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ABSTRACT OF DISSERTATION

Surjectivity of the Wahl Map on Cubic Graphs

Much of algebraic geometry is the study of curves. One tool we use to study curves is
whether they can be embedded in a K3 surface or not. If the Wahl map is surjective
on a curve, that curve cannot be embedded in a K3 surface. Therefore, studying if the
Wahl map is surjective for a particular curve gives us more insight into the properties
of that curve. We simplify this problem by converting graph curves to dual graphs.
Then the information for graphs can be used to study the underlying curves. We will
discuss conditions for the Wahl map to be surjective on a cubic graph. The Wahl
map on a cubic graph has two parts, one map onto the vertices and another onto the
edges. We found that if the cubic graph is 3-edge-connected and non-planar, then
the map on the vertices is surjective. Surjectivity of the map on the edges is not as
clear. However, if the Wahl map is surjective on a cubic graph, the girth of the graph
must be at least 5. Finally, based on data collected, we have observed that as the
size of cubic graphs of girth at least 5 increases, the probability that the Wahl map
is surjective on those graphs appears to approach 1.
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Chapter 1 Introduction

1.1 The Wahl Map Wy on a Curve

One way that we study a curve C' is by determining if C' can be embedded in a K3
surface. Non-surjectivity of the Wahl map W is a necessary condition for an algebraic
curve to be embedded in a K3 surface:

Theorem 1.1.1. [Wah87] If a smooth algebraic curve C' can be embedded in a K3
surface, then W cannot be surjective on C.

Therefore, studying when the Wahl map is surjective helps us better understand
curve embeddings in K3 surfaces and, consequently, the curves themselves.

The Wahl map is a special case of the Gauss map. For a line bundle L on a curve
C and the canonical line bundle K on C', the Gauss map

2
o, : \H(C, L) H(C.K @ L?)

is defined by ®1(c A7) = 0 ® dT — 7 ® do and extending linearly. The Wahl map
is W = ®,. Since the Wahl map depends on the choice of curve, we will use W¢ to
denote the Wahl map for a particular curve C.

One of the earliest results about surjectivity of the Wahl map comes from Cilib-
erto, Harris, and Miranda:

Theorem 1.1.2. [CHMS8S] If C' is a general curve of genus g > 10 and g # 11, then
We is surjective.

Notice that this result is only for general curves and not for all curves. The proof
of Theorem [1.1.2] uses graph theory but only looks at a particular family of graphs
that are a generalization of the Petersen graph. Our goal is to expand these results
to a larger class of graphs.

1.2 Primary Results

We study when W is surjective by specializing to graphs, an approach motivated by
the work of Ciliberto, Harris, and Miranda. For a graph curve C, we can convert C
to a graph G, as described in Section 2.1l Then we define W¢ and study when it is
surjective to better understand when W is.

Let Cato(G,C) denote the |V (G)|-dimensional C-vector space C"(%) of 0-chains
with coefficients in C on the graph G. An element of Caty(G,C) can be written as
> vev(q) Cov With ¢, € C. Similarly, let Cat;(G,C) denote the |E(G)|-dimensional



C-vector space CF(@) of 1-chains with coefficients in C on the graph G. An element
of Caty(G, C) can be written as ZeeE(G) cce with ¢, € C. The Wahl map on graphs

2
We : \ Hi(G,C) — Caty(G,C) @ Caty (G, C)

takes in a linear combination of wedge products of cycles from a cubic graph G and
returns a linear combination of the vertices and edges of G. We explicitly define this
map in Section 2.2] It is worth noting that this definition depends on a choice of
vertex and edge orientations which is not clear from the notation. However, we will
show in Section that the rank of W is independent of this choice.

Since the codomain of W¢ is a direct sum, the map Wy decomposes as W =
WY, & WS, where the codomain of WY, is generated by the vertices of the graph and
the codomain of W¢, is generated by the edges of the graph. The important take-away
is that we can consider our problem in two pieces:

1. When is WY, surjective?
2. When is W |, surjective?

In Chapter [3, we attempt to find necessary and sufficient graphic criteria to answer
the first question. We have some conditions from Miranda.

Theorem 1.2.1. [Mir89] Let G be a cubic, 3-edge-connected graph. If G is planar,
then WY, is not surjective.

In Section 3.1}, we build the tools needed to prove the converse:

Theorem 1.2.2. Let G be a cubic, 3-edge-connected graph. If G is non-planar, then
WY, is surjective.

In order to prove this result, we use that surjectivity of Wg is preserved under re-
finement:

Theorem 1.2.3. Let G and H be cubic graphs. Suppose G is 3-edge-connected and
H s a topological minor of G. If WY, is surjective, then WY is also surjective.

Note that when H is a topological minor of G, G contains a subgraph H' that is
isomorphic to a refinement of H. For cubic graphs, containing a refinement of Kj3
is equivalent to being non-planar. Thus by Theorem and surjectivity of W%& o
we prove Theorem in Section (3.2

It remains to determine for which graphs G the map W restricted to ker(WY) is
surjective. In Section .1 we discuss how this question relates to the girth of G.

Theorem 1.2.4. If W is surjective, then girth(G) > 5.

The heart of the argument for Theorem is that W¢ is not locally surjective
on 2-cycles, 3-cycles, or 4-cycles. Unfortunately, the converse of Theorem is not
true. For example, the Heawood graph H,4 is a cubic, 3-edge-connected, non-planar



graph of girth 6, but Wy, is not surjective. In Section we provide experimental
data suggesting that the Wahl map is surjective for many cubic graphs of girth at
least 5, despite some counterexamples.

Conjecture 1.2.5. Let F; be the event that W¢ is surjective for a random cubic
graph G of genus g and girth(G) > 5. Then we have

lim P(F,) =1.

g—0o0

Copyright© Angela C. Hanson, 2023.



Chapter 2 The Wahl Map W on Cubic Graphs

2.1 Specialization to Graphs

Like Ciliberto, Harris, and Miranda, we will examine the Wahl on graph curves
[CHMSS].

Definition 2.1.1. A graph curve is a connected curve C' that is a union of projective
lines satisfying the following conditions:

e Bach line meets exactly three others,
e The intersection of two lines is a single point, and
e At most two lines intersect at a given point.

Graph curves can then be converted to graphs, which we will use in our study of
the Wahl map.

Definition 2.1.2. For a graph curve C, the dual graph G of C' is constructed in
the following way:

e Each line in C corresponds to a vertex in G.

e If two lines in C' intersect, there is an edge between the corresponding vertices

in G.

Example 2.1.3. See Figure for an example graph curve C' and its dual graph G.
The orange, vertical lines of C' are parallel, so the corresponding vertices do not have
edges between them in . Similarly, the blue, horizontal lines of C are parallel, and
the corresponding vertices do not have edges between them in G. For every point
where an orange line intersects a blue line, we have a corresponding edge in G.

graph curve C dual graph G
Figure 2.1: An example of a graph curve C' and its dual graph G.

Observation 2.1.4. In a graph curve, each line intersects three others, so the dual
graph is always cubic.

We define the Wahl map on these dual graphs in the next section.



2.2 Graphic Definition of the Wahl Map

For any finite graph G, we label the n vertices of G with v; for i =0,...,n —1. We
fix such a vertex labeling for the remainder of our discussion. Let e;; denote an edge
between v; and v;, regardless of orientation. That is e;; = e;;.

In order to consider the Wahl map on a cubic graph G, we first need to define
edge and vertex orientations on G.

Definition 2.2.1. For a graph G, an edge orientation w is an assignment of a
direction for each edge in G from one endpoint to another.

If an edge e;; is directed from vertex v; to vertex v; in an edge orientation w, we
will denote this with w(e;;) = v; — v;.

Definition 2.2.2. Let w direct the edges of G in ascending order according to vertex
index, so for edge e;; = (v;, v;) we have w(e;;) = v; = v; if i < j and w(e;;) =v; = v;
otherwise. We call w the ascending orientation.

Since the vertex labels are distinct and indexed with the natural numbers, they
have a proper ordering, so the ascending orientation is an edge orientation.

Definition 2.2.3. For each vertex v in a graph G, choose a cyclic permutation ¢,
of the edges adjacent to v. A vertex orientation ¢ is the collection of such ¢, over
all vertices v in G.

For a cyclic permutation ¢, on the edges adjacent to vertex v, we will use ¢, (e)
to denote the edge that follows e in the permutation of edges adjacent to v.

Definition 2.2.4. Let GG be a cubic graph and let vertex v; have adjacent edges
€ij, €ik, €im Where j < k < m. Define ¢,, in the following way:

* pu(ei) = e
* (i) = €im
® ©u(eim) = €.
Then we call the set {¢,, }7;, defined this way, the (123)-orientation.

For all vertices v in G, (123) is a cyclic permutation on the edges adjacent to v.
Hence the (123)-orientation is a vertex orientation.

Example 2.2.5. Consider an explicit example on K33, as depicted in Figure ,
with the ascending and (123)-orientations. The arrows on each edge indicate the
ascending orientation and the circular arrows to the side of each vertex indicate the
(123)-orientation. For the neighbors of vy, we have ¢,,(€o1) = €03, Pu,(€03) = €05,

Pug (605) = €01-



O Y v O
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O v2 v3 O
QDUQ @Ug
O V4 U5 O
Puy Pus

Figure 2.2: The ascending orientation w and (123)-orientation ¢ on Kj ;.

Consider the boundary map
0 : Cat1(G,C) — Caty (G, C)

defined with the edge orientation w by
a(eij) _ {’Uj — U if w(em—) =V; — Vj

Vi — U if w(em-) =V — V; .

We use 0,(e) to denote the coefficient of v in d(e). If e is oriented from v; to vy, then
d(e) = vy — vy 80
-1 fv=w
Ohle) =<1 ifv=n1,

0 otherwise

Definition 2.2.6. An element o € Cat,(G,C) is in H;(G,C) if and only if d(c) = 0.
We call 0 € H,(G,C) a homology cycle.

Example 2.2.7. Consider
0 = €12+ €4 — €34 — €13
under the ascending orientation. Then we have
O(o)=vy—v1 +vg—ve—vg+v3—v3+v3=0
so o is a homology cycle. We use o, to denote the coefficient of e in o, so for
0 = €12+ €4 — €34 — €13
we have 0., =1, 0.,, = —1, and o, = 0.

Definition 2.2.8. Consider a sequence c of edges that connect a sequence of vertices
in a graph GG. We call ¢ a graph cycle if the following are satisfied:

e Fach edge in c is distinct, and



U1

vy

Figure 2.3: The graph cycle ¢ = (ej2, €24, €34, €13) in graph Kj 3.

e Only the first and last vertices of ¢ are equal.

Example 2.2.9. Consider
c= (612, €24, €34, 613)

connecting vertices
V1, U2, V4, U3, V1.

No edge repeats in this sequence, and vertex v, is where the sequence starts and ends.
Then c is a graph cycle, as shown in Figure [2.3]

Given the edges of a graph cycle ¢ in graph GG, we can form a linear combination
o. € Hi(G,C) of those edges in the following way. The coefficient of e;; € ¢ in
the linear combination o, is determined by edge orientation w so that d(o.) = 0.
Therefore, once an edge orientation w is fixed, we can form homology cycles from
graph cycles.

Now we provide a definition for the Wahl map on a cubic graph G with edge and
vertex orientations w, ¢.

Definition 2.2.10. [CF92] Let G be a cubic graph with edge orientation w and vertex
orientation ¢. Let v be a vertex of G that is adjacent to edges e, €9, e3. Without loss
of generality, index the edges so that y,(e1) = ea, @,(e2) = e3, and ¢,(e3) = e; (See
Figure . Then we define a map on the vertices

2
W : /\ Hi(G,C) — Caty(G,C)

by
Wo(0 A7)y = Oy (e1)0y(e2)det (“el Tﬂ)

Oey  Tey
and extending linearly.
This map effectively takes pairs of homology cycles of G and returns values on

the vertices of G. There is a similar map that effectively takes pairs of cycles in G
and returns values on the edges of G.
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Figure 2.4: A visual depiction of the notation in the definition of W,

Definition 2.2.11. [CF92] For a cubic graph G with edge orientation w and vertex
orientation ¢, let e be an edge of G that is adjacent to vertices vy,vo. Label the
remaining edges adjacent to v; with e, e3 and the remaining edges adjacent to v
with eq, e4, where we have indexed the edges so that ¢, (e) = ey, ¢, (e1) = es,
©u,(€) = €2, and ¢, (e2) = e4 (See Figure 2.5)). Then we define a map on the edges

2
W, : /\ Hi(G,C) — Caty(G,C)
by

€2 7—62

WL(0 A T)e = 0y, (€1)n, (€2)det ("61 Tel)

and extending linearly.

Figure 2.5: A visual depiction of the notation in the definition of W{,.

Note that we abuse notation in Definitions [2.2.10| and [2.2.11} The map WY
depends on a choice of which edge is labeled ey, vertex orientation ¢, and edge
orientation w. The map W{, depends on a choice of vertex and edge orientations
o, w. However, we will show in Section that rk(Wg) is independent of these
choices.

Example 2.2.12. Let’s continue with our earlier example on K33, Example [2.2.5]
with the ascending edge orientation and (123)-vertex orientation. For W%B ,» consider

UV = v,
€1 = €01,
€2 = €0,3-

By the ascending orientation, 0,,(eo1) = —1 and 0,,(ep3) = —1.



1 .
For W, ., consider

€=¢€p1,
€1 = €03,
€2 = €12.

Then 0,,(eo3) = —1 and 0,,(e12) = —1 by the ascending orientation.
Given homology cycles

0 =eg1 + e1q + €45 — €5

and
T = €p3 + €34 + €45 — €p5

in Hy(K33,C), we can calculate W(}{M(a A T)y, and W}(&S(a AT)eo, as follows:

€0,1

WO, (0 A Ty = (—1)(—1)det ((1) (1)) —1

Wi, (0 AT, = (—1)(=1)det (8 (1)) — 0.

For a homology cycle o € Hy(G,C), let Suppy (o) be the set of vertices in G
adjacent to the edges with nonzero coefficients in o and Adg(o) be the set of edges
with nonzero coefficients in ¢ and the edges adjacent to those in G.

Observation 2.2.13. [CF92] If a vertex v is not covered by the edges with nonzero
coefficients in ¢ and 7, then g, = 0 or 7. = 0 for any edge e adjacent to v in G.
Therefore, we have the following:

1. W(a A7), =0 if v & Suppy (o) N Suppy (1)
2. W(o AT)e =0if e & Adg(o) N Adg(7)

We combine the definitions for W%, and W, to define the Wahl map on a cubic
graph:

Definition 2.2.14. [CF92] For a cubic graph G with edge orientation w and vertex
orientation ¢, the Wahl map on G is defined as
2
We : [\ Hi(G,C) — Caty(G,C) @ Cat, (G, C)

where Wg = W2 & W¢,.

While the definition of W depends on orientations w, ¢, the rank of W is inde-
pendent of the choice of edge and vertex orientations. We will prove this in Section

23



2.3 Rank Independence

In this section, we will discuss how changing our choice of edge or vertex orientations
affects the image of W and how this ultimately affects the rank of We,.

Note 2.3.1. For a homology cycle o € Hi(G,C),

0y(0) = 0ed,(e) =0

edv
for all v € o because d(o) = 0.

Recall from Section that a graph G must be cubic to define Wg. Then by
Note [2.3.1}, we know

0p(0) = 0¢,0p(€1) + 0,0y (€2) 4+ 0c,0y(€2) =0 (2.1)

for any v € V(G) with edges eq, ez, e3 adjacent to v. We will use Equation
numerous times in the subsequent proofs.

The argument for rank independence is a translation of an Italian paper by Cilib-
erto and Franchetta [CF92]. First, we want to show that for v € V(G), the value
WY (o A7), is independent of our choice of e; in Definition 2.2.10f Then we will show
that rk(Wg) is independent of vertex orientation ¢. Next, we will see how changing
vertex orientation ¢ affects im(Wf,). Finally, we will show the effects on WY and W,
when we change edge orientation w.

Lemma 2.3.2. [CF92] Let v € V(G) and let ¢ be a vertex orientation on G. Then
W (o A T), is independent of our choice of initial edge in the vertex orientation in

Definition |2.2.10
Proof. Consider the following:

Oy(e3)det (062 7-62) + 0, (e1)det (062 Te?)

Oes  Teg Oe;  Tey

= av(e3)0-627—63 - a’l}(e3>0-637-62 + a’l}(61>0-627—61 - av<€1>aelTeg

= —Te, (av(eg)ae3 + av(e1)061> + Oey (3u(63)7e3 + 31;(61)761)-

By ([2.1)), this is equal to

= —Tep, (—0p(€2)0¢y) + Tey (— 0y (€2)Te, )

= 8’[}(62)0627—62 - aU(GQ)O-EQTGQ =0.

9, (e3)det (gw Te?)z—av(a)det (% Te?)zav(a)det (C’el TEI) (2.2)

el 7—@1 €2 7—62



by row swapping in the final determinant. Thus

ouenduenien (77 7)< aendifeater (74 ) = aufendufender (7 7).

062 7—62 063 7—63 0-61 7—61

Now we will show that rk(W) is independent of the vertex orientation . We
will do this by showing that changing ¢ changes all the signs in im(WY) consistently.

Lemma 2.3.3. [CF92] Let v be a vertex in G, let eq, eq,e3 be the edges adjacent to
v in some fized order, and let v, ¢’ be two vertex orientations on G. Let p,(e1) = e
and @) (e1) = €. Then

Oy(e)det (Jel Tel) = 0, (€')det (Uel Tel)

Oe Te Oer T

if and only if o = ¢’ on v. Otherwise,

0, (e)det ("el Tel) = —0,(¢')det (‘761 T)

O¢ Te Oe Te!

Proof. Since G is cubic, either ¢,(e1) = es or p,(e1) = e3 for any vertex orientation
¢. Therefore, by ([2.2]), we have the desired equalities. |

Unlike with W, we are not able to say that the rank of W{, is independent of ver-

tex orientation ¢. In the following lemma, we show how changing vertex orientations
affects im(W(,).

Lemma 2.3.4. [CF97] Let e = (v1,v2) be an edge in G and let ¢, ¢’ be two vertex
orientations on G. Let p,, (€) = e1, p, (€) = €|, py,(e) = €2, and ¢, (e) = €.

1. If p,, = gogl and p,, = gpi&:

Ocy Ter \ / / O¢ Te!
&Jl (61)01;2 (ez)det (0_62 Teg) - am (61)61)2 (62)det (Ue’: Te;> :

2. If oo, # ¢, and @, = ¢, :

Oey  Tey Oe) Te,
Oy, (€1)0y, (€2)det (062 7_62) = — 0y, (€])0,, (eh)det (%’2 Tei)

+ Oy, (€) Dy, (€5)det (Je Te) :

T,
3. 1If p,, = gogl and @, # gpLQ :

Oe¢; Tey _ / / Oel Te!
Oy, (€1)0y, (€2)det (062 7_62) = — Oy, (€])0y, (e5)det (O-e; TeZ)

+ Dy, (€) 0y, (€, det ("e Te ) .

(o™i T,
€1 €1
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4. If oy, # 90;1 and Q,, # 902;2 ;

D e(enaen (57 7)o eoyae (74 7)

es  Tes 06’2 Te’2

+ By, (€) 0y, () det ("6 T‘f)

g,/ T,
) €2

/ Oc Te
+ 0y, (€)0y, (€] )det (Ue’l 7_6,1) )

Proof. We will address one case at a time.

1. Since @,, = ¢}, for i = 1,2, we have e; = ¢; for i = 1,2. Then by substitution,
we get the desired equality.

2. Since @, = ¢),,, we have e; = e5. By this substitution,

- 8711(6/1)6112 (eé)det (O-e/l Te/l) + am (6)81;2 (B/Q)det (08 Te)

g, T, g T,
€2 ) €2 €2

= — 0y, (€1)0y, (e2)det <Ze/1 Te'l) + Oy, (€)0y, (e2)det <Ue Te)

ea  Teo Oey  Teqy

= Oy, (€2) [ — O¢ Tea O, (€]) + OeyTey v, (€1) 4 OcTeyOpy(€) — Oy TeOyy (6)]

= Oy (€2) | = Tey [ 0e10v, (€]) = 00y (€) | 4 ey ( Ter Dy, (€]) — TeOuy () ) |-
-7 )+ )

Since vy, vy are the endpoints of e, 9,, (€)o. = —0y,(€)o. and 0,, (€)T. = —Dy, (€)Te.
With this substitution, we have

By, (€2) [ 7, (0611 Dy, (€)) — 0,00, (e)) to., (Teg By, (€)) — 7,00, (e)ﬂ
= 0y, (€32) [ — T, (06/181,1 (€)) + 00y, (e)> + Oey (Terl(‘?vl(e’l) + TeOy, (e))}
= Dha(e2) | = ea (= Ty ()90 (P01 (€1))) + Tea (= oy ey Don (901 (€))

by .

Since ¢, # ¢,,, we have e; # €}, but ¢,,, ¢, are cyclic permutations on
three elements that both start at edge e. This means that ¢, (e;) = €| and
¢/, (€1) = e1. Then the above equals

Oy, (€2) [ — T, ( — 0610U1(61)> + O, ( — 7‘6181,1(61))}
= Oha(€2) | Tea0erDox (1) = TeTer O (1)

= Oy, (€1) 0y, (e)det (Uel Tel) )

Ocy  Teq

3. By a similar argument to Case 2, swapping indices, we get the desired equality.

12



4. Consider the following:

Doy (€1) Doy (e2)det (Z :)

= Oy, (€1)0p, (€2)0 ¢, Te, — Oy, (€1)0y, (€2)0¢yTe,
— (8U1(61)061> (81;2(62)762> — (81)1(61)T61> (81)2(@2)062)‘

By (2.1), we can substitute to get

(= Bus(€)0e = Bus (P (e0)Tunten) ) (= Oea(€)7e = Bus (P (€2)) o))
== [ — Oy, ()T — O,y <90v1 (61)>T¢v1 (61)] [ — Oy, (€)ae — O, (Sovg (62)>U¢v2(e2)} .

Since @, # @, for i = 1,2, we have e; # e;, but ¢,,, ¢ are cyclic permutations
on three elements that all start at edge e. This means that ¢, (e;) = €; and
¢, (e;) = e; for i = 1,2. By these substitutions,

[ 007 = 0 (00 (e0) Tonen] [~ Pua(€)7 = 0 (0(62)) e |
_ :—8vl(e)ae—8v1(e'1)aerl] [—avz,(e Te — Oy ()T }
—:—%@m—m«mqﬂ—mﬁﬂf—m%aq

00, (€)0re + D0, ()| D)7 + D0 eh) ey |

- U@n+%@W4F9@%+&ﬁ@w}

Dy, (€)0e0uy (€)Te + avl (€)oeOn, (62)7-62 + Oy, (€})0e 8 o (€)Te + Oy (6/1)06’1 D (6/2)76’2
( )

Oy, (€)Te0p,(€)oe — Oy, (€)Te v2(62)062 - am(el)Telam (e)oe — 31,1(6/1)7'6/18@2 (6,2)06’2‘
0

Since vy, vy are the endpoints of e, 9, (€)o. = —0,,(€)oe and 9y, (€)Te = — Oy, (€)Te.
By substitution in the first and fifth terms, the above statement equals
e)o.0y, (€ )Te + &,l(e)ae&,z(e )Tep, + Oy (€1)0¢; Dy (€)Te + 8v1(e’1) et Oy (€9) ey
Dy, (€)Te0y, ( )UeQ - Ul(el)Tel s (€)Te — (6/1
= Oy, (€)0e0, (62)7'62 +6U1(e )0 Oy, (€)Te + 81,1(61)06 o (€5 )7’6
Oy, (€)Te0y, (62)‘762 — Oy ( Oy, (€)Te — 81}1(61)7'618112 (6/2)06

_|_

SQ)

)

~— ~—
o
SQD
—

Q)
\_/

)Te’l Doy (6/2)‘76’2

6)7— /2

|
Corollary 2.3.5. [CI'92] The rank of W¢ is independent of vertex orientation .
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Proof. Let ¢, ¢’ be two vertex orientations on G. Consider the image of W as
coefficient vectors. Then we can form a matrix where a row is the coefficient vector
for the image of a particular wedge product of homology cycles and a column is the
vector of coefficients for a particular vertex or edge in the image.

The matrix of vectors in the image of W defined by ¢’ is therefore obtained from
the matrix of vectors in the image of W defined by ¢ by standard column operations,
in the following way.

Let ¢/, be the column corresponding to vertex v under orientation ¢’ and c, be
the column corresponding to v under orientation ¢. By Lemma [2.3.3]

/ c’l) lf (10'0 = (p’ll}
—c, otherwise .

Let ¢, be the column corresponding to edge e = (u,v) under orientation ¢’ and ¢/,
be the column corresponding to e under orientation . By Lemma [2.3.4]

Ce if p, = 90;7 Po = 902;
Ce= 4 —CetCy if§0u7£§0;u(pv:90;}
—c, +c¢, otherwise .

Now let’s consider how changing the edge orientation w affects the rank of W.
Lemma 2.3.6. [CF92] The image of W¢ is independent of edge orientation w.

Proof. Let w,w’ be two edge orientation on G. Denote the boundary map defined
by w with 0 and the boundary map defined by «’ with @’. Let 0,7 € H1(G,C) be
homology cycles under the orientation w. Then let ¢’,7" be homology cycles such
that, for each edge e in G,

, oo fw=uwone
—0, ifw#w one

and
Te fw=wone

T, = _ . :
-7, fw#wone

For an edge e in G,

9 (e) Oy(e) fw=wone
e =
! —0y(e) ifw#w one

because there are only two orientations an edge can have. Therefore, we can conclude
that 0,(e)o. = 0, (e)o., and J,(e)r. = 0. (e)7.. By substitution,

14



&;(61)3@(62)(16’5 (O-el :61) = (9v(€1)8v(62)0e17'e2 - av(el>av<€2>aegTel
= 0,(e1)0,(e2)oe, 7e, — 0, (e1)0,(e2) e, T,
= 0/ (e1)0,(e2)det (Ufl :e,l>

for the map WY and

Doy (1) ()t (“@1 ) — Oy (€1)0os(€2) 501 Tor — oy (€1)ns(€2) e

Oeqg  Teq
= 0,,(€1)0,,(e2)0¢, 7., — 0, (e1)0,, (€2)0, 7,

= 81/)1 <€1>a:)2 (eg)det (0‘/31 Tfi1>

€2 €2

for the map W,. |
Combining Corollary and Lemma [2.3.6] we get the following independence:

Corollary 2.3.7. [CF92] The rank of W¢; is independent of the choice of orientations
W, Q.

As a result of Proposition we will fix the orientations w, ¢ to be the ascending
and (123)-orientations for the remainder of our discussion.

Copyright© Angela C. Hanson, 2023.
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Chapter 3 Surjectivity of the Vertex Map W¢

3.1 Properties of Cubic Graphs

Since the Wahl map is only defined for cubic graphs, we can use some properties and
results for cubic graphs to study Wg. We begin with some results about connectivity.

Menger’s Theorem. [Men27] Let G be a graph. Then G is k-edge-connected if and
only if there are k edge-disjoint paths between any two vertices of G.

For the purposes of cubic graphs, we are particularly interested in when k = 3.

Corollary 3.1.1. For a graph cycle ¢ in G, let Suppg(c) be the set of edges in c.
Let G be a cubic, 3-edge-connected graph. For any edge e in G, there exist two graph
cycles ¢y, ¢y in G such that e = Suppg(c1) N Suppg(cz).

Proof. Let e = {a,b} be an edge of G. Since G is cubic, a,b each have exactly
three neighboring vertices b, ai, as and a, by, by, respectively. By Menger’s Theorem,
there are three edge-disjoint paths p1,ps, p3 between a,b. Since there are exactly
three edges out of a and out of b and three paths between them, e is one of those
paths. Without loss of generality, p3 = e. Then, up to relabeling of the neighbors,
p1 goes through ay,b; and py goes through ag, by, as shown in Figure [3.1} Since
p1, D2, p3 are edge-disjoint, ¢; = p; U p3 and co = py U p3 are graph cycles where
Suppg(c1) N Suppg(c2) = e. u

Figure 3.1: Three disjoint paths forming a pair of graph cycles ¢, co that overlap
precisely on edge e.

Observation 3.1.2. Let e = (a,b) be an edge in G. Since G is 3-edge-connected
there exists a pair of graph cycles ¢y, ¢, by Corollary [3.1.1] where e is the only edge

in Suppy(c1) N Suppg(ce). By our discussion in Section we can form homology
cycles o.,,0., from cy,cy. Therefore, by Observation [2.2.13] W (o, A 04,), # 0 if

and only if v = a, b.

In addition to results about connectivity, we need results about planarity.
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Kuratowski’s Theorem. [Kur30] A graph is planar if and only if it does not contain
a subgraph that is a refinement of K5 or K3 3.

Since K5 has valence 4 vertices and refinements preserve valence, cubic graphs
cannot contain a refinement of K5. However, K33 is a cubic graph, so any refinement
of K33 has vertices of valence at most 3. Hence planarity of cubic graphs depends
only on refinements of K3 3. We use this and the subsequent results in our surjectivity
proof for W¢, in Section (3.2}

Let G be a graph with subgraph H’. Then let

PrOjcato(mr c) © Cato(G, C) — Cato(H', C)

be the projection map and

2 2
inCHl(G@) : /\Hl(HI,C) — /\Hl(G, (C)

be the inclusion map. We define the map

W o - /\H1 (G, C) — Caty(H',C)

by W g = Pr0jcagy(m.c)© Wer- Then we have Wi, = W, 4, oincy, ¢,c) by definition.
See Figure [3.2] for a diagram of these maps.

A2 H, (G, C) —6 Cato(G,C)

. W b .
NCHy (G,C) PIOJcatg (H’,C)

0

A2 Hy(H,C) —=—5 N2 Hy(H',C) ——*__, Caty(H',C)

Figure 3.2: The maps defined for Theorem [3.1.3]

Theorem 3.1.3. Let G, H be cubic graphs. Suppose G is 3-edge-connected and con-
tains a subgraph H' that is isomorphic to a refinement of H. If WY is surjective,
then W, . is also surjective.

Proof. Let H, H' be as in the statement of the Theorem. If H = H', then W¢, ;/ is
surjective because W9 = W4, = W¢, ;» o incp, (g,c). Otherwise, let H " be the graph
obtained from H’ by smoothing one vertex of valence 2. Let w be that vertex and
suppose it is adjacent to vertices a, b, as shown in Figure [3.3]

By induction, we assume that WOQH,, is surjective. Since w ¢ Cato(H"”,C), it
suffices to find a pair of cycles 0,7 € Hy(G,C) such that W&(c A 7),, # 0 and
W (o A7), =0 for all vertices v not in H'.

Recall that G is 3-edge-connected, so by Observation [3.1.2] there exist 0,7 €
H,(G,C) that overlap precisely on ¢ = (a,w), and W (o A 7), # 0 if and only if
v =a,w. |

17



Hl HI/

Figure 3.3: Smoothing vertex w to form H”.

Theorem 3.1.4. Let G, H be cubic graphs. Suppose G is 3-edge-connected and H is
a topological minor of G. If WY, is surjective, then W is also surjective.

Proof. Since H is a topological minor of G, G contains a subgraph H’ that is iso-
morphic to a refinement of H. By Theorem , W%’ g 1s surjective. Now let K be
a subgraph of G containing H’ such that W, ;- is surjective. We prove that W, is
surjective by induction on |V (K)\V(H')| where V(K) is the set of vertices in K and
V(H') is the set of vertices in H'.

Let w € V(K)\V(H') be connected to a vertex a in H' by an edge e. It suffices to
find a pair of cycles o,7 € H,(G,C) such that W (o A7), # 0 and Wh(o A T), =0
for all vertices v not in V (H')U{w}. By Observation[3.1.2] there exist o, 7 € H;(G, C)
such that

We (o A7)y #0

if and only if v = a, w. |

3.2 Surjectivity Criteria

Given that a graph G is cubic and 3-edge-connected, Miranda finds the following
result about surjectivity of W:

Theorem 3.2.1. [Mir89] Let G be a cubic, 3-edge-connected graph. If G is planar,
then WY is not surjective.

We prove that the converse also holds, using results from Section [3.1].

Theorem 3.2.2. Let G be a cubic, 3-edge-connected graph. If G is non-planar, then
WY, is surjective.

Proof. By Kuratowski’s Theorem, G contains a subgraph that is a refinement of K3 3.
Therefore, by Theorem it suffices to show that WY, _ is surjective.

Since the rank of WY, is independent of vertex or edge orientations, we choose the
ascending and (123)-orientations. Consider the cycle set

B={o1=e14+ess+eps—eo1
09 = €34+ €45+ €5 — €p3
03 =€12+ €25+ €5 — €01

0y =633+ €25+ €5 — €3t
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vo Al
V2 U3

V4 U5

Figure 3.4: This is the vertex labeling of K33 used in this proof.

on K33 where the vertices of K33 are labeled as in Figure . Then

W%(O’l VAN 0'2) = Vo + U4
W%(Ul A 03) = (%1 — Uy
W%(O’l VAN 0'4) = Vo —  Us
W%(UQ AN 0'3) = —UVyg — Us
W%(UQ AN 0'4) = —V3 — Us
W%(O’g VAN 0'4) = Vo — V2.

Note that vy, v, v3,v4 appear exactly once and W% (o; A a4), W(0a A 03) have the
same vertices with nonzero coefficients but with opposite signs. Hence this is a linearly
independent set, so W%g , 1s surjective. [

Copyright© Angela C. Hanson, 2023.
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Chapter 4 Surjectivity of the Overall Map W

4.1 Girth of Graphs

We found in Section [2.3] that im(W¢) depends on the choice of vertex orientation ¢.
Therefore, it is difficult to study the image of W |ierwo with a fixed vertex orientation,
like the (123)-orientation. Instead, we return to the work of Ciliberto and Franchetta
[CE92]. They find a family of graphs for which the Wahl map is surjective. One of
the properties of these graphs is that they all have girth at least 5. We show that
this condition is necessary for the Wahl map to be surjective.

Theorem 4.1.1. If W is surjective, then girth(G) > 5.

Proof. Let G be a graph of girth k. Consider a k-cycle ¢ in G with vertices vy, ..., v
and edges
er = (v1,v2),

€k—1 = (Uk—la Uk)v
ex = (v1, vg).
Let Tj, = U, {e:, vi} and
pI‘Oka . C&to(G) D C&tl(G) — C&to(Tk) D Catl(Tk)

be the projection map. It suffices to show that the composition proj, o Wg is not
surjective for k < 4.

Since G is cubic, each of vy,...,v; have one additional neighbor not in 7. We
label those neighbors wy, . .., w; with

€k+1 = (Ula wl)a

€or = (Uk’a wkz)~
Consider the 1-chains of the form
Ti = €k+ti + € — Chtitl

for 1 <i<k—1and 7, = eg + e — epr1. Then the restrictions of any cycle to Ty
can be written as a linear combination of the 7;. This is because 7; covers exactly
one edge, ¢;, in T and the edges adjacent to e; in G that connect T} to the rest of

G. Thus "
rk(projp, o Wg) < (2>

Since dim(Cato(Ty) @ Cati(Tx)) = 2k, the composition proj; o W cannot be
surjective if (g) < 2k. Hence if k < 5, the map W is not surjective. [
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Example 4.1.2. Suppose G contains a 3-cycle o with vertices vy, v9,v3 and edges
er = (v1,v2), €2 = (v9,v3), €3 = (v1,v3). Let Ty = {e1,e9,€3,v1,v2,v3}. Since G
is cubic, each of vy, vy, v3 have one additional neighbor not in 75. We label those
neighbors wy, we, w3 with ey = (v, wy), es5 = (vg,ws), eg = (v3,ws3), as shown in

Figure [£.1]

w1

v1

A

U3 (35

w3 w2

Figure 4.1: The 3-cycle o and its neighbors as labeled in the proof.

There are seven different ways that a cycle 7; can go through T as shown in Figure
4.2k
o through ey, eq, €3
71 through ey, e, €2, €4
79 through es, €5, €3, €4
73 through eg, e3, €1, €5
74 through eg, e3, e4
75 through ey, eq, e5

and 74 through es, es, 4.

Notice that the cycles o, 7,..., 7 are linear combinations of 74, 75, 76, as demon-
strated in Figure . Then there are (g) = 3 ways to form cycle wedge pairs from
T4, T5, Te. Hence, the rank of Wg on T3 is at most 3 < 6 = dim(Catg(T3) @ Caty(T3)).

The converse of Theorem is not true. For example, the Heawood graph Hi,
(Figure is a cubic, 3-edge-connected, non-planar graph of girth 6, but Wy, is
not surjective. Note that Hy4 has genus 8, so

dim( /2\ Hy(H1,C)) = @ e

and

dim(Cato(H14, C) D Cat1<H14, C)) =5%x8 -5 =35.
Therefore, since 35 > 28, no map /\2 H,(Hy4,C) — Catg(Hy4, C) @ Caty(Hy4,C) can
be surjective, particularly Wy,,. Despite this, we will see in the next section that
most cubic graphs seem to be surjective if they are girth at least 5 and are sufficiently
large.
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w1 w1 w1
] U1
V9 U3

w3 w9 w3 w9 w3

w2

Figure 4.2: The cycles through T5.

4.2 Programming Results

If we generate a random, cubic graph G with girth at least 5, how likely is it that
W is surjective? I wrote a program in SageMath to help answer this question. See
Appendix A for more details. We have the following data in Table from this

program.

Table 4.1: A sampling of random cubic graphs with girth at least 5, of various sizes.

Number of | Number of | Number for which | Proportion
Vertices Samples W is Surjective
50 100 90 0.90
100 100 96 0.96
150 100 96 0.96
200 100 97 0.97
250 100 99 0.99
300 100 99 0.99
350 100 100 1.00
400 100 100 1.00

This data that suggests the following conjecture:

Conjecture 4.2.1. Let F, be the event that W¢ is surjective for a random cubic
graph G of genus g and girth(G) > 5. Then we have

lim P(F,) = 1.

g—o0

Since cubic graphs are almost always 3-edge-connected [RW92], there is a high
probability that this criterion is met. Similarly, as the number of vertices grows, the
chance that a graph is planar goes to zero [BBO1].
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o

Wy w3

Figure 4.3: The linear combinations of 74, 75, 76 to form o, 7, 7, 73.

It is important to note that while the probability in Conjecture 4.2.1/may approach
1, it will never equal 1. This is because W is not surjective for a planar graph G,
so we can always produce a counterexample.

Copyright© Angela C. Hanson, 2023.
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Figure 4.4: The Heawood graph.
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Appendices

Appendix A: SageMath Program

I wrote the following program to evaluate the Wahl map on a given cubic graph and
to generate random cubic graphs of girth at least 5. The code can be accessed and
run at the following link: https://github.com/hansonac13/Wahl_map.git

All graphs should be entered as Graph({vertex1:[list_of_v1_neighbors],
vertex2:[list_of_v2_neighbors], ... }) or some other acceptable graph object according
to SageMath.

To evaluate the Wahl map on a graph G, use build_matrix(G). This outputs a
matrix where the rows correspond to cycle wedge pairs and the columns correspond
to each vertex in ascending order and then each edge in lexicographic order. To
check if W surjective, use is_surj(G). The output to is_surj() is a printed statement.
Similarly, you can check if WY is surjective with is V_surj(G). It will also print a
statement.

In order to generate n non-isomorphic, random cubic graphs with m vertices of
girth at least 5, run the command sample_random_girth5(n,m). If you want to make
these graphs truly random for probabilistic purposes, add the entry noniso=False at
the end of the input list. The output will be a list of graphs.

To test and store examples, run add_to_files(examples) where examples is a list of
graphs.

from __future__ import absolute_import
from sympy import =x

import sys

from sage.all import =

from sage.graphs import graph

from sage.graphs.generic_graph import x

HHHHAH This section of the code evaluates the Wahl map on a given

A graph .

def pair_up_cycles(cycleSet):
727 This will produce pairs of cycles from the set of cycles
in the order in which they appear in the set. The pairs are
returned as a list of pairs where each pair is a list of two
cycles. Cycles are represented as a list of integers which
correspond to wvertex labels. ’’’
pairs=list ()

for i in range(len(cycleSet)):

for j in range(i+1,(len(cycleSet))):
pairs.append ([ cycleSet[i],cycleSet[j]])
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return (pairs)

def cycle_orientation (v, neighbor_pt, cycle):
77 This will take a wvertexr v and one of its neighbors
(neighbor_pt) and calculates whether the cycle runs into
verter v along that neighbor or out of the vertex along that
neighbor. The output of this function is 1 (into) or —1
(out of ). 7’

if cycle.index(v) = 0 and cycle.index(neighbor_pt) = len(cycle)—1:
"2 This accounts for if the mneighbor is the last point in
the cycle list and v is the first in the cycle list, so
neighbor_pt comes before v. 7’
return (1)
elif cycle.index(v) = len(cycle)—1 and cycle.index(neighbor_pt) = 0:
"7’ This accounts for if the mneighbor is the first point
in the cycle list and v is the last in the cycle list ,
so neighbor_pt comes after v.’ 7’
return(—1)
elif cycle.index(v) = cycle.index(neighbor_pt)—1:
"’’Here v and its neighbor are mot at the end or
beginning of the cycle list, and v comes before
neighbor_pt. 7’
return(—1)
elif cycle.index(v)—1 = cycle.index(neighbor_pt):
>?’Here v and its meighbor are not at the end or
beginning of the cycle list, and v comes after
neighbor_pt. 7’
return (1)
else:
>77This s a catch—all in case netghbor_pt and v are not
actually both in this cycle consecutively. ’’’
return (0)

def edge_orientation (v, neighbor_pt):
"7 This will take a wvertexr v and one of its neighbors
(neighbor_pt) and calculates whether the edge orientation runs
into vertex v along the neighbor or out of the wverter along
the neighbor. The output of this function is 1 (into) or —1
(out of ). The edge orientation is, by default, directed from
lowest wvertex label to highest. Since wvertices are labelled
by the natural numbers without repetition , this orientation
is well—defined. ’’’
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if v < neighbor_pt:
727 Since v is smaller than neighbor_pt, it comes before,
so the edge between them is oriented out of v. '’
return(—1)
elif v > neighbor_pt:
’77Since v is larger than neighbor_pt, it comes after,
so the edge between them 1ts oriented into v.’ '’
return (1)
else:
print (” Error _.with_finding._neighbor_edge_value._Check_input.”)

def w_vertex (v, cyclel, cycle2, theGraph):
"77This takes a vertexr v and pair of cycles, cyclel and
cycle2, and calculates the Wahl map of the wedge of those
two cycles on v. This involves calculating the determinant
of a 2x2 matrix where the first row corresponds to cyclel
and the second to cycle?2 and then the columns correspond
to two of the meighboring vertices to v. Since these
graphs are cubic, there are exactly three neighbors to
each vertex. We will select two mneighbors according to
the permutation phi which is (123), where 1, 2, and 8
correspond to the first, second, and third neighbors of v
in ascending order. This does not effect the rank of the
Wahl map because rank is independent of vertexr orientation.
It returns the determinant value times the edge orientation
values for each meighboring edge used in the determinant
calculation. This product can equal —1, 0, or 1.7°77
neighborlist = theGraph.neighbors(v)
nl = min(neighborlist [0] ,neighborlist[1],neighborlist [2])

’?7’Here we find the second mneighbor based on the wvertex
orientation phi. Since phi has three elements for the
three meighbors, we want the next meighbor to be mnext in
the list modulo 3. 777

indexl = neighborlist.index(nl)

index2 = Mod(index1+1,3)

n2 = neighborlist [index2 ]

’77This starts the determinant calculation where aij is the
ith row and jth column entry. The value comes from the cycle
orientation from v to its mneighbor. So al2 is the
orientation wvalue from v to n2 in cyclel. If the relevant
neighbor is mot in the relevant cycle, that matrix entry is
0' 2002
if (v in cyclel) and (v in cycle2):

if (nl in cyclel):
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def

all = cycle_orientation(v,nl,cyclel)

else

all =0
if (n2 in cyclel):

al2 = cycle_orientation(v,n2,cyclel)
else

al2 =0
if (nl in cycle2):

a2l = cycle_orientation (v,nl,cycle2)
else

a2l =0
if (n2 in cycle2):

a22 = cycle_orientation (v,n2,cycle2)
else

a22 =0

777 This 1s where we calculate the edge orientation wvalue
of 1 or —1 for towards or away from v, respectively. ’’’

deltal = edge_orientation(v, nl)
delta2 = edge_orientation (v, n2)
det = deltalxdelta2x(all*xa22 — al2xa2l)

else:
O 0f v ois in neither cyclel nor cycle2, then the
matriz determinant is trivially 0.7
det =0

return (det)

w_edge (edge, cyclel, cycle2, theGraph):

7?7 This takes an edge=(vl and v2) and pair of cycles,
cyclel and cycle2, and calculates the Wahl map of the
wedge of those two cycles on that edge. This involves
calculating the determinant of a 2x2 matrix where the
first row corresponds to cyclel and the second to
cycle2 and then the first column corresponds to a
neighboring edge to vl of edge and the second column

to a meighboring edge of v2 of edge. Since these graphs
are cubic, there are two mneighbors to each verter. We
will select the neighbor with minimal vertex label for
consistency. This does not effect the rank of the Wahl
map since it is the same as the choice of wvertex
orientation. It returns the determinant value times the
edge orientation wvalues for each mneighboring edge used
in the determinant calculation. This product can equal
-2, =1, 0, 1, or 2.°77
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endpoints = list (edge)
vl = endpoints [0]
v2 = endpoints [1]

’?’Here we find the neighbors of each endpoint, vl and v2,
including the other endpoint of the given edge. Since these
graphs are trivalent , there are three vertex neighbors. ’’’
neighborlistl = theGraph.neighbors(vl)
neighborlist2 = theGraph.neighbors(v2)

"7’ This chooses the neighbors nil for vl and n2 for v2
according to the permutation phi. To make sure the
permutation does not return the other endpoint of the edge
we are referencing, we make the other endpoint the starting
verter in the permutation and choose the mneighbor that is
next in the orientation.’’’

indexl = neighborlistl.index(v2)

index2 = neighborlist2.index(vl)

"??’Here we find the mnext neighbor of vl, after v2, based on
the wvertex orientation phi. Since phi has three elements for
the three mneighbors, we want the next neighbor to be mext in
the list modulo 3. 777

index3 = Mod(index1+1,3)

nl = neighborlistl [index3 ]

’?’Here we find the next neighbor of v2, after vl, based on
the wvertex orientation phi. Since phi has three elements for
the three mneighbors, we want the next meighbor to be next in
the list modulo 5. 777

index4 = Mod(index2+1,3)

n2 = neighborlist2 [index4 ]

"7 This starts the determinant calculation where aij is the
ith row and jth column entry. The value comes from the cycle
orientation from vl to nl and from v2 to n2. So al2 is the

orientation wvalue from v2 to n2 in cyclel. If the relevant

neighbor is mot in the relevant cycle, that matrix entry is
0.7’

if (vl in cyclel) and (nl in cyclel):

all = cycle_orientation(vl,nl,cyclel)
else:

all =0
if (v2 in cyclel) and (n2 in cyclel):

al2 = cycle_orientation (v2,n2,cyclel)
else:

al2 =0
if (vl in cycle2) and (nl in cycle2):

a2l = cycle_orientation(vl,nl,cycle2)
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else:

a2l =0
if (v2 in cycle2) and (n2 in cycle2):

a22 = cycle_orientation (v2,n2,cycle2)
else:

a22 =0

"7 This is where we calculate the edge orientation wvalue of
1 or —1 for towards or away from vl and v2, respectively.’’’
deltal = edge_orientation(vl, nl)
delta2 = edge_orientation(v2, n2)

return (deltalxdelta2x(all*a22 — al2xa2l))

def generate.row(cyclel, cycle2, theGraph):
"7 This function takes in two cycles, cyclel and cycle?,
and returns a vector which contains the Wahl map values
on each vertex in ascending order and then on each edge
in lexicographic order.’’’
vect=list ()

for v in theGraph.vertices ():
entry = w_vertex (v, cyclel ,cycle2, theGraph)
vect .append (entry)

for e in theGraph.edges():
entry = w_edge(e, cyclel, cycle2, theGraph)
vect .append (entry)

return(vector (ZZ, vect))

def build_matrix (G):
"?>’Here the the graph G is used to calculate the matriz of
Wahl map value wvectors for all cycle wedge pairs.’’’

"2’The list of cycles we use is the cycle basis determined
by SageMath. "’
pairs=pair_up_cycles(G.cycle_basis ())

"7We need an empty matriz of the proper dimension to fill

with Wahl map values. This matriz has as many rows as cycle
pairs and as many columns as vertices and edges. ’’’
edgeMatrix=matrix (ZZ,len(pairs),len(G.vertices())+len(G.edges()))

"’’Here we find the wvector of Wahl map values for each

cycle wedge pair and insert them in the matriz as rows. ’’’
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for i in range(len(pairs)):
edgeMatrix.set_row (i, generate_row (pairs[i][0], pairs[i][1l],G))

return (edgeMatrix)

def is_surj(G):
"7 This takes in a graph and prints whether or mnot the
Wahl map is surjective on that graph.’’’
M=build _matrix (G)

if M.rank() = M. ncols ():
print (" The_Wahl_map._is._surjective_on_this_graph.”)
else:
print (” The_Wahl_map.is NOT_surjective _on_this._graph.”)
print (M.rank (), M.ncols ())

def is_V_surj(G):
>77This takes in a graph and prints whether or not the vertex
map V is surjective on that graph. Note that the Wahl map on
a graph equals V+E where V is the map restricted to acting on

the wvertices, and E is the map restricted to acting on the

edges.
M=build _matrix (G)

"?’Here we build a list of indices for the rows and columns
of the image of V.’’’
r = list ()
for i in range(M.nrows()):
r.append (i)
c = list ()
for j in range(len(G.vertices ())):
c.append ()

727 This builds a submatriz of the Wahl matriz of wvalues to
only keep the columns corresponding to vertex wvalues. ’’’
vM = M. matrix_from_rows_and_columns(r, c)

if vM.rank() = vM.ncols ():
print (" The_vertex _map._is._surjective_on_this_graph.”)

else:
print (" The_vertex _map_is NOT_surjective _on_this_graph.”)

print (vM.rank (), vM.ncols ())

HHHHH This section of the code will generate random cubic
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#EHE graphs of minimum girth 5.

def generate(numVertices, girth=5):
"7 This function intakes the number of wvertices desired and
returns a cubic graph of with that many vertices and girth
at least 5.777

n = numVertices
77 ’We need an empty graph to add edges and wvertices to.’’’
G = Graph()

"7 This double checks that there are at least the girth
number of wvertices.’’’
if n < girth:
print ("You_have_not_given._enough._vertices.”)
else:
>?’Here we build the vertex set labeled 0 to n—1 and
form the primary cycle 0 up to n—1 and back to 0. This
makes all vertices wvalence 2 so we add exactly more
edge per vertex in the mnext step to be cubic.’’’
for v in range(n—1):
G.add_edge(v,v+1)
G.add_edge(n—1,0)

remaining_vertices = [i for i in range(0,n)]

for vl in remaining_vertices:
"7 This stops any infinite loops looking for girth
big enough when it t¢s not possible. We do this by
working from a list specific to vl.’’’
possible = remaining_vertices.copy ()

"7We remove vertices adjacent to vl in the original
cycle so that we remain simple. We also remowve
vertices within girth—1 of vl to avoid obvious girth
violations. 7’
for j in range(girth):
if Mod(vl+j,n) in possible:
possible.remove (Mod(v1+j ,n))
if Mod(vl—j,n) in possible:
possible.remove (Mod(v1l—j ,n))

"7 'We want to keep looking for a mneighbor for vl
until it is degree 8 or we run out of wvertices to
pair with it. "’
while G.degree(vl) < 3 and len(possible) > 0:

"7’Now we pick the second wvertexr to form an edge with. '’
v2_index = sage.misc.prandom.randint (0,len(possible)—1)

v2 = possible [v2_index]
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G.add_edge(vl,v2)

if G.girth() < girth or G.degree(v2) > 3:
P If girth is too small, we remove the edge and
drop v2 from the potential neighbors of vi. 7’
G.delete_edge (vl,v2)
possible .remove(v2)

else:
"2 0f girth is high enough, we remove v2 from the
vertex list so that wvalence of v2 stays at 3.7
remaining_vertices.remove(v2)

if G.is_regular () and G.girth()==5:
return (G)

else:
return (Graph ())

def sample_random_girth5 (n,vcount ,check_planarity=False ,check_tri=False):
’??’Here we choose a mumber n of random cubic graphs we want to
test, and it returns a list of n cubic graphs. If moniso=True,
then these graphs will be non—isomorphic. Otherwise,
the graphs will be truly random, with possible repetition.
We can specify the number of vertices or have a number selected
at random. We also have the option to check for non—planar,
3—verter—connected graphs or not. By default this function does
not make those checks. 7’
sample = list ()
graphset = list ()
total_.number = 0

while total_number < n:
G = generate (vcount)
new = True

if G != Graph():

"7 This skips graphs that are the same up to isomorphism
as ones we seen before in a single test run’’’
if noniso:
for H in sample:
if H.is_isomorphic(G):
new = False

if new = True:
sample . append (G)
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def

if check_planarity and check_tri:
if G.is_planar() = False and G.is_tri ():
"?’These are 3—wvertex—connected and non—planar
graphs which we generally want. They are also
of girth at least 5 which seems to be
necessary for surjectivity.’’’
graphset .append (G)
total_number 4= 1
elif check_planarity:
if G.is_planar () = False:
"77These are girth at least 5, non—planar
graphs, but they may not be 3—connected. ’’’
graphset . append (G)
total_number += 1
elif check_tri:
if G.is_tri():
?7?’These are girth at least 5, 3—connected
graphs, but they may not be non—planar. ’’’
graphset .append (G)
total_number += 1
else:
"?’These are graphs of girth at least 5.7
graphset .append (G)
total_number += 1

return(graphset)

add_to_file (examples):

7?7 This function creates a file and stores the graphs in the list
of examples. It also records which of them the Wahl map is
surjective on. '

lines = list ()

"?’Here we build a list of which of the graphs the Wahl map is
surjective on. 7’
isSet = list ()
for g in examples:
Me=build _matrix (g)
if M.rank () = M.ncols ():
isSet .append(examples.index(g))

print (str(len(isSet)),” cout_of.” ,str(len(examples)))

"2 This puts how many graphs the Wahl map is surjective on, how
many are in the example list , and the indexres of the graphs the
Wahl map is surjective on. '’

lines .append(str(len(isSet)))

lines .append(str(len(examples)))
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lines .append(str(isSet))

for ex in examples:
7’ This 1s where the examples are recorded as an index,
girth , and its list of edges.’’’
lines .append(str(examples.index(ex)))
lines .append (str(ex.girth()))
lines .append (str(ex.edges()))

its

with open(’RandomExamples.sagews’, 'w’) as f:

"?’Here is where the file 1is created and written in with the
information above. '’

f.write(’\n’.join(lines))
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