid is not even representable via any F,-linear rank-metric

code. We first fix the following notions of representability. Recall Fym-linearity from
Definition [2.3.7| As before, F =F,.

Definition 2.4.1. Let E be an n-dimensional F-vector space and M = (E, p) be a
q-PM.
(a) M is said to be F"*™-representable if there exists a rank-metric code C < F"*™

such that M ~ M,(C).

(b) Suppose M is a q-matroid. Then M is said to be IF,m-representable if there exists
a right Fm-linear code C < F™*™ such that M ~ M_.(C).

For F n-representability, it will be necessary to consider F m-linear codes as sub-
spaces of Fi., as previously discussed and consider the rank function of the induced
g-matroid as in Lemma [2.3.9|

We first start with the following example that shows that uniform ¢-matroids are

always representable over a field large enough.

Example 2.4.2. Let Uy, (q) be the uniform g-matroid of rank k with ground space Fy;
that is, the rank function is given by p(V) = min{k,dim V'} for all V € L(F}y). Then
Uon(q) and U, ,(q) are representable over Fy. Precisely, Uy ,(q) is represented by the
1 X n-zero matriz and Uy, ,(q) by the n x n-identity matriz. For 0 < k < n, the
uniform q-matroid Uy ,(q) is representable over Fym if and only if m > n. Indeed,
a matriz G € Fix™ represents Uy (q) iff tk(GYT) = k for all Y € F¥*™ of rank k.
But this is equivalent to G generating an MRD code [21, Thm. 2 and 3] and such a
matriz G exists if and only if m > n; see [28, Rem. 3.10].

35



In general, determining whether a ¢-PM, or even a ¢-matroid, is representable is
an extremely difficult problem. For instance in classical matroid theory the notion
of representable matroids has been intensively studied, yet the classification of non-
representable matroids is still an open problem.

To illustrate, consider the following example which is a follow up from Exam-

ple [2.2.31]

Example 2.4.3. Let M = (F5,p) be the g-matroid from example Example [2.2.31]
Then M is representable via the Fym-linear rank-metric code generated by the follow-
ing matriz. This matriz was found by a carefully crafted random search.

1 w26772 0 w43180 00 C‘.)46265 w31452

G- 0 0 1 (.d3844 00 w8371 w59093 c IE‘4>< g
0 0 0 0 1 0 w45712 w50716 216
O 0 0 0 0 1 w12688 w10916

where w is a primitive element satisfying w'® + w® + w? +w? +1 = 0. It is not clear
to us whether M is representable over a smaller field.

In light of this example, we construct example of ¢-(poly)matroids that are not
representable. 'We start with Fm-representability of g-matroids. Of course, a ¢-
matroid M = (F", p) may be representable over some field Fym, but not over any
smaller field extension of F. This is for instance the case for M = Mg, where

6= (o 1 o o) e
where a*4+a+1 = 0. It can be verified with SageMath or any other computer algebra
system that Mg = (IF3, p.) is not representable over Fy for [ < 3. In fact, Mg is not
even F3*!-representable for any [ < 3.

We now construct g-matroids that are not Fyn-representable for any m € N. In
order to do so, we will make use of non-representable (classical) matroids. Recall that
a matroid is a pair M = (X,r), where X is a finite set and r : 2% — N satisfies
(R1)—(R3) from Definition if we replace the dimension, resp. sum, of subspaces
by the cardinality, resp. union, of subsets. The rank of M is defined as r(X). A
matroid M = (X, ) is called representable over the field F' if there exists £ € N and
a matrix G € F**IXI with columns indexed by the elements of X, such that for any
subset A C X we have r(A) = rk(G,), where G4 € F**I4l is the submatrix of G
consisting of the columns with indices in A. It is easy to see that if such a matrix
exists then we may choose k = r(X).

The next result will provide us with a crucial link between ¢-matroids and ma-
troids.

Theorem 2.4.4. Let M = (F",p) be a g-matroid and B = {vy,...,v,} be a basis
of F". Define

r:28 — Ny, A p((A)).
Then (B, r) is a matroid, denoted by M (M, B). Furthermore, if M is Fm-representable,
then M (M, B) is F,m-representable.
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Proof. 1) We show that r is indeed a rank function. (R1) and (R2) are clear. For (R3)
let A, B C B. By basic Linear Algebra (AU B) = (A)+(B) and (AN B) = (A)N(B),
and therefore

MAUB) + (AN B) = p((AU B)) + p({AN B)) = p((A) + (B)) + p({A) N (B))
< p({A)) + p((B)) = r(4) +r(B).

2) We now turn to the statement about representability. Let M = Mg for some
G € FIx". Define the matrix X = (vy,...,v,), which is in GL,(F), and set G’ := GX.
Index the columns of G’ by vy, ..., v,, and for any A C B denote by G’; the submatrix
of G’ with columns indexed by A. Let now A = {v,,,..., v, } be any subset of B and
Y € F™*! be the matrix with columns vg,, ..., v,. Then (A) = colsp(Y) and thus

r(A) = p((A)) = 1k(GY) = 1k(G'X'Y) = 1k(G(€q,, - - -, €4,)) = tk(Gy).
This shows that the matroid M (B,r) is represented by the matrix G’ € Fhx". O

Having established this particular relation between g-matroids and induced ma-
troids, we now turn to a class of matroids that can be interpreted as such induced
matroids. They form a special case of paving matroids. A matroid is called paving if
no circuit has cardinality less than the rank of the matroid. The following result is
well known; see [39, 1.3.10] for a more general statement. We include an elementary
proof which generalizes immediately to g-matroids.

Proposition 2.4.5. Let B be a set with |B| =n and let k € [n]|. Let A be a collection
of k-subsets of B such that |ANB| < k—2 for all distinct A, B € A. Define the map

k—1 f X
r:28 — Ny, X+—1¢ . ’ Zf €4,
min{|X |, k}, if X & A.
Then r is a rank function on B. We denote the resulting matroid by Mp 4. The
circuits are given by the subsets in A and all (k + 1)-subsets that do not contain a
subset in A.

Proof. (R1) and (R2) are clear. For (R3) we have to show r(AU B) < r(A) +
r(B) —r(AN B) for all subsets A, B C B. We may assume A Z B and B Z A for
otherwise the statement is clear. Note that r(A U B) < k for all subsets. Consider
S :=1r(A)+r(B)—r(AN B) and note that S > r(A) +r(B) — |AN B|. We proceed
by cases.

1) Ifr(A) =r(B) =k, then S =2k —r(ANB) > k.

If Aec Aand r(B) =k, then S>2k—1—-|ANB|>2k—1—(k—1)=k.
IfAe Aand r(B) = |B|, then S > k—1+|B|—|ANB| > k—1+|B|—(|B]-1) =
[

)
)
JIfA, BeA, then S>2k—2—|ANDB| > k.
)
)
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The g-analogue reads as follows. The proof is entirely analogous to the previous
one: just replace cardinality and union of subsets by dimension and sum of subspaces,
respectively.

Proposition 2.4.6. Let n € N and fix an integer k € [n]. Let S be a collection of
k-spaces in F™ such that dim(V N W) < k —2 for all distinct V, W € S. Define the
map

k—1, ifvVes,
min{dim V, k}, ifV &S8.

Then (F™, p) is a g-matroid. We denote it by M, 5 s.

p: L(F") — Ny, Vi—){

We can easily link the two constructions.

Proposition 2.4.7. Let B be a basis of ™ and let A be a collection of k-subsets of B
such that |AN B| <k —2 for all distinct A, B € A. Set S ={(A) | A€ A}. Then
dim(VNW) <k—=2 forallV,W eS8 and Mg = M(M,rs, B).

Proof. 1t is easy to see that dim(V NW) < k—2 for all V; W € S. For the second
statement let Mp 4 = (B,r) and M, rs = (F",p). Then we have for any subset
XCB

k—1, if X eA,
riX) _{ min{|X|,k}, if X & A, } and

k—1, if (X) €S,
(X)) :{ min{dim (X), K}, if (X) & S. }

This proves the desired statement. [

Now we are ready to present examples of g-matroids with ground space F” that are
not F,m-representable for any m € N. In each case the non-representability follows
from the non-representability of the associated matroid with the aid of Theorem [2.4.4]
The following examples are universal in the sense that they apply to a large class of

fields .
Example 2.4.8. (a) The Vamos Matroid [39, Fz. 2.1.25]: Let n =8, k = 4 and

A={{1,2,3,4}, {1,4,5,6}, {2,3,5,6}, {1,4,7,8}, {2,3,7,8}}.

The matroid Vs := Mg 4 is known as the Vamos matroid. It is not representable
over any field [39, p. 169, Ex. 7(e)]. In fact, it is the smallest such matroid.
Choose any finite field F and let € be a bijection between [n] and a fived basis B of
F". Then Theorem[2.4.4) and Proposition [2.4.7 tell us that the g-matroid Mg, s,
where S = {{{(A)) | A € A}, is not Fym-representable for any m € N. A similar
example can be constructed for n = 9, k = 3 and the non-Pappus matroid [39,
Ex. 1.5.15].
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(b) The Fano Matroid [39, Ex. 1.5.7]: Letn =7, k =3 and

A= {{1,2,4}, {2,3,5}, {3,4,7}, {1,5,7}, {2,6,7}, {4,5,6}, {1,3,6} },

which is the set of lines in the Fano plane. The matroid Fy := My 4 is called
the Fano matroid. It is not representable over any field of odd characteristic [39,
Prop. 6.4.8]. Thus, if q is odd then the corresponding q-matroid Mz, s, where
S ={(¢(A)) | A € A}, is not Fym-representable for any m (here & is a bijection
between, 7] and a basis of F} ).

(¢c) The non-Fano Matroid: If one omits one of the sets in the collection A in (b),
one obtains the non-Fano matroid F; := Mg a, which is not representable over
any field of even characteristic [39, Prop. 6.4.8]. Thus we have the analogous
conclusion as in (b) for g-matroids with even q.

It remains an open question whether any of the above g-matroids is F"*™-repre-
sentable. However, we have the following smaller example of a g-matroid M that
is not F"*™-representable for any m. It has been shown in [I3, Sec. 3.3] that M is
not Fgm-representable. This shows that the converse of Theorem [2.4.4] is not true
because every matroid over a groundset of cardinality 4 is representable over any
field of size at least 3. In fact, the g-matroid of the following theorem together with
all possible choices of bases B in Theorem lead — up to isomorphism — to the
uniform matroid of rank 2 or to the paving matroids My 4 with A = {{1,2}} or
A = {{1,2},{3,4}} (see the notation of Proposition [2.4.5)). The latter two matroids
are representable over every field.

Theorem 2.4.9. Let F =Ty and consider S = {Vy, V1, Va, V3} C L(F*), where
Vo = (1000, 0100), V; = (0010, 0001), Vo = (1001, 0111), V3 = (1011, 0110).

(We may also choose any other partial spread of size 4). Let M = Myps (see
Proposition , that is M = (F4, p), where

p(V)y=1forVeS and p(V)=min{2,dimV} otherwise.
Then M is not F**™-representable for any m € N.

Proof. Assume to the contrary that there exists m € N and a rank-metric code
C < F**™ gsuch that

_ dimC — dimC(V*, )

m

for all V € L(F*).

p(V)

Using V = F*, we see that dimC = 2m. Furthermore, the above values of p(V') and
the identity S = {V5-, ..., V5" } lead to

0, if dmV <lor[dimV =2andV ¢ §],

m, if VeSor dimV =3. (2.18)

dimC(V,c) = {
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The conditions dimC(V,C) = dimC(V4,C) = m and dimC(V,c) = 0 if dimV =1
imply that C has a basis of the form

(5)(5) (s) - (5); 21

where A = (Ay,..., Ay) and B = (B, ..., B,,) are MRD codes in F?*™. As for the
spaces V5 and V3 note that

1 1
Vo = rowsp (0 1> = rowsp(IQ | ST),

_— o = O
— = = O

V3 = rowsp ((1)

(01 e (11
S—(l 1),T—S—S _(1 0)'

Clearly, a matrix M € C is in C(V,,C) if and only if M = (S’:) for some A € A.

Hence there exist linearly independent matrices (;Z ),z’ =1,...,m, in C. But then

Ay, ..., A, € A must be linearly independent. Thus B = S.A. Using the space Vs
we obtain similarly B = T\/A. Hence A = T-'SA, and the latter is T.A. In other
words, A is T-invariant. Note that {0, I,T,T?} is the subfield Fy, and in particular,
T? =1+ T. All of this shows that A is an Fy-vector space (thus has even dimension
over [Fy) and has an Fo-basis of the form Ay, ..., Ay, T Ay, ..., T Ay, where £ = m/2.
Using this basis of A, reads as

(8 (802 (2 (5) ()
((I +OT>A1) ((I +0T>Ae) '

This shows that C contains the matrices (ﬁﬁ;’;) fort=1,...,¢, and therefore

dimC(V,c) > ¢ for V = (1010,0101). This contradicts (2.18) and we conclude that
there is no code C < F**™ that represents the g-matroid M. O

(1)> = rowsp(L | T'T),

where

It is not yet clear whether there exists a g-matroid M = (F", p) and m € N such
that M is not F m-representable but F"*"-representable.

Copyright© Benjamin Jany, 2023.
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Chapter 3 An independent space cryptomorphism for ¢-polymatroids.

In this chapter, we introduce the notion of independent space for g-polymatroids. We
show that the collection of independent spaces satisfies properties analogous to those
for g-matroids. However, different from the latter, the independent spaces do not
fully determine the g-PM. Only if we also take their rank values into account, can
we fully recover the ¢-PM. We furthermore study the notion of spanning spaces and
strongly independent spaces. Supporting examples for the theory developed in this
chapter are postponed to Section Results from this chapter also appear in [23].

3.1 Independent Spaces of g-polymatroids.

We start this section by introducing the notion of independent space for g-polymatroids.
Considering the theory of classical matroids and ¢-matroids, one may be inclined to
declare a space V in a ¢-PM (FE, p) independent if p(V) = dim V. While this is
indeed the right notion for g-matroids, it turns out to be too restrictive for g-PMs:
in many ¢-PMs the only subspace satisfying p(V) = dim V' is the zero space (e.g.
Example . Nonetheless, the property p(V') = dim V' turns out to play a concep-
tual role (see also [9]), and we will return to it in Section [3.3] where we will call such
spaces strongly independent.

The following definition of independence is inspired by [39, Cor. 11.1.2], which
deals with classical polymatroids.

Definition 3.1.1. Let M = (E,p) be a qg-PM with denominator p (which need not
be principal). A space I € L(F) is called p-independent if

dim J

p(J) > for all subspaces J < I.

I is called pu-dependent if it is not u-independent. A p-circuit is a p-dependent space
for which all proper subspaces are p-independent. A 1-dimensional p-dependent space
is called a pi-loop. We define Z,, = Z,(M) = {I € L(E) | I is p-independent}. If p
i1s the principal denominator of M, we may skip the quantifier p and simply use
independent, dependent, loop, circuit, and L.

It is easy to see that the inequality p(I) > dim I/u is not preserved under taking
subspaces (take for instance the subspace I = V from Example [.4.3)), which is
why the condition for subspaces is built into our definition. Clearly, if j is the
principal denominator of M, then fi-independence implies p-independence for any
denominator p of M. Furthermore, the zero subspace of E is p-independent, and
every dependent space V' contains a circuit: take any subspace W of V' of smallest
dimension satisfying p(W) < dim W/ (which clearly exists).

Let us consider the independent spaces of the ¢-PMs induced by MRD codes.

Example 3.1.2. Let C < F**™ be an MRD code with rank distance d.
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(a) If m > n then Z;(Mc(C)) = {V € L(F") | dimV < n—d+1}. This follows from
Proposition [2.5.11] and the fact that the independent spaces of uniform q-matroid
U =U(E) are exactly the space of dimension at most k.

(b) If m < n then Z,,(Mc(C)) = L(F™), which can be verified with the aid of Theo-
rem[2.3.13.

For g-matroids our notion of independence coincides with independence in Defi-

nition 2.2.71
Proposition 3.1.3. Let (E, p) be a ¢-PM. Then for all V € L(E)

p(V)=dimV = p(W)=dimW for all W < V.
As consequence, if (E, p) is a g-matroid, then V is 1-independent iff p(V) = dim V.

Proof. Writing V' = W & Z for some complement Z of W, we obtain dim V' = p(V') <
p(W)+p(Z) <dim W + dim Z = dim V', and thus we have equality everywhere. [

We continue with discussing basic properties of independent spaces, thereby fo-
cusing on the differences to g-matroids. Supporting examples are given in Section [3.4]

Remark 3.1.4. (a) While in a g-matroid a space is independent iff its rank value
assumes the mazximal possible value, this is not the case for q-PMs. More pre-
cisely, independent spaces of the same dimension need not have the same rank

value. This is illustrated by Example[3.4.3.

(b) Dependent spaces may have a larger rank value than independent spaces of the
same dimension; see Example|3.4.5

(¢c) Let V€ L(E) be a p-circuit. Then pp(V) = dimV — 1 = up(W) for all hy-
perplanes W in V. Indeed, independence of W along with (R2) tells us that
dimV — 1 = dimW < pp(W) < pp(V) < dimV. Thus we have equality
since up takes integer values. While in a q-matroid a subspace V  satisfying
pp(V) = dimV — 1 = pup(W) for all its hyperplanes W is a circuit, this is
not the case for q-PMs; see Example[3.4.4.

(d) A q-PM with principal denominator p is not uniquely determined by its collection
of p-independent spaces. For instance, in either of the non-equivalent q-PMs in
Ezxample all subspaces are 2-independent. This example also shows that —
different from q-matroids — a q-PM in which all spaces are p-independent need
not be a uniform q-matroid.

Independence behaves well under scaling-equivalence if the denominator is taken
into account.

Remark 3.1.5. Let dim £y = dim Ey and M; = (E;, pi),i = 1,2, be g-PMs with prin-
cipal denominators ;. Suppose My and My are scaling-equivalent, say pa(a(V)) =
ap1(V') for all V- € L(Ey), where a € Qso and a : By — Ey an isomorphism.
Then a1 pa(a(V)) = pip1 (V) € N and thus a”' iy is a denominator of Ms. Hence
a tpy = kpy for some k € N; see Remark (b) Similarly, aps = l;;,ul for some
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keN. Thusk =k =1 and apy = j1. Now we have paps(a(V)) = pap1(V) for all
V € L(E) and therefore
V' is py-independent in My <= pypr(W) > dim W for all W <V
<= papa(a(W)) > dima(W) for all a(W) < (V)
<> (V) is pa-independent in Ma.
In order to derive our main result about the collection of p-independent spaces,

we will make use of an auxiliary g-matroid. The following construction mimics the
corresponding one in [39, Prop. 11.1.7] for classical polymatroids.

Theorem 3.1.6. Let M = (FE,p) be a g-PM with denominator . Define the map
Tou: L(E) — Ny,  V +— min{pp(W) +dimV —dimW | W <V}
Then Z = Zpy,, = (E,1,,) is a g-matroid, and the independent spaces of Z coincide
with the p-independent spaces of M, i.e.,
Z,(M)=I(2)={l € L(E) | r,,(]) = dim [ }.

Proof. Recall the induced integer p-function 7 = pp. Thus 7(V) = pup(V) < pdim V/
for all V € L(E). Clearly r :=r,, takes integer values. We now verify (R1)-(R3) of
Definition 2.1.1 for r.
(R1) Obviously (V') > 0 for all V. Furthermore, (V') < 7(0) 4+ dim(V) — dim(0) =
dim V.
(R2) Let V< V'. It suffices to consider the case dimV’ = dimV + 1 and thus
V' =V @ (x) for some € E. Assume by contradiction that r(V') > r(V’). Then
there exists W’ < V'’ such that

(W) +dim V' —dim W' < 7(W) + dimV — dim W for all W < V. (3.1)
Clearly W’ £ V' and thus we may write W’ = X @ (y) for some X <V and y ¢ V.
Then dim X = dim V' — dim V’ 4 dim W’ and (3.1]) leads to

T(W)=dimW > 7(W')+dim V' —dim W' —dim V = 7(W') —dim X for all W < V.

Choosing W = X, we arrive at 7(X) > 7(W’) and thus p(X) > p(W’). Since X < W’
this contradicts that p is a rank function. All of this establishes (R2) for the map r.
(R3) Let V, V' € L(E). Choose W <V, W’ < V' such that

r(V)=7(W)+dimV —dimW and (V') =7(W') +dim V' — dim W".
Then W +W' <V + V' and WNW' <V NV’ and therefore

r(V+V) +r(Vn V) <7(W 4+ W) +dim(V + V') — dim(W + W)
+7(WNW) +dim(VNV') —dim(WnNWw)
=7(W+W") 4+ 7(WnW') +dimV — dim W
+ dim V' — dim W’
<TW)+7(W') +dimV — dim W + dim V' — dim W’
=r(V)+r(V'),
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where the second inequality follows from (R3) for p. This establishes (R3) for the
map 7.

It remains to investigate the p-independent spaces. From Definition and (R1)
we obtain

V is p-independent <= 7(W) > dim W for all W <V
= 7(W)+dmV —dimW >dimV for all W <V
—rV)>dimV
<~ r(V)=dimV.

Together with Proposition this establishes the stated result. O

It should be noted that the auxiliary g-matroid Z,, , does not uniquely determine
the ¢-PM M, even if pu is the principal denominator. This can be seen from Exam-
ple 2.3.16; both M; and M, have principal denominator 2 and in either ¢-PM all
spaces are 2-independent (see also Example [3.1.2b)). Hence Theorem implies
Zmy2 = 22 = Us(F3).

As we show next, a g-matroid M coincides with its auxiliary g-matroid Z ;.

Remark 3.1.7. Let M = (E, p) be a g-matroid, thus p takes only integer values.

(a) We show that Zy11 = M. The auziliary rank function is r,1(V) = min{p(W) +
dimV —dimW | W <V} for V € L(E). Choosing W =V we obtain r,1(V) <
p(V'). For the opposite inequality, choose W < V. Then there exists Z <V such
that W & Z =V and submodularity (R3) yields

p(V)=p(W +2Z) < p(W)+p(Z) < p(W)+dimZ = p(W) + dim V — dim W.

Since W is arbitrary, this shows p(V) < 1r,1(V) and thus Zy1 = M.
(b) If we choose > 1, then there is in general no obvious relation between Zpq,

and M; see Example[3.4.5,

Theorem shows that the p-independent spaces of the ¢-PM M coincide with
the independent spaces of the auxiliary g-matroid Zx, ,. Therefore, all properties of
independent spaces of ¢g-matroids, recall that do not involve the value of the
rank function hold true for ¢-PMs as well. Before formulating our result we cast the
following important notions.

Definition 3.1.8. Let M = (E,p) be a q-PM with denominator u. ForV € L(FE)
we define

(V)= e L,(M) [T <V}

A subspace I € T,,(V) is said to be a p-basis of V if there exists no J € T,(V) such
that 1 < J. We denote by B,(V) the set of all p-bases of V.. The p-bases of E are
called the p-bases of M.
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The p-bases of V' are thus the inclusion-maximal p-independent subspaces of V'
(i.e., the maximal elements of the poset (Z,(V),<)). Their rank values will be dis-
cussed in the next section. Note that the sets Z,(V') and B, (V) are non-empty for
every V € L(F) since {0} is p-independent.

We are now ready to present the following properties of the collection of u-
independent spaces of a ¢g-PM. The result is an immediate consequence of Theo-

rem together with [36, Thm. §].

Corollary 3.1.9. Let M = (E,p) be a q-PM with denominator p and set I, =
Z,(M). Then

(I11)Z, # 0, in fact {0} € Z,,.

(I2)If 1 € Z,, and J < I, then J € T,,.

(I3)If I, J € T, and dim I < dim J, then there exists x € J\ I such that I ®(z) € I,,.

(I4)Let V, W € L(E) and I € B,(V), J € B,(W). Then there exists a basis K €
B,.(V + W) that is contained in I + J.

Note that (I3) implies that for any V' € L(E) we have
B,(V)={I € Z,(V) | I is dimension-maximal in Z,(V)}. (3.2)

Since the independent spaces of the g-matroid Z,, coincide with those of the
¢-PM M, the same is true for the dependent spaces, circuits, and bases. As a conse-
quence, any property about the collection of these spaces in g-matroids holds true for
g¢-PMs as well — as long as it does not involve the rank value. Let us illustrate this
for the dependent spaces and bases. The following properties have been established
in [I1, Thm. 67] and [36, Thm. 37] for g-matroids and therefore apply to ¢-PMs as
well.

Corollary 3.1.10. Let M = (E,p) be a q-PM with denominator . Let D, and
B,, be the collection of p-dependent spaces and pi-bases of M, respectively. Then D,,
and B, satisfy

(D1){0} & D,..

(D2)If Dy € D, and Dy € L(E) such that Dy C Dy, then Dy € D,,.

(D3)Let Dy, Dy € D), be such that Dy N Dy & D,,. Then every subspace of Dy + Dy
of codimension 1 is in D,,.

(B1)B,, # 0.

(B2)Let By, By € B, be such that By < By. Then By = Bs.

(B3)Let By, By € B, and A be a subspace of By of codimension 1 such that BiN By <
A. Then there exists a 1-dimensional subspace Y of By such that A+Y € B,,.

(B4)Let Ay, Ay € L(E) and I, Iy be mazimal dimensional intersections of some
members of B, with Ay and As, respectively. Then there exist a mazimal di-

mensional intersection of a member of B, with Ay + Ay that is contained in
I + Is.

In [II, Thm. 68] and [36, Thm. 37] it has been shown that any collection of
subspaces satisfying (D1)—(D3) (resp. (B1)—(B4)) is the collection of dependent spaces
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(resp. bases) of a unique g-matroid. Similar statements hold true for circuits in ¢-
matroids (see [L1l, Cor. 72]). None of these characterizations extend to ¢-PMs — even
if we take the rank values into account. This can be seen from the two non-equivalent
¢-PMs in Example : In both cases, the only 2-basis is F® and has rank value
5/2. Trivially, this example also shows that the circuits and dependent spaces along
with their rank values do not determine the ¢-PM. Example is a non-trivial
example for the same phenomenon.

On the positive side, in the next section we will show that we can fully recover a
¢-PM from its independent spaces and their rank values. Recall from Remark (d)
that the independent spaces alone (without their rank values) do not uniquely deter-
mine the g-PM.

3.2 The Rank Function on Independent Spaces.

We begin by showing that for a ¢-PM the rank function is fully determined by its
values on the independent spaces. We then go on to prove that all bases of a given
subspace have the same rank value, and this value coincides with the rank value of the
subspace. This result allows us to investigate whether a collection of spaces satisfying
(I1)-(14) from Corollary gives rise to a ¢-PM whose collection of independent
spaces is exactly the initial collection. Since the rank value of independent spaces in
a ¢-PM is not as rigid as in a ¢g-matroid, we also need to specify a meaningful rank
function on the collection of spaces. All of this results in Theorems [3.2.4] and [3.2.5]

Theorem 3.2.1. Let M = (E, p) be a ¢-PM with denominator u and let V € L(E).
Then
p(V) = max{p(l) | I € Z,(V)}.

Proof. Set p'(V) = max{p(I) | I € Z,(V)}. Thanks to (R2), p'(V) < p(V), and it
remains to establish p(V) < p/(V). Let I € Z,(V) be of maximal possible dimension
such that p(I) = p/(V). If V is p-independent, then I = V and we are done. Thus
let V' be p-dependent.

Case 1: dim /[ = dimV — 1.

Then V = I & (z) for any z € V \ I and submodularity of p implies p(V) < p(I) +
p({x)). As before, we use the integer p-function 7 = pp. Let s be minimal such
that there exists an s-dimensional p-circuit of V', say W. Such space exists by u-
dependence of V. Then Remark- implies 7(W) = dim W — 1. By (I2) W is
not contained in I and thus W N1 is a hyperplane of W thanks to dim [ = dim V — 1.
Hence Remark [3.1.4(c) yields 7(W N I) = 7(W). Using that V = W + I, we obtain
by Submodularity of T

(V)< tW)+7I)—7(WnI)=71)=ps V).

All of this shows that p(V) = p/(V), as desired.
Case 2: dim I < dimV — 1.
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Let = € V'\ I. Using that p/(W) < p/(Z) for any subspaces W, Z such that W < Z,

we obtain ) R R R
p(I)=p'(I) < p'(I®(x) <p'(V)=p(I),

(x
and hence p(I) = p/(W), where W := I & (z). Note that W is p-dependent thanks
to the maximality of I. Furthermore, dim [ = dim IV — 1. Therefore Case 1 yields
P(W) = p(W). Now we arrived at p(I) = p(I + (x)) for all z € V, and [26]
Prop. 2.5(a)] (based on [36, Prop. 6]) tells us that p(I) = p(V). Since p(I) = p/(V),
this concludes the proof. O]

Corollary and Theorem [3.2.1] generalize one direction of [36, Thm. 8] where
the same properties are proven for the independent spaces of g-matroids. Our next
goal is to generalize the other direction of [36, Thm. 8], namely to characterize the
collections of spaces plus rank values that give rise to a ¢-PM having those spaces
as independent spaces. The following result will be crucial. It shows that the rank
value of any u-basis of a subspace V' equals the rank value of V.

Theorem 3.2.2. Let M = (E,p) be a q-PM with denominator jn. Let V € L(E).
Then
p(I) = p(V) for all I € B,(V).

In particular, all p-bases of V' have the same rank value.

Proof. Throughout the proof we will omit the subscript p. The result is clearly true
if V' is independent. Thus, let V' be dependent. Set t = dim V. In order to avoid
denominators we use again the integer p-function 7 := up. First of all, there exists

J € B(V) such that 7(J) = 7(V). (3.3)

Indeed, by Theorem there exists J € Z(V') such that 7(J) = 7(V), and by
Property (I2) along with the monotonicity of 7 we may assume that J € B(V'). Note
that by (3.2) all spaces in B(V') have the same dimension, which we denote by s.

Case 1: s =t —1. Let I € B(V). We want to show that 7(/) = 7(V). Choose a
circuit, say C, in V. Then 7(C) = dim C — 1 (see Remark 3.1.4](c)). Clearly, C ¢ I
by Property (12) and thus C' + I = V thanks to dim/ = dimV' — 1. Furthermore,
C'N 1 is independent, being a subspace of I, and thus 7(C'N 1) > dim(C' N I). Using
submodularity, we obtain

T(V)=7(C+1)<7(C)+7(I)—7(CNI) <dimC —1+7()—dim(C NI)
=7(I)+dim(C+1)— (dimI + 1) = 7(I),

where the last step follows from C'+ 1 =V and dim [ + 1 = dim V. All of this shows
7(I) > 7(V), and thus 7(I) = 7(V) thanks to (R2). Hence all bases of V' have the

same rank value.
Case 2: s <t — 1. We will show that

(1) =7(J) for all I € B(V), (3.4)
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where J is as in (3.3). We induct on the codimension of /N .J in I. Let dim(/NJ) =
s —r, thus 0 <r <s. The case r = 0 is trivial.
i) Let r = 1. Then [ = (INJ) @ (x) for some x € I\ J. Set W = J @ (x). Then
W <V and dimW = dim J + 1. Thus W is dependent by maximality of J. Hence [
and J are elements of B(W), and Case 1 implies 7(I) = 7(J).
ii) Assume now 7(I) = 7(J) for all I € B(V) such that dim(I N J) > s — (r — 1)
for some r > 2. Let I € B(V) be such that dim(I N J) = s —r. Choose K < [
and z € I\ Jsuchthat I = (INJ)® K& (x) andset Iy = (INJ) @ K. Then I,
is independent and dim /; = dim/ — 1 = dim J — 1. Thanks to Property (I3) there
exists y € J \ I; such that

I''=L& (y) € B(V).

Now we have three bases, I’, I, J, of V. We show first 7(I) = 7(I’). Since y ¢ I we
have the subspace W := I & (y) of V, which must be dependent due to maximality
of I. Furthermore, I, I’ < W and dim /I’ = dim/ = dimW — 1, and therefore
7(I) = 7(I") thanks to Case 1. Next, we show 7(I') = 7(J). In order to do so, note
that I' = (INJ) ® K & (y), where y € J. Thus dim(I'NJ) > s — (r — 1) and the
induction hypothesis yields 7(I") = 7(J). All of this establishes and concludes
the proof. O

Remark 3.2.3. In a ¢-matroid M = (E, p) a subspace V € L(E) satisfies
V' is independent and p(V') = p(E) <=V is a basis of M.

The forward direction is the definition of basis in [36, Def. 2]. By Theorem
the direction ““=7" holds true for q-PMs as well. However, ‘=" is not true, as
the q-PMs in Examples and [3.4.6 show. In other words, in a q-PM not every
I € Z,(V) satisfying p(I) = p(V') is a p-basis of V.

We are now ready to provide a characterization of the pairs (Z, p) of collections Z
of subspaces and rank functions p on Z that give rise to a ¢-PM whose collection of
independent spaces is Z and whose rank function restricts to p. Clearly, Z has to
satisfy (I1)—(I4) from Corollary and p must satisfy (R1)-(R3). However, for
independence we also need the rank condition from Definition |3.1.1} This leads to
(R1") in Theorem below. Furthermore, since the sum of independent spaces
need not be independent, we have to adjust (R3) and replace p(I +J) by max{p(K) |
K € I, K < I+ J}, thereby accounting for Theorem m This results in the
submodularity condition (R3’) below. Since one can easily find examples showing
that (R1")—(R3") are not sufficient to guarantee submodularity of the extended rank
function (defined in below), we also have to enforce Theorem [3.2.2] This leads
to condition (R4’), which states that for any space V' all maximal subspaces that
are contained in Z have the same rank value. As we will see, all these conditions
together guarantee submodularity of the extended rank function, and the spaces
in Z are independent in the resulting ¢-PM. However, the ¢-PM may have additional
independent subspaces; see Example[3.4.7] In order to prevent this, we need a natural
closure property. This will be spelled out in Theorem [3.2.5|
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Theorem 3.2.4. Let Z be a subset of L(E). For V€ L(E) set Z(V)={1€Z|I<
V'} and denote by Z,,q.(V') the set of inclusion-mazimal subspaces in Z(V'). Suppose T
satisfies the following.

(I11) {0} € I.
(12) If € Z and J < I, then J € T.
(13) If 1, J € T and dim I < dim J, then there exists x € J\ I such that I & (x) € T.

(14) Let V,W € L(E) and I € L;0(V), J € Liae(W). Then there exists a space
K € Z00(V + W) that is contained in I + J.

Furthermore, let p : T — Q and p € Qs such that up(I) € Z for all I € T.
Suppose p satisfies the following.

(R1") 0 <p~tdim I < p(I) < dim [ forall I € T.
(R2') If I,J € T such that I < J, then p(I) < p(J).
(R3') For all I,J € T we have max{p(K) | K € Z(I + J)} + p(INJ) < p(I) + p(J).
(R4') For allV € L(E) and I,J € T0:(V) we have p(I) = p(J).
Define the map
p:L(E) — Q, V+——max{p(I)|leZ(V)}. (3.5)
Then M = (E, p) is a g-PM with denominator p, and Z C Z,(M).

Note that thanks to (I3) the set Zy.x(V') equals the set of maximal-dimensional
spaces in Z(V'). Furthermore, by (R2') and (R4") every V € L(F) satisfies p(V) =
p(I) for each I € L, (V).

Proof. Tt is clear that p is a denominator of p. We have to show that p satisfies
(R1)—(R3) from Definition 2.1.1]

(R1) Let V € L(F) and I € Z such that I <V and p(I) = p(V). Then 0 < p(I) <
dim / < dim V/, which establishes (R1).

(R2) Let V,WW € L(F) be such that V" < W. Let I € Z be such that I < V and
p(I) = p(V). Then I < W and the definition of p implies p(W) > p(I) = p(V), as
desired.

(R3) Let VW € L(F). Choose K € Zya(V NW). Then implies p(K) =
p(VNW). Applying (I3) repeatedly, we can find I € Z, (V') and J € Zpax (W) such
that K < T and K < J. By (I4) there exists H € Za(V + W) such that H < I+ J.
Now (R2') and (R4") imply

pI) = p(V),  p(J)=p(W), p(H)=p(I+J)=p(V+W),

pIK) = p(I N J) = p(V O W).
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From (R3’) we obtain p(I + J) 4+ p(I NJ) < p(I) + p(J), and we finally arrive at
o(VAW)+p(VOW) = §(H)+3(K) = p(I+7)+5(I0T) < (1) +5(7) = p(V)+p(W),

as desired. Finally, (R1’) shows that the spaces in Z are p-independent, thus Z C

IM(M)- L]

The ¢-PM M from the last theorem has in general more independent spaces
than Z; see Example [3.4.7 We can easily force equality Z = Z,,(M) by adding the
following natural closure property.

Theorem 3.2.5. Let the pair (Z,p) be as in Theorem|3.2.4. Suppose (I, p) satisfies
(11)-(14) and (R1')-(R}') as well as the following closure property:

(C) If V € L(E) is such that
(a) all proper subspaces of V' are in T,
(b) max{p(I) | I € Z(V)} > p~ ' dimV,

then 'V 1s in L.
Then T = ZI,,(M) for the g-PM M from Theorem [3.2.4]

Note that by (I2) and (R1’), any subspace V' € T satisfies the properties in (a)
and (b).

Proof. Thanks to Theorem it remains to show that any V € Z,(M) is in .
Recall that p(V) = max{p(I) | I € Z(V)}. We induct on dim V.

i) Let dimV = 1. Then p(V) > p 'dimV holds true by the definition of pu-
independence, hence (b) is satisfied. Property (a) is trivially satisfied by (I1). Now (C)
implies V € 7.

ii) Let dim V' = r and assume that all subspaces V' € Z,(M) of dimension at most
r—1arein Z. Since V € Z,(M), the same is true for all its subspaces. Hence all
proper subspaces are in Z by induction hypothesis. Again, p(V) > p~'dim V is true
by p-independence and thus Property (C) implies that V' € Z. ]

3.3 Spanning Spaces and Strongly Independent Spaces.

In this section, we introduce (minimal) spanning spaces and (maximally) strongly
independent subspaces. While in ¢g-matroids the notions ‘minimal spanning space’,
‘maximally strongly independent space’, and ‘basis’ coincide, they are distinct for ¢-
PMs. However, in g-PMs spanning spaces turn out to be the dual notion to strongly
independent spaces. This result may be regarded as the generalization of the duality
result for bases in g-matroids. The latter states that for a g-matroid M a space B is a
basis of M if and only if B is a basis of M*. We show that, in fact, this equivalence
characterizes ¢g-matroids within the class of ¢-PMs.

Definition 3.3.1. Let M = (E,p) be a g-PM and let V € L(E).
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(a) V is called a spanning space if p(V') = p(E) and V is a minimal spanning space
if it is a spanning space and no proper subspace is a spanning space.

(b) V is strongly independent if p(V) = dimV and it is maximally strongly in-
dependent if it is strongly independent and not properly contained in a strongly
independent subspace.

Clearly, strongly independent subspaces are p-independent for every denomina-
tor p of M. Furthermore, in g-matroids strong independence coincides with indepen-
dence. We remark that strongly independent subspaces of ¢-PMs play a crucial role
in [9] for the construction of subspace designs. For g-matroids the following notions
coincide.

Proposition 3.3.2. Let M = (E, p) be a g-matroid and V € L(E). Then

V' is mazimally strongly independent <=V is a basis

<=V s a minimal spanning space.

Proof. The first equivalence is clear since for g-matroids strong independence coin-
cides with independence (see Proposition . We turn to the second equivalence.
“=” Let V be a basis of M. Then dim V' = p(V') = p(E). For every proper subspace
W <V we have p(W) < dimW < dimV = p(E), hence W is not a spanning space.
This proves minimality of V. “<” Let now V be a minimal spanning space. Then
p(V) = p(E). Suppose V is dependent. Then there exists a basis W of V', and Theo-
rem implies p(W) = p(V) = p(E). This contradicts minimality of V. Hence V/
is independent and thus a basis thanks to Remark [3.2.3 O

The last result is not true for ¢-PMs. For instance, it can be verified that for either
¢-PM in Example the basis has dimension 5, the minimal spanning spaces have
dimension 3, and the maximally strongly independent spaces have dimension 2. On
the other hand, there exist ¢-PMs that are not g-matroids and yet the bases coincide
with the minimal spanning spaces (for instance the ¢-PM (F3, p) in [26, Ex. 4.2]).
Thus the second equivalence in Proposition does not characterize g-matroids.
As for the first equivalence, note that if a p-basis of a ¢-PM is strongly independent,
then this is true for all bases (because they all have the same dimension by
and the same rank by Theorem . Thus all independent spaces are strongly
independent thanks to Proposition and the rank function is integer-valued by
Theorem [3.2.1} This shows that the first equivalence does characterize ¢-matroids.

The following describes the relation between bases and minimal spanning spaces
in a ¢-PM.

Proposition 3.3.3. Let M = (E, p) be a q-PM with denominator p.
(a) A minimal spanning space is p-independent.
(b) Every p-basis of M contains a minimal spanning space and every minimal span-

ning space is contained in a p-basis.

Proof. (a) Let V' be a minimal spanning space. If V' is p-dependent, then V' contains
a p-basis W, and Theorem implies p(W) = p(V) = p(E). This contradicts
minimality of V. (b) is clear. O
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Recall duality from Theorem [2.1.11] Our next result shows that bases are com-
patible with duality in “the expected way” if and only if the ¢-PM is a ¢g-matroid.
Part (a) has been established in [36].

Proposition 3.3.4. Let the g-PMs M = (E,p) and M* = (E, p*) be as in Theo-

rem (2111

(a) If M is a q-matroid, then for every basis B of M the orthogonal space Bt is a
basis of M*.

(b) Let u be a denominator of M. Suppose there exists a p-basis B of M such that
the orthogonal space B* is a u-basis of M*. Then M is a g-matroid.

Proof. (a) has been proven in [36, Thm. 45].

(b) Let B be a u-basis of M and B+ be a u-basis of M*. Then p(B) = p(E) and thus
p*(B*) = dim Bt + p(B) — p(E) = dim B+. Theorem implies that every basis
B of M* satisfies p*(B) = p*(Bt) = dim B+ = dim B. Now Proposition yields
p*(I) = dim [ for all p-independent spaces I of M*. Hence the dual rank function p*
is integer-valued on the p-independent spaces. But then the entire rank function p*
is integer-valued thanks to Theorem [3.2.1] Now p = p** is also integer-valued, which
means that M is a ¢g-matroid. O

The above result has an interesting consequence. Recall from Theorem |3.1.6
the auxiliary g-matroid Zu,. Part (b) above implies that if M is a ¢-PM with
denominator y and M is not a g-matroid, then Zy- , # Z3, . Indeed, Theorem[3.1.0
implies that a subspace B € L(F) is a p-basis in M if and only if it is a basis in
Zmu- Thanks to Proposition [3.3.4(a) the latter is equivalent to B+ being in basis in
Z34,- But by Proposition [3.3.4(b) B* is not a basis of M*, and thus not of Zy .

Spanning spaces and strongly independent spaces are mutually dual, as one can
see immediately with (2.1). This may be regarded a generalization of [1I, Prop. 87]
and [36, Thm. 45] (i.e., Proposition [3.3.4|a)), where the same results have been
established for g-matroids.

Proposition 3.3.5. Let M and M* be as in Proposition and let V € L(E).
Then 'V is a (minimal) spanning space in M if and only if V* is (mazimally) strongly
independent in M*.

We close the section with a few remarks on the properties — or rather lack thereof
— of strongly independent spaces and spanning spaces in g-PMs. Neither maximally
strongly independent spaces nor minimal spanning spaces are as well-behaved as
bases. This is not surprising since neither collection consists of subspaces of constant
dimension (which can be verified with Example [3.4.6).

Remark 3.3.6. (a) Let M be a ¢-PM and i~ be its collection of strongly independent
subspaces. Thanks to Proposition T satisfies (12) of Corollary . It is
not hard to find (sufficiently large) examples showing that T does not satisfy (13)

and (14).

52



(b) Bases in a q-PM satisfy conditions (B1)-(B4) in Corollary|3.1.10, But neither
the mazimally strongly independent subspaces nor the minimal spanning spaces

satisfy (B3) or (B4).
3.4 Examples.

Example 3.4.1. Example gives two MRD codes in F3*?with the same rank
distance whose column q-PMs are not equivalent. Recall Cy = (A, ..., As) and Cy =
(Bi,...,Bs), where

11 1 1 0 0 00 10
10 11 0 0 0 1 0 1
A;=10 0, Ao=]|1 0], A3=1|1 1|, Ay=10 0], As=1|1 1],
10 0 1 0 0 00 0 0
0 0 00 0 1 11 01
and
10 00 0 0 00 0 1
01 10 0 0 00 0 0
Bi=10 0|, By=10 1], Bs=1|10]|,B,=10 0|, Bs=1]01
0 0 00 01 10 0 0
0 0 00 00 01 1 0

Both codes are MRD with rank distance d = 2, and Cy is actually a (Fos-linear)
Gabidulin code. Consider the ¢-PMs M, := Mc(C;) = (F°,pb), i = 1,2. From
Theorem we know that pt(V) = p2(V) = dimV for dimV < 1 and p5(V) =
pe(V) =5/2 if dimV > 4. As for the 2-dimensional subspaces of F3, it turns out
that the map p} assumes the value 1 ezactly once and the values 3/2 and 2 exactly 28
and 126 times, respectively, whereas p2 assumes the values 3/2 and 2 exactly 31 and
124 times, respectively, and never takes the value 1. Similar differences occur for the
3-dimensional subspaces. Thus My and My are not equivalent.

Example 3.4.2. Independent spaces of the same dimension need not have the same
rank value. Let F = Fy and consider the code C < F3*3 generated by

010 011 011
0o01),100¢O0), (1 0O
0 01 0 01 010

Let M = Mc(C) = (F3, pc) be the associated column q-PM. Then for all V € L(F3)\

o 2/3 ifdimV =1orV
pc(V)Z{ { if dimV =1 or V = (e; + e, €3),

Thus 3 is the principal denominator and all spaces are independent. In particular, all
2-dimensional spaces are independent, but they do not assume the same rank value.

otherwise.
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Example 3.4.3. A dependent space may have a larger rank value than an independent
space of the same dimension. Let F = Fy and C < F°*3 be the code generated
by the standard basis matrices Ei1, Eio, Fosz, F3o, 4, Eyo. In the column q-PM
Mc(C) = (F°, pe) the subspace I = (eq, e3) is independent with pe(I) = 2/3, while
the subspace V = (e + eq, e5) satisfies pc(V) =1 and is dependent (because (e5) is a
loop).

Example 3.4.4. A subspace V satisfying ppe(W) = ppe(V) = dimV — 1 for all its
hyperplanes W need not be a circuit. Let F = Fy and

_ o O O
_ o O =
O O = O
O = O O
_ o = O OO
SO OO O
O = OO O =
== 0 O O
OO R Rk O
O = O O OO
O R OO O O
— == O O O
_ o = O O
SO OO O
_ o O = = O
O = OO O =

Set C = (Ay, Ay, A3, AyU, AU, AsU), where U = AS. Then C is a right Fy-linear
rank-metric code of dimension 6. Indeed, A is the companion matriz of the primitive
polynomial f = x'+x+1 € Fy[x] and since 5 = (2 —1)/(22—1), any root w of f leads
to a primitive element w® of the subfield Fyz. Thus V5'(C), where B = (1,w,w? w?),
is an Foz-subspace of FS,. The principal denominator of Mc(C) is pp = 2. There
exist 497 p-circuits, one of which has dimension 1 and all others have dimension 4.
An additional 169 spaces V' satisfy pupe(V) = dimV — 1, and 97 of them also satisfy
ppe(W) =dimV — 1 for all its hyperplanes W.

Example 3.4.5. There is no obvious relation between the auxiliary g-matroid Zpg,,
of a g-matroid M and M itself if p > 2. Let n > 3 and fiz a 2-dimensional sub-
space X € L(F™). Set p(X) =1 and p(V) = min{dim V, 2} for V # X. One can
check straightforwardly that M = (F™, p) is a qg-matroid (this also follows from [206,
Prop. 4.7]). Choosing 1 = 2, one wverifies that 1,5, = min{dimV, 4}, and thus the
g-matroids M and Zyq9 are not equivalent.

Example 3.4.6. Let F = Fy and consider the codes C = (Ay, Ay, As),

C' = (Ay, Ay, AY) < Y3 where
00 0 101 010 100
{r oo {1t oo o1 , 1000
A1_011’A2_000’A3_010’A3_101
010 111 01 1 1 0 1

Both the associated q-PMs M = M¢(C) = (F4, pc) and M’ = Mc(C") = (F*, o)
have principal denominator 3, and the space F* is the only dependent space. Hence M
and M' share the same bases, namely all 3-dimensional spaces. Moreover, pe(V) =
1 = pe(V) for all bases V. Yet, M and M’ are not equivalent: in M the rank
value 1 is assumed by 33 subspaces of dimension 2, whereas in M’ it is assumed by
32 subspaces of dimension 2 (in both q-PMs 4 subspaces of dimension 1 have rank
value 1 as well).

54



Example 3.4.7. Consider the ¢-PM M = (F3, pc) from Example . We have
seen already that Ty(M) = L(F?). Define the set

IT={V e L |V #es+eye3) and V #F?}
and let p = pelz. One easily verifies that (Z,p) satisfies (11)-(1}) and (R1')-(R4').

Furthermore, the extension p defined in Theorem|3.2.4) equals pe and thus the induced
q-PM (T3, p) equals M. Now we have T C Z3(M).

Copyright© Benjamin Jany, 2023.
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Chapter 4 The Projectivization Matroid of a g-Matroid.

In this chapter, we restrict ourselves to the study of g-matroids and study their con-
nection to classical matroids via the intermediate of the projectivization matroid.
The latter is a matroid that can be associated to the g-matroid and which preserves
the structure of the lattice of flats. This in turn will allows us to study the charac-
teristic polynomial of g-matroids from a classical matroid perspective. We establish
a deletion/contraction formula for the characteristic polynomial of g-matroids and
then prove a g-analogue of the Critical Theorem for g-matroids and F,m-linear rank
metric codes. Result from this chapter also appear in [33].

4.1 Preliminaries on Matroids.

We start this chapter by recalling with some preliminary results on classical matroids
which will be needed throughout the chapter. The reader may note that many of
those properties are similar to those established in Chapter 2l Many proof regarding
properties of matroid will be omitted in section and the reader may refer to [39] for
more details. The following notation will be used in this chapter. S and T are finite
sets, 2° is the power set of S and [n] := {1,...,n} for n € Ny. Furthermore given a
set Sand AC S, let S—A:={ee S :e¢ A}. Finally, to distinguish g-matroids
from matroids, the former will be denoted by the script letters M, A, whereas the
latter will be denoted by the capital letters M, N.

Definition 4.1.1. A matroid is an ordered pair M = (S,r), where S is a finite set
and r is a function v : 2% — Ny such that for all A, B € 2° :

(R1) Boundedness: 0 < r(A) < |A].

(R2) Monotonicity: If A C B then r(A) < r(B).

(R3) Submodularity: r(AU B)+r(ANB) <r(A)+r(B).
S is called the groundset of M and r its rank function.

Throughout, identify {e} with e and {v} with v. Two matroids M = (S, rys) and
N = (T,ry) are equivalent, denoted M = N, if there exists a bijection between the
groundsets, ¢ : S — T, such that r3/(A) = ry(¢¥(A)) for all A C S. Given a matroid
M = (S,r), e € Sisaloop of M if r(e) = 0. M is said to be loopless if it does not
contain any loops. A subset F' C S is a flat if r(F' Uv) > r(F) for all v ¢ F. It is
well known that the collection of flats, denoted Fj;, forms a geometric lattice. For
any Fy, Iy € Fy, the meet and join are defined as follows F} A Fy .= F} N Fy and
Fy VvV Fy = cly(Fy U Fy), where cly/(A) ={vesS :r(Auv) =r(A)} = {F €
Fu  AC F}. Given Fi, Fy, € Fy, we say Fy covers Fy if for all F' € Fy; such that
Fy C F C F; then FF = Fy or ' = F,. When discussing F,;, we interchangeably
use the terms collection of flats and lattice of flats. The flats of a matroid satisfy
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three axiomatic properties, analogous to the properties of Theorem that fully
determine the matroid.

Proposition 4.1.2. [39, Sec. 1.4 Prob 11.] Let M = (S, 7)) be a matroid and Fyy
its collection of flats. Then Fy; satisfies the following:

(F1) S € Fu.
(FQ) [fFl,FQ € Fur then FiNFy, € Fyy.

(F3) Let F € Fyr and v ¢ F, then there exists a unique F' € Fy covering F such
that FUv C I,

Furthermore, vy is uniquely determined by Far and rar(A) = h(clpy(A)) for AC S,
where h(F') denotes the height of F' in the lattice Fy.

Recall, the height of an element F' in a geometric lattice, is the length of a maximal
chain from the minimal element of the lattice to F'. The reader may refer to [39, Sec

1.7] for more details. Similarly to g-matroids (recall Theorem [2.1.11]), there exist a
notion of duality for matroids.

Definition 4.1.3. Let M = (S,r) be a matroid. The dual matroid M* = (S,r*) is
defined via the rank function

r*(A) = |A] = r(S) +r(S — A).

Using the dual matroid, a coloop of M = (S,r) is an element e € S such that
{e} is a loop of M*.We now define the operations of deletion and contraction for
matroids.

Definition 4.1.4. Let M = (S,r) be a matroid and let A C S.

e The matroid M\ A= (S—A,rapa), where rapa(B) =r(B) forall BC S —A,
is called the deletion of A from M.

e The matroid M/A = (S — A,7pmya), where raya(B) = r(BUA) —r(A) for all
B C S — A, is called the contraction of A from M.

The following well-known facts about the deletion and contraction of matroids
will be needed. Refer to [39, Prop 3.1.25] for a proof.

Proposition 4.1.5. Let M = (S,r) be a matroid. Let A, B C S be disjoint sets.
Then

e (M\A)\B=M\(AUB)=(M\B)\A4,
e (M/A)/B=M/(AUB) = (M/B)/A,
e (M\ A)/B = (M/B)\ A
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To avoid the surplus of parenthesis, we omit them if there is no risk of confusion.
At this point we make a brief comment about the notation that is used in this chapter
only. The notation \ always denotes the deletion operation and set exclusion is
denoted by the — sign. However, the notation / is used to denote both the contraction
of (¢g-)matroids and quotient space (i.e £/V). The reader should therefore use context
in order to differentiate between the latter two.

Similarly to g-matroids, deletion and contraction are dual operations i.e. M*\ A =
(M/A)*. A proof of this fact can be found in [39, Sect. 3]. A matroid N (resp. g-
matroid N) is a minor of M (resp. M) if it can be obtained from M (resp. M) by
a sequence of deletion and contraction.

We close this section by showing that for both matroids and ¢g-matroids, the flats
of a contraction can be characterized in terms of the flats of the original (¢-)matroid.
Recall Proposition for the contraction of g-matroids.

Proposition 4.1.6. Let M = (S,ry) be a matroid, M = (E, ppr) be a g-matroid
and Fyr, Faq their respective lattice of flats. Let A C S, V < E and consider M /A
and M/V. Then

(]) FM/A:{FQS—A : FUAE.IT"M},
(2) Fpmpy ={F <EJV : 7 (F) € Fm}, wherew: E — E/V.
Furthermore A (resp. V') is a flat of M (resp. M) if and only if M/A (resp. M/V)

15 loopless.

Proof. (1) is shown in [39, Prop 3.3.7]. For (2), first let F' € Fuqy and consider
the space W := 7 (F) < E. Let x ¢ W. Then pu(W @ (z)) = payv(EF @
(m(x))) + prm(V) > pagyv (F) 4+ pama(V) = pama(W), where the inequality holds because
F € Fypyv and w(x) ¢ F. Since this is true for all # ¢ W then W € F .

Now let F' < E/V such that 77*(F) € Faq. Let (z) < F/V such that x ¢ F. Then
pryv (F ® () = ppa (771 (F @ (2))) = pa(V) = pan(a ™ (F) + 771 ((2))) = pm (V') >
pm(mHE)) = paa(V) = payv(F). Once again, since this is true for all x ¢ F' then
Fe fM/V-

We show the second part of the statement for matroids, and note the proof for
g-matroid is analogous to it. Consider M/A with A € Fj; and let e € S — A.
Then rya(e) = ru(e U A) — rp(A) > 0 since A is a flat. Since this holds for all
e €S — A, then M/A is loopless. Now assume A ¢ Fps then A C clp(A) and let
e €cly(A) —ACS— A Then ryya(e) = ru(AUe) —r(A) = 0 since e € cly(A).
Hence M /A contains a loop. O

4.2 The Projectivization Matroid.

In [34], Johnsen and co-authors showed that a g-matroid M with groundspace F
induces a matroid P(M) with groundset the projective space of E. This induced
matroid, called the projectivization matroid of M turns out to be an interesting
object to study. In fact, it was shown in that same paper, that the projectivization
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preserves the flat structure of M. It therefore becomes a useful tool when studying
properties of g-matroids that depend only on flats.

For completeness, we reintroduce the construction of the projectivization matroid.
The following notation will be used. Given a finite dimensional vector space E over
Fg, let PE = {(v)r, : v € E — {0}} be the projective space of E. The map,
P:(E—-{0}) — PE, v+ (v)r, induces a lattice map P : L(E) — 2%, where
P({0}) = 0 and P(V) = {P(v) : v € V —{0}} = {P((v)) : v € V —{0}} for
V < E. We call the lattice map P the projectivization map. Usually, P is called
the projectivization map, however for our purposes, it is more convenient to consider
the projectivization as a lattice map. Note that P is inclusion preserving and that
PVNW)=PV)nPW) for all V,W € L(FE). For any S C PE let P~(S) :=
{veE: Pw)eSt={veE : P(v)e S} Note that (P~ o P)(V) =V for all
V < E. Finally let (S) := (P~!(S))r, for any S C PE. We say S C PE contains a
basis of E if (S) = E. We can now introduce the projectivization matroid.

Theorem 4.2.1. ([3], Def.14, Prop. 15]) Let M = (E,p) be a g-matroid and let
r: 2% — Ny such that for all S C PE,

r(5) = p((S))-

Then P(M) = (PE,r) is a matroid, and is called the projectivization matroid of
M.

We now turn towards the relation between the flats of a g-matroid M and those
of its projectivization matroid P(M). In the following result, the meet and join refers
to those of the lattice of flats defined in Section for g-matroids and Section
for matroids.

Lemma 4.2.2. [3], Lem.16, Prop.21] Let M be a g-matroid, P(M) its projec-
twization matroid, and Fr, Fpy their respective lattice of flats. Furthermore,
let P(Fm) ={P(F) : F € Fpm}. Then the following hold:
1) Fprim) = P(Fm).
2) P(Fl \/FQ) = P(Fl) \/P(FQ) and P(Fl /\Fg) = P(Fl) /\P(Fg), fOT all Fl,FQ €
Fum.

Therefore Fpmy = Fa as lattices.

The next result shows when a matroid with groundset PE is the projectivization
matroid of a g-matroid with groundspace F.

Theorem 4.2.3. Let M = (PE,r) be a matroid and Fyy its lattice of flats. Further-
more let P~ (Fyr) := {P7YF)U {0} : F e Fy}. If P7YF)U{0} is a subspace of
E for all F € Fyr, then M = (E, P~ (Fy)) is g-matroid. Furthermore Fy = Fpy.

In the following proof, to avoid confusion between the properties of flats of ma-
troids and ¢-matroids, we denote by (¢qF1) - (¢F3) the properties satisfied by ¢-
matroids established in Theorem 2.2.4
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Proof. We show F := P~(Fyy) is a collection of flats of a g-matroid by showing it
satisfies (¢F'1)-(¢F3) of Theorem [2.2.4 Throughout the proof we use the fact that Fy,
is the collection of flats of a matroid, and hence satisfies (F1)-(F3) of Proposition[4.1.2]
Since F); satisfies (F1), PE € Fa, and therefore P~Y(PE) U {0} = F € F. This
shows (qF1). Let V; := P7Y(F) U {0}, V4 := P71 (F3) U {0} € F. Since Fy, I, € Fy
then Fy N Fy € Fy. Furthermore, P(Vi NV,) = P(Vi) N P(V,) = F1 N Fy € Fy.
Hence Vi NV, = P~} (Fy N Fy) U {0} € F, showing (qF2).

Finally for (qF3), fix F € Fy, let V:i= PHF)U{0} € F and w ¢ V. Since P is
inclusion preserving P((w)) ¢ P(V) = F. Hence there exists a unique flat F’ € Fy,
covering F' such that U P((w)) C F'. Let V' := P7'(F') U {0}. By definition
V' € F and since V' is a subspace containing V' Uw then V @ (w) < V'. To show V’
covers V', assume there exists W € F such that V < W < V'. Applying P and using
the fact that P is inclusion preserving, we get F' = P(V) C P(W) C P(V') = F".
However because W € F then P(W) € Fy. But F’ covers F' hence we must have
that P(W) = F’ and therefore W = V’. This implies V' is a cover of V' and shows
F is the collection of flats of a g-matroid.

Finally to show Fj; and F are isomorphic as lattices, note that P(F) = Fys hence
by Lemma the isomorphism follows. O

We now show that the lattice of flats of the g-matroid M contracted by a flat F’
is isomorphic to the lattice of flats of P(M)/P(F).

Theorem 4.2.4. Let M be a g-matroid, P(M) its projectivization matroid and
Fps Fpowmy their respective lattice of flats. Then Fayp = Fpomypr) (as lattices)
for any F € Fp.

Proof. Throughout let F{,Fy € Fayp and V; = n '(F!), where 7 : E — E/F.

By Proposition and Lemma m, F € Fayr & Vi € Fm & P(V;) €
Femy & P(V;) — P(F) € Fpwy/pp)- Furthermore, ] = F) & Vi =V, &
P(Vi) — P(F) = P(V3) — P(F). Hence there is a one-to-one correspondence be-
tween Fur and Fpay/pr) described by the map ¢ : Fayr — Fpamy/pr), where
Y(F!) = P(V;) — P(F) Since the lattices of flats are finite, to show 1 is a lattice
isomorphism, we need only to show 1 preserves meets. Recall that the meet of flats
in either lattice is the intersection of the flats.

Y(FINEy)=PViNVy)— P(F)
= (P(Vi) N P(Vz)) — P(F)
= (P(V1) = P(F)) N (P(V2) — P(F))
= Y(F)) NY(Fy),
which completes the proof. n

The next few properties about projectivization matroids, although not difficult to
prove, will be useful in following sections.

Proposition 4.2.5. Let M = (E, p) be a g-matroid and P(M) = (PE, ) its projec-
tiization matroid. Then M contains a loop if and only if P(M) contains a loop.
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Proof. Let (e) < E be a 1-dimensional subspace. By definition, r(P({e))) = p({e)).
Hence (e) is a loop in M if and only if P((e)) is a loop in P(M). O
Proposition 4.2.6. Let M = (E,p) be a g-matroid and P(M) = (PE,r) its pro-
jectivization matroid. Let A C PFE be such that A contains a basis of E. Then
r(A) = r(PE).

Proof. Since A contains a basis of E then (A) = E. Hence 7(A) = p((A)) = p(F) =
r(PE). ]

We conclude the section by studying the relation between minors of a g-matroid
and minors of its projectivization matroid. To do so we introduce the following
notation.

Notation 4.2.7. Let V < E.
o Quy:={(w) ePE : (w) £V} =PE - P(V).
o Q*VA =Qy — A for AC Qy.

Note that PE — Qy = PV. Furthermore for spaces W,V < E such that W @V =
E, every element in E'/W can be written as v+ W for a unique v € V. Thus the map
Y E/W =V, v+ W — v is a well-defined vector space isomorphism and induces
a bijection on projective spaces. By slight abuse of notation we use ¢ as both the
vector space isomorphism and the projective space bijection. It can then easily be

shown that ((A)) = ((A)) for all A C P(E/W).

Theorem 4.2.8. Let M = (E,p) be a g-matroid and let W,V < E such that W @
V = E. Let V* be the orthogonal space of V w.r.t. a fixt NSBF. Furthermore let
S ={{(w1),...,{(w)} CPE such that {wy,...,w} is a basis of W.Then

P(M/W) = (P(M)/S)\ Q7
PM\ V)= P(M)\ Qy.

Proof. Let N := P(M)/S\ Q;7. Note N has groundset PE — Qy = PV whereas
P(M /W) has groundset P(E/W). Let ¢ : P(E/W) — PV be the bijection described
previously. To show N = P(M /W), we must show rpagwy(A) = rv(¢(A)) for all
ACPE/W). Let m: E — E/W be the canonical projection. Since {wy,...,w;} is
a basis of W and S = {{wy), ..., (ws)}, then 771 ({A)) = (Y(A)) + W = (H(A) U S).
Furthermore by Theorem , e (S) = p(W). Hence we get:

TP(M/W) (A) = PM/W(<A>)
= pam(mH({A))) = pm(W)
= pm((V(A) U S)) — prm((S))
= rpm) (V(A) U S) — rp)(5)
= rpmy/s(P(A))
= TNW(A))a
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where the last equality holds because ©¥(A) C PV which is the groundset of N.

Moving on to the second equivalence. Both matroid P(M \ V1) and P(M)\ Qv
have groundset PV. Hence we need only to show that the rank functions of both
matroids are equal. Let A C PV.

TP(M\VJ-)(A) = pM\Vl(<A>)

= pm((A4))

= rpomy(A4)

= re(vney (4),
where the last equality follows because A C PV which is the groundset of P(M) \
Qv. U

4.3 The Characteristic Polynomial.

The characteristic polynomial is a useful invariant for both matroids and g-matroids.
For the former it was intensively studied over the years, see for example [46], [49]. The
latter was more recently introduced for ¢g-polymatroids [9], and was used to establish
a weaker version of the Assmus-Mattson Theorem. However, in this paper, we are
only interested in the characteristic polynomial of ¢g-matroids.

Before defining the characteristic polynomial, we recall the definition of the
Moébius function which will often be used throughout the section.

Definition 4.3.1. Let (P, <) be a finite partially ordered set. The Mdébius function
for P is defined via the recursive formula

1 if v =,
/’LP(xay) = —ngz§yup(x,z) fo <Y,
0 otherwise.

We use the subscript of p to distinguish between the Mobius functions of different
posets. If the underlying poset is clear, the subscript may be omitted. We now define
the characteristic polynomial of a matroid.

Definition 4.3.2. Let M = (S,r) be a matroid and L(S) the lattice of subsets of S.
The characteristic polynomial of M is defined as follow:

XM(Q;) = Z ML(S)((Z),A)CL’T(S)_T(A)
ACS

= 3 (1)),

ACS

It is well known that if a matroid M contains a loop, its characteristic polynomial
is identically 0. On the other hand if M is loopless, then the characteristic polynomial
of M can be rewritten using the Mobius function of the lattice of flats. Furthermore,
one can recursively define the characteristic polynomial of a matroid in terms of the
characteristic polynomial of its minors. We summarize this in the following theorem.
Proofs can be found in [46], Sec.3] and [49, Sec.7.1].
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Theorem 4.3.3. Let M = (S,r) be a matroid and F be its lattice of flats. If M
contains a loop then xp(x) = 0. If M has no loops, then

XM(-I) = Z Mf<0’ F)xT(S)—T(F)'
FeF

Furthermore for e € S,

X e (@)X arse() if e is a coloop,
xum(z) = )
Xm\e(T) = Xamye(x)  otherwise.

Similarly to matroids, the characteristic polynomial of a ¢g-matroid M is identi-
cally 0 if M contains a loop, and can be rewritten using the Mobius function of the
lattice of flats otherwise. This was in fact shown by Whittle in [48], where the author
generalized the result to any weighted lattice endowed with a closure operator. How-
ever for self containment purposes proofs of those facts will be included. Furthermore,
we use the projectivization matroid to find a recursive formula for the characteristic
polynomial of g-matroids. The characteristic polynomial of a g-matroid is defined in a
similar way than for matroids but uses the Mobius function of the lattice of subspace
of the grounspace of the ¢-matroid.

Definition 4.3.4. [d, Def. 22] Let M = (E,p) be a g-matroid and L(E) be the
subspace lattice of E. The characteristic polynomial is defined as

() == Z pie(m) (0, V)xp(E)fp(V)
V<E

— Z (_1)diqu(d“§v)mp(E)—p(V)
V<FE

We state a few straightforward lemmas that will be useful later on. Recall from
Lemma-Definition the loop space of a g-matroid consists of all 1-dimensional
loops of a ¢g-matroids.

Lemma 4.3.5. Let M = (E, p) be a g-matroid, Fp, its lattice of flats, and L its loop
space. Then L < F for all F € Fp.

Proof. Let V' < E. By the monotonicity and submodularity properties of the rank
function, p(V) < p(V + L) < p(V) 4+ p(L) — p(V N L) < p(V). Hence equality holds
throughout and L < cly (V). Since this is true for all V' < E then L < F for all flats
F of M. O

Lemma 4.3.6. Let M = (E, p) be a g-matroid, F its lattice of flats and L := L(F).

Then
xm(z) = Z Z 112(0, V)P E)=PE),

FeF V:cpm(V)=F
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Proof. Let V < E, then cly (V) € F and p(V) = p(clpm(V)). Hence we get

() = Z 112(0, V)P E) (V)

V<E
S O DRI EREN
FEF Vi (V)=F

]

We can now show that if a g-matroid contains a loop its characteristic polyno-
mial is identically 0, whereas if it is loopless then the characteristic polynomial is
determined by the Mobius function of the lattice of flats.

Theorem 4.3.7. [see also [48, Thm. 3.2,Prop. 3.4]] Let M be a q-matroid and F
its lattice of flats. If M contains a loop then xpm(z) = 0. If M is loopless then

ZMF (0, F) 2P(E)=p(F)

FeF

Proof. From Lemma {4.3.6, we know

YT el vy
FEFV :cl(V)=F
We show that for all flat F' € F,

Z 1e(0,V) = {O if M has a loop, (4.1)

Vic(V)=F pr(0, F)  otherwise.

First assume that M has a loop. We proceed by induction on the rank value of
flats. Let F' € Faq such that p(F) = 0, i.e F' = cly(0). Since M contains a loop,
{0} € F. Hence by Definition Definition [4.3.1]

Z Mﬁ(ovv) = Z /~LL<07 V) = 0.

V:ic(V)=F 0<V<F

Assume (Eq. (4.1)) holds for all F' € F such that p(F) < k — 1.
Fix F' € F such that p(F) = k. Then

0= nc(0,V)

V<F

Vic(V)=F F'SFF'eF V:cl(V)=
- Z Mﬁ(ou V)J

Vic(V)=F
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where the last equality follows by induction hypothesis. Therefore if M has a loop
then y () = 0.

Now assume M is loopless. We once again proceed by induction on the rank of
the flats of M. Since M is loopless, {0} € F. Let F = {0}, then (Eq. (4.1))) follows
trivially from Definition Definition [4.3.1] Assume (Eq. (4.1])) holds true for all F € F
such that p(F) < k — 1. Fix a flat F' € F with p(F) = k. Then

M}'(OaF>:_ Z M]:(()?F/)

F'<SFF'eF

= = Z Z ME(Oa V)

FISFFEFV :c(V)=

- Z Mﬁ(()? V)

Vic(V)SF

= Z NL(O’ V),

Vicl(V)=F

where the second equality follows from the induction hypothesis, and the last equality
follows from Definition Definition [4.3.1] This completes the proof. n

As the next theorem shows, defining the characteristic polynomial in terms of the
lattice of flats of the ¢g-matroid allows us to link the characteristic polynomial of a
g-matroid with that of its projectivization matroid.

Theorem 4.3.8. Let M be a g-matroid and P(M) be its projectivization matroid.
Then

Xm(r) = XP(M)<1:>'

Proof. By Proposition 4.2.5) “ M contains a loop if and only if P(M) contains a loop.
Furthermore, by Lemma [£.2.2) we know Fa = Fp(u) as lattices. Due to Propo-
sitions Proposition and Theorem @ pMm(F) = hry(F) = by, (P(F)) =
rpovy (P(F)) and this or all flats F' € Fq and P(F ) € Fpm)- Therefore, the result
follows directly from Theorem and Theorem [4.3.7] O

We furthermore get the following result when considering the contraction of M
by a subspace V < E.

Proposition 4.3.9. Let M = (E, p) be a g-matroid and P(M) = (PE,r) its projec-
tivization matrotd. Then for allV < F,

XM/V<x> = XP(M)/P(V) ().

Proof. Let V. < E, then V € Fy & P(V) € Fponmy. IfV ¢ Faq then by
Proposition [4.1.6] M/V and P(M)/P(V) contain loops, therefore x /v (z) = 0 =
xpmypevy(x). If V € Fum, by Theorem“ Fmyr = Fpomy p(vy as lattices and,
by Proposition [.1.6] both matroids are loopless. Hence, T heorem and Theo-

rem imply, XM/V(fL’) = Xpm)/P(v)(T). 0
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The close connection between the characteristic polynomial of a g-matroid M and
that of its projectivization matroid gives a new approach to study the former. In fact,
we use this approach to find a recursive formula for the characteristic polynomial of a
g-matroid in terms of the characteristic polynomial of its minors. Because we will be
using the recursive formula defined in Theorem [4.3.3| on the projectivization matroid
P(M) and its minors, we need to pay a particular attention on whether P(M) and
its minors contain coloops. To do so, we therefore fix an NSBF', and consider coloops
of g-matroids with respect to that NSBF. We thus need the following few lemmas.

Lemma 4.3.10. Let M = (S,r) be a matroid and M = (E, p) be a g-matroid. Then
(a) we S is a coloop of M <= 1r*(w) =0<=r(S —w)=r(5) -1
(b) (w) < E is a coloop of M <= p*((w)) = 0 < p((w)*) = p(E) — 1

Proof. Statement (a) can be found in [39, Section 1.6, Exercise 6]. Statement (b)
follows from Theorem 21111 O

Recall the notation Qy = {(w) : (w) £ V}, and Qff = Qy — {{e)} for (e) € Qv
introduced in Notation Notation [£.2.7 To make the results and proofs easier to read,
we may omit the brackets to denote 1-dimensional spaces and we let vt := (v)* for
ve k.

Lemma 4.3.11. Let M = (E, p) be a g-matroid, P(M) = (PE, r) its projectivization
matroid and e,v € PE such that (e) & (v)*" = E. Let A C Q*%, then:

(a) for all w € Q¢ — A, the element w is not a coloop of the matroid P(M) \ A.

(b) for all w € Q% and z € Q,. — (AU w), the element z is not a coloop of
PM)\ A/w.

(c) for all wy,wy € Q1 — A, the matroid P(M) \ A/{w,ws} contains a loop.
(d) e is a coloop of the matroid P(M)\ Q% if and only if (v) is a coloop of M.

Proof. Throughout, let Q = Q*¢, H := v and {hy,---h,_1} be a basis of H.
Furthermore let A C Q, w € Q@ — A and consider the matroid N := P(M) \ A =
(PE — A,ry). Note that r(S) = ry(S) for all S C PE — A.

Statement (a). Note the set B := {hy,...,h,_1,€} is a basis of F, since e ¢ H
and dim H = dim £ — 1. Moreover BC PE — Q CPE — (AUw) CPE — A. Hence
by Proposition [1.2.6] r(PE — Q) = r(PE — (AUw)) = r(PE — A) = r(PE). Because
ry(S) =r(S) for all S C PE — A, we have ry(PE — (AU w)) = ry(PE — A) so, by
Lemma w is not a coloop of N, proving statement (a).
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Statement (b). Let B := {hy,..., h,—1,w} which is a basis of E. We need only
to show r3,, (2) # 0 for all z € Q. — (AUw).

ivjw(2) = 2] + yjw(PE — (AUw U 2)) — rvyw(PE — (AU w))
=14+ry((PE—-(AUwU2))Uw) —ry(w) —ry(PE — A) +ry(w)
=1+r(PE—-(AUz)) —r(PE - A)
1+ p(E) - p(E) = 1

where the last equality follows from Proposition because B is a subset PE —
(AUz) and PE — A.

Statement (c). Let wy,wy € Q,1 — A and W = (wq, ws). Clearly dim W = 2 and
dim(W N {v)*+) = 1. Hence there exists 2 € W such that (z) ¢ Q,.. We show z is a
loop of N/{wy,ws}, i.e. Tn/fwr w1} (2) = 0.

PN/ {wnws} (2) = 17(2 U{wr, wa}) — r({wi, wa})
((2, w1, w2)) — p((wy, w2))
(W) = p(W) = 0.

p
p

Statement (d). Let N’ := P(M)\ Q = (PE — Q,ry/). By Lemma[1.3.10] (v) is a
coloop of M if and only if p(H) = p(E) — 1. Moreover, p(H) = r(PH) = rn(PH)
and p(E) = r(PE) = r(PE — Q) = rn(PE — Q). Hence (v) is a coloop of M if and
only if ry/(PH) = ry(PH Ue) — 1 if and only if e is a coloop of N'. ]

With those results in place, we are now ready to consider the first step of our
main theorem. For the next results we use the following notation. Given Q7¢, fix an
ordering of its elements. Define Sy := 0 and S; := {wy, ..., w;} where w; is the gt
element of Q*¢. Note furthermore that |S;| = i and Sgn1_4 = Q*¢. Moreover, in the
proofs of the remaining results in this section, Proposition and Theorem
may be used without mention.

Proposition 4.3.12. Let M = (E,p) be a qg-matroid, P(M) = (PE,r) its projec-
tivization matroid, e,v € PE such that (e) ® (v)* = E. Then

n71_2

. XM\v(x)XM/6<x) - Zgzo XP(MN\S;/wis1 if v is a coloop of M
xm(x) =

n—

Xotvo(®) = Xoage(@) = X80 72 XP(M)\Si/wiss  Otherwise

Proof. We first use an induction argument on k := |Si| to show that for all 1 < k <
qnfl _ 1’
k-1
X () = XPans, () = D XPMNS, s (T). (4.2)
i=0
We prove the base case when k& = 1. By Lemma [4.3.11] (a), w; is not a coloop
of P(M) hence, by Theorem 4.3.3, Xxpr) () = XPmns, (%) — XPr)\So/w: (T), Where
recall Sy = () and §; = {w; }.
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Now assume (Eq. (4.2))) holds for k¥ < ¢"~! — 2. Then

k—1
X () = Xpns (T) = D XPUNS: fwrss ()
=0
k—1
= XPAN S ) (B) = XPAMNS /s (B) = D XPAMNS: fis (2)
=0

k
= XPM©\Sp: (T) = Z XP(MN\S: fwisr (T)-
i=0

The second equality holds true by Theorem [4.3.3] because wy4; is not a coloop of
P(M)\ S by Lemma [4.3.11] (a). This establishes (Eq. (4.2])).

Because Spn-1_; = Q7¢, we conclude the proof by using Theorem on
XPMN\S, a1, (€) with the element e € Q.1 — Sgn-1_y. We therefore consider two

cases: when e is a coloop of P(M)\ Q*¢ or not. By Lemma (4.3.11| (d), those two
cases correspond exactly to when (v) is a coloop of M or not. First assume e is a
coloop of P(M)\ Q:¢, and therefore (v) is a coloop of M. Then by Theorem [4.3.3]

XP(M)\Qre (z) = XP(M)\Q, 1 (x)XP(M)\QZi/e(m)'

By Theorem [§.2.8, P(M)\ Q,. = P(M \v) and P(M) \ Q¢ /e = P(M/e) hence
their respective characteristic polynomials are equal. Furthermore by Theorem [4.3.8]
Xpmvw) (T) = Xamvw(@) and xpoye) (2) = Xamye(x). Therefore, xppns .-, ,(x) =
XP(M)\Q, | (x) - XP(M)\in/e(x) = Xm\w(Z) * Xmye(x), which, when substituted in

(Eq. (4.2))) gives us the wanted equality.
If e is a not coloop of P(M)\ Q% , and therefore (v) is not a coloop of M. Then

Xpner (T) = xpne, . () = Xpners e(T).

Once again using Theorems Theorem and Theorem [£.3.8] the wanted equality
follows. O

At this point, note that the characteristic polynomial x(x) depends on both
the characteristic polynomial of minors of the g-matroid M and the characteristic
polynomial of minors of P(M). In the following Theorem, we rewrite all characteristic
polynomials of minors of P(M) in terms of characteristic polynomials of minors of

M.

Theorem 4.3.13. Let M = (E, p) be a g-matroid and e,v € E such that {e)® (v)*+ =
E. Then

Xm\o () X mye(T) — ZwEQ*j Xmyw(x) if v is a coloop of M,
xm(z) = ¥ .
Xmvo(T) — ZwerL XM /w () otherwise.
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Proof. Given the equation of Proposition we show that

qn—172
D XS fwi (@) = Y Xmgu(@). (4.3)
=0 weQrq

Fix 0 < i < ¢" ' —2 and consider X pa)\s;/wi.q (). Forall A C Q.1 — (S;Uw;i1),
we show by induction on |A| that

XPMNS; fwi41 (T) = XPMN(S1UA) fwis1 (T)- (4.4)

First let |A] = 1 and let w € A. By Lemma {4.3.11| (b), w is not a coloop of
P(M)\ S;/w;1. Therefore

XPMNS: /wi 1 (L) = XPOMN\(Si0w) fwig1 (T) = XPAMNS:/{wi 1,0} (T)-

By Lemma [4.3.11] (¢), P(M) \ S; /{w;+1,w} contains a loop which implies its char-
acteristic polynomial is 0. Hence Xpar)\si/wiis (T) = X PN (Suw)/wiss (). Now let
|A| = k and let w € A. Since |A — w| = k — 1 by induction hypothesis we get

XPMNS: w1 (T) = XPOMN(S:U(A—w))/wis, (T). Once again by Lemma (b), w is
not a coloop of P(M) \ (S; U (A —w))/w;+1 hence

XPMN(SU(A—w))/wi 11 (L) = XPOMN(S:0A4) fwiy1 (L) = XPAM)\(S:04)/{ws 41,0} (L)

By Lemma (4.3.11| (¢) P(M) \ (S; U A)/{w;;1,w} contains a loop and therefore its
characteristic polynomial is 0. This completes the proof of (Eq. (4.4)), which if
A= Q.1 — (S;Uw;y1) shows that

XP(MN\S: jwiq (T) = XP(M)\Q:’j"+1/w,-+1(x )-

Finally by Theorems Theorem [1.2.§ (where S = {w;41}) and Theorem we
get
XPOMNS; fwigr (£) = Xmwii (). (4.5)
Since the above induction holds true for any i chosen, then (Eq. (4.5)) holds for all
0<i<g"!—2and

qn—172 n—=1_9

q
Z XPMNS; /i (T) = Z XM /wisr (T)
=0 i=0
= Z XM /w ().

weQ*q

Substituting (Eq. (4.3) into the equation of Proposition [4.3.12] gives the desired
result. O]

69



4.4 Rank Metric and Linear Block Codes.

As already seen in Section 2.3} g-matroids are closely related to the study of Fym-linear
rank metric codes. Classical matroids also have a close connection to coding theory
and more precisely with the study linear block codes with the Hamming metric. In
fact, any linear block code induces a matroid, and many code invariants are fully
determined by that matroid. In [I], Alfarano and co-authors showed that an Fgm-
linear rank metric code C induces a linear block code that shares similar parameters.
We show in this section how the projectivization matroid of a g-matroid relates to
the matroid associated to that linear block code. Furthermore we use this relation
and results from Section 5 to show the g-analogue of the Critical Theorem in terms
of g-matroids and Fm-linear rank metric codes.

We start the section by recalling some coding theory concepts. As described in
Section we consider Fm-linear rank metric code as a subspaces of Fj... Further-
more let I' be a basis of the vector space Fym over F, and Wr : Fj., — F/*™ be the
coordinate map introduced in Eq. . Recall for all v = (vy,...,v,) € Fym, let
Ur(v) be the n x m matrix such that the i*" row of Up(v) is the coordinate vector of
v; with respect to the basis I'. Moreover, throughout the section, we fix the NSBF
on F} to be the standard dot product. We define the following two weight functions.

Definition 4.4.1. For all v € Fy,., the Hamming weight wy, and the rank weight
wyk of v are defined as follow:

wp(v) := #non-zero entries of v

wik(v) = rkp, (Yr(v)).

It is well known that the rank weight is independent of the basis I' chosen. Both
weight functions induce a metric on Fji.., where da (v, w) = wa (v —w) for v,w € Fym
and A € {H,rk}. A linear block code is a subspace of the metric space (Fy.n, dn), and
an Fm-linear rank metric code is a subspace of the metric space (Fy.,d). Given
a code C < T, let du(C), respectively dx(C), denote the minimum weight over all
non zero elements of the code. If dimC = k, then da(C) < n—k+1 for A € {H,1k}.
For each metric, the above bound is called the Singleton bound. C is said to be
mazximum distance separable, respectively maximum rank distance if the Hamming-
metric, respectively the rank-metric, Singleton bound is achieved. For both metrics,
the weight distribution of the code is defined as follows.

Definition 4.4.2. Let C < Fp. be a code. For A € {H,rk}, let
W) = v e :walv) =i}|.

Furthermore let Wa(C) := (WX)(C) 10 <i<n). Wg(C) is called the Hamming
weight distribution of C and Wy (C) is called the rank weight distribution of C.

We now introduce two notions of support for elements of Fy...
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Definition 4.4.3. Let v = (v1,...,v,) € Fjo and V C Fp..

Su(v) ={i :v; #0} and Su(V) = [ Su(v)

Sie(v) = colspg, (Tr(v)) and  Su(V) =Y Su(v)

veV

Su, respectively Sy, are called the Hamming support and rank support of v € F
or'V C Fgm.

Once again, the rank support of an element v € K., or subset V. C Fym, is
independent of the basis I" chosen. Furthermore, a linear block code, respectively
Fym-linear rank metric code, C < F7,. is said to be non-degenerate if Sy(C) = [n],
respectively Sy (C) = Fy. Given a code C < Fyi.,, it is of interest to consider the set
of elements of C with a given support.

Definition 4.4.4. Let C <. be a code, A C [n] and V' < Fy. Let

CH(A) = {U eC : SH(U) = A}
Crk(V) = {U eC : Srk(v) = V}

We now make the connection between codes and (¢-)matroids. Note that linear
block codes and [Fym-linear rank metric codes can be represented via a generator
matrix G € Fix", where C := rowspg ,, (G). Both a matroid and a g-matroid can
be induced from the generator matrix. The following construction is well known for
matroids (see [39, Sec.6]) and is shown in Lemma [2.3.9 for g-matroids. We recall both
constructions below.

Proposition 4.4.5. Let C < Fy.. be a code and G € ]F';é” a generator matriz of
C. Fori € [n], let e; € Fy denote the it" standard basis vector and for V < [y let
Yy € Fp** such that colspy, (Yv) = V. Define r : [n] — Ny and p : L(F}) — Ny such
that:

r(A) =r1ke,. (G- [e;, - €;,]) forall AC [n]

q

p(V) = kg . (G -Yy) forall V < Fy.

Then Mc := ([n],r) is a matroid and M¢ = (Fy, p) is a g-matroid and are called
the matroid (resp. q-matroid) associated with C.

Note that neither My nor M depend on the choice of generator matrix for C.
Similarly to g-matroids, there exist the notion of representable matroids. A matroid
is said to be [, representable if it induced by a linear block code C < Fy. FThe (g-
Jmatroid induced by a code is a useful tool to determine some of the code’s invariants.
In the rest of this section, we consider invariants of the code that are determined by
the characteristic polynomial of the induced (g-)matroid. We first recall the notion
of weight enumerator of a (¢-)matroid. The weight enumerator of the g-matroid was
defined in [9, Def. 43] and a similar concept was established in [30] for matroids.
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Definition 4.4.6. Let M = (S,r) be a matroid and M = (E, p) be a g-matroid, with
|S| =n=dimE. Let

Ag\i}(:ﬁ): Z Xa/(5—a)(T)

ACS,|A|=i
AN = Y xampve(a)
V<E,dim V=i

The weight enumerator of the matroid, respectively q-matroid, is the list Ay :=
(Aﬁfj(x) . 1 <i<n), respectively Ay = (AS\Z/)((Q:) 1 <i<n).

Note in the above equations that if S — A or V+ are not flats of their respective
matroid or g-matroid, then X/ s—a)(r) = 0 = Xxave(z). Hence the summands
of the weight enumerator can be restricted to the complement, respectively the or-
thogonal space, of flats. Thus we have the following result, which is well-known for
matroids (see [30, Prop 3.3]) and was hinted at in [9] for ¢g-matroids.

Theorem 4.4.7. Let M = (S,r) be a matroid and M = (E, p) be a g-matroid, with
|S| =n=dimE. Then

AY@) = > xaye(e),

FG.F]W,lFlzn—i

A = > xwrla)

FeFa,dim F=n—1i

It was shown in [9, Lem 49] that the weight enumerator of a representable g¢-
matroid is closely related to the weight distribution of its associated code. For ma-
troids a similar relation holds and was established in [30, Prop 3.2].

Theorem 4.4.8. Let C < Fy. be a code, M and M be, respectively, the matroid and
g-matroid induced by C. Let A C [n] and V < Fy. Then

(1) xaya(@™) = Calln] — A)]  and  W(C) = A} (™).

(2) xav(@™) = [Co(VD]  and  W(C) = A (g™).

Remark 4.4.9. The above Theorem together with Theorem [{.4.7, tells us that if
ICu([n] — A)| and |Ca(V1)| are non-zero then A and V are flats in M and M,

respectively.

Because the weight enumerator of a (¢-)matroid can be expressed in terms of flats,
we get the following relation between the weight enumerator of a ¢g-matroid and that
of its projectivization matroid.

Proposition 4.4.10. Let M = (E, p) be a g-matroid and P(M) = (PE,r) its pro-
jectivization matroid. Then

A (x) it j=ToL

0 otherwise.

ARy (@) = { (4.6)
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Proof. First, recall by Lemma 4.2.2, Fppy = {P(F) : F € Fp}pand dimF =n —
i< |P(F)| = q";1—1 & |[PE - P(F)| = qn;_;H. Furthermore, by Proposition 4.3.9]

if X C PE is not a flat, then xpy,x(z) = 0. So for all 1 < j < %, such that

n—i

J# q"q‘ill for some 1 < i < n, we get Ag()M)(x) — 0. Now assume j = qnq__qui for
some 1 < i <n. Then

AN = Y xwr@

FeFp,dim F=n—i

= Z XP(M)/P(F) ()
FeFp,dim F=n—i

= > XPm)/P(F)(Z)
PF)EFp(aay, | P(F) = E

qg—1
—_ A0)

where the second equality follows from Proposition 4.3.9, m

With the above setup, we now discuss the linear block code induced by an Fym-
linear rank metric code, as introduced in [I]. In their paper, the authors use g-
systems and projective systems to introduce the Hamming-metric code associated to
a rank metric code. We use a slightly different approach to introduce the associated
Hamming metric code that does not require the previously stated notions.

Definition 4.4.11. LetC < Fim be an Fym-linear rank metric code and let Ge F’;E"

"1
1

be a generator matriz of C. Furthermore let H € IFZ " where each column of H
is a representative of a distinct element of PF,. We call the matrix GH =G -H an
Fy-decomposition of G via H and C" := rowspy, ,,(G") is called @ Hamming-metric
code associated to C via H

Remark 4.4.12. Given a non-degenerate F m-rank metric code C, the code C* of
Definition Definition is a Hamming-metric code associated with C as in [1,
Def. 4.6]. In fact, it easy to show the projective system induced by the columns
of G" is a representative of the equivalence class (Ext™ o ®)([C]) as introduced in
[1]. Furthermore note that unlike the construction in [1], Definition Definition|[§.4.1]]
does not depend on q-systems and projective systems hence we do not require C to
be non-degenerate code. Finally, as noted in [1l/, a Hamming metric code associated
to an Fym-linear rank metric code C is not unique. In our case, C* depends on the
choice of the matriz H of the F,-decomposition. However, all Hamming-metric codes
associated with C are monomially equivalent.

Because C is a linear block code, it induces a matroid Myx. It turns out that
Mewu is equivalent to the projectivization matroid P(M¢) of the g-matroid induced
by C.
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Theorem 4.4.13. Let C < Fy.. be a rank metric code, Mc ils associated q-matroid,
and P(Me) its projectivization matroid. Furthermore let C! be a Hamming-metric
code associated to C via H and Mex its induced matroid. Then

P(M¢) = Men  as matroids.

Proof. Let G € Ff}ﬁ” be a generator matrix of C and let G¥ = G - H be a F -
decomposition of G via H. Let h; be the i column of H, hence PF} = {(h;) : i €

[qn—*l] Define the bijection ¢ : PF; — [qtl}, where 1 ((h;)) = i. Furthermore, let

q—1 q—1

=LAl

A C PFy, P(A) = {iy,...,i.} and Yy = [eil eia] € FFX A, where e; is the

q"—1
j™ standard basis element of F,*" . By Proposition 4.4.5( we get

where the last equality follows from Theorem [4.2.1] O

Remark 4.4.14. The above theorem allows us to relabel the groundset [‘1;_—_11] of the

matroid Men in terms of the elements of the projective space PFy . Precisely if G - H
is the F,-decomposition associated to CH, relabel i € [‘1;%11] by (h;) € PF;, where h;

is the i column of H.
We get the following result as an immediate corollary of Theorem |4.4.13]

Corollary 4.4.15. If M is Fm-representable then its projectivization matroid P(M)
is Fym-representable.

In [I Theorem 4.9], it was established that the rank-weight distribution of a
rank metric code C is closely related to the Hamming-weight distribution of any
Hamming-metric code associated to C. By Theorem 4.4.8, Proposition [4.4.10 and
Theorem we arrive at the same result from a purely matroid/¢g-matroid ap-
proach.

Theorem 4.4.16. [1, Thm 4.9] Let C be an Fym-linear rank metric code and C* be
a Hamming-metric code associated to C.Then

n—i

W) it =

q—1 7
0 otherwise.

Wy (") = {
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We conclude this chapter by showing the g-analogue of the Critical Theorem.
The Critical Theorem, introduced by Crapo and Rota [I5, Thm 1], states that the
characteristic polynomial of the matroid M, induced by the linear block code C
determines the number of multisets of codewords with a given support. It was nicely
restated in [5, Thm 2] in terms of coding theory terminology (recall Definition [4.4.3)).

Theorem 4.4.17. Let C < F} be a linear block code and M = ([n],r) its induced
matroid. For all A C [n], the number of ordered t-tuples V. = (vy,...,v;), where
v; € C for all 1 < j <t, such that Su(V) = A is given by Xnr/(n—a)(q")-

For our last result, we show an analogous statement for F,m-linear rank metric
codes and g-matroids by using the projectivization matroid. It is worth mentioning
that Alfarano and Byrne were able to show an analogue of the Critical Theorem for
g-polymatroids and matrix rank metric codes by using a different approach involving
the Mobius inversion formula [§] .

For the next results we make use of Remark and relabel the elements of
the groundset of the matroid induced by C in terms of elements of PF;. Following
this relabeling, we can also describe the support of a codeword of C* in terms of the
elements of PIF;. More precisely, if CH is induced by the F,-decomposition G - H, for
any v € C, let Sy(v) = {(h;) € PF, : v; # 0}, where h; and v; are respectively
the i*® column of H and the i** component of v. Furthermore, we need the following
well-known result for which we include a proof for self-containment. For two vectors
v, w we let v - w denote the standard dot-product.

Lemma 4.4.18. Let v € Fy.., Si(v) = W < Fy and w € F. Then v-w = 0 if and
only if w € W+,

Proof. Let I' := {71, ..., ¥m} be a basis of Fym over F,, and let Y := Wp(v) € F}*™,
where W := colspy, (Y). Then v-w =0 Y vw; =0 <

> (Z;nzl 'ijij> w; =0 > v (D01, vijwi) = 0. Since I is a basis of Fym over
F, and v;;w; € F,, the previous equality holds if and only if " v;;w; = 0 for all

1 <j <m. But note 1, v;w; = v - w, where v\ is the j* column of Y. Hence
v~w:0<:>v(j)-w:()forall1§j§m<:>w€colspﬁq(Y)L<:>wEWL. O

The following Lemma relates the rank support of elements of the code C with the
Hamming support of elements of the associated Hamming-metric code C*.

Lemma 4.4.19. Let C < Fj be a rank metric code, CH" be a Hamming-metric
code associated to C via H. Furthermore, let V. = {vy,..., v} be a subset of C and
V- H:={v,-H,...,v;- H} . Then

Su(V) =W & Su(V - H) =PF; — P(W™).

Moreover if M and P(M) are the g-matroid and projectivization matroid induced
respectively by C and C then W+ and P(W?) are, respectively, flats of M and
P(M).
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Proof. Consider the subset V' := {vy,...,v:} C C. By definition, W := Sy (V) =
2321 Sik(v;). Let W; := Si(v;). Forall 1 < j <t by Lemma vj-w =0 if
and only if w € VVjL . Hence for all columns h; of H, it follows that v; - h; = 0 if and
only if h; € W;. By definition, this is true if and only if Sy(v; - H) = PF; — P(W}").
Hence Sy(V - H) = J._, Su(v; - H) = U;zl(IP’]FZ — P(W;")), where the first equality
follows by definition. Therefore Sy (V) =W < Su(V - H) = U;Zl(IP’IFZ — P(W;h)) =
PF; — (j—, P(W;")) = PF; — P(W*). Finally, W* and P(W=) are flats of M and
P(M) respectively because of Remark Remark [4.4.9] O

We are now ready to show the Critical Theorem for Fgm-linear rank metric codes
and g-matroids.

Theorem 4.4.20. Let C < Fgm be an Fm-linear rank metric code and M its induced
q-matroid. For all W < Ty, the number of ordered t-tuples V' = (v1,...,v;), where
v; € C for all 1 < j <t, such that Su (V) = W is given by x pyw(¢™).

Proof. Let CH be the Hamming-metric code associated with C via H and P(M) be
its associated matroid. Note that every element of C is of the form v - H for some
v € C. Hence every tuple of elements of C¥ is of the form V - H for some V C C.
Furthermore, since H has full row-rank, there is a bijection between elements of C
and C and hence a bijection between t-tuples V C C and t-tuples V - H C C¥. By
Theorem [4.4.17} the number of t-tuple V- H C C* such that Sy(V-H) = PE—P(W+)
is given by X povy,pewLy(¢™). Moreover, by Proposition , Xy pws)(@™) =
Xmyw(¢™). Finally, by Lemma [£.4.19, Sy (V - H) = PE — P(W+) if and only if
Sa(V) = W and therefore x /w1 (¢™) counts the number of t-tuples V' C C such
that Sy (V) = W. O

The above result, and its proof, shows a close connection between the Critical
Theorem for matroids and that for g-matroids. Furthermore it can easily been seen
from the above approach that the critical problem for ¢g-matroids, that is finding the
smallest power of ¢ that makes the characteristic polynomial of a g-matroid non-zero,
is a specific case of the critical problem for matroids.

Copyright© Benjamin Jany, 2023.
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Chapter 5 The Direct sum of ¢-Matroids.

In this chapter we introduce and study the direct sum of g-matroids introduces by
[13]. We study the rank function of the direct sum and show that the cyclic flats of
the direct sum can easily be characterized via the cyclic flats of each summands. The
characterization of the cyclic flats will then allow us to study the decomposition of
g-matroids into irreducible components. We show every g-matroids can be uniquely
decomposed into the direct sum of irreducible ¢g-matroids, up to equivalence. Finally
we conclude the chapter by studying the representability of the direct sum of ¢-
matroids. More precisely we show that unlike classical matroids, the direct sum of
two [Fym-representable g-matroid is not necessarily F,m representable. Results in this
chapter also appear in [27] and [25]

5.1 Preliminaries on the Direct Sum of ¢-Matroids.

In this introduce the direct sum of ¢g-matroids and study its rank function. The first
definition of it has been given in [I3]. We will present a different, more concise,
definition, which results in the same construction. It will enable us to study its
properties in more detail. In particular, we will derive various ways to compute the
rank function, the most efficient one being based on the cyclic flats of the components.
Moreover, we will show that the dual of a direct sum is the direct sum of the dual
g-matroids.

We start with the union of two ¢g-matroids, which is the g-analogue of the matroid
union; see e.g., [39, Thm. 11.3.1].

Theorem 5.1.1 ([13, Thm. 28]). Let M; = (E,p;), i = 1,2, be g-matroids on the
same ground space E. ForV € L(FE) define

p(V) =dimV + min{p;(X) + p2(X) —dim X | X <V} (5.1)
Then M = (E,p) is a q-matroid, called the union of My and My, and denoted by
M =MV M.

Proof. The fact that p is a rank function is in [I3] Thm. 29] and also follows from
Theorem The main argument in these proofs is that the map p;+p, : L(E) —
Ny satisfies (R2) and (R3) from Definition[2.1.1] Hence it gives rise to a g-polymatroid.
The minimization in turns this map into a rank function of a g-matroid. O

In order to define the direct sum of two g-matroids M; = (E;, p;), we need,
unsurprisingly, the direct sum E = E; ® E5 of F-vector spaces F; and F,. For any
such direct sum we denote by

m:E— FE;, and ¢;: F;, — F
the corresponding projection and embedding. We will identify a subspace V; € L(E;)
with its image ¢;(V}).
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The construction of the direct sum consists of two steps:

(1) Add the ground space E; of the ¢g-matroid M; = (E1, p1) as a space of rank 0 to
the g-matroid My = (Es, p2) and vice versa. This results in two g-matroids M/, Mj
on the common ground space E; & E, and with rank functions p.

(2) Take the union of M/ and M.

Theorem 5.1.2 ([I3] Sec. 7]). Let M; = (E;, pi), i = 1,2, be g-matroids and set
E = E, ® Ey. Define p, : LIE) — Ny, V +— pi(m(V)) for i = 1,2. Then
M. = (E,p)) is a g-matroid for i =1,2. Set M = M| Vv M., that is, M = (E,p),
where

p(V) =dimV + )rglsir‘} (P1(X) + ph(X) —dim X) for V € L(E). (5.2)

Then M is a q-matroid, called the direct sum of M; and My and denoted by M; @
Ms.

Proof. We show that p) is indeed a rank function for i € {1,2}. WLOG let i = 1.
Using that p; is a rank function, we have 0 < p;(m(V)) < dim (V) < dim V', and
this shows (R1). (R2) is trivial. For (R3) let V,W € E. Note first that = (VNW) C
m (V) N (W). Thus

pi(V+W) = pi(m(V +W)) = pi(mi (V) + m(W))

<01(7T1(V))+P1(7T1( )) — pr(m (V) N (W))
pi(mi(V)) + pr(mi(W)) — pi(mi(V N W)
p1(V) + pi (W) = py(V N W),

P1
/
P1

The rest follows from Theorem [5.1.11 |

We clearly have p(E;) = 0 for i # j. Even more, one can easily verify that
M, =~ M; & Uy(E;), where Uy(E}) is the trivial g-matroid on the ground space E;.
Thus M is a special instance of the direct sum (called “adding a loop space” in
[13]). Some additional basic and to-be-expected properties of the direct sum will be
presented below in Theorem after deriving more convenient expressions for the
rank function.

The definition of the rank function of M; & Ms in becomes quickly very
cumbersome as it requires computing the minimum over all subspaces of V. We
now derive various more efficient ways of determining the rank values. The most
convenient one is given in Corollary below, which only requires the cyclic flats
of My and My. We start with the following simple improvements.

Proposition 5.1.3. Consider the situation of Theorem[5.1.4. Define the sets

X ={X € L(E) | p,(X) + pi(X) < dim X}, (5.3)
T: {X1 @Xg | Xl € E(Ez)},
TV)={X,® Xo | X; <m(V)} for V € L(E).
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Then for any V € L(E)

p(V)=dimV + XG{O}H%}\PME(V)) (P1(X) + py(X) — dim X) (5.4)
= dim V + min (P1(X) + ph(X) — dim(X NV)) (5.5)
—dimV in (p(X) + ph(X) — dim(X NV)). 5.6

imV+ min (P (X) + po(X) — dim( ) (5.6)

As a consequence, V is independent in My & My iff LV)NX = 0.

Proof. 1) Using X = 0 in (5.2) we obtain p(V) < dimV (as it has to be). Hence
we only have to test the subspaces X of V' that may lead to p(V) < dim V. This is
exactly the collection X', and thus is established. This identity also implies the
statement about the independent spaces.

2) Let M; := miny<y (p}(X)+p5(X)—dim X) and M := minx<g (p} (X)+ph(X) —
dim(X N V)) Clearly My < M;. For the converse inequality let X < E be such that
My = p(X) +ph(X) —dim(X NV). Set X := X NV. Using monotonicity of the rank
function we obtain M; < p(X)4py(X)—dim X < pf (X)4p4(X)—dim(XNV) = M,.
Thus M, = M, and

p(V) =dimV + win (PL(X) + p5(X) — dim(X NV)). (5.7)

Actually, this expression for the rank function of the direct sum appears in [I3]
Thm. 25]; see also [I3] Rem. 26]. Now we are ready to prove (5.5). Recall that
pi(X) = pi(mi(X)). Hence p}(X) 4+ p5(X) only depends on the projections m;(X).
Since X < m(X) @ m(X) =: X’ for any subspace X, we have p}(X) + ph(X) —
dim(X NV) > pi (X)) + ph(X’) — dim(X’' N V). This shows that it suffices to take
the minimum in over subspaces X satisfying X = m1(X) @ mo(X). But this is
exactly the collection 7, and hence is established.

3) Let X = X1 ® Xo € T. Then XNV C Y, @Ys, where V; = X; nm(V). Set
Y :=Yi®Y;. ThenY € T(V)and XNV C YNV. Thus p;(Y1)+p2(Y2)—dim(YNV) <
p1(X1) + p2(X3) — dim(X NV). This shows that the minimum in is attained by
a subspace in 7 (V') and is proven. O

The above allows an immediate characterization of the circuits of the direct sum.

Corollary 5.1.4. Consider the direct sum My & My as in Theorem and the
set X in (5.3)). Then the circuits of the direct sum are given by

C(M; ® My) ={X € X | X is inclusion-minimal in X'}.

As to be expected, the direct sum behaves well with respect to restriction to
the initial ground spaces F; and the according contraction. Recall Definitions [2.1.9]

9.1.15(a) and P.1.16
Theorem 5.1.5 ([13, Thm. 47, Cor. 48]). Let M = M;®M, be as in Theorem[5.1.3.
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(a) For all Vi € L(E;) we have p;(V;) = pi(V;) and p}(Vi) = 0 for j # i. Furthermore,
p(VidVa) = p1(Vi)+p2(Va). Hence M; = M|g, = (M;)|g,, and the isomorphism
is provided by ;. Moreover, fori # j the g-matroid (M;)|g, is the zero g-matroid.

() M) = pr(My) + pa(Ms). l
(¢c) M/E; = M;j fori# j.

Proof. (a) The first statement follows from pi(V;) = p;(m:(Vi)) = pi(V;). Let now
V=VieV, By there exist X = X; @ X, for some X; < V; such that
p(V) = dimV + p}(X7) + ph(Xs) — dim X. Write V; = X; @ Z; for some Z; < V;.
Using the properties of the rank functions p; we compute

p(V) = p(X1) + ph(Xs) + dim Zy + dim Zs > p(X1) + po(Xa) + pL(Z1) + ph(Zo)
> P (X1 @ Zh) 4 py(Xe @ Z) = py (Vi) + p3(V2)
= p1(V1) + p2(V2) > p(V),

where the last step follows from (5.6) with X = V. This establishes the desired
identity. The isomorphisms follow from p(V;) = p;(V;) = p;(V;), and the rest is clear.
(b) is a consequence of (a) because p(M) = p(E) = p1(E1) + p2(E»).

(c) Without loss of generality let ¢ = 1. Denote the rank function of M/E; by p;. Let
V' € L(E,). Then p1(V/E1) = p(E1@V) = p(Er) = p1(E1) +p2(V) — p1(Er) = p2(V),
where the last identity follows from (a). Hence My andM/FE; are equivalent via
the isomorphism 7 : By — F/FE; induced by the canonical projection from E onto
E/E,. O

Now we obtain a very efficient way of computing the rank function of the direct
sum which only requires the collections of cyclic flats of the two summands. The
following notation we be convenient for the rest of this paper.

Notation 5.1.6. Let E = Ey, @® Ey and Y; C L(E;) fori=1,2. We define
Vieh={ioY,|Y, €V}

Theorem 5.1.7. Let M; = (E;, p;), i = 1,2, be g-matroids and let F; = F(M;)
and Z; = Z(M,), that is, F; (resp. Z;) are the collections of flats (resp. cyclic flats)
of M;. Let p be the rank function of My @& Msy. Then for all V € L(E; & Ey) we
have

p(V)=dimV + F@Fngl% (p1(F1) + p2(F») — dim((Fy @ F») NV)) (5.8)
= dimV + ZI®ZT§16121@Z2 (p1(Z1) + p2(Z2) — dim((Z1 @ Z2) N V). (5.9)

Proof. 1) We use (5.5)). Let X = X; @& X, € T. Clearly, pi(X) = pi(X;) for i = 1,2.
Suppose X7 ¢ Fi. Then there exists X| € L(£;) such that X; < X and pi(X;) =
p1(X7). Therefore X < X] @ Xy =: X' and p1(X]) + p2(Xy) — dim(X' NV) <
p1(X1) + p2(X2) — dim(X N'V). The same argument applies to Xs, and this shows
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that the minimum in (5.5 is attained by a space in F; & F,. This establishes (/5.8]).
2) Let V € L(F) and set

My = FleaFrzneiJIflleafz (71 (F1) + pa(Fo) — dim((Fy ® F>) N V),
M, = min (,01(21) + pa(Zy) — dim((Z; & Z3) N V))

VARSYAYSFATYD)

Clearly M; < M,. For the converse let F o= FI &b Fg € F1 ® F, be such that
My = pi(Fy) 4 po(Fy) — dim(F N'V). Set Z; = cyc;(F}), where cyc,(-) is the cyclic
core in the g-matroid M;. Then Z; is in Z; thanks to Lemma [2.2.25] Moreover,
Z = 7,® Zy < F and pi(F)) = pi(Z;) + dim(F;/Z;) by Proposition [2.2.24] Now we
compute

= p1(Z)) + dim(Fy /Zy) + pa(Zy) + dim(Fy/Zy) — dim F — dim V 4 dim(F + V)
> p1(Z1) + pa(Zy) — dim Z — dim V + dim(Z + V)
Hence M; = M,, which establishes (5.9)). O

The identity can be rewritten as the following convenient identity. Note
its resemblance with Corollary 2.2.30 Using this identity we will prove in the next
section that Z; @ 2, is the collection of cyclic flats of My ® Mj, and thus it is indeed
a special case of Corollary [2.2.30]

Corollary 5.1.8. In the situation of Theorem [5.1.7] we have

p(V)= min_ (p(Z)+dim(V + Z)/Z) for all V € L(E, @ E»).

Z€Z1D 2o
Proof. Let Z =7, & Zy € Z1 & 2Z,. With the aid of Theorem [5.1.5(a) we compute

p1(Z1) + p2(Zy) —dim(ZNV) = p(Z) —dim Z — dim V + dim(Z + V)
=p(2)+dim(Z+V)/Z —dimV,

and the result follows from ([5.9)). O]

In the last part of this section we turn to the dual of the direct sum. As shown
next, it is the direct sum of the dual g-matroids if taken with respect to compatible
NSBFs. Defining duality with respect to lattice anti-isomorphisms, the result below
appears also in [I3, Thm. 50]. We will comment on the relation in Remark [5.1.10]

Theorem 5.1.9. Let M; = (E;,pi), i = 1,2, be g-matroids. Set E = E; © Es.
Choose NSBFs (-|-);, on E; and set (v +va|wy +we) = (v1|wi); + (va|wa), for
all vi,w; € E;. Then (-|-) is an NSBF on E and

(M1 & My)* = M & M3,

where M} and (M; & Mas)* are the dual g-matroids with respect to the given NSBF's.
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Proof. 1t is easy to see that (-|-) is an NSBF on E. We denote the corresponding
orthogonal space of V < E by V*, while for W < E; we use W+ for the orthogonal

of W in E; with respect to (-|-),. By construction we have

Ve Va) =iV e vt ® forall V; e L(E)).

Let M @& Mj = (E,p) and M; & My = (E,p). Then (M; & My)* = (E, p*) with
p* as in (2.1). We have to show that p*(V) = p(V) for all V € L(E). We will use
for the rank function p (Corollary does not simplify the computations.).
Writing X = X; & X, for X € T we have

p(V) =dimV + min (p(X1) + p5(X2) — dim(X NV)).

With the aid of Theorem M(a) we obtain for any X = X, & Xy € T

p1(X1) + p3(X2) — dim(X N V)

= dim X, — p1(B) + oo (X7 4 dim Xy — po(By) + po( X3 ?) — dim(X N V)
=dim X — p(E) + p(X*) —dim F + dim(X N V)*

=dim X — p(E) + p(X*) — dim E + dim(X* 4+ V*+)

=dim X — p(E) + p(X+) — dim E + dim X+ 4+ dim V*+ — dim(X+ N V+)
=dimV* — p(E) + p(X+) — dim(X+ N V).

p
p

Using {X+ | X € T} =T and again (5.5) we now arrive at

p(V)=dimE — p(E) + min ( (X)) —dim(X-NVH)

(E)
=dim F — p(F) + mln ( (X) —dim(X N VL))
= dimV — p(E) + dlm VL +min (p1(X1) + pa(Xz) — dim(X N V)
(E)

=dimV — p(E) + p(V*) = *(V),
as desired. O

Remark 5.1.10. In [13, Def. 6] the authors define duality of g-matorids with respect
to an involutory anti-isomorphism on the subspace lattice L(E). Denoting such an
anti-isomorphism by 1, the definition of M* reads exactly as in Theorem |2.1.11).
Since the orthogonal complement with respect to a chosen NSBF induces a lattice
anti-isomorphism, the duality result in [13, Thm. 50] appears to be more general than
Theorem |5.1.9. However, as we now briefly discuss, the two results differ only by a
semi-linear isomorphism on E (if dim E > 3). Indeed, choose an NSBF on E and
denote the corresponding orthogonal space of V. < E by VE. Then 7 : L(E) —
L(E), V — V= is an anti-isomorphism on the lattice L(F). Let now L be any
anti-isomorphism on L(E). Then To L is a lattice isomorphism and thanks to the
Fundamental Theorem of Projective Geometry (see for instance [3, Ch. I1.10] or [40,
Thm. 1]) there exists a semi-linear isomorphism f : E — E such that 7(V1t) =
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f(V) for all V € L(E). In other words, (VY)E = f(V) or V+ = f(V)* for all
V € L(E). This shows that the lattice anti-isomorphism L differs from the one
induced by the chosen NSBF' by the semi-linear isomorphism on E. Denote the dual
rank function of M = (E, p) with respect to L and T by p*) and p* D) | respectively.
Then p* (V) = p*@(£(V)) and thus the two dual g-matroids differ only by the semi-
linear isomorphism f. This shows that [13, Thm. 50] is a consequence Theorem
above, which has a significantly shorter and simpler proof.

5.2 The Cyclic Flats of the Direct Sum.

In this short section we show that the cyclic flats of a direct sum M; & M, is the
collection of the direct sums of the cyclic flats of the two components M; and M.
Recall Section for definition and properties of cyclic flats. The following lemma
is needed.

Lemma 5.2.1.

(a) Let M = (E,p) be a g-matroid. Suppose F' € F(M) and O € O(M) are such
that F < O. Then 0 < p(O) — p(F) < dim O — dim F.

(b) Let M; = (E;, pi), i = 1,2, be g-matroids and p be the rank function of My ® Ma.
Let F = Fy & F, with F; € F(M;) and O = Oy & Oy with O; € O(M;) be such
that < O. Then 0 < p(O) — p(F) < dim O — dim F'.

Proof. Since F is a flat, we clearly have 0 < p(O) —p(F). Furthermore, let O = F®T
for some T' < O. Then (R1)—(R3) for p imply p(O) < p(F)+p(T) < p(F)+dimT =
p(F) + dimO — dim F'. We show that the first inequality is strict. To do so, let
U € Hyp(T). Then F&U € Hyp(O). Thus cyclicity of O implies p(O) = p(F&U) <
p(F) 4+ p(U) < p(F) +dim T, as desired.

(b) By assumption F; < O; for i = 1,2. Without loss of generality we may assume
Fy < Oy. With the aid of Theorem [5.1.5(a) and Part (a) we compute

p(O) = p(F) = p1(O1) = pr(F1) + p2(O2) — p2(F2)
< dim O; — dim F} + dim Oy — dim F, = dim O — dim F.
The second expression also shows that p(O) — p(F') > 0. O

Now we are ready for our main result.

Theorem 5.2.2. Let M; = (E;, p;), i = 1,2, be g-matroids and Z; = Z(M;). As in
NotatiOn let Z1® 2, ={Z1® Zy | Z; € Z;}. Then

Z(Ml ©® Mz) - Zl © ZQ.

Proof. “2” Let V € Z{ ® Z;. Then V =V ® V; for some V; € Z,.
a) We show that V' is a flat in M; @ Mg Let x € E'\ V. We need to show that
p(V + (z)) = p(V) 4+ 1. By Corollary [5.1.8| there exists Z = Z, & Z, € Z, @ Z, such
that
oV + (@) = p(Z) + dim((V + (2} + 2)/2).
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If Z = V, then this implies p(V +(z)) = p(V)+1, as desired. Let now Z #+V and set
F:=VNZ=(VinZ)&®(VaNZy). Since each V;NZ; is a flat (see Theorem,

is of the form F' = F| & F,, where F; € F(M;). By assumption V; are cyclic spaces,
and thus we may apply Lemma [5.2.1(b) to F' < V. This leads to

p(V) = p(Z) < p(V) = p(F) < dimV — dim(F) = dim(V/F), (5.10)
which in turn implies
p(V+(x)) = p(Z)+dim((V+(x)+2)/Z) > p(V)—dim(V/F)+dim((V +(z)+2Z)/ Z).

Since dim(V/F) = dim(V/(V N 2Z)) = dim((V + 2)/Z) < dim((V + (z) + Z)/Z), we
conclude that p(V + (x)) > p(V), as desired.

b) We show that V is cyclic. Let D € Hyp(V). By Corollary there exists
A= Z1 @ Z5 such that

p(D) = p(Z) + dim((D + 2)/ 2).

ItzZ=V, then this implies p(D) = p(V'), as desired. Thus let Z £ V. As above, we
set F':=V NZ and apply Lemma [5.2.1{(b) to F' < V. Thus we have again ((5.10)) and
compute

p(D) = p(Z) +dim((D + 2)/2)
> p(V) —dim(V/V N Z) +dim(D/DN Z) = p(V) — 1 + dim(V N Z)
—dim(D N 2)
> p(V) -1
This shows p(D) = p(V).
“C” Let Z € Z(M;® Ms). Again, by Corollary there exists Z € Z, ® Z, such

that R o
p(Z)=p(Z)+dim((Z + 2)/ 7). (5.11)

Since Z is cyclic, every space D € Hyp(Z) satisfies
p(D) = p(Z) = p(Z) + dm((Z + 2)/Z) = p(Z) + dim((D + 2)/ Z) > p(D),

and hence dim((D + Z)/Z) — dim((Z + Z)/Z). Since this is true for every D €
Hyp(Z), we conclude Z < Z. Next, Z is a flat and thus every x € E'\ Z satisfies

p(Z) < p(Z + () < p(2) + dim((Z + (z) + 2)/2).

Together with (5.11)) this implies dim(Z + 7) < dim(Z + (z) + Z), and thus z & Z.
Since this is true for every z € E'\ Z, we conclude that Z < Z. All of this shows
that Z = Z and thus Z € Z1 @ Z,. This concludes the proof. ]

Theorem [5.2.2] in combination with Corollary immediately implies associa-
tivity of the direct sum operation (which is not obvious from the very definition of
the direct sum). The result will be crucial for the decomposition of g-matroids in the
next section.
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Corollary 5.2.3. Let M;, i = 1,2,3, be g-matroids. Then (My & Ms) & M3z =
M D (Mo d Msj).

The analogous identity as in Theorem is not true for the flats, independent
spaces, circuits etc.

Remark 5.2.4. Let M; = (E;,p;), 1 = 1,2, and M = M; & Ms. Recall Nota-
tion[5.1.6f With the aid of Theorem [5.1.5 it is easy to see that Z(M;) ® Z(Ms) C
I(M), f(./\/ll) D F(MQ) C F(M), O(./\/ll) ) O(Mz) C O(M), and C(M1) U
C(Myz) C C(M). In general equality does not hold in any of these cases.

We conclude this section by illustrating the discrepancies in the following example.

Example 5.2.5. Let F = Fy and consider Fos with primitive element w satisfying
W4 w+1=0. Let

10w 000 O

1 0 1 0 ¥ w 01 w 00 0 0
Gl_(o1w)’G2_<01w4 w2)’G_ 00 0 10 o w
00 0 01 w* w?

Note that G is the block diagonal matrix with diagonal blocks Gy and Gy. Let M; =
Mg, and N = Mg, i.e., they are the g-matroids represented by G1, Gy, and G,
respectively. Furthermore, let M = My @ My. Thus both M and N have ground
space F7. In the following table we list the number of flats, cyclic spaces, etc. of all
these g-matroids.

Table 5.1: Cardinality of collection of spaces for My, My, M and N.

’ H flats \ cyclic spaces \ cyclic flats \ ind. spaces \ dep. spaces \ circuits \ bases ‘

My 7 2 2 14 2 1 6
M, 11 11 5 48 19 9 32
N || 2201 124 40 24108 5104 73 9792
M || 7541 412 10 24861 4351 355 10416

Note that the 10 cyclic flats of M are consistent with Theorem[5.2.2. It is remark-
able that M has significantly more flats and cyclic spaces than N, yet fewer cyclic
flats. Furthermore, one can verify that the cyclic flats of M are also cyclic flats of
N. Finally, all independent spaces of N are also independent spaces of M, which
will also be studied in We will prove those latter facts in generality in Section [5.4)

5.3 Decomposition of g-Matroids into Irreducible Components.

We introduce the notion of irreducibility for g-matroids and show that every ¢g-matroid
can be decomposed as a direct sum of irreducible ¢g-matroids, whose summands are
unique up to equivalence. Our main tool are cyclic flats, in particular Theorem [5.2.2]
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This makes our approach substantially different from classical matroid theory, where
decompositions are usually based on connected components. As to our knowledge
there is no notion of connectedness for g-matroids that may be used for decomposi-
tions into direct sums; see also [13, Sec. §].

Throughout, let M = (E, p) be a g¢-matroid. In order to simplify the discussion of
irreducibility and decompositions we start with the following simple fact concerning
equivalence in the sense of Definition[2.1.9] It can easily be checked with the definition
in Theorem 5.1.2

Remark 5.3.1. Suppose M = M1 @ My. Then there ezists a decomposition E =
Ey & Ey and g-matroids M; such that

M=M &My, M;=Mlg, M;~M,

As a consequence, we do not need to take equivalence into account when discussing
decomposability into direct sums.

Definition 5.3.2. The gq-matroid M is called reducible if there exists q-matroids
My, My with nonzero ground spaces such that M = M; & My. Otherwise M is
called irreducible.

Clearly, a g¢-matroid on a 1-dimensional ground space is irreducible. Furthermore,
thanks to Theorem M is irreducible if and only if M* is. We collect some facts
about the uniform g-matroids.

Example 5.3.3. (a) The trivial and the free q-matroids Uy, and U, , are irreducible
if and only if n = 1. Indeed, Theorem implies Up n, B Uy n, = Up, and
likewise Uy, n, © Unyny = Un pn, where n = ny + ng.

(b) For 0 < k < n := dim E the uniform q-matroid M := Uy(FE) is irreducible.
To see this, note first that Z(M) = {0, E} thanks to Ezample [2.2.27 Suppose
M = My & My for some q-matroids M; = (F;, p;). Then the identity Z(M) =
Z(My) & Z(Ms) implies that, without loss of generality, Z(My) = {Z1} and
Z(Mq) = {2y, Z5}. Thus 0 = Zy & Zy and E = Z; & Z), and therefore Z; =
0,7y, =0,2 = E. Since E = E1 ® Ey and Z) < Es, this leads to Ey = E
and thus E; = 0. Hence My has a zero-dimensional ground space and M 1is
1rreducible.

(¢) Conversely, if M = (E,p) is such that Z(M) = {0,E} and p(E) = k €
{1,...,n—1}, then M = U(F). Indeed, suppose there exists a space V such that
p(V) < min{k,dim V'}. Let | = dim'V' be minimal subject to this condition. Then
p(V)=1-1andV is cyclic. Thuscl(V) = E and p(V') = p(E) = k, contradicting
the choice of V. This shows p(V') = min{k,dim V'} for all V € L(E).

The goal of this section is (a) to provide a criterion for irreducibility and (b) to
show that every g-matroid decomposes into a direct sum of irreducible g-matroids,
whose summands are unique up to ordering and equivalence. The next lemma will
be needed throughout.
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Lemma 5.3.4. Let Z € Z(M) and consider the restriction M|,. Then
ZM|y) ={ZeZM)|Z<Z}.

Proof. Set Z ={Z € Z(M) | Z < Z}. Denote the rank function of M|, by p.

“27 is obvious since p(V) = p(V) for all V < Z.

“C” Let Z € Z(M|;). Clearly Z is cyclic in M because any D € Hyp(Z) is a
subspace of Z and thus satisfies p(D) = p(D) = p(Z) = p(Z). To show that Z is a
flat in M, let z € E\ Z. It x € Z\ Z, then p(Z + (z)) = p(Z + (x)) > p(Z) = p(Z).
If 2 € E\ Z, then z & cl(Z) because cl(Z) < cl(Z) = Z (where cl(-) denotes the
closure in M). Thus p(Z + (z)) > p(Z). All of this shows that Z is a flat in M. O

Our first result shows that whenever F is not a cyclic flat of M, then for any direct
complement Es of cyc(F) in E we may split off the free g-matroid on Fy from M.

Proposition 5.3.5. Let F; = cyc(FE) and choose Ey < E such that By & Ey = E.
Consider the restrictions M; = M|g, for i =1,2. Then

(a) My is the free q-matroid on Es.

(b) Z(M) = Z(M,).

(c) M =My @& Ms,.

Proof. (a) Proposition[2.2.24|(b) implies that F; is independent in M and thus in M.
Since every subspace of an independent space is independent, the result follows.

(b) follows from Lemma together with the fact that Z(M) is a lattice with
greatest element cyc(FE).

(c) Part (a) and Example tell us that Z(Ms) = {0}, and thus (b) and Theo-
rem [5.2.2 imply

Z(My & M) = Z(M,) = Z(M).

Denote the rank function of M; & M, by p. Then Theorem [5.1.5{a) implies p(Z;) =
p1(Z1) = p(Zy) for all Z; € Z(M;). Hence the cyclic flats in Z(M) have the same
rank value in the g-matroids M; & My and M. The result follows from Corol-

lary [2.2.30 [
Dually, we may split off the trivial g-matroid on cl(0) from M.

Proposition 5.3.6. Let E; = cl(0) and choose Ey < E such that E = E; @ Es.
Consider the restrictions M; = M|g, = (E;, pi) for i =1,2 and let m; : E — E; be
the projections.

(a) My is the trivial g-matroid on E.
(b) p(V') = pa(ma(V)) for all V € L(E).
(C) M - M1 D Mg.

We call cl(0) the loop space of M. It consists of all vectors x € E such that p({(z)) =
0.
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Proof. (a) is clear and so is the very last part about the vectors in the loop space.
(b) Let V € L(E). Since V < 1 (V) @ mo(V) we have p(V) < p(m1(V)) + p(ma(V)) =
p(me(V)) = po(me(V)). For the converse inequality, let y € mo(V). Then there
exists * € F; such that z +y € V. As a consequence, V + (y) = V + (z) and
p(V) < p(V + () < p(V) + p({(z)) = p(V). Hence we have equality across and this
shows that p(V + (y)) = p(V) for all y € m(V). Now Proposition [2.1.8(a) leads to
oV + m(V)) = p(V') and thus p(ms(V) < p(V).
(c) Let p be the rank function of M; & Mj. Then

p(V)=dimV + Inin (p2(m2(X)) — dim X) = dim V + min (p(X) — dim X)

=dimV 4 p(V) —dimV = p(V),

where the third step follows from the inequality dim A — p(A) < dim B — p(B) for
any A < B (which is a simple consequence of submodularity). O

The following terminology will be convenient.
Definition 5.3.7. M is called full if c1(0) =0 and cyc(E) = E.

Remark 5.3.8. The notion of a full matroid does not exist in classical matroid theory
(as to our knowledge) because a matroid satisfying c1(0) = 0 and cyc(E) = E is simply
called loopless and coloopless. As mentioned previously the notion of coloop depends
on the choice of NSBF' for the dual q-matroid. For this reason we will not use the
notion of coloops.

Now we can present a first step toward a decomposition of M.
Theorem 5.3.9. Given M = (E,p). Setl = dimcl(0) and f = dim £ —dim cyc(FE).

(a) M is the direct sum of a trivial, a free, and a full g-matroid. Precisely, there
exists a full g-matroid M’ such that

M=Uyy ®Up D M.

(b) If M =Up ®Upp ®N, where N is full, then a=1,b= f and N ~ M.
We call Uy, Uy g, and M’ the trivial, free and full component of M, respectively.

Proof. Let E = cyc(E) @ A and cyc(E) = cl(0) & T'. Then dim A = f.

(a) By Proposition we have M = Up(A) & M|cyer), and Proposition m
implies M|cye(m) = Uo(cl(0)) & M|p. This proves the stated decomposition of M, and
it remains to show that M’ := M| is full. Again Propositions[5.3.5|and [5.3.6|give us
Z(M) = Z(M|eyer)) = {cl(0)@ Z | Z € Z(M’)}. Since cl(0) and cyc(E) = cl(0) @I’
are the least and greatest element of the lattice Z(M), we conclude that 0 and I' are
the least and greatest element of the lattice Z(M’). Thus M’ is full.

(b) Using Remark we have
M =Uy(A) @U(B) BN
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for some A, B, N < E such that A B®N = E, a = dim A, b = dim B, and where N
is the ground space of N'. Moreover, by (a)

M = Up(cl(0)) & Up(A) & M.

From Theorem and Example we obtain Z(M) = {A} @& Z(N). Since N/
is full, the least element of the lattice Z(N) is 0 and thus A is the least element
of Z(M). But the latter is cl(0) and thus we arrive at A = ¢l(0) and @ = [. In
the same way, the greatest element of Z(A) is N and thus A @ N is the greatest
element of Z(M). Hence A® N = cyc(F) and a + dim N = dimcyc(E), which
implies f = dim F — dimcyc(E) = b, as desired. In order to show that N' ~ M’
note that cyc(E) = A@T = A® N and M|cyemy = Up(A) @ M = Uy(A) &N (see
Theorem [5.1.5(a)). Now Theorem [5.1.5(c) yields N & (Ml|eye(r))/A = M'. This
concludes the proof. O

We have the following special case.

Corollary 5.3.10. |Z(M)| = 1 if and only if M is the direct sum of a trivial and
a free g-matroid. Precisely, let | = dimcl(0) and f = dim E — 1. Then Z(M) =
{CI(O)} — M= U()J @Uf,f.

Proof. The backward direction follows immediately from Theorem together with
|Z(Uoy)| = |ZUsg)| = 1 for any [, f. The forward direction is a consequence of
Theorem because the assumption implies cl(0) = cyc(E). O

In order to derive a criterion for irreducibility we need the following two lemmas.
Recall, for any subspace V' € L(E) we use B(V') for the collection of bases of V| i.e.,
B(V) = {I <V |dimI = p(I) = p(V)}.

Lemma 5.3.11. Suppose there exist flats Fy, Fy of M such that Fy N Fy, = 0 and
p(FL @ F3) = p(F1) + p(F).

(CL) Let Bl € B(FZ) Then Bl D B2 c B(Fl D FQ)

(b) Let V; € L(F;). Then p(Vi ® Vi) = p(Vi) + p(V3).

Proof. (a) B; < F; = cl(F;) together with p(B;) = p(F;) implies cl(B;) = F;. Since
cl(B;) < cl(By® Bsy), this leads to B1® By < F1® Fy, = cl(By) ®cl(Bs) < cl(B1® By),
and thus p(B; @ By) = p(F) @ F») thanks to (2.5). Now we have p(B; @ By) =
p(F1) 4+ p(Fy) = dim By + dim By = dim(B; & By), which shows that B; @ Bs is a
basis of F} @ Fs.

(b) Let B; € B(V;). Then B; is an independent space in F; and thus contained in a
basis of F}, say B; (see [36, Thm. 37]). Thanks to part (a) B] & B} is independent
and hence so is By @ Bs. Putting everything together, we obtain

p(VidVa) < p(Vi)+p(V2) = dim By+dim By, = dim(B1@©B;) = p(B1®Bs) < p(Vids).
which proves the stated identity. O]

Lemma 5.3.12. Let M be full. Suppose M = My & My for some g-matroids
M; = (E;, pi). Then E; € Z(M) and My, My are full.
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Proof. Since M is full, F is in Z(M) = Z(M;) & Z(M;). Thus there exist Z; €
Z(M;) such that £ = Z; @ Z,. But then £ = E; @ E, together with Z; < E; implies
Z; = E;, and we conclude that E; € Z(M;). In the same way, 0 € Z(M) implies
0 € Z(M;) for i = 1,2, and hence M; and M, are full. Finally, £} = F; @ 0 is in
Z(My) & Z2(My) = Z(M) and similarly for Es. O

Now we are ready for our first main result of this section, a characterization of
irreducibility.

Theorem 5.3.13. Let M = (E,p) and dim E > 2. The following are equivalent.
(1) M is irreducible.

(11) M is full and there exist no nonzero spaces Zy, Zy € Z(M) such that
Zv®Zy=E, p(Z1)+p(Z2) =p(E), and Z & 2y =Z(M), (5.12)
where Z;, ={Z € Z(M) | Z < Z;}.
Note that Z; = Z(M|yz,) thanks to Lemma[5.3.4]

Proof. “(i) = (ii)” Let M be irreducible. Then Example[5.3.3|(a) and Theorem [5.3.9]
together with dim £ > 2 imply that M is full. Suppose there do exist nonzero spaces
Zy, Zy € Z(M) satistying (5.12)). We show that

M = M|z, & M|z,.

Set Z = Z(M|z,) ® Z(M|z,) and denote the rank functions of M|z, & M|z, and
M|z, by p' and p;, respectively. With the aid of Theorem and Lemma |5.3.11b)
we obtain for all V' € L(FE)

AV)=dimV + min_(p(%i) + pa¥a) — dim((Y) & Y5) 1 V)

Y1@YeeZ

—dimV + min (p(Yl) + p(Ya) — dim((Y; ® ) N V))

Y1®YoeZ

= min_(p(Vi ®¥s) + dim((V + (Vi @ ¥2)/(¥; & V2)

Y1@YeeZ

= p(V),

where the very last step follows from Corollary and the identity Z = Z(M).
This establishes the stated direct sum and thus contradicts the irreducibility of M.
“(ii) = (i)” Suppose M is full. By contradiction assume that M is reducible, say
M = M; & M for some M; = (E;, p;) with nonzero ground spaces E;. Then
E = E\®E, and p(E) = p(E1)+p(E»); see Theorem[5.1.5(a). Moreover, M; = M|g,.
Now Lemma [5.3.12 implies that E; € Z(M) and Theorem shows that Z(M) =
Z(M|g,) ® Z(M|g,). Lemma [5.3.4 tells us that Z(M|g,) = {Z € Z(M) | Z < E;},
and all of this gives us cyclic flats Ey, E» satisfying the conditions in (5.12)). O

Since the collection of cyclic flats is in general quite small, the just presented
criterion for irreducibility is in fact very convenient. For instance, simple inspection
shows that the g-matroid in Example [2.2.31]is irreducible.
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Example 5.3.14. Let us consider the g-matroids My, My, M = My ® M,, and N

from Ezample[5.2.5
(1) We start with My = Mg,, which has ground space F*. Its cyclic flats are

0, <€1 + €3, €9 + es + €4>, <€1 + e3 + €4, €2>, <€3, 64>, F4

with rank values 0,1,1,1,2. Hence My s full and in fact irreducible.
(2) Consider now My = Mg,, which has ground space F3. Its cyclic flats are

0, {e1+ e3, ez + e3).

Hence My is not full and since cyc(F®) = (e; + es, es + e3), we can split off a free q-
matroid over a 1-dimensional ground space; see Theorem |[5.5.9. The other summand
is Mi|eyews). Straightforward verification shows that this q-matroid is the uniform
q-matroid of rank 1 on cyc(F3). Since Uy (F?) is the only full g-matroid on F? of
rank 1, we obtain My ~ Uy (F) & U, (F?).

(3) As a consequence, the q-matroid M has irreducible decomposition M ~ U, (F) &
U, (F?) & Ma.

(4) As for the g-matroid N' = Mg, we have cl(0) = 0 and dimcyc(F") = 6, thus
cyc(F7) = rowsp(A) for some A € F®7. The g-matroid N ey is equivalent to
the q-matroid N represented by the matriz GAT € IF;"3X6, which has rank 3. By
construction N” is full (see Theorem [5.5.9) and N =~ Uy(F) ® N". Since Uy(F) has
ezactly one cyclic flat, N has 40 cyclic flats just like N'; see Theorem[5.2.3. Apart
from cl(0) = 0 and cyc(FS) = F® with rank 3, the cyclic flats of N' are as follows:

7 cyclic flats of dimension 2 and rank 1,
24 cyclic flats of dimension 3 and rank 2,

7 cyclic flats of dimension 4 and rank 2.

In order to check N for irreducibility it thus suffices to test whether any pair (Zy, Zs)
of cyclic flats with dim Z1; = 2 and dim Zy = 4 satisfies (5.12)). It turns out that there
are 28 pairs (Z1, Zs) such that Z,® Zy = F®. By Lemma the collection Z(N|z,)
consists exactly of the cyclic flats contained in Z;. Now one easily finds that for each
pair (Z1, Z3) one has |Z(N'|z,)| = 2 and |Z(N|z,)| = 5, and thus the third condition
of is not satisfied. All of this shows that N ~ U,(F) & N’ is a decomposition
of N into irreducible qg-matroids.

We continue with our second main result, the decomposition of g-matroids into
irreducible summands.

Theorem 5.3.15. Any g-matroid M = (E,p) is a direct sum of irreducible q-
matroids, whose summands are unique up to equivalence.

Proof. Tt is clear that every g-matroid is the direct sum of irreducible g-matroids.
For the uniqueness, note first that thanks to Theorem [5.3.9) we may disregard trivial
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and free summands. Thus we may assume that M is full and, using once more

Remark [5.3.1] that
t s
M=PM;=PWN, (5.13)
i=1 i=1

where each summand M; and N is irreducible (and full by Lemma [5.3.12)). We will
show that s = t and, after suitable ordering, N; = M, for all i = 1,...,t. Thanks to
Lemma [5.3.12] we have

t s
Mi = (Zi,pi), Ni = (Z/,p}), where E=D2Z =@ Z and Z, Z € Z(M).
=1

i=1

Thus M; = M|z, and N; = M|z for all i. Moreover, Z(M) = D_, ZM,) =
Dioi ZWN).

Consider now Zj. Then

t
= @Vi for some V; € Z(M,). (5.14)

i=1

Hence V; < Z; for all i and by Theorem [5.1.5(a)

=D _niVi) = _p(Vi). (5.15)

i=1
We show next that

Z(M) =P Z(Vi), where Z(V;) ={Z € Z(M;) | Z < V;}. (5.16)

=1

For “D” choose W; € Z(V;). Then W := @._, W; < P._,

is in Z(M), and thus W € {Z € Z(M) | Z < V;}

containment is a consequence of Lemma

For “C” let W € Z(N;). Then W € Z(M) and thus W = @'_, W; for some
W; € Z2(M,), which means in particular that W; < Z;. But since W < 7] = @le Vi
and V; < Z;, we conclude W; <'V; for all 4. This establishes (5.16)).

Now f with Theorem tell us that N is reducible unless exactly one
subspace V; is nonzero. In other words, irreducibility of A implies that, without loss
of generality, Vo = ... =V, =0 and thus Z] =V} < Z;.

With the same argument we obtain Z; < Z7 for some j € {1,...,s}. Hence Z] < Z;
and the directness of the sum @, Z/ implies j = 1 and Z] = Z;. This shows
Nl == M‘Z1 == Ml.

Continuing in this way, we see that every summand N appears as a summand M,
and thus s < t. By symmetry s = ¢ and, after reindexing, M; = N for all 7. O

D
Vi

V; = Z7. Furthermore, W
- ( ) where the last

Now we can easily classify all g-matroids on a 3-dimensional ground space.
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Example 5.3.16. The only irreducible q-matroids on a 3-dimensional ground space
are (up to equivalence) are Uy 3 and Uss. Indeed, since any irreducible g-matroid
on a 3-dimensional ground space is full, all 1-dimensional spaces must have rank 1
and all 2-dimensional spaces must have the same rank as the entire space. With
the aid of Theorem and the decomposition of trivial and free g-matroids in
Ezample[5.3.3(a) we obtain now all g-matroids (up to equivalence) on a 3-dimensional
ground space. They are as follows. Note that this is independent of the field size q.

Table 5.2: Classification of g-matroids over a 3-dimensional ground space.

rank =0 || Uy & Up1 © U
rank=1 || Upy DUp1 U1, Up1 U2, Uis
rank =2 || Ups QU1 DU, Uig DU12, Uss
rank =3 || Uy U1 B U,

This classification has been derived earlier by different methods in [13, Appendiz
A

On a 4-dimensional ground space the description of the irreducible ¢g-matroids is
much harder. With the same arguments as above we see that the uniform g-matroid
U, 4 is the only irreducible g-matroid of rank 1, and thus by duality Us 4 is the only
one of rank 3.

In order to discuss g-matroids of rank 2 we need the notion of a partial k-spread.
Recall that a subset V of L(E) consisting of k-dimensional subspaces is called a
partial k-spread if V NW = 0 for all V£ W in V. It is called a k-spread if
V] = (¢" — 1)/(¢* — 1), where dim E = n. This is the maximum possible size of
a partial k-spread and achievable if and only if & divides n. Hence if k | n, a partial
k-spread of size s exists for all 1 < s < (¢" —1)/(¢" — 1).

Proposition 5.3.17. Let dim E' = 4.

(a) Let t € {2,...,¢* + 3} \ {4} and V be a partial 2-spread of size t — 2. On L(E)
define

1, ifVev,

min{2,dim V'}, otherwise. (5.17)

pv(V) = {

Then My = (E, py) is an irreducible g-matroid with Z(My) =V U{0, E}, thus
|Z(M)| = t. Moreover, Zy N Zy = Zy N Zy and Zy N Zy = Zy + Zy for all

(b) Each irreducible g-matroid of rank 2 on E is of the form My, = (E, py) for some
partial 2-spread V. Its number of cyclic flats is |V| + 2, which is at most ¢* + 3.

(c) Us(E) is the unique irreducible g-matroid of rank 2 with exactly 2 cyclic flats.

(d) Let t > 3 and V, W be partial 2-spreads of size t — 2 and My, My be the
associated g-matroids. Then there exists a bijection o on L(E) such that py(V') =
ow(a(V)) for all V € L(E). In particular, there exists a rank-preserving and
dimension-preserving lattice isomorphism between Z(My,) and Z(Myy). For this
reason we may call My, and My, “bijectively equivalent”.
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Proof. (a) First of all, Proposition tells us that My := (F, py) is indeed a g-
matroid. One easily checks that Z(My) =V U {0, F'}. In particular, |[Z(My)| = t.
Since all spaces in V have dimension 2, it is obvious that cyc(Z; N Zy) = Z; N Z; and
N Zy+ Zy) = Zy+ Zs for all Zy, Zy € Z(M). For any V € V we have {Z € Z(My) |
Z <V} = {0,V}, and therefore Theorem shows that My, is irreducible if
and only if |V| # 2, which means ¢t # 4; for V = {Vi,V,} we obtain the reducible
g-matroid My, = M|y, & M|y, = Ui 2 S Ui .

(b) Let M = (FE,p) be irreducible and of rank 2. Set V ={V € L(F) | dimV =
2, p(V) = 1}. Using cl(0) = 0 and submodularity of p one obtains that V is a partial
2-spread. Since p(E) = 2, the set V is exactly the collection of subspaces V' for which
p(V) # min{k,dim V'}, and we conclude that M = M,. The rest follows from (a)
and the fact that any partial 2-spread in E has size at most ¢* + 1.

(¢) An irreducible g-matroid M with exactly 2 cyclic flats must have Z(M) = {0, E'},
and Example [5.3.3|c) establishes the result.

(d) Choose any dimension-preserving bijection o on L£(E) such that «(V) = W.
Then « is also rank-preserving thanks to ((5.17)). [

We have the following interesting example, where the bijection in Proposition[5.3.17]
(d) is not induced by a linear (or semi-linear) isomorphism on E. Thus, we obtain
non-equivalent g-matroids whose lattices of flats are related by a rank-preserving
lattice isomorphism.

Example 5.3.18. This example is inspired by some facts from finite geometry. Con-
sider F = Fy. The two sets A; and Ay defined below are spread sets in 2, that is,
subsets of B2%% of order 9 such that A — B € GLy(F) for all distinct A, B in A;. To
any spread set one can associate a right quasifield. This is Fg for Ay and a right
quasifield of Hall type for Ay. Since these two right quasifields are not isotopic we
will obtain two 2-spreads of the same size that are not related by a vector-space iso-
morphism. This background is not needed since everything below can also be checked
straightforwardly.

In F?%2 Jet

A — 0 0 10 11 0 2 1 2 2 0 2 2
T\ oo)0\o 1)0\2 1)\ o)\ 1)0\o 2)0\1 2)°

01 2 1

2 0/7\2 2) |’
A, — 0 0 10 2 0 11 2 2 01 0 2
71\ o0/\o 1)°\0 2/°\1 2)°\2 1)°\2 0/"\1 0)°

1 2 2 1

2 2)°\1 1) [
Note that A, is a subspace of F?*2, whereas Ay is not. Define the set of matrices

Bi={(0]|1)}u{(I|A)|Aec A} CF>** for i=1,2.
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Then
V; = {rowsp(M) | M € B;}, i =1,2,

are collections of 2-dimensional subspaces in L(F*). One easily verifies that VAW = 0
for all distinct V,W € V; (or arques that Ay and Ay are spread sets). Hence Vy and Vs,
are 2-spreads in F* because their cardinality is 10 = ¢*> + 1. By Proposition
we obtain two irreducible g-matroids My, =: M; = (F*, p;). We have the following
properties.

(1) My and My are not equivalent in the sense of Definition . Indeed, there
exists no vector space automorphism o on F* that maps the set V; to Vy. This follows
from the fact that the field Fy is not isotopic to any Hall quasifield or can be checked
directly using a computer algebra system by showing that no matriz in GL4(F) maps
the set By to the set By (after taking the reduced row echelon forms). Now it is clear
that the g-matroids My and My are also not lattice-equivalent either because by the
Fundamental Theorem of Projective Geometry any lattice isomorphism is given by a
semi-linear isomorphism, which over a prime field is linear.

(2) F(IM;) = O(M;) = Z(M;) = V; U{0,F*}, and in each of these lattices meet
and join are simply intersection and sum. Moreover, there exits a rank-preserving
lattice isomorphism between F (M) and F(My). The identities follow from the fact
that V; is a 2-spread (as opposed to just a partial spread), which means that every
1-dimensional space (x) is contained in a subspace of V; and therefore (x) is not a
flat. The rest of the identities is easily verified, and the remaining statements follow
from Proposition [5.3.17,

(3) It is remarkable that M is representable over Fy, whereas M is not representable
over any field extension of F. Indeed, one easily verifies that M, = Mg, where

o 1 w2 O 0 2% 4
G‘(o 0 1 w2>EF9 ’

where w € Ty satisfies w? + 2w + 2 = 0. To see that My is not representable,
suppose that My = Mg for some G' € F3x* (for some m). Then tkG' = 2 and
we may assume G’ to be in reduced row echelon form. Next, any such G’ must
satisfy tk(G'(0 | I)T) = 1k(G'(1 | 0)T) =xk(G'(I | I)T) =1 (see the set Ay and
Lemma , and therefore must be of the form

G':(é 8 ? 2) for some a € Fam.

Using now tk(G'(I | A)T) = 1 for A being the fourth and the sizth matriz in the
set Ay leads to a = 1. But then the g-matroid Mg has loops, and thus Mg # Ms.
Thus My s not representable.

The above discussion suggests that a classification of the irreducible g-matroids
on a 4-dimensional ground space appears to be quite challenging.
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5.4 The representability of the direct sum.

In this section we turn to representability of the direct sum of representable g¢-
matroids. We will provide an example of F4-representable ¢g-matroids over the ground
space I3 for which the direct sum is not representable over any field extension Fom. A
crucial ingredient will be paving ¢-matroids defined below. We show that if M, M
are paving ¢g-matroids of the same rank and represented by matrices G; satisfying a
certain condition, then the direct sum M; ® M, is not represented by the block diag-
onal matrix diag(Gy, Gs). This will be used to create the desired example. A second
example will be provided where the direct sum is representable only over larger fields
than the summands.

Note that in the context of representability, it suffices to consider g-matroids with
ground space F".

Definition 5.4.1. A g-matroid M = (F", p) is paving if dimC > p(M) for all
circuits C' of M.

A large class of paving ¢g-matroids is given by Proposition [2.4.6] For the following
result recall Notation 2.2.13]

Proposition 5.4.2. Let M; = (F™ p;),i = 1,2, be paving q-matroids with p1(M;) =
p2(My) = k. Let n = ny +ny and M = (F", p) = My & M,. Denote by Cy, Cy and
C the collections of circuits of My, My, and M, respectively. Then every C € C has
dimension at least k and

{C eC ’ dimC = k} = {01@0 | Cl < Cl, dlmC'l = k}U{O@Cg ’ 02 € CQ, dlmCQ = k‘}

For the proof recall that in any g-matroid (F, p) a k-dimensional circuit C satisfies
p(C)=k—1.

Proof. We start with the stated identity. Denote the set on the right hand side by V.
“D” Let C1 &0 € V. From Theorem we obtain p(Cy; & 0) = p(Cy) = k-1,
and thus C @ 0 is dependent in M. Clearly, every subspace of C & 0 is of the form
I; ® 0 where I; is independent in M. Using again Theorem [5.1.5| we conclude that
I; & 0 is independent in M and thus C} ¢ 0 is a circuit of M of dimension k. The
same reasoning holds for 0 & Cy € V.

“C” By Theorem a subspace C' € L(IF") is a circuit of M if and only if it is
inclusion-minimal subject to

p1(m1(C)) + p2(m2(C)) < dimC — 1, (5.18)

where 7, my are the projections from F”™ to the first n; and last ny coordinates, re-
spectively. Let C' € C and dim C < k.

1) Let dim7;(C) = k (which implies dim C' = k). Then implies that 71 (C) is
a dependent space of My, and thus a circuit thanks to the paving property. Hence
p1(m(C)) = k — 1 and thus pa(m2(C)) = 0 by (5.18). But then m(C) = 0 by
the paving property of My, and thus C' = m(C) @ 0. In the same way we have
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2) Let dimm;(C) = ¢; < k for i = 1,2. Then m;(C) is independent in M; and
pi(mi(C)) = £;. Now we obtain dimC < dimm(C) + dimm(C) = 6 + ly =
p1(m1(C)) + p2(m2(C)) in contradiction to (5.18]). Hence this case does not arise. This
also shows that all circuits have dimension at least k, and the proof is complete. [

We now turn to representability of the direct sum and start with the following
unsurprising result.

Theorem 5.4.3. Let M; = (F™ p;),i = 1,2, be g-matroids of rank k;. Let n =
ny + ng and M = My @ Ms. Suppose M is representable over Fym. Then M,
and My are representable over Fym and M = Mg for a matriz G of the form

(G 0
(7 )

where G; € F’;inx"i are such that Mg, = M,.

Proof. Let M = (F", p) and suppose M = M for some matrix G over F m. Since
p(M) =k := ki + ks by Theorem , we may assume that G is in F’;é” and has
rank k. Furthermore, without loss of generality let G be in RREF. Then we can

write G as -
. 1
o= (5 &)

for some matrices G; € Félmxm, Gy € IFfme"Q of full row rank and some matrix G’ €
Ff;mm?. Hence t; + to = k1 + ka. We show that M; = Mg,. To do so, let Y € F*™
and set Y = (Y | 0), which is in F**". Then V := rowsp(Y) is in £(F™) and
Vaei= rowsp(f/). With the aid of Lemma and Theorem we compute

rk(GhYT) = tk(GYT) = p(rowsp(Y)) = p(V @ 0) = ps(V).

This shows that M; = Mg,. As a consequence, t; = k; and t5 = ko. Next,
ky = pa(F™) = p(0 @ F™) = p(rowsp(0 | I,,)) = rk<g;> Since rkGy = ko this
implies rowsp(G’') C rowsp(G2). Using that G is in RREF, we conclude G’ = 0 and

hence G is block diagonal. In the same way as above we obtain My = Mg,. This
concludes the proof. O

We will now make use of some notions in the theory of rank-metric code, previously
introduced in Section[£.4] The proof of Theorem[5.4.5|below illustrates the well known
fact that for a representable ¢g-matroid M the dimension of a dependent space equals
the rank-weight of a suitable codeword in the dual code rowsp(G)+ = ker G (where
the dual is defined with respect to the standard inner product). For ease of notation
in the proof of Theorem [5.4.5[ we introduce a different, yet equivalent way to define
the notion of rank support, previously introduced in Definition [£.4.3]
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Definition 5.4.4. For a vector v = (vy,...,v,) € Fn we define the F-support of v
as the subspace
Sik(v) = (v1, ..., V) < Fym.

Furthermore, recall the rank-weight of v is wy(v) := dimg, (S (v)).

Theorem 5.4.5. Fori = 1,2 let G; € Fgé”i be of rank k and M; = Mg, be the
associated q-matroids. Suppose My and My are both paving. Suppose furthermore
that there exist vectors v; € ker G; such that wy(v)) = wi(ve) = k and Sy (vy) =
Sik(v2). Then M = My & My is not represented by

G = (%1 692) : (5.19)

Proof. Let N' = Mg, that is, N is the g-matroid generated by G. We will show
that N and M do not have the same circuits of dimension at most k.

First of all, Proposition implies that all circuits of M have dimension at least k,
and the k-dimensional ones are also circuits of N/ thanks to their form described in
that proposition.

We will show the existence of a circuit of N of dimension at most k that is not a
circuit of M. To do so, let S(v1) = (a1, ..., a) for some (F-linearly independent)
a, € Fym. Set o= (aq,...,04) € IF]; Then there exist matrices Y; € FF¥*" of rank k
such that aY; = v; for i = 1,2. Hence 0 = G;Y;Ta', and thus rk(G;Y;T) < k for
i = 1,2. This shows that V; := rowsp(Y;) € L(IF"™) is a dependent space of M. Since
dim V; = k, the paving property implies that V; is a circuit of M;. Now we have

viT\ ¢ (0
()= (o)
which means that G(Y; | Y2)T has rank less than k. Therefore W := rowsp(Y; |
Y,) € L(F™*"2) is a k-dimensional dependent space of /. Since Y; and Y; are both
nonzero, W is not a circuit of the direct sum M thanks to Proposition 5.4.2, Since M
does not have any circuits of dimension less than k, we conclude that W contains a

circuit of A of dimension at most % that is not a circuit of M. This implies that
N # M, and G does not represent M. |

Now we are ready to provide an example of a direct sum of representable ¢-
matroids that is not representable over any field extension.

Proposition 5.4.6. Let F =Fy and Fy = {0,1,w,w + 1}. Consider the matrix

. 1CL) O W"’l Ix4
Gl_(o 01 w )€F4

and set My := Mg, = (F*, p1). Then M, ® M, is not representable over any field
extension Fom.
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Proof. 1) We first show that M is of the form as in Proposition and thus paving
of rank 2. Set V = {rowsp(Y1), rowsp(Y3), rowsp(Y3), rowsp(Yy), rowsp(Y;)}, where

1000 1011 1001
3/1_(010())’}/2_(0101)’}/3_(0011)’

0110 1101
Y4_<0 00 1)’}/5_(0 01 0)' (5.20)

One can verify, by hand or with for instance SageMath, that

(V) = { 1, for VeV, (5.21)

min{2,dim V'}, otherwise.

For instance, p;(V) = 1 for all 1-dimensional subspaces simply reflects that the
columns of G, are linearly independent over Fy. Furthermore, G1Y>" = (wil i),

which has rank 1. Similarly, the rank of all subspaces can easily be verified. As a
consequence, M is of the form as in Proposition [2.4.6] and thus paving of rank 2.

Clearly, the matrix
O — 1 w+1 0 w
o0 1wt

obtained from G by replacing the primitive element w by its conjugate w + 1, also
represents M.

2) We show that G and G, are the only matrices over any field extension Fom, m > 1,
that represent M. To do so, let m > 1 and H = (hy, ho, hs, hy) € F25* be such
that My = M;. Thus tk(HYT) = rk(G,Y") for all matrices Y € F**4. Without
loss of generality we may assume that H is in RREF. Clearly rk(H) = 2. Moreover,
hi,...,hy are linearly independent over Fy because M; has no loops (a loop is a
1-dimensional space of rank 0). Next, tk(HY;T) = 1 = rk(HY,") shows that hy €
<h1)]F2m and hy € (hy + h3>F2m. Hence hy and hy are not pivot columns of H. All of
this implies that H must be of the form

(1 a 0 op
H—(O 01 5) for some «, € Fom.

The Fa-linear independence of the columns of H implies that o, 5 ¢ Fy. Next,

L=rk(HYsT) = 1k (1 5 1%):“{ G ffﬂ)’

and this results in a8 = 1 + . Using this, we continue with

. ﬁ Oé+1+ﬁ - ﬂ a+1
_rk(1+6 3 >_rk(1+6 1)'
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Using the determinant and a8 = 1 4+ 8 we conclude that o + 8 = 0, hence a = f3,
and with a8 =1+ 8 we arrive at 2+ S+ 1 = 0. Thus 3 € F, \ Fy (and m is even),
and the two choices f € {w,w + 1} lead to H € {Gy,G\}.

3) Consider now M = M; & M. From 2) and Theorem we know that if M is
Fom-representable for some m € N, then m is even and any representing matrix is of
the form

G=(% U whee Gl e (G, G1}

0 G/2 ) i 1, Y1g-
Since v = (1,1,w,1) € ker Gy, 0 = (1,1,w + 1,1) € ker Gy satisfy Su.(v) = Suc(0) =
(1,w) we may apply Theorem and conclude that M is not representable over
any field extension Fom. O

In the following case, the direct sum is not representable over the same field as
the summands, but over a field extension.

Proposition 5.4.7. Let My = Uy 5(q). Then M, is representable over 2, whereas
My & M, is representable over Fym iff m > 4.

Proof. We know already, by Example [2.4.2, that M, is representable over F .. Even
more, for any m > 2 any matrix GEl @) with o € Fym \ F, represents M.
Consider now M = M; & M; = (F* p). With the aid of the very definition of the
direct sum one easily verifies that p(V) = 1 for all 1-dimensional spaces V < F?
while for the 2-dimensional spaces

1, iV = (e1,eq) or V = (es, €4),
(V) = { 2, otherwise, (5.22)
where e, ..., es are the standard basis vectors of F*. Suppose M is representable

over Fym. Theorem tells us that M has a representing matrix of the form

(1 B 00
G—(O 0 1 7) for some 3,y € F;m \ F.

1) Let m = 2. Then F,2 = (1, 3). Thus v = a + b for some a,b € F. Set

a b 01
V =rowsp(Y), vvhereY:<1 0 1 O)'

Then dimV = 2 and tk(GYT) = 1. This contradicts (5.22), and thus G' does not
represent M.
2) Let m = 3. Then F;s = (1,3, 3%) and

v=co+ B+ B B =by+ b1+ byS? for some b;, ¢; € F.

This implies 8y = caby+ (co + caby) B+ (c1+ c2by) 3% Now we have the following cases:
i) If co = 0, then tk(GYT) =1 for

[ Co 010]_
Y—<1 0 1 0)'
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ii) If ¢y # 0 = ¢; + by, then tk(GYT) =1 for

y — Cgbo CQ+CQb1 01
-\ 0 1 1 0/)°

iii) If co # 0 # ¢1 + by, we have (c1 + cabo)y — 28y = fo + f18 for some f; € F and
thus tk(GY'T) =1 for
_ fo fi 01
c + 02b2 —Ca 1 0/°

In all cases we obtain a contradiction to ((5.22) and conclude that M is not repre-
sentable over Fgs.
3) Let m > 4. We show that M is represented by the matrix

1 2 0 O
G= (O 01 22) for any z € Fym of degree at least 4.

Denote by D(M) and D(My) the collections of dependent spaces of M and Mg,
respectively. We will show that

D(Mg) = DM). (5.23)

To do so, we first determine the set X = {X € L(F*) | p1(m1(X)) + p1(m(X)) <
dim X'} from Theorem . Since M is the uniform g-matroid of rank 1, we have
p1(m (X)) + pr(m2(X)) = min{l,dimm (X)} + min{l,dimm(X)} < 2 for all X €
L(F*), which together with implies

X ={X <F*|dimX >3}U{(e1,e2), {e3,e4)}.

The form of X shows that every subspace of F*4 containing a space in X is itself in X.
Now it follows from Theorem [5.1.2] that

X = D(M).

We now turn to the g-matroid Mg = (F%, p). By definition p(rowsp(Y)) = 1k(GY'T)
for any matrix Y € F**4. Set G} = (1 z) and G, = (1 2?), thus

(a0
G‘(O Gg)'

Since both G and G, represent the g-matroid M, any matrix Y = (V; | Y3) € F**4
satisfies
tk(G7Y;T) = pi(mi(rowsp(Y))).

Let now Y = (Y] | Y3) € F*** be such that rowsp(Y) € D(M) = X. Then

p(rowsp(Y)) = tk(GY'T)

(AT + rk(GYT)
pr(mi(rowsp(Y'))) + p1(ma(rowsp(Y)))
rkY.

IN

A
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This shows that D(M) C D(M,). This can also be concluded from the coproduct
property of M @& M; see [26, Thm. 5.5]. It remains to show the converse containment.
Let now Y € F™** be a matrix of rank ¢ such that rowsp(Y) € D(Myg). Thus

rk(GY'T) < t. (5.24)

We will show that rowsp(Y') is in X. For ¢t > 3 every Y satisfies (5.24) and rowsp(Y)
is contained in X', while for ¢ = 1 no matrix Y satisfies (5.24)). It remains to consider

the case t = 2. Let
I Y31 by o di
Y= (CLQ bg Cy dQ)
be of rank 2 and satisfying (5.24]). Without loss of generality let Y be in RREF. We

compute
T _ a1+b12 a2+b22
GY o (Cl + d122 Co + d222

and
det(GYT) = (alcg — CLQCl) + (bICQ — bQCl)Z + (a1d2 — a2d1)22 + (bldg — bgdl)Zg.

Recall that 1, z, 22, 2% are linearly independent over F, by choice of z. Thanks to the
RREF of Y we only have to consider the following cases.

i) If a3 = by = ay = by = 0, then rowsp(Y') = (e3, e4) is in X.

ii) Let a; = 1,a3 = 0,b; = 0,by = 1. Then det(GY") = ¢y — c12 + dp2? — dy 2% and
implies ¢; = ¢y = dy = dy = 0. Thus rowsp(Y) = (e, e2), which is in X

iii) Let a; = 1 and ay = by = 0. Then det(GY") = ¢y + bicoz + doz? + bydoz3 and
implies ¢y = dy = 0. But this contradicts that Y has rank 2 and thus this case
does not occur.

iv) Let a; = ay = 0 = by and b; = 1. Then det(GY") = cpz + dy2® and implies
¢y = dy = 0, which contradicts rkY = 2. Hence this case does not occur either.

All of this establishes . Thanks to Definition 7 we arrive at M = Mg, and
this shows the F m-representability of M. O

Thus far we provided two examples. In the first one, the direct sum of repre-
sentable g-matroids is not representable, and in the second one it requires a larger
field size for a representation than the summands. In fact, almost all examples that
we were able to compute fall into one of the two categories. The only examples known
to us where the direct sum is representable over the same field as both summands,
are such that one summand is representable over [F,. While we are not able to prove
a general statement about these specific direct sums, we can discuss two extreme
cases. If M is the trivial g-matroid U ,, (¢) it can easily be seen that M; & M is
representable over the same field as My via the matrix G’ = (0| G) where G repre-
sents My. The other extreme, where M, is the free ¢-matroid, is dealt with in the
following proposition.
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Proposition 5.4.8. Let My = Uy, »,,(q), which is representable by I,,, and let the
q-matroid My = (F3?, pa) be represented by Gy € IF’;%LX”Z. Then My & My s repre-
sentable over Fym and a representing matriz s given by

I, O
o= ).

Proof. Set n = ny + ny. We first consider the g-matroid Mg and determine its rank
function, which we denote by pg. Let V € L(F") and V = rowsp(Y) where Y € F*"
of rank /. Without loss of generality, we may assume that Y is in reduced row echelon.

Then Y partitions as R
Y1 Y
Y = 2

for some Y; € FtXmi and Y of corresponding size, and where rk(Y;) = ¢; for i = 1, 2.
This means that rowsp(Y;) = m(V), which has dimension ¢;, and rowsp(Y;) =
mo(V N (0 @ F"?)), which has dimension ¢;. Now we have

' 0
T _ 1
"= (it )
and since Y; T has full column rank, we obtain the rank value
pa(V) = 1k(GYT) = rk(V}) +1k(Go Y5 ") = dim 71 (V) + po(me(V N (0B F™2))). (5.26)

We now turn to M; & M, and denote its rank function by p. We use (5.4) to
evaluate p, thus

p(V)=dimV +§(H<II‘} o(X), where o(X) = dimm(X) + pa(me(X)) — dim X. (5.27)

Consider again V' = rowsp(Y') with Y as in (5.25). Let X be a subspace of V' of
dimension x. Then X is of the form X = rowsp(SY) for some S € F*** of rank .
Again, we may assume S in reduced row echelon form and can partition the matrix

as .
(S S
= (4 5)
where S; € F=i*4i of rank z; and S accordingly. Then

(5 S1Y+S’YQ
sy_( IR )

The two diagonal blocks have full row rank and 71 (X)) = rowsp(5;Y7) while mo(X) =

TOWSD < S 13;;;5 Y2 ) . Now we have

0(X) = 1k(51Y1) + pa(m2(X)) — dim X = pa(m2(X)) — rk(S52Y2),
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which we want to minimize over all subspaces X of V. Note that this expression does
not depend on 7 (X). Furthermore, since rk(S,Y3) does not depend on S and p, is
non-decreasing, the minimum is attained by a space X of the form X = rowsp(0 |
S2Y3). Thus we arrive at

o(X) = pa(ma(X)) — dim(m(X)),

which we have to minimize over all subspaces m3(X) of rowsp(Ys). It is easy to see
that the rank function p of any ¢-matroid satisfies p(V) — dimV < p(W) — dim W
whenever W < V' (see for instance [I3, Lem. 2]), and thus we conclude that the
minimum is attained by a subspace X such that mo(X) = rowsp(Yz). Choosing

X =rowsp(0 | Y3), we may rewrite (5.27) as
p(V) =dimV + po(rowsp(Ys)) — dimrowsp(Ys) = rk(Y;) + p2(rowsp(Y3)),
which agrees with (5.26)). All of this shows that M; & My = Mg, as stated. O

We conclude this chapter with the following result that if My, M are represented
respectively by Gy, Go then the cyclic flats of M; & My are also cyclic flats of the

g-matroid A induced by (Gol Cg >
2

Theorem 5.4.9. Let Fym be a field extension of F =F, and G; € Ff;inx”i, 1=1,2, be
matrices of full row rank. Set

o Gl 0 (a1+a2)x(n1+n2)
G = ( 0 Gz) € Fym :

Denote by M; = (F™ p;), i = 1,2, and N = (F™ "2 ;) the g-matroids represented
by G1,Ga, and G, thus p;(rowsp(Y)) = tk(G;Y'T) for Y € F¥*™ and p(rowsp(Y)) =
rk(GY'T) for Y € Fvx(mtn2),

(a) If F € F(My) ® F(Ms), then F € F(N).
(b) If O € O(M;) & O(My), then O € O(N).
As a consequence, Z(M; & Ms) C Z(N) and thus Z(N') C Z(M; & M,).

Note that the very last statement about the independent spaces also follows from
the coproduct property of M; & M, discussed in Theorem [6.3.3]

Proof. The first part of the consequence follows from Theorem and the second
part from Theorem [2.2.29, For the proof of (a) and (b) we will make use of the fact

AV @ Vo) = pr(Vi) + pa(Va) for all V; € L(F™). (5.28)

This follows directly from the block diagonal form of GG and the fact that every space
Vi @ V4 is the row space of a block diagonal matrix as well.
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(a) Let F' € F(My)®F(My) and z € T "2\ F. We want to show that p(F+ (z)) >
p(F). By assumption,

F = rowsp (};1 8) for some Y; € F¥"*" such that rowsp(Y;) € F(M;).
2

Write © = (21 | 22) with z; € F™. Without loss of generality let x; ¢ rowsp(Y7).
Since rowsp(Y;) is a flat in M, this implies

tk(Gh[Y, 27]) = pu(rowsp(Y1) + (1)) > pr(rowsp(¥2)) = tk(G11yT).

Hence Gyx{ is not in the column space of G1Y;" and we obtain

T
Yi
) G 0 Y
PE + () =1k 0 Y,
0 Gy
Ty X2

— rk Gly‘lT 0 Glfﬂ-lr
- 0 GQYvQT Gg]?;—

Gy, 0 R
> l"k( 10 ! GZ}/QT> = p(F)

Since x was arbitrary, this proves that F is a flat of V.

(b) Let O € O(M;) & O(My) and let D € Hyp(O). We want to show that p(D) =
p(0). By assumption O = O; & Oy with O; € O(M;). Recall the projections T;
from F™+" to F™ and set D = m (D) @ my(D). Then D < D < O and since
dim D = dim O — 1, we have D=DorD=0.

(b1) If D = D we may assume (D) = O; and my(D) € Hyp(O,). Using cyclicity
of Oy and we arrive at

~

p(D) = p(D) = pi(m1(D)) + p2(ma(D)) = p1(O1) 4 p2(02) = p(O),

which is vyhat we wanted.
(b2) Let D = O. Set dim O = k+1 and thus dim D = k. Write D = rowsp(M; | M),
where M; € FF¥*™_ Then

ﬁ:O:rOWSp<Z\0/[1 ]\04>
2

Hence O; = rowsp(M;). Let rtkM; = ky. Then rkMs = k — ky + 1. Using elementary
row operations we may assume that (M | M) is of the form

ma mo
Mgl 0 for some m; € Fni, Mgl € F(klil)xnl, M22 € F(kikl)an.
0 My

Since rkMy; = rkM; — 1 it follows that rowsp(My;) € Hyp(rowsp(M;)). Using the
cyclicity of rowsp(M;) we conclude that tk(G;MJ) = rk(G; M) = rk(G;[m][, M)
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for i = 1,2. This means that G;ym] is in the column space of G;MJ., and thus

~ . Glm-lr GlMng 0

GMEL 0
rk( 0 GyMj

GMT 0.
—fk( 0 G2M2T> = p(0).

All of this shows p(D) = p(O) for every D € Hyp(O) and thus O € O(N). This
concludes the proof. O

We believe that studying representability of ¢-matroids, especially finding ob-
structions to representability, will be a challenging, but highly instructive topic for a
better understanding of g-matroids and their differences to matroids. A characteri-
zation of representability of the direct sum in terms of the summands may be a first
step in this direction. Note that Theorem [5.4.5 provides already an obstruction to
representability in a special case.

Copyright© Benjamin Jany, 2023.
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Chapter 6 Categories of g-Matroids.

In this chapter we take a category approach towards the study of g-matroids. This
approach allows to establish differences between the structure of classical matroids
and their g-analogue. The main result of this chapter is the proof that a coproduct
always exist only in the category of g-matroids where maps are linear g-weak maps.
This holds in contrast to classical matroid for which a coproduct also exist in the
category of matroids with strong maps as morphisms. Furthermore, we show there
exist a functor from categories of g-matroids to categories of matroids which provide
an alternative approach the study the former category. Results in this chapter also
appear in [260] and [33].

6.1 Maps Between ¢-Matroids.

In this section we introduce maps between g-matroids. The candidates for such maps
are (possibly nonlinear) maps between the ground spaces of the g-matroids with the
property that they map subspaces to subspaces. Such maps will be called £L-maps.
By definition, £-maps induce order-preserving maps between the associated subspace
lattices. As a consequence, one may choose L£-maps or their induced maps as maps
between g-matroids. In Section we will briefly discuss the second option, while
for now we focus on L-maps themselves. As maps between g-matroids, they should
respect the g-matroid structure. This can be achieved in various ways, and we will
introduce the options later in this section.
Throughout this section let E;, Fs be finite-dimensional F-vector spaces.

Definition 6.1.1. Let ¢ : By — Ey be a map. We call ¢ an L-map if (V') € L(E»)
for all V€ L(Ey). The induced map from L(Ey) to L(Es) is denoted by ¢p. A
bijective L-map is called an L-isomorphism. Finally, L-maps ¢, Y from E; to FEy are
L-equivalent, denoted by ¢ ~, 1, if ¢p = .

An L-map ¢ : E; —> Ej5 is thus a possibly nonlinear map that maps subspaces
of Fy to subspaces of Ey. It satisfies ¢(0) = 0 and

d((v)) = (p(v)) for all v e Ej. (6.1)

This follows from the fact that ¢((v)) is a subspace of cardinality at most ¢ containing
0 and ¢(v). Our definition of L-isomorphisms is justified by the following simple fact.

Remark 6.1.2. Let ¢ : B, — FE5 be a bijective L-map. Then ¢~ is also an L-
map. To see this, note that dim E; = dim Ey by bijectivity of ¢ and thus the subspace
lattices L(E) and L(Esy) are isomorphic. Hence ¢~ is also an L-map.

Recall that a map ¢ : £y — Fs is F-semilinear if ¢ is additive and there exists
o € Aut(FF) such that ¢(cv) = o(c)p(v) for all v € Ey and ¢ € F. Clearly, any semi-
linear map ¢ : By — FEs is an L-map. Here are examples of non-semi-linear £-maps
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and of L-equivalent maps. A more general construction of L-equivalent £-maps will

be given in Proposition [6.1.9(b).

Example 6.1.3. (a) Let X < Ey be any subspace and let vy, ...,v, € Ey be such
that (v1), ..., (ve) are the distinct lines in Ey that are not contained in X. Choose
z € By \ {0}. Set

0, ifvelX,

by — E —
gb 1 25 v { )\Z, Zf’U = )ﬂ)i fOT‘ some 1 € [6]

Then ¢(V') = {0} for all V € L(X) and ¢(V) = (2) for all V € L(Ey) \ L(X).
Thus, ¢ is an L-map. Furthermore, the pre-image of any subspace is a subspace.
Indeed, let W < Ey. Then ¢7'(W) =X if 2 & W and ¢ *(W) = E, if 2z € W.
Note that ¢ depends on the choice of the representatives v; for the distinct lines.
One can easily create examples where ¢ is not semi-linear. (In fact, one can show
that there always exist choices such that ¢ is not semi-linear unless dim By = 1
or [dim X =dim £y — 1 and F, = F,].)

(b) Let ¢ : F5 — T2 be given by ¢(vi,v9,0) = (vy,v9) and ¢(vy,vq,1) = (0,0) for
all vi,vy € Fy. Then ¢ is a nonlinear L-map. In this case, the pre-image of a
subspace is not necessarily a subspace, for instance ¢~({(0,0)}).

(c) Clearly, if ¢ : Ey — Ey is an L-map, and b = Ao for some X € F*, then ¢
and ¢ are L-equivalent L-maps.

(d) LetFy = {0,1,a, &} and consider the semi-linear map ¢ : F3 — F3, (v1, ve) —

(v}, v3). Furthermore, let

a(v%,v%), Zf (01702) € <(171)>7

F2— F2, (v1,09) —
vk v () { (v, v3), otherwise.

One easily verifies that v 1s an L-map and ¢ and ¢ are L-equivalent.

We now discuss the relation between L£-maps from E; to E, and lattice homo-
morphism from (L(E}),<,+,N) to (L(Es),<,+,N). To do so, recall the following
notions and simple facts. For further details see for instance [I7, Ch. 2].

Remark 6.1.4. Let (L£;,<;,Vi,N\i), @ = 1,2, be two lattices and ¢ : L1 — Lo be a

map. Then ¢ is a lattice homomorphism if it is meet- and join-preserving, that is,

d(a N1 b) = ¢(a) Ny ¢(b) and ¢p(aV1b) = ¢(a) Vo ¢(b) for all a,b € Lq. If each L; has

a least element 0; and a greatest element 1;, we call ¢ a {0, 1}-lattice homomorphism

if it is a lattice homomorphism satisfying ¢(01) = 02 and ¢(11) = 1o. Finally, we

call ¢ order-preserving if a <y b implies ¢p(a) <y ¢(b) for all a,b € L1. We have the

following facts.

(a) Every lattice homomorphism is order-preserving [17, Prop. 2.19]. Clearly, every
L-map ¢ induces an order-preserving map ¢.

(b) Let ¢ : By — E5 be an L-map and ¢(v1) = ¢(va) # 0 for some distinct vy, ve €
Ey. Then ¢, is not meet-preserving and thus not a lattice homomorphism. An
example of such a map ¢ is in Example (a) if dim By > 1.
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(¢) A lattice homomorphism need not be a {0,1}-lattice homomorphism. Consider
for instance the embedding 7 : F3 — F3, (x,y) — (2,,0), and the map ¢ :
L(F32) — L(F3) given by ¢(V) = 7(V).

(d) A lattice isomorphism is a {0, 1}-lattice isomorphism.

(e) A {0, 1}-lattice homomorphism need not be a lattice isomorphism. Consider, for
instance, ¢ : L(F2) — L(F3), which maps 0 to 0 and F3 to Fi and the three
1-spaces in F3 to the subspaces (1000,0100), (0010,0001), and (1010,0101).

Note that the map in Remark [6.1.4f(e) is not induced by an L-map (because
dimV < dim ¢(V)). For maps induced by £-maps we have some stronger statements.

Proposition 6.1.5. Let ¢ : Ey — Ey be an L-map and ¢y : L(E,) — L(E>) be

the induced map.

(a) If ¢ is injective, then ¢, is a lattice homomorphism.

(b) Suppose Ey # 0. Then ¢ is an L-isomorphism <= ¢, is a {0, 1}-lattice homo-
morphism <= ¢, is a lattice isomorphism.

Note that if Fy = 0, then the zero map induces a {0, 1}-lattice homomorphism;
thus the exceptional case in (b).

Proof. (a) Let Vi,Vy € L(Ey) and V; = ¢(V;). Then clearly ¢(V; NV3) C V4 N Va.
For the converse containment let v € \71 N Vg Then there exist v; € V; such that
gb(vl) = 0 = ¢(v9) and injectivity implies v; = vy € V4 N V5. This shows ¢(V; N V;) =
Vi NV and thus ¢, is meet- preserving. Next, we clearly have Vi + Vg C (V1 +Vs)
and equality follows from dlm(Vl + V2) dim V; + dim Vj, — d1m(V1 N VQ) =dimVj +
dim V5 — dim(V; N V3) = dim(V; + V,) = dim ¢(V; + V3). Thus ¢ is join-preserving.
(b) Let E3 # 0. The only implication that remains to be proven is that if ¢, is
a {0, 1}-lattice homomorphism then ¢ is bijective. Thus, let ¢, be a {0, 1}-lattice
homomorphism. By assumption ¢(E;) = FEs, and thus ¢ is surjective and dim Ey <
dim F;. Let e; = dim F;. We have to show that e; = e5. Assume by contradiction
that es < e;. We proceed in several steps.

i) Clearly ¢ maps 1-spaces of F; to subspaces of Ey of dimension 1 or 0. Suppose
o(V) = ¢(W) for some 1-spaces V' # W. Then the properties of a {0,1}-lattice
homomorphism imply ¢(V) = ¢(V) N o(W) = ¢(VNW) = ¢(0) = 0. Since E; has
(¢ —1)/(q — 1) 1-spaces, we conclude that at most (¢*> — 1)/(q — 1) 1-spaces of F;
are mapped to 1-spaces, and thus ¢ maps at least (¢°* — ¢°)/(q¢ — 1) 1-spaces to 0.
ii) Let now V' € L(F;) be a maximal-dimensional subspace such that ¢(V') = 0. Then
V # Ej since Fy # 0. Let dim V' = v. The number of 1-spaces in V' is (¢"—1)/(q—1).
Using e; < e; — 1 as well as v < e; — 1, we compute

Vil S et S et R Gy _ e 1

q—1 q—1 q—1 q—1 q—1
Now i) tells us that there exists at least one 1-space W € L(E;) such that W £ V and
»(W) = 0. Now the join-preserving property implies ¢(V + W) = ¢(V) + (W) =0
in contradiction to the maximality of V. All of this shows that e; = e; and thus ¢ is
bijective. O

> 1.
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The L-isomorphisms from Proposition M(b) are, up to L-equivalence, semi-
linear maps. This is a consequence of the Fundamental Theorem of Projective Geom-
etry; see for instance [3, Ch. I1.10] or [40, Thm. 1] (for the interesting original source
of this theorem, which is attributed to von Staudt, one may also consult [31]).

Theorem 6.1.6. Let dim Ey = dim Ey = n, where n > 3. Let 7 : L(E;) — L(Es)
be a lattice isomorphism. Then there exists a semi-linear map ¢ : 1 — FEs such
that T = gbﬁ.

Corollary 6.1.7. Let dim E; = dim Ey = n, wheren > 3 or ¢ = n = 2. Let
T : By — FEy be an L-map and suppose there exist vectors vy, ...,v, of Ey such
that T(v1),...,7(v,) are linearly independent. Then T is bijective and there exists a
semi-linear isomorphism ¢ : By — Fy such that T ~, ¢. In particular, if ¢ = 2,
then T = ¢ 1s a linear isomorphism.

Proof. Since 7(F;) is a subspace and contains 7(v),...,7(v,), we conclude that
7(E1) = E,. Hence 7 is a bijection. For n = 2 = ¢ it is clear that 7 is a linear
isomorphism (any nonzero vector in E; or Es is the sum of the other two nonzero
vectors). For n > 3 we may use Theorem m ]

We return to general £-maps and list some basic facts.

Proposition 6.1.8. Let ¢, : £y —> Ey be L-maps such that ¢ ~ 1.
(a) For all v € Ey there exist \, € F* such that ¢(v) = \,1(v).

(b) ¢~ (V) =Y (V) for all V € L(Es).

(c) If ¢ is an L-isomorphism, then so is ¢, and ¢~ ~p L.
(d) If ¢ is injective (resp. surjective), then so is ¢.

(e) If ¢ and 1) are linear, then ¢ = M\ for some A € F*.

Proof. (a) It suffices to consider v # 0. Note that ¢(v) = 0 <= ¢(v) = 0, and in this
case we may choose A\, = 1. In the case ¥(v) # 0 # ¢(v) the result follows from (6.1).
(b) For v € E; let A\, € F* be as in (a). For any V € L(F,) we have ¢~ (V) = {v €
Ey | ¢(v) e V}={ve Er | A\p(v) €V} ={veE |¢(v) e V}=y(V).

(c) If ¢ is an L-isomorphism, then the lattices £(E;) and L(FE;) are isomorphic
(see Remark . Next, Fy = ¥(E;) = ¢(F1), and thus ¢ is bijective as well.
Furthermore, ¢, and ¢, are lattice isomorphisms from L(F;) to L(E,) satisfying
W =)t =(8e) = (¢7")e.

(d) The statement about surjectivity is clear since ¢(E;) = ¢ (E;). For injectivity
use (¢) with Ey = ¢(E)).

(e) Let W = ker, hence also W = ker¢, and let £y = V & W. Let vq,...,v,
be a basis of V. By (a) there exist \; € F* such that ¢(v;) = \(v;) for @i €
[r]. Furthermore, ¢(vy + v;) = Mp(vy + v;) for some A € F*. Linearity implies
Y(Avr + ANvi) = dlvg + v;) = S\w(vl + ;) = w(j\vl + 5\111-), and injectivity of
on V yields Ay = A\; = A for all i € [r]. Hence ¢ly = Mply. Now we obtain
d(v+w) = o) +0=(v) + 0= A)(v) + Mp(w) = Mp(v +w) for all v € V and
w € W, and this proves the desired statement. O
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The following results show how we may alter an £-map without changing the
induced lattice homomorphism. Part (a) also shows that £-maps are L-equivalent if
they agree on the 1-spaces.

Proposition 6.1.9. Let ¢ : By — Ey be an L-map.

(a) Let ¢ : By — E5 be a map such that ¢(0) = 0 and ¢((v)) = ¥ ((v)) for all
v € FEy. Then ¢ is an L-map and ¢ ~ 1.

(b) Suppose b is an L-isomorphism. Fix w € FE1 \ 0 and 7 € F* and set w =
Y (r(w)). Then (W) = (w). Define the map ¢ : By — E, via

o(v) =(v) forve Ey\(w), ¢(pw)=(pd) forpeF.
Then ¢ is an L-isomorphism and ¢ ~, . If T =1, then ¢ = 1.

Proof. (a) is immediate from ¢(V) = J,ey ¢((v)) = Uper ¥ ((v)) = (V) for all
Ve L(E).

(b) Bijectivity of ¢ implies @ # 0 and ¥ (w) = T (w), thus v((w)) = (Y(w)) =
(Y(w)) = ¥ ((w)). This in turn implies (w) = (w). The map ¢ is clearly bijective and
satisfies ¢(0) = 0. We show that ¢ satisfies the condition of (a). First let v & (w).
Then also Av & (w) for all A € F* and ¢((v)) = {o(\v) | A € F} = {(\v) | A €
F} = ¢((v)). Next, for v = pw with g # 0 we have ¢((v)) = {¢(Auw) | A € F} =
{vQAp) | A € F}y = ¢((0)) = ¥((w)) = ¢((v)). Thus we may apply (a) and the

statement follows. O

We now turn to L-maps between g-matroids. There are different options for
such a map to respect the g-matroid structure. For (a) and (b) below we adopt the
terminology known for classical matroids; see, e.g. [47, Def. 8.1.1 and Def. 9.1.1].
Our notion of rank-preserving maps in (c), however, is different from rank-preserving
weak maps for classical matroids: the latter are weak maps that preserve the rank of
the matroid; see [47), p. 260]. The definition below will be convenient for us.

Definition 6.1.10. Let M; = (E;, p;) be q-matroids with flats F; := F(M;). Let
¢ By — Es be an L-map. We define the following types.

(a) ¢ is a g-strong map from My to My if p~Y(F) € F(M,) for all F € F(Msy)
(this implies in particular that ¢~ (F) is a subspace of Ey).

(b) ¢ is a g¢-weak map from My to My if pa(p(V)) < p1(V') for all V € L(EY).
(¢) ¢ is rank-preserving from My to My if pa(d(V)) = p1(V) for all V € L(EY).

For any L-map ¢ : Fy — Fy we will also use the notation ¢ : My — Ms. This
allows us to discuss its type.

In Section [6.5, we will consider both maps between matroids and maps between
g-matroids. To avoid confusion, we therefore use the term ¢-weak and ¢-strong for
maps between g-matroids. However, the “g-” may be omitted if there is no risk of
confusion.
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Note that each of the types above are actually properties of the induced map ¢.
This raises the question as to whether one should define maps between g-matroids
(E1, p1) and (Es, po) as maps (with certain properties) between the underlying sub-
space lattices L(F1) and L(E,). However lattice homomorphisms are too restrictive as
they exclude some non-injective maps (see also Remark[6.1.4b)), while simply order-
preserving maps appear to be too general. In Section we will briefly consider the
setting where the maps are those induced by L-maps. Note that the distinction of
maps between the ground spaces versus maps between the subspace lattices does not
occur for classical matroids because a map on a set S is uniquely determined by its
induced map on the subset lattice of S.

We return to Definition [6.1.10} Clearly, the composition of maps of the same type
is again a map of that type. Furthermore, L-equivalent £-maps are of the same type
(see Proposition [6.1.8(b) for g-strong maps). Note, however, that if ¢ : M; — My
is a bijective strong (resp. weak) map, then ¢~! : My — M; may not be strong
(resp. weak): take for instance the identity map Uy (F") — Ui_1(F™). Being rank-
preserving and being strong are not related: there exist ¢-strong maps that are not
rank-preserving (e.g., the identity map from any nontrivial g-matroid M = (E, p) to
the trivial g-matroid on E) and there exist rank-preserving maps that are not strong
(e.g., ¢ : F2 — F3, (z,y) — (x,0) and where M; and M, are the g-matroids
on F3 of rank 1 with (ep) and (e; + e3) as the unique flat of rank 0, respectively).
Unsurprisingly, g-weak maps are in general not strong: take for instance the identity
on 3, which induces a weak, but not g-strong map from Uy (F3) to the g-matroid
M from Example However, it can be shown that — just like in the classical
case [A7, Lemma 8.1.7] — g-strong maps are g-weak. This will be done later on in
Section [6.5] For now, we show the following simple result.

Proposition 6.1.11. Let M; = (E;, p;) be g-matroids and ¢ : Ey — Es be an
L-isomorphism. Consider ¢ as a map from My to My. Then

¢ and ¢~ are g-weak maps <= ¢ is rank-preserving <= ¢ and ¢~ are q-strong maps.

Proof. Recall from Remark that ¢! is also an £-map. The first equivalence is

clear. Consider the second equivalence.

“=" Let ¢ be a rank-preserving isomorphism. Then ps(¢(V)) = p1(V) and dim ¢(V') =
dimV for all V- € L(E;). Using Theorem we conclude that V' is a flat in M,

iff p(V) is a flat in M.

“<” Let now ¢ and ¢! be g-strong maps. Then ¢(F(M;)) = F(My), that is, ¢ in-

duces an isomorphism between the lattices of flats of M; and M. Using the height

function on these lattices (see Theorem we conclude that pi(F) = pa(o(F))

for all FF € F(M;) and thus p1(V) = pa(¢(V)) for all V € L(E;). Hence ¢ is

rank-preserving. O]

Just like there exist linear maps between any vector spaces (over the same field),
there exist weak and g-strong maps between any g¢-matroids M; and M.

Example 6.1.12. Let M; = (E;, p;), 1 = 1,2, be g-matroids.
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(a) The zero map ¢o from Ey to Ey is a g-weak map from My to My. 1t is also a
q-strong map since ¢y (W) = E; € F(My) for all W < E,.

(b) Let X = {x € E1 | pi({(z)) = 0}, that is, X is the closure of {0} in My in
the sense of Theorem [2.2.3 In particular, X < Ey. Let z € Ey \ {0}. As in
Ezample[6.1.5(a) choose vectors vy, ..., v, € E1\X such that (v1), ..., (ve) are the
distinct lines in E that are not in X and consider the map ¢ as in that example.
Then ¢ is a q-weak map. Indeed, for any V < X we have p1(V) =0 = po({0}) =
pa(6(V)), while for V € £(Ey) \ £(X) we have py(V) > 1 > po((2)) = pa(6(V).
Moreover, the pre-images in Example (a) show that ¢ is strong. Note that if
X = FE, i.e., My is the trivial g-matroid, then ¢ is the zero map.

We now turn to minors of g-matroids and determine the type of the corresponding
maps.

Proposition 6.1.13. Let M = (E, p) be a g-matroid and let X < E.
(a) Let M|x be the restriction of M to X. Then the embeddingt: X — E, x+—— x,
is a linear strong and rank-preserving (hence weak) map from M|x to M.

(b) Let M/X be the contraction of X from M. Then the projection m : E —»
E/X, v — x+ X is a linear strong and q-weak map from M to M/X.

Proof. (a) Recall that M|x = (X, p), where p(V) = p(V) for all V' < X. This shows
that ¢ is rank-preserving. Let F' € F(M). Then ¢ 1(F) = FNX and cly(FNX)C
clpm(F) = F, where clp(A) denotes the closure of the space A in the g-matroid M (for
the closure see Theorem [2.2.4)). Thus for any v € X the identity p((F N X) + (v)) =
p(F N X) implies v € F. Hence cly, (FNX) = FNX and thus . '(F) € F(M]|x).
(b) Recall that M/X = (E/X,p), where p(w(V)) = p(V + X) — p(X). Thus by
submodularity p(7(V)) < p(V) — p(V N X), showing that 7 is weak. In order to
show that 7 is strong, let F € F(M/X). Thus p(F + (v+ X)) > p(F) for all
v+X € (E/X)\F. Since 7 (F+ (v+ X)) =7 (F) + (v), this implies p(7 ' (F) +
(v)) > p(r=1(F)) for allv € E\ 7 Y(F). Thus 7~ }(F) € F(M). O

Restricting an £-map to its image does not change its type.

Proposition 6.1.14. Let M; = (E;, p;) be g-matroids and ¢ : My — Ms be a
strong (resp. weak or rank-preserving) map. Let X := im¢. Then X is a subspace
of E5 and we call the restriction Ms|x the image of ¢. The map (13 B — X, v—
o(v), is a strong (resp. weak or rank-preserving) map from My to Ms|x. In other
words, ¢ restricts to a map My — Ms|x of the same type.

Proof. The statement is clear for weak and rank-preserving maps. Let now ¢ be
strong and F' € F(May|x). Then po(F + (v)) > pao(F) for all v € X \ F. Hence the
closure clp, (F) satisfies cly, (F) \ FF C Ey \ X. Using that im¢ = X, we obtain
¢ L(clay, (F)) = ¢1(F). Since the former is a flat in M, we conclude that ¢ is a
g-strong map. O

Finally we record the simple observation that representability is not preserved
under strong or weak bijective maps. Take for instance the identity map on Fj3. Tt
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induces a bijective strong and ¢-weak map from the representable g-matroid Uy(IF3)
to the non-representable g-matroid in Example 2.4.8]

6.2 Non-Existence of Coproducts in Categories of ¢-Matroids.

In this section we consider categories of g-matroids with various types of morphisms.
We will show that — with one exception — none of these categories has a coproduct.

Definition 6.2.1. We denote by g-Mat®, ¢-Mat™, g-Mat"®, ¢-Mat"*, ¢-Mat'"?,
and g-Mat"™ the categories with q-matroids as objects and where the morphisms are
the strong, rank-preserving, weak, linear strong, linear rank-preserving and linear q-
weak maps, respectively.

In this section we show that none of the first 5 categories has a coproduct, while
in the next section we establish the existence of a coproduct in ¢-Mat"¥V. It is in
fact the direct sum as introduced recently in [I3]. The non-existence of a coproduct
in ¢-Mat® and ¢-Mat"® stands in contrast to the case of classical matroids, where
the direct sum (see [39, Sec. 4.2]) forms a coproduct in the category with g-strong
maps as morphisms, see [47, Ex. 8.6, p. 244] (which goes back to [16]). We know
from Proposition that isomorphisms in the first three categories coincide, and
so do those in the second three categories. This gives rise to the following notions of
isomorphic g-matroids.

Definition 6.2.2. We call g-matroids My and Ms isomorphic if they are isomor-
phic in the category qg-Mat™, that is, there exists a rank-preserving L-isomorphism
¢+ My — My (equivalently, ¢ and ¢! are strong). M; and M, are linearly
isomorphic, denoted by My = My, if they are isomorphic in the category g-Mat™'?.

Due to Theorem the above notion of isomorphism coincides with lattice-
equivalence in [I3, Def. 5. The same theorem tells us that any rank-preserving
L-isomorphism is induced by a semi-linear map.

Remark 6.2.3. Let ¢ : Ey — Ey be an L-isomorphism and My = (Ey, p;) be
a g-matroid. Define My = (Es, pa) via pa(V) = pi(¢7H(V)) for all V € L(E,).
Then My is a g-matroid and isomorphic to My. The flats of My are given by
F(My) ={¢(F) | F € F(My)}.

The following linear maps will be used throughout this paper. For £ = E; & Es
let
i Bi— FE, v —z (6.2)

be the natural embeddings. If E; = F" and E = F"'*"2 we define the maps as
b s ™M T2 s (2,0), Ly ™ i T2y (0, y). (6.3)

Next we present a simple construction that will be crucial later on. It shows that
representable ¢g-matroids M; and My can be embedded in a g-matroid M in such
a way that the ground spaces of M, form a direct sum of the ground spaces of M.
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However, as we will illustrate by an example below, the resulting ¢g-matroid M is
not uniquely determined by the g-matroids M; and M, but rather depends on the
representing matrices (which has also been observed in [13, Sec. 3.2]). It is exactly
this non-uniqueness that allows us to prove the non-existence of coproducts.

Proposition 6.2.4. Let Fyn be a field extension of F =F, and G; € Fgi™, i = 1,2,
be matrices of full row rank. Set

. Gl 0 (a1+a2)><(n1+n2)
G= (O Gg) € Fym .

Denote by M; = (F™ p;), 1 = 1,2, and N' = (F™*"2 p) the g-matroids represented
by G1,Ga, and G, thus p;(rowsp(Y)) = tk(G;Y' ") for Y € F¥*™ and p(rowsp(Y)) =
tk(GYT) for Y € Fv<(mtn2) - Then 1; « M; — N, i = 1,2, is a linear, rank-
preserving, and q-strong map with image N |gn;. Thus N|gn: is linearly isomorphic
to M; forv=1,2.

Proof. Let Y € FY*™ be a matrix of rank y. Then rowsp(Y') < F™ and ¢; (rowsp(Y)) =
rowsp(Y |0). Moreover,

pteowsp(v |0) =r((§ 5 (7)) = K@T) = putrowsp)

Thus ¢; is rank-preserving. Similarly, ¢5 is rank-preserving. In order to show that ¢; :
M; — N is a ¢-strong map, let us first consider the pre-images of a subspace
rowsp(Y), where Y € Fv*(m+n2)  They can be computed as follows. There exist
U; € GL,(F) such that

(A0 (0 B
UIY—(As A4), UgY—(B3 34),

where the first block column consists of n; columns and the second one of ny columns,
and where A, and Bz have full row rank. Then ;' (rowsp(Y)) = rowsp(4,;) and
15 (rowsp(Y)) = rowsp(B;). Suppose now that rowsp(Y) € F(M). By symmetry
it suffices to show that rowsp(A4;) € F(M;). To this end let v; € F™ such that
p1(rowsp(Ay) + (v1)) = p1(rowsp(A;)). Setting v = ¢1(v1) = (v1,0), we have

p1(rowsp(Ar) + (v1)) =1k(G1(A" vi")) and

. GlAlT G1U1T G1A3T
p(rowsp(Y) + (v)) = rk ( 0 0 GAT):

We conclude that p(rowsp(Y) + (v)) = p(rowsp(Y)) and hence v € rowsp(Y') since
the latter is a flat. But then v; € rowsp(A;), and this shows that rowsp(A;) is a flat.
This shows that ¢; are linear, injective, strong, and rank-preserving maps. Clearly,
N |pn; is the image of ¢;, and thus ¢; induces an isomorphism between M; and N |gn;
in g-Mat"™P. O
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The next proposition shows for a special case that the g-matroid N of the last
proposition depends on the representing matrices. This stands in contrast to the
classical case, where the block diagonal matrix of every choice of representing matrices
is a representing matrix of the direct sum; see [39, p. 126, Ex. 7].

Proposition 6.2.5. Let Fym be a field extension of F = F, with primitive element w
and let Q ={1,...,¢™ =2} \ {k(¢™ —1)/(¢—1) | k € N} (hence w' € F fori e Q).

For i € Q define
; 1 w 0 0
(i) — ,
G (O 0 1 wz> ’

and let NO = (F*, p%) be the q-matroid represented by G®. Define the subspaces
Ty = (1000, 0100) and Ty = (0010, 0001). Then for all i €

(a) pD(TY) = p(Ty) = 1 and p®(F*) = 2.

(b) pD(V) =1 for all 1-spaces V and p (V') = 2 for all 3-spaces V.

(c) Let Lo ={V € L(FY) | dimV =2, Ty #V # Ty}. Then

POVY =2 for all V € Ly <= 1,w,w",w'™™ are linearly independent over F.
(d) The flats of NO are given by FIND) = {0,F*} U FD U FY | where

FO = v e £ [dimV =2, p(V) =1}, (6.4)
FO =V e LFY) |dmV =1,V £ W for all W € F5'}. |

Thus for m > 3 there exist at least two non-isomorphic q-matroids of the form

N@

Proof. (a) Clearly p®(T}) = p(T3) = 1 and p® (F*) = rk(G) = 2.

(b) By assumption on i the elements 1,w’ are linearly independent over F. Thus,
GWx # 0 for any nonzero vector z € F* and hence p®™ (V) = 1 for all 1-spaces V.
Suppose there exists a 3-space V such that p (V) = 1. Clearly, V does not contain
both T and Ty. Let 7} £ V. Then dim(V NT}) = 1, and submodularity of p implies
2 =p(FY) = p(V +Ty) <1+1—p@(V NTy) =1, which is a contradiction.

(c) Consider now an arbitrary 2-space V' = ((ag, a1, as,as), (by,b1,ba,b3)). Since
p@ (V) is the rank of the matrix

Qo bo
1 w 0 O ap b | [ast+aw by +bw (6.5)
0 0 1 wi ag b2 B as + agwi b2 + bgwi ’ '
as bg
we conclude that p (V) = 1 if and only if its determinant is zero, thus

p(l)<V) =1<= ((Iobg—agbo)+(a1b2—a2b1)w+(aobg—agbo)wi+(a1b3—(l3b1)wi+1 = 0.

(6.6)
Now we can prove the stated equivalence. “<” Suppose 1,w,w’, w™! are linearly
independent. Then p (V) = 1 if and only if all coefficients in are zero. We

+1
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consider the following cases. (i) If ag # 0 = by, then by = b3 = 0. Thus b; # 0
since dim V' = 2, and subsequently a; = ag = 0. But then V = Tj. (ii) Suppose
ag = by = 0. If ay = 0 = by, then V = T,. Thus assume without loss of generality
that a; # 0. But then by = (b;/a1)as and by = (b1 /a;)as and thus dim V' = 1, which
is a contradiction. (iii) If ag # 0 # by, then without loss of generality ag = by and as
in (ii) we obtain dimV =1 or V = Tj.

“=” Suppose 1,w,w’, w™ are linearly dependent, say fo + fiw + fow® + faw™™ =0
with fo,...,f3 € F, not all zero. Using one obtains p(V) = 1 for V =
<(17 0, _f17 _f3)7 <07 L, an f2>> € L,.

(d) The statement about the flats is clear from the rank values, and the statement
about non-isomorphic g-matroids N follows from (c) because 1,w,w’, w*! are lin-
early dependent for ¢« = 1 and linearly independent for : = 2 if m > 3. O]

For later use we record the following fact.

Lemma 6.2.6. Let m > 4 and the data be as in Proposition [6.2.5. Define F' =
UicaF(ND). Then

F ={0,F, T, T} U{V € LIFY) |dimV <2,V NT  =0=V NT}.

Proof. Recall the sets fl(i),}"éi) from (6.4)). Note that T1,T» € ]:2(“ for all 7+ € Q.
Denote the set on the right hand side of the stated identity by F”. “C” Let V € F'.
I[fdimV =1, then V € .7-"1(@) for some ¢ and thus V' £ T} for ¢ = 1,2. Hence V € F”.
Let now dimV = 2 and thus p®(V) = 1 for some i. The statement is clear for
V € {T1,T>}, and thus let V & {T',T,}. Suppose V N1} = (v) for some v # 0. Then
dim(V + T1) = 3 and thus 2 = pO(V + T1) < pO(V) + pO(TY) — pP((v)) = 1, a
contradiction. Thus, V € F”.

‘D" It is clear that the spaces 0,F* T}, T, are in F'. We consider the 1-spaces and
2-spaces separately.

i) Let V € L(F*) with dimV =2 and VNT; = VN Ty, = 0. Choosing the matrix
M € F2** in reduced row echelon form such that V = rowsp(M) we conclude that

1 0 a b a b
M:<O 1 o d>’ where det (c d)#O. (6.7)

Now (/6.6]) reads as

aw — ¢

d—bw

Note that the denominator is indeed nonzero thanks to the determinant condition in
(6.7). Since the fraction is in Fym and w is a primitive element, (aw —c)/(d—bw) = w’

for some i € {0,...,¢™ —2}. Furthermore, the determinant condition in (6.7 implies
that (aw — ¢)/(d — bw) ¢ F and thus i € Q. All of this shows that p® (V) = 1 for

some 7 € 2 and thus V € ]:2(i) CF.

ii) Let dimV =1 and V L T, for £ = 1,2. Let W be a 2-space containing V. Then W
is distinct from 77 and 75, and Proposition M(c) for i = 2 implies p® (W) = 2.
Hence V € .7-"1(2) C F', as desired. O

POV =1l=c—aw+dw' — b =0 = ' =
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We now turn to coproducts in the above defined categories of ¢g-matroids. Let us
recall the definition.

Definition 6.2.7. Let C be a category and My, M, be objects in C. A coproduct of M
and My in C is a triple (M, &1,&2), where M is an object in C and & : M; — M are
morphisms, such that for all objects N and all morphisms 1; - M; — N there exists
a unique morphism € : M — N such that eo & = 7; forv=1,2.

It is well-known (and straightforward to verify) that if (M, &, &) is a coproduct
of My and M5 and ¢ : M —> M is an isomorphism (i.e., a bijective morphism whose
inverse is also a morphism), then (M, po&y,po&s) is also a coproduct of My and M.
Furthermore, every coproduct of M; and M, is of this form.

The rest of this section is devoted to the non-existence of coproducts in the first
5 categories of Definition [6.2.1] Our first result narrows down the ground space of a
putative coproduct in an expected way. Furthermore, it shows that the accompanying
morphisms are injective and can be chosen as linear maps. We introduce the following
notation. Let 7 = {s, rp, w, I-s, l-rp, I-w} be the set of types of morphisms. For any
A € T we denote by ¢-Mat” the corresponding category, and the morphisms in
this category are called type-A maps. Note that the maps in Proposition and
Proposition [6.1.13|(a) are type-A for each A € T.

Theorem 6.2.8. Let A € T. Let M;, i = 1,2, be representable q-matroids with
ground spaces E;. Suppose My and My have a coproduct (M, &y, 8&s) in g- -Mat?.
Then they have a coproduct of the form (/\/l l1,L2) where /\/l has ground space E1® Ey
and 1; : B; — By @ Ey are the natural embeddings as in (6.2]) (hence linear).

Proof. Suppose without loss of generality that M, is a ¢-matroid on the ground space
Fi. Let (M, &1, &) be a coproduct of My, Ms. We may also assume that the ground
space of M is F" for some n. Recall that & may not be semi-linear maps, but the
images &;(F™) are subspaces of F". We proceed in several steps.

Claim 1: ¢ is injective for i = 1,2 and & (F™) N &(F"?) = {0}.
Since each M; is representable, we may apply Proposition [6.2.4] and obtain the
existence of a g-matroid A on F™*" and linear maps «; : M; — N where
a1(v1) = (v1,0) and as(ve) = (0,v2) for all v; € F™. Thanks to Proposition [6.2.4]
the maps «; are type-A. Hence the universal property of the coproduct implies the
existence of a type-A map € : M — N such that eo&; = «;, i = 1,2. Now injectivity
of & follows from injectivity of ;. Suppose & (v1) = &(v2) for some v; € F". Then
ay(v1) = ag(ve), which means (v1,0) = (0,v2). Thus v; = 0 and vy = 0. This implies
&1(v1) = &(v2) = 0, and the claim is proved.

Claim 2: F" = & (F™) & &(F™?) and thus n = n; + no.
Set X; = &(F™), which is a subspace of F", and X = X; & X5. Consider the
restriction M|y. The maps él Mg — M|x, v — &(v), are clearly type-A as
well; see Proposition We want to show that (M|, &1, &) is a coproduct as
well. To do so, consider first the diagram
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ol \&
M—E= My
&2 ;
My

Since M is a coproduct, there is a unique type-A map € satisfying € o & = é, for
i = 1,2. Define 7 : M|x — M via z —» z. From Proposition [6.1.13|a) we know
that 7 is type-A. Consider the map éo71: M|x — M|x. It satisfies é o 7| x, = idx,
for ¢ = 1,2. Hence Corollary implies that € o7 : X — X is a bijective map
(and equivalent to a semi-linear isomorphism).

Let now NV be any ¢g-matroid and «; : M; — N be type-A maps. Then there exists
a type-A map € : M — N resulting in the commutative diagram

& &l

52 & Q2

My

Hence the map v :=eo7: M|x — N is type-A and satisfies v o fz = ;. It remains
to show the uniqueness of 7. Suppose there is also a type-A map 9 : M|x — N
such that 6051 =a; fori=1,2. Set y =voéoT and 6 = § o é o 7. Now we have
vyoéo& = fyo§Z = q; and 50605z = 505Z = ;. Since M is a coproduct, we conclude
that v oé = 9 oé. This implies ¥ = 6 and since € o 7 is a bijection, this in turn yields
0 =~ = eor. All of this shows that (M|X,él,ég) is a coproduct. Hence M and
M| x are isomorphic in ¢-Mat?, and this means X = F”.

Claim 3: M1, M5 have a coproduct of the form (M, L1, L2), where M has ground
space F™ 472 and 1; : M; — M are as in (6.3)).
We show first that there exists an L-isomorphism 3 : X — F"1*"2 guch that o
fi = 1;,1 = 1,2. In a second step this map will be turned into the desired type-
A isornorphlsm between M|x and the new coproduct M. To show the existence
of 3, use again the construction in Proposition [6.2.4} consider any g-matroid N on
Fritn2 and the type-A maps ¢; : M; — N with ¢ as in . Since M|y is a
coproduct, there exists a type-A map 3 : M|x — N such that 8o fz =,1=1,2.
Hence ey, ..., e, are in the image of § and thus Corollary implies that [ is
bijective. All of this provides us with the desired L-isomorphism 8 : X — Ft72,
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Note that f§ is linear if A € {lI-s, l-rp, I-w}. Now we use Remark to define a
new g-matroid structure on F1t72 Set M = (F*72 p) via p(V) = p(8~1(V))
with p being the rank function of M|x. This makes sense because the inverse of
an L-isomorphism is again an L-map. Thanks to Remark the flats of M are
given by F := {B(F) | F € F(M|x)}. This turns § into an isomorphism in g¢-
Mat® from M|y to M, and the maps t; = 8o fl : M; — M are type-A. Thus
(M, o &,B0 52) = (M, 11, 15) is a coproduct, as desired. O]

Now we are ready to show the non-existence of a coproduct in the following linear
cases.

Theorem 6.2.9. Let ¢ > 2 and A € {I-s, I-rp}. There exist representable q-matroids
that do not have a coproduct in g-Mat>.

Proof. Let F = F, and M; = U;(F?) = My, that is M; and M, are the uniform
g-matroids on F? with rank 1. Their collections of flats are

F(My) = F(Mz) = {{0}, F}. (6.8)

Assume by contradiction that M; and M have a coproduct. From Theorem [6.2.8 we
know that it is without loss of generality of the form (M, ¢y, t3), where M has ground
space F* and ¢; are as in . We will show that such M does not exist. To do so, we
construct various g-matroids N'Y) along with type-A maps 7; : M; — NU), 4 =1,2.
Consider the construction in Proposition for m = 4. Let w € F be a primitive
element and let  and GY), j € Q, be as in that proposition. For every j €  let
N = (F4, pl9)) be the associated g-matroid, thus p)(rowsp(Y)) = rk(GWYT) for
Y € F¥**. Note that the uniform g-matroids M; = M, are represented by every
matrix (1 w/) € ]F;IQ, j € Q). Therefore Proposition tells us that for every j € Q

the maps ¢; : M; — NU) i = 1,2, are type-A for either A under consideration.
Since (M, t1,19) is a coproduct in ¢-Mat?, this implies

for all j € €2 there exists a type-A map ¢; : M — NU) such that €j ol =; fori =

(6.9)
Hence €;(v1,0) = (v1,0) and €;(0,v2) = (0, vq) for all v1,vs € F2. Then linearity of ;
implies €; = idps for all j € 2 and we arrive at the commutative diagrams

My

1 L

M—ds ) (6.10)
L9 %

M,

where id : M — N is type-A.
a) For A = l-rp this implies that M is isomorphic to each N'U), which contradicts
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Proposition M(d) Hence M; and M do not have a coproduct in ¢-Mat"™P.
b) Let A = I-s. Since id : M — N'U) is a g-strong map for all j € Q, we conclude
that the elements of
F o= FWO).
jEQ
have to be flats of M. From Lemma [6.2.6] we know that

F ={0,F, T, L} u{V € LIFY) |dimV <2,VNT  =0=V NT}, (6.11)

where 77 = (1000, 0100) and 75 = (0010, 0001). Let F := F(M). Then F satisfies
(F1)~(F3) from Theorem [2.2.4, This implies in particular that (F3) has to be true
for the flats in F’. To investigate this further we define for V" & F’

Cove (V) ={F € F'| V < F and there is no Z € F' such that V < Z < F'}.

We call the elements of Covz (V') covers of V in F'. Of course, the covers of V' in F’
need not be covers of V' in the lattice . Using (6.11]) we can determine the covers
in F’ explicitly. For ease of notation set

Fi={VeF |dmV=1}={V e L(F") |dmV =1,V € Ty UTh},
Fo={VeF |dmV =2 T #V #T}={V e LFY) |dmV =2, VNT =0=VNT}

Note that
;. 1 0 a b a b
FQ—{rowsp<O 1 . d) a,b,c,d € F, det (C d)#()}.
Then
{Tl,TQ}U.F{ lfVZO,
Covp (V)= {WeF|V<W} iftVeF, (6.12)
{F*} it Ve F,u{l,T}.

Note that for V' € F| the set {W € F}, | V < W} is indeed nonempty. Choose
now V = ((1,1,1,0)) € Fj, and v = (1,0,0,0). By property (F3) the space
V 4+ (v) has to be in a unique cover, say I, of V in F. Since v € Tj, it is
clear that F' ¢ Covz (V). Note that :71(F) contains (7(v) = (1,0), and there-
fore Ll_l(F) = % thanks to since ¢, is a g-strong map. Hence F' contains the
subspace ((1,1,1,0), (1,0,0,0),(0,1,0,0)) = ((0,0,1,0), (1,0,0,0),(0,1,0,0)). Us-
ing now ¢, we conclude that F' = F*. But now the gradedness of the lattice F (see
Theorem together with 7' C F and shows that F* is not a cover of V'
in F. Hence we arrive at a contradiction and thus there is no coproduct of M; and

M, in ¢-Mat"s H

With A = I-w being discussed in the next section, it remains to consider the
nonlinear cases.

Theorem 6.2.10. Let ¢ > 2 and A € {w, s, rp}. There exist representable g-matroids
that do not have a coproduct in g-Mat>.
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Proof. Let F = F,. As in the proof of Theorem let My = My = U, (F?).
Consider the uniform g-matroid N' = U3(F?). Denote the rank functions of these
g-matroids by pa,, pat,, and py. For any nonzero vector v € F? let \, € F* be its
leftmost nonzero entry. For i = 1,2 define «; : F? — F? via o;(0) = 0 and

a1 (v) = Ayep and as(v) = A\yey for all v € F?\ 0,

where e, e, are the first two standard basis vectors in F3. Then o, ay are £-maps. In
fact a; (V) = (&;) if V' # 0 and «;(0) = 0. We claim that «; : M; — N is type-A for
each A € {w, s, rp}. Indeed, every nonzero subspace V € L(F?) satisfies pp, (V) =
1 = pn(a;(V)) and hence «; is rank-preserving (and thus weak). Furthermore, note
that every subspace V < F? is a flat of A and satisfies a; *(V) € {0, F?} = F(M,)
(with a; (V) =0 iff ¢; € V). Thus o is strong.

Now we are ready to show that M; and My do not have a coproduct in ¢-Mat>.
Recall from Theorem that if they do have a coproduct then they have one of
the form (M, ¢1,12) with ground space F* and ¢; as in (6.3). We will establish the
non-existence of such a coproduct by showing that there is no £-map € : F* — F3
such that eo1; = o; for i =1, 2.

Assume that there does exist an £-map € : F* — 3 such that eot; = o for i = 1, 2.
Consider the subspaces V = ((1,0,0,0),(0,0,1,0)) and W = {(1,0,0,0),(0,0,0,1))
of F*. Then €(V) and ¢(W) are subspaces of F? of cardinality at most ¢* and contain
(e1,e2). Hence e(W) = €(V') = (e1, e2), and €|y and €|y are injective. Since e; + ey €
e(V) = e(W), there exist vectors v € V and w € W such that €(v) = e(w) = e; + es.
These vectors must be of the form v = A(1,0,1,0) and w = X(1,0,0,4') for some
NNy € F Set U = ((1,0,4,0), (1,0,0, /). Then €(0,0, p, —p') = o, — ') =
pes € €(U), and since €(U) is a subspace of cardinality at most ¢* which also contains
e + ez, we conclude that €(U) = (eq, e9). Thus €|y is injective. But this contradicts
€(v) = €(w) = ey + eg. All of this shows that there is no £-map e with the desired
properties and thus M; and M, do not have a coproduct in ¢-Mat®. O]

6.3 A Coproduct in ¢-Mat"v.

In this section we establish the existence of a coproduct in the category ¢-Mat"V. In
fact, we will show that the direct sum is such a coproduct.

We first show that the g-matroids M; and M, are naturally embedded in the
direct via rank-preserving isomorphisms.

Theorem 6.3.1 ([13, Sec. 7]). Let the data be as in Theorem[5.1.9 and in particular
E =FE| @ FEy. Let t; be as in (6.2)). Let V € L(E;). Then

pi(i(V)) = pi(V) = p(i(V)) and p;(ui(V)) =0 for j #i.

As a consequence, 1; induces linear rank-preserving isomorphisms between M; and

M|,y and (M)

1i(Fy) -

Proof. pi(t;(V)) = pi(V) follows from m;(1;(V)) = V and p}(¢;(V)) = 0 is clear
because m;(4;(V)) = 0. We show next the identity p;(Li(V)) p(Li(V ) or i = 1.
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Choose X < ;(V) and write t1(V) = X @Y. Using that p} is a rank function, we
obtain p (11(V)) < py(X) + pi (V) < pi(X) + dim Y = p (X) 4+ dim ¢y (V) — dim X =
LX) + ph(X) 4+ dim ¢y (V) — dim X, where the last step follows from the fact that
X € 11(Ey), hence ph(X) = 0. All of this shows that the minimum in is attained
by p}(¢1(V)), and therefore pi(¢1(V)) = p(t1(V')). The consequence is clear. O

Thanks to the above we may and will from now on identify subspaces V in F;
with their image ¢;(V).

We now turn to our main result stating that M; @M, is a coproduct in g-Mat".
We need the following lemma.

Lemma 6.3.2. Let M; = (E;, pi),i = 1,2, be g-matroids and ¢ : My — My be
a linear map. Suppose ¢ is not a q-weak map. Then there exists a circuit C' of My
such that

p2(0(C)) > p1(C), dimC =dime(C), &(C) is an independent space in M.
(6.13)

Proof. Since ¢ is not weak there exists an inclusion-minimal subspace V € L(E})
such that pa(o(V)) > p1(V). Clearly V' # 0. We will show that V' is the desired
circuit and proceed in several steps.

1) We first establish the following identities

p1(W) = p1(V) = pa(6(W)) = pa(p(V)) =1 for all W <V with dimW = dimV — 1.
(6.14)

Let W <V with dimW =dimV — 1. Write V =W @ X, thus X is a 1-space. Then
o(V) = ¢(W) 4+ ¢(X) and therefore dim¢(V) < dim¢(W) + 1. Furthermore, by
minimality of V' we have pa(¢p(W)) < p;(W). Using the properties of rank functions,
we obtain

p2(¢(W)) < pr(W) < p1(V) < pa(6(V)), (6.15)
and thus ¢(W) < ¢(V), which means dim¢(V) = dim¢(W) + 1, and in fact
d(V)=op(W)® ( ). This implies p2(¢(V)) < p2(p(W)) + 1. Together with
this yields ,02( ( ) = p2(p(W)) + 1 as well as po(d(W)) = pr(W) = p1(V). This
establishes
2) We show that ¢|V is injective. Assume to the contrary that there exists v € V'\ 0
such that ¢(v) = 0. Then V =W @ (v) for some subspace W of V' and thus ¢(V) =
¢(W). But this contradicts (6.14)). Hence ¢|y is injective and dim V = dim ¢(V).
3) We show that ¢(V) is independent in My. Assume to the contrary that pa(¢(V)) <
dim ¢(V'). Then there exists an independent subspace I < ¢(V') such that pa(p(V)) =
p2(I) = dim I. Since ¢|y is injective, there exists a subspace J < V such that ¢(J) =
I and dim J = dim /. Now we have dimJ = dim [ = py(I) < py(J) < dim J, where
the first inequality follows from the minimality of V' subject to p2(4(V)) > p1(V).
Thus we have equality throughout, which shows that J is independent in M;. Fur-
thermore, since J < V there exists a subspace W <V with dim W = dim V' — 1 such
that J < W < V. Applying ¢ we arrive at po(I) < p2(op(W)) < pa(o(V)) = pa(1),
and we have equality throughout. But this contradicts and therefore ¢(V) is
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independent in M.

4) It remains to show that V is a circuit. together with 2) and 3) implies that for
every hyperplane W of V' we have p1 (W) = p1(V) = p2(6(V)) — 1 =dime(V) — 1 =
dimV — 1 = dim W. This shows that V' is dependent and W is independent in M.
Since W was an arbitrary hyperplane of V', we conclude that V' is a circuit. O]

Theorem 6.3.3. Let M; = (E;, p;), i = 1,2, be g-matroids and M = M1 & My =
(E,p) be the direct sum as defined in Theorem [5.1.4 Let v; be as in (6.2). Then
(M, 11, 15) is a coproduct of My and My in the category q-Mat"?.

Proof. First of all, thanks to Theorem the maps ¢, : M; — M are rank-
preserving, thus weak. Let A" = (E, p) be a g-matroid and «; : M; — N be linear
g-weak maps. We have to show the existence of a unique linear ¢-weak map ¢ : M —
N such that eor; = a; for i = 1,2. Since M has ground space E; @ FE, it is clear that
the only linear map satisfying € o ; = «; is given by €(v; + vg) = a;(v1) + az(vq) for
all v; € E;; recall that we identify E; with ¢;(E;). Thus it remains to show that this
map € is weak. We will use Lemma[6.3.2] Choose any circuit C' in M. Denote by p!
and m; the maps as in Theorem and set X; = m;(C). Then C' < X; & X5 and,
since X; < E;, we obtain €(C) < ¢(X; & Xa) = €(X1) + €(X2) = a1(X7) + ao(X2).
Applying the rank function p and using the weakness of the maps «;, we compute

p(e(C)) < plar(X1) + aa(X2)) < plai(X1)) + plaa(Xz))
< p1(X1) + p2(X2) = pi(C) + p5(C) < dim C — 1,

where the last step follows from Corollary because C' is a circuit. This shows
that €(C') is not an independent space of N with the same dimension as C. Thus, no
circuit in M satisfies (6.13)), and this shows that € is weak. O

Example 6.3.4. Let F = F, and consider the g-matroids My = My = Uy (F?), i.e.,
p1(V) = pa(V) = min{1,dim V'} for all V € L(F?). The direct sum M; & My has
been determined in [13, Ex. 48] using the definition of its rank function in . In
this example we will derive the same result by making use of the fact that Mi®Ms is a
coproduct in ¢-Mat"". Let w be a primitive element of Fya. Then G = (1 w?) € IF;4X2

represents My = Ms. Consider G® as in Proposition and let N = (F4, p@)
be the q-matroid generated by G® . Thanks to Proposition we have

pP(V) = min{2,dim V} for Ve LEY\ {T}, v} and p@(T)) = pP(T) = 1,

where Ty, Ty are as in Proposition |6.2.5. Furthermore, Proposition |6.2.4] provides us
with the linear rank-preserving, hence weak, maps v; - M; — N'® fori=1,2. As a
consequence, the map € : My ® My — N'@) from the previous proof is the identity
map on F*. It thus induces a q-weak map from My ® My to N@ | and this means
that the rank function p of My ® My satisfies

p(V) > min{2,dim V'} for V € LFHY\ {11, Tv} and p(T) > 1, p(T3) > 1.

Using that 1; are also rank-preserving maps from M; to My @& My, see Theorem|6.3. ]
we obtain that p(Ty) = p(T1) = 1 and p(FY) = p(11(F?) @ 15(F?)) < p(e1(F?)) +
p(12(F?)) = p1(F?)4po(F?) = 2. This implies that p = p@ and thus N? = M, M,.
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We close this section with the following characterization of the direct sum.

Remark 6.3.5. The fact that My & M, is a coproduct in ¢-Mat"™ can be translated
into the following characterization of the direct sum. For any finite-dimensional F-
vector space E define the set Sp = {p | p is a rank function on E} and the partial
order p < p' <= p(V) < (V) for all V € L(E). Let now M; = (E;, p;), 1 = 1,2,
be qg-matroids and set E = FEy ® Ey. Then the set S = {p € Se|plg < p} has a
unique maximum, say p, and My ® My = (E, p).

6.4 ¢-Matroids with £-Classes.

In this short section we discuss a different approach to maps between g-matroids.
Since the ¢-matroid structure is based on subspaces and different £-maps may induce
the same map on subspaces (i.e., are L-equivalent), one may define maps between
g-matroids as maps between subspace lattices induced by L£-maps. Precisely, for an
L-map ¢ : By — FE5 define the L-class as [¢p] = {¢ : By — Ey | ¥ ~z ¢}. Then

(0] : L(Er) — L(E), V — ¢(V), (6.16)

is well-defined (and equals ¢.). Since the type of a map (see Definition is
invariant under L-equivalence, this gives rise to strong, weak, and rank-preserving
L-classes between g-matroids. Furthermore, we call an L-class linear, if it contains a
linear £-map (not all maps in a linear £-class are linear since by Proposition we
may tweak a linear map into an L-equivalent nonlinear £-map). Setting [¢;] o [p2] :=
[1 0 ¢o], which is indeed well-defined, we obtain categories

¢-Mat!® for A € {s, rp, w, |-s, l-rp, l-w},

in which the morphisms are L-classes of the specified type. Being isomorphic or
linearly isomorphic in the sense of Definition does not change when moving to
L-classes.

It turns out that L-classes are not better behaved than £-maps. The following
result suggests that in fact £L-maps, rather than L-classes, are the appropriate notion
of maps between ¢-matroids.

Theorem 6.4.1. None of the categories ¢-Mat!®, A € {s, rp, w, I-s, l-rp, l-w}, has
coproduct except for the case (q,[A]) = (2, [l-w]).

The proof is for the most part straightforward, but tedious. We provide a sketch.

Sketch of Proof. In essence one follows the proofs of Sections [6.2] and [6.3] and re-
places L-maps by their L-classes. Consequently, equality of maps (which is pointwise)
needs to be replaced by equality of £-classes on all 1-spaces (see Proposition[6.1.9(a)).
With this in mind, one verifies the following.

1) The proof of Theorem reducing coproducts to the form (M, [11], [t2]) carries
through without additional changes.

2) A € {s, rp, w}. The proof of Theorem [6.2.10| also generalizes without additional
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changes.

3) A € {lI-s, I-rp}. The proof of Theorem needs a bit more care. With the
strategy described above we arrive at statement , which now reads as

for all j € €2 there exists a type-[A] map [¢;] such that [¢; o ;] =[] for i =1, 2.

Thus [¢;]({(v1,0))) = ((v1,0)) and [;]({(0,v2))) = ((0,v2)) for all v1,vs € F? and all
j € Q. Since the L-class [¢;] is linear, Proposition [6.1.8(e) implies that, without loss
of generality, there exist a; € F* such that

ej(xlvx%x&xll) = (l’1,$2,$3,$4> dlag<17 17aj7aj) for all (x17x27x37x4> € ]F47

where diag(1,1,a;,a;) is the 4 x 4-diagonal matrix with the specified diagonal en-
tries. In particular, €; need not be the identity and in Diagram we have
potentially different maps [¢;] : M — N'U) for each j € Q. Note that each ¢; is an
L-isomorphism. Now we consider the two types of Theorem [6.2.9]

a) Let A = l-rp. Then M is linearly isomorphic to each N'U), contradicting Proposi-
tion [6.2.5(d).

b) Let A = I-s. Consider the g-matroids N'U) = (F*, p). We claim that p¥)(V) =
PV ([6](V)). Indeed, let V = rowsp(Y) for some Y € F¥**. Then eV (V) =
rowsp(Y diag(1,1,a;,a;)). The definition of GU) implies that G\ diag(1, 1, a;, a;) =
diag(1,a;)GY, and thus

PP (e (V)

rk(G(j) diag(1,1, a;, aj)YT)
rk( diag(l,aj)G(j)YT)
— rk(G(j)YT) — P(j)<v)-

With the aid of we conclude that [¢;](F(NW)) = F(NW) for all j € Q. Now
we are ready to return to the proof of Theorem and specifically to the set F' =
Ujeq FN). We claim that 7/ C F(M). Indeed, let F € F'. Then F € F(NY)
for some j € Q and thus [¢;](F) € F(NW). Since [¢] is strong, we conclude that
F = [e;Y([¢;](F)) is a flat in M. Now the rest of the proof of Theorem , starting
at , generalizes to L-classes as described above, and leads to a contradiction.

4) (¢,A) = (2,l-w). Note that for ¢ = 2 linear maps are L-equivalent if and only if
they are equal (see Proposition [6.1.8(e)). Therefore the result from Theorem [6.3.3
remains valid for ¢-MatM if ¢ = 2.

5) ¢ > 2 and A = |l-w. Following the proof of Theorem , we see that the existence
of a coproduct implies the existence of a unique L-class [e] satisfying [e] o [¢;] = [ay] for
1 = 1,2. However, choosing the linear g-weak map € as in that proof, we can now take
any linear map € such that €|z, = A\i€|g, and € |g, = \y€|g, for some Aj, Ay € F* and
obtain a linear ¢-weak map satisfying [¢/] o [¢;] = [ay] for i = 1,2. Choosing \; # Ag
we obtain [€'] # [¢], which proves that the uniqueness of the map [¢] fails. Therefore
M @® M, is not a coproduct of M; and M, in ¢-Mat!"™. A similar reasoning shows
that the two ¢-matroids do not have any coproduct in ¢-Mat¥. O
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6.5 A functor from category of g-matroids to category of matroids.

Maps between matroids have been found useful to study matroids from a category
theory approach. The reader may refer to [32, 47] for more details. In this section we
focus on the relation between maps of g-matroids and maps of matroids, and show that
the projectivization map is a functor from categories of g-matroids to categories of
matroids. This, in turn, provides a new approach to study maps between g-matroids.

Similarly to g-matroids, one can define the notion of weak and strong maps be-
tween matroids. Before introducing these maps matroids, we must define the matroid
operation of a single element extension by adjoining a loop, which we refer to as loop
extension. The reader may refer to [39, Sect. 7.2] and [47, Chap. 8] for proofs and a
more detailed discussion of the single element extension.

Proposition 6.5.1. Let M = (S,r) be a matroid and {oy} denotes a symbol disjoint
from S. Let S, := SU{oy} and r, : 25 — Ny be such that r,(A) = r(A—{on}), for
all AC S,. Then M, := (S,,1,) is a matroid, and {oy} is a loop in M,. Furthermore
M, is called a loop extension of M.

The subscript of the added loop may be omitted if it is clear from context in which
matroid the loop is contained. The next proposition relates the flats Fj, and Fyy.
Furthermore, we recall that two lattices are isomorphic (denoted by =) if there exists
an order preserving bijection between the lattices that preserves meets and joins.

Proposition 6.5.2. Let M be a matroid, M, a loop extension of M, and Fyr, Fu,
their respective collection of flats. Then

Fu, ={FU{o} : F € Fu}.
and Fyr = Fr, as lattices.

Remark 6.5.3. Note that M, \ {o} = M. This deletion can be seen as identifying
the element {o} with the empty set of M, and does not change the overall structure
of the matroid.

As the next definition will show a map between matroids is a map defined on the
groundset of the loop extension matroids. By remark the added loop can be
seen as an element representing the empty set of the matroid. Hence, mapping an
element to the added loop of the codomain can be seen as mapping an element to the
empty set.

Definition 6.5.4. Let M = (S,ry) and N = (T,ry) be matroids and M,, N, be
their respective loop extension matroids. A map o : M — N is a map between the
groundsets of the loop extension matroids, i.e. o : S, — T,, such that o(oy) = on.
Furthermore o s said to be:

o weak if ry,(0(A)) < ra(A) for all ACS,.
o strong if o 1 (F) € Fy, for all F € Fu,.
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It is well known (see [47, Chap. 8, Lem. 8.1.7]) that strong maps are weak maps.
Furthermore a map o : M — N induces a map o# : Fy, — Fy,, where o (F) =
cly,(0(F)) for all F € Fy,. Using Proposition [6.5.2] one can alternatively define
o . Far — Fn. As the following theorem shows, the induced map o# provides an
alternative definition for strong maps.

Theorem 6.5.5. ([47, Prop 8.1.5])
A map o : M — N 1is a strong map if and only if the following hold:

(1) for all Fy, F5 € Fyp,
O'#(Fl V Fg) == O'#(Fl) V O'#(FQ)

(2) o sends atoms of Fyr to atoms or to the zero of Fy.

The main result of this section is the analogue of Theorem [6.5.5]for g-matroids. We
turn to the definitions of maps between g-matroids, as introduced in [26]. Similarly
to matroids, maps between g-matroids are maps between groundspaces that send
subspaces to subspaces.

To study the relation between maps of matroids and maps of g-matroids we need
the following notation. Given a vector space F, define the extended projective space
of E as P,E = PE U {0}, where {0} is an arbitrary element disjoint from PE. Let
P,: E — P,E, where P,(0) = o and P,(v) = P(v) for v # 0 and P : E—{0} — PE is
as introduced in the previous section. We call P, the extended projectivization map.
Note, unlike the projectivization map, we do not consider P, as lattice map but as a
map between a vector space to its extended projective space. Given a g-matroid M =
(E, p) and the loop extension of its projectivization matroid P(M), = (P,E,1,), the
map P, can be viewed as a map between the groundspace E to the groundset P,F
such that p(V) = r,(P,(V)) for all V' < E. Furthermore for any A C P,E let
(A) := (P, *(A))r,. It can easily be shown that r,(A) = p((A)).

Recall from Definition that an L-map o : £y — E5 induces a map on the
lattices of subspaces oy : L(E;) — L(FE2). By restricting o, to the 1-dimensional
spaces and the 0 of Fy, o, can be viewed as map between the extended projective
spaces P,F, and P,FEs, i.e oy : P,Ey — P,FE>. As the next proposition shows, o and
o commute with the extended projectivization map.

Proposition 6.5.6. Let ¢ : Ey — FEy be an L-map, oy : P,Ey — P,Ey its in-
duced map on the extended projective spaces, and P, : E; — P,E; be the extended
projectivization map. Then

P,oo=0,0P,.

Proof. Let v € E;. Since o is an L-map then (o(v)) = o((v)) = o-({v)). But note
(o(v)) = P,(c(v)) and (v) = P,(v). Hence the wanted equality follows. O

We now consider the case when an L-map o is a map between ¢g-matroids. The
induced map o, between the extended projective spaces turns out to be a map be-
tween projectivization matroids. Furthermore o being ¢-weak or g¢-strong is fully
determined by whether o, is weak or strong, and vice versa.
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Theorem 6.5.7. Let M = (Ey,pm), N = (E2,pn) be g-matroids and P(M) =
(PE, rpmy), P(N) = (PEs, rpyy) be their projectivization matroids. Let o : M —
N be an L-map. Then oy : P(M) — P(N) is a map between the projectivization
matroids and the following holds:

e 0 is q-weak if and only if o, is weak
e 0 is q-strong if and only if o, is strong.

Proof. To start note that o, is a map between the groundsets of the loop extension
matroid P(M), and P(N), with oz(opm)) = opyy. Thus oz : P(M) — P(N) is
well defined.

We first prove o is g-weak if and only if o, is weak. Assume o is weak. Let
A C P,Ey and V := (A). Both P, and o are inclusion preserving, hence, (P, o
o)(P;Y(A)) C (P,o0)(V). Using Proposition on the first term of the previous
inclusion gives us (o7 o P,)(P,*(A)) = o.(A) C (P, 00)(V). Furthermore, by the
monotonicity property of the rank functions and because o is weak, we get

TP, (02(A)) < 7P, (Pooa)(V)) = par(a(V)) < pm(V) = 1Py, (A).

Because A C P, F; was arbitrarily chosen, then o, is weak.

Now assume o is weak. Let V' < E; and recall pp (V) = rpm, (Po(V)). Since
or is weak rpw),((oz 0 P,)(V)) < 7powmy, (Po(V)). Hence by Proposition ,
), (Po o oa)(V)) < ey, (Po(V)). This implies par(a(V)) < pm(V) and shows o
is g-weak.

We now show that o is ¢g-strong if and only if o, is strong. From Proposition[6.5.2
and Lemma [§.2.2 F € Fy < P(F) € Fpom) < P(F)U{o} € Fpr,. A similar
chain of equivalence holds for Fy and Fp(n,. Furthermore all flats of P(N), are
of the form P,(F) = P(F) U {o} for some flat in N. Therefore o, is strong iff
o' (P,(F)) € Fpmy, for all P,(F) € Fp, iff (07 0 P,)"Y(P,(F)) € Fu for all
P,(F) € Fp iff (P,oo) N (P(F)) = 0 (F) € Fay for all F € Fy iff o is ¢-
strong. O

From the above theorem it can easily be seen that the projectivization map is
a functor from the category of g-matroids with g-weak (resp. ¢-strong) map to the
category of matroids with weak (resp. strong) maps.

Corollary 6.5.8. Let M = (Ey, ppm), N = (Eaq, pn) be g-matroids and o : M — N
be a q-strong map. Then o is a q-weak map.

Proof. If 0 : M — N is a ¢-strong then o, : P(M) — P(N) is a strong map by
Theorem m Furthermore by [47, Chap. 8, Lem. 8.1.7], this implies o, is a weak
map and hence o is a g-weak map, once again by Theorem [6.5.7| O

Furthermore, Theorem [6.5.7] can also be used to prove an analogue of Theo-
rem m To do so, we first define the analogue of the map o7.
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Definition 6.5.9. Let M and N be q-matroids with respective groundspaces Ey, Ey
and o : M — N be an L-map. Define o7 : Faq — Fa such that

o (F) = cly (o (F)).

The next useful Lemma shows that the induced maps ¢# and af commute with
the extended projectivization map.

Lemma 6.5.10. Let M, N be g-matroids, F, Far their lattices of flats and P(M),
P(N) their projectivization matroids. Furthermore let o : M — N be an L-map,
oc : P(M) — P(N) its induced map and P, : E; — P,E; the extended projectivization
map. Then

P,oo" = 02% oP,

Proof. First recall, F' € Fpq < Po(F) € Fpmy,. Let F € Fy, then o(F) C o (F)
and since P, is inclusion preserving (P,o0)(F) C (P,00%)(F). By Proposition m,
the above containment implies (o o P,)(F) C (P, o o#)(F). Applying the closure
operator of P(N),, we get

(0F 0 P)(F) = clp, (0 © Po)(F) € clp, (Po 0 0¥)(F)) = (P, 0 0™)(F),

where the final equality holds because o7 (F) € Fy and therefore (P, o o%)(F) €
Fpny,- Assume, for sake of contradiction, that (072E oP)(F) C (P,oc")(F). Let
F':= (6% o P,)(F). Then

(o020 P)(F) C F' ¢ (P,ooa™)(F).
By considering their preimage under P, and because o, o P, = P, o o, we get
o(F) C P U(F') C o (F).

However since F' € Fp(ny, then P, (F') € Fy. Therefore P, (F”) must contain
cly(o(F)) = o#(F), a contradiction. Hence

(Jz7£ o P)(F)=(P,o O'#)(F).
]

In the statement of the previous Lemma, one can replace the extended projec-
tivization map P, by the projectivization map P introduced in the previous section.
In fact, as previously remarked, the map aﬁ can be considered as map between the
lattices of flats Fp(r) to Fpy). Furthermore the projectivization map can also be
restricted to a map between the lattice of flats of a g-matroid and its projectivization
matroid. In the following Lemma, P refers to the projectivization map restricted to
the lattice of flats Fq and Fy .

Lemma 6.5.11. Let the data be as in Lemmal6.5.10, and let P be the projectivization
map on the lattices of flats Fyq and Far. Then

Poo#zafoP.
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Proof. Recall Fppy = {F' —{o} : F' € P(M),} = {P,(F) —{o} : F € Fpm} =
{P(F) : F € Fp} and that the same holds for P(N). From the above chain of
equality and Lemma [6.5.10, equality follows straightforwardly. n

We conclude the chapter by showing the analogue of Theorem for g-strong
maps.

Theorem 6.5.12. Let M, N be q-matroids. An L-map o : M — N is a q-strong
map if and only if the following holds:

(1) for all Fy, Fy € Fp,
o (L V Fy) = (F) Vo™ (F)

(2) o sends of Fa atoms to atoms or to the zero of Fr.

Proof. (=) Let 0 : M — N be a g-strong map, which implies by Theorem

that o, : P(M) — P(N) is a strong map. By Lemma (1), F e Fuy &
P(F) € Fp(my. Furthermore, from Theorem we obtain o (P(F)) V P(F)) =

ot (P(F) Vot (P ( ,)) for all Fy, Fy € Fp(ag. By Lemmalt.2.2](2), P(F})V P(F,) =
P(FyV Fy), hence o (P(FyV F)) = o (P(Fl)) Vo (P(Fy)). Applying Lemmal6.5.11
on the above equalities gives us

(Poo®)(FLV Fy) = (Pod®)(F)V (Pod™)(F,)
= P(o*(F)) Vo (F)).

Finally since P is an isomorphism on the lattice of flat, the above equality implies
o (B V Fy) = o (Fy) Va? (F),

which shows o satisfies property (1) for all Fy, Fy € F.

To show o satisfies property (2), let F' € Fp be an atom. Since P is a lattice
isomorphism then P(F) is an atom of Fp(r). Moreover o, is a strong map, hence
by Theorem [6.5.5] (6% o P)(F) must be an atom or the zero of Fpnvy. But by
Lemma|6.5.11} (o7 o P)(F) = (P oo#)(F), which implies ¢#(F) must be an atom or
the zero of F because, once again, P is a lattice isomorphism. This concludes that
o? satisfies the wanting properties.

(<) Let o satisfy properties (1) and (2). We show that o is a g-strong map b
showing that o, is a strong map. To do so we show that aﬁ satisfies Theorem

Let P(Fy), P(Fy) € Fp(my. By Lemmal.2.2((2) o (P(F))V P(Fy)) = o (P(F1 v
F5)). Using Lemma and the fact that o satlsﬁes property (1), we get

(aﬁop)(zﬂv@) (Poo™)(F,V F)

(

P(o™(Fy) V o (Fy))
(Poa#)(Fl) (Pocr )(Fy)
= (0} o P)(Fy) V (0} o P)(FY),
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where the second to last equality follows from Lemma m (2). Hence Uf satisfies

property (1) of Prop [6.5.5]

Let P(F) € Fpm) be an atom which, since P is a lattice isomorphism, implies F°

is an atom of Fy. Once again we use (07 o P)(F) = (Poo#)(F). Because o# satisfies
property (2) then o#(F) is an atom or the zero of Fy. Finally since P is a lattice
isomorphism between Fyr and Fpyy then P(o#(F)) = o (P(F)) must be an atom

or the zero of Fp(xy which show o satisfies property (2) of Theorem Therefore
or is a strong map and by Theorem [6.5.7| we get that o is ¢g-strong, concluding the
proof. O

Copyright© Benjamin Jany, 2023.
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