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ABSTRACT OF DISSERTATION

Estimating and Testing Treatment Effects with Misclassified Multivariate Data

Clinical trials are often used to assess drug efficacy and safety. Participants are some-
times pre-stratified into different groups by diagnostic tools. However, these diagnostic
tools are fallible. The traditional method ignores this problem and assumes the diagnostic
devices are perfect. This assumption will lead to inefficient and biased estimators. In this
era of personalized medicine and measurement-based care, the issues of bias and efficiency
are of paramount importance. Despite the prominence, only a few researchers evaluated
the treatment effect in the presence of misclassifications in some special cases and most
others focus on assessing the accuracy of the diagnostic devices. In this dissertation, we
aim to fill in this methodological gap in the estimation of treatment effects in the multivari-
ate and nonparametric contexts. We focus on a pre-post design and address the problem of
misclassifications in three distinct situations.

In clinical trials with continuous multiple endpoints, we model the outcome variables as
a mixture of multivariate normal distributions to account for the effect of misclassification
errors. We propose two methods for estimating and testing treatment effects. When the
misclassification errors are known from previous studies, we develop moment-based tests
and confidence interval procedures that are accurate in finite samples. When the misclas-
sification errors are unknown, we propose likelihood-based procedures for estimation and
testing via the EM algorithm. In addition, methods for sample size and power calculations
are developed. The moment-based methods can also be used when the misclassification
rates are unknown if validation samples are available. In this case, consistent estimators of
the misclassification error rates are derived using a novel distance-based criterion.

When the data are measured on a nonmetric scale or when the distribution of the data
is heavy-tailed or skewed, the normality assumption is not valid. In this case, we develop a
fully nonparametric method to assess the treatment effect. We model the distribution of the
outcomes as a nonparametric mixture of unknown distributions. To overcome identifiabil-
ity problems, we assume the availability of training data from the component distributions.
In the nonparametric setting, functionals of these distribution functions are used to charac-



terize treatment effects. We provide consistent estimators and asymptotic distributions of
the estimators of the misclassification error rates as well as the treatment effect. We do not
require any assumptions regarding the existence of moments of any order.

Typically, clinical trials involve the collection of baseline covariates which are associ-
ated with the misclassification of a patient and treatment outcomes. In this situation, we
propose a nonparametric finite mixture of regression models to approximate the distribu-
tion of outcomes. We establish identifiability conditions and derive an estimation procedure
using the kernel methods and the EM algorithm.

Simulation results show significant advantages of the proposed methods in terms of bias
reduction, coverage probability, and power. The applications of the methods are illustrated
with datasets from sleep deprivation and electroencephalogram (EEG) studies.

KEYWORDS: Nonparametric analysis, EM algorithm, Multivariate Data, Asymptotic dis-
tribution
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Chapter 1 Introduction

1.1 Background

In drug (therapy) development, clinical trials are commonly used to assess the efficacy and
safety of a treatment. In some cases, diagnostic devices or biomarkers are used, especially
in the recruitment stage, to separate the sample population into subgroups that may respond
differently to the treatment. By comparing the responses from subgroups, we can analyze
if the treatment has different effects on these subgroups.

In this dissertation, we focus on a pre-stratified pre-post design. The participants are
first stratified into different subgroups by the results of a diagnostic tool. Then, all the
participants will receive the treatment, and response variables are measured before and after
receiving the treatment. We can quantify the effect on each subgroup by comparing the
response variables before and after the treatment. This design is commonly used in clinical
trials. For example, Eling et al. (2006) examine the reduction in the demented patient by
separating participants into demented and healthy groups based on an examination result.
Similar examples abound in the biomedical literature (Castro et al., 2012; Gentili et al.,
2008; O’Donnell et al., 1999).

However, the diagnostic tools do not usually have perfect accuracy. The traditional
method ignores this problem and assumes the diagnostic devices are perfect. This assump-
tion will lead to inefficient and biased estimators. In this era of personalized medicine and
measurement-based care, the issues of bias and efficiency are of paramount importance.
Despite the prominence, only a few researchers evaluated treatment effects in the presence
of misclassifications in some particular cases. Most others focus on assessing the accu-
racy of the diagnostic devices. This dissertation aims to fill in this methodological gap and

address the estimation of treatment effects in the multivariate and nonparametric contexts.



1.2 Multivariate Parametric Method

In clinical trials with continuous multiple endpoints, we can use multivariate normal distri-
butions to model the outcomes. Traditionally, we assume misclassification errors do not ex-
ist and use the Hotelling 7" statistic (Anderson, 2003) to make inferences about treatment
effect. More precisely, let Y;; = (Y;§1)T, YZTJ(?)T)T be the pre- and post-outcome measures
on a p-dimensional vector for the jth individual in the sth group, where 7 = 1, ..., n;, and
i =1,2. Here, {Y11,- -, Y15, } is assumed to be a random sample from Ny, (11, X), and
{Ya1,---,Ys,,} is a random sample from Ny,(n2, X). The two samples are assumed to
be mutually independent. Here 1y = (1, 1 + 71) and 1o = (e, p2 + T2), where g

and p- are pre-treatment response means in groups 1 and 2, respectively, and 7, and 1, are

treatment effects in groups 1 and 2, respectively. The parameter of interest is
A= T — T2,

where A = (dy,...,d,)" is the vector of differences in the treatment effect between group

1 and 2. Define

C= <_Ipa Ip)px2p> ?1 = nl_l ZYU» Y2 = n;l ZYQJa

J=1 Jj=1

Sp = (m1 +ny = 2)7 (1 = 1)S1 + (na — 1)5s),

Sl = (Tll - 1)71 Z(Ylj - Y1)<Y1j - Yl)T and

J=1

n2

Sy = (na = 1)71 Yy (Ya; = Ya)(Yo; = Ya) T,

j=1
where I, is identity matrix of order p. Then we can estimate A by

~

A=CY,-Y)

To test the hypothesis Hy : A = A,, we can use the Hotelling 7 statistic with exact

distribution given by Anderson (2003) as follows

T2 :”171"2 (C(Y1 —Ya) — Ag)T(CSpCT)Y HC(Y, — Ya) — Ag) (1.1)
Hy, (n —2)p
N;_—p_)le,nplv



Furthermore, a (1 — «) confidence region for A is obtained by inverting the Hotellings 7"

test as

{A Y, —Y) - A)(CSpCT)HOY - Ys) — A)

Ny + N
(n1 + N9 — 2)])
S n + Ny —p — 1Fp,n1+n2—p—1;1—o¢ )

where F, ,,, 4n,—p—1:1—a 18 the lower 1 — o quantile of the [/ distribution with degrees of
freedoms (p,ny +ny —p — 1).
In the context of study design, suppose we are interested in testing the null hypothesis
Hy : ™p — 7y = Ag. The distribution of the test statistic in (2.1) at the alternative
Hy:7mp — g = A for some fixed A; # Ay is
n1ng
ny + ng

N(n1+n2—2)p
n1+n2—p—1

T = (CY — Ay) " (CSpCT)™HCY — Ay)

nin
Pt (22 (A1 = A0)T(CSCT) (A - &)

ni + No

where F), ., 1n,—p—1 (€) is the F distribution with degrees of freedom (p,ny +ny —p — 1)
and noncentrality parameter £. To guarantee a nominal test size o and power 1 — [3, the
required total sample size n = np + ny, where np/ny = mand 0 < ™ < oo, is the

solution of

P (T2 L =2 g

n—p—1l—«
n—p-— 1 p p

Hl) = P(Y > Fp,n—p—l;l—a) =1- 67

where

nmw T Ty\—1
Y~ Fppp (—(1 n 7T)2(A1 —Ay) (CEC ) (A — AO)) :
This equation has to be solved numerically.
However, when misclassification errors exist, the actually observed outcome measures
are affected by the error rates. Assume the misclassification error rates are d, in groups g,
g = 1, 2. The distribution of the outcomes become mixtures of multivariate distributions.

More specifically,

fo(Ugi) = (1 = 0g)d(Ygilng, X) + 640(ygi|ny, X), forg # 4, 9,9 = 1,2.



Then the traditional estimator A for A has expectation
E(A)=E(C(Y1-Y2)=(1—6 — &) (1 —m) = (18 — &)A.

This shows when the misclassification errors exist, the traditional estimator is biased and
the bias is affected by misclassification errors. Moreover, the outcome variables are not
distributed as multivariate normal distributions, then the test statistic in (1.1) is not dis-
tributed as F},,,_,—1 under H,. The power and sample size calculation based on this test

statistic become overly optimistic and misleading.

1.3 Estimation of Misclassification Error

Accurate estimations of the misclassification error rates of the classifiers are required to
evaluate the effect of a treatment. This problem can be framed as estimating mixing pro-
portions in mixture models. Let X1, ..., X,, bei.i.d random variables from a finite mixture

of m > 1 arbitrary distributions. Suppose the cumulative distribution function of X; is

P-3 AR,
j=1

where F; and A; are the cumulative distribution function and mixture proportion of jth
component, 7 = 1,...,m. Hall (1981) proposed nonparametric estimators for the mix-
ture proportions when training samples are available from each component distributions,
Fy, ..., F,,. The estimators are derived by combining the contaminated (original) and val-
idation (training) data. The mixing proportions A; can by estimated by minimizing

AX) = |/ 5 (ﬁ(x) - ZAjﬁj(x)) w(z)dz|, (1.2)

oo o

where F and ﬁj are empirical versions of F' and Fj, respectively. The primary focus of
Hall (1981) is when §(z) = 22 and w(z) = 1. They also assume
/ 2|t dF(7) < o0, (1.3)

(e 9]

for some € > 0. This requirement imposes a restriction on the tails of the component
distributions. Especially, it requires that the first moment of the component distributions to

exist.



In clinical trial settings, more expensive and accurate diagnostic devices can sometimes
be used to know the actual group membership for some participants. In this case, we can
obtain validation data to enhance the accuracy of the treatment effect estimation. Then
the misclassification error rates can be estimated as the mixture proportions in the mixture
models.

Inspired by Hall (1981)’s method, we propose two estimators for the misclassification
error rates in the multivariate and nonparametric contexts. In the multivariate setting, we
obtain estimators of J, by minimizing the distance between the mean of the original data
and the mixture of means of the two groups in the validation data. We also relaxed the
requirement of (1.3) in the nonparametric model by setting the weight function in (1.2) as
the weighted average of the empirical marginal distribution functions of observations in the

two groups.

1.4 Nonparametric Method

In some applications, data are measured on a nonmetric scale, or the distribution of the
data is heavy-tailed or skewed, and the normality assumption would not be valid. In these
cases, nonparametric methods can be utilized to assess the treatment effect.

Suppose we have subjects from two groups g = 1, 2 that are observed at two (pre and
post treatment) time points ¢ = 1,2 and the paired observations are denoted as X, =
(Xgik, Xgor)s B = 1,...,ng. Let Xgy,..., Xy, be identically and independently dis-
tributed according to F;;. When the misclassification errors are assumed to be zero, the

normalized distribution functions F, for X; can be estimated by

" 0, <0,
~ 1 <
Fu(x) = - Z c(x — Xgu), where c(z) =< 1 2 =0,
9 k=1
1, >0

To quantify the difference between two distribution functions, Brunner and Munzel (2000)
proposed to formulate hypotheses in terms of the nonparametric relative effects. These
effects are defined by comparing each marginal distribution function with the average dis-

tribution function. Let G be the average of the distribution functions in the two groups and



at the two time points, i.e.
1
G = Z(Fn + Fig + Foy + Fy).

Using the average distribution function GG, define

pgt = /Gngt =1 —/thdG,

for g,t = 1,2 as the nonparametric effect at time point ¢ in group g relative to the average
of the marginal distributions, G. Using the nonparametric relative effects, the treatment

effect of interest in the two group pre-post design is

p1 = (P12 - pn) - (p22 —P21)-

According to the calculations in Harrar et al. (2020), the treatment effect can be expressed

as
1
p1 = B (Fu1 + Fao)d(Fra + Foy) — 1.
We can use plug-in method and estimate the treatment effect as
1 =~ = =~ =~
=g (Fi1 + Fo)d(Fig + Fo) — 1.
By results in Brunner et al. (2018), we have

VNG —pr) = \jz__]lv lel(Xlk:) + VN ZQWQ(X%) — 2py,

e
where = means asymptotic equivalent, N = 2(n; + ny), and

1

Wi (Xk) 25 (F11(Xq92k) + Foo(Xiok) — Fio(Xik) — Fou(X11x)) , and
1
W (Xak) =3 (F11(Xo1k) + Foo(Xok) — Fia(Xook) — For(Xaok)) -

Note that W (X) and W5(X5y,) are independent and identically distributed random vari-
ables. By Central Limit Theorem, v/N(p; — p;) is asymptotically normally distributed.

Based on this result, if we want to test

Hy:pr=0vs H, : p1 # 0,



we can use the test statistic

T2 — \/N(pl_pl) g ZIr@ N(O,l),
V52
where
N Mo o N n2 o —
e X)) — X 2, X..) — X.,.))2
S ni(ny — 1) kzl(Wl( ) = WalXaw))" + na(ng — 1) kzl(WQ( or) — Wa(Xor))",

and /WQ(X o) is the empirical version of W, (X ;). i.e. Fy, is replaced by Fl;. An asymp-

totic (1 — «)100% confidence interval for p; can be derived from

p<A_M ZappV/S? V52>%1_a,

<p<p+

D1 \/N \/N

where z, /2 denotes the (1 — «/2)th-quantile of the standard normal distribution.
However, when the classifier is fallible, the observations we obtain from one group are

contaminated by observations from the other group. Suppose the misclassification error

rates for the classifier is 6, in group g, g = 1,2. Then the distribution function of the

observations is a mixture of two distribution functions, i.e.,

F* = (1 — 5Q>th + 5gFg’t7

gt

where £, is the distribution function of observations from participants classified in group
9,9 #9,9,9 = 1,2. When d,s are known, we can use the empirical distributions to
estimate F,. Notice that

1 * * * *
i /(Fu + Fp)d(Fy + F3y)

51 B 62 * * * * 1
+ 2<1 . 61 . 52)2 /(Fll FQI)d(FIQ F22) 1 — 61 . 62‘

The estimation for the treatment effect can be seriously biased if we ignore the misclas-

sification errors. Chapter 4 investigates this problem and develops a fully nonparametric

method for estimating and testing the treatment effect.

1.5 Covariate Adjustment

Typically, clinical trials involve baseline covariates associated with the misclassification of

a patient and treatment outcomes. Linear regressions are commonly used to analyze the



effects of covariates on the response variables. When misclassification errors exist, the
distribution of response variables can be modeled as a mixture of linear regression models.

More specifically, assume that { X Y;i}, g = 1,2, are covariates and outcome variables

gty
for patient 7 diagnosed in group g. Assume the misclassification error rates for the classifier

is 4 in group g, then the conditional distribution of Y, given X, = x can be written as
Y, Xy =2~ (1-6,)N(B,x,%,) + 0,N(Bjx,Sy) forg #g,g9,9 =1,2, (1.4)

where B, is the regression coefficient matrix for group g. EM algorithm can be applied to
estimate the parameters 8 = {d1, 92, By, Bo, %1, 3} in (1.4).

The linear assumptions in 1.4 are restrictive for some applications. Moreover, the mis-
classification error rates may be affected by the covariates and do no remain constant. To

relax these restrictions, we propose a mixture of nonparametric regression models.

1.6 Organization of This Dissertation

This dissertation is organized as follows. For outcomes with continuous multiple end-
points, Chapter 2 uses a mixture of multivariate normal distributions to account for the
effect of misclassification errors. We propose two methods for estimating and testing treat-
ment effects. In addition, methods for sample size and power calculations are developed. In
Chapter 3, we refine the methods in Chapter 2 by validation (training) data when available.
We derive consistent estimators of the misclassification error rates using a novel distance-
based criterion. When the normality assumptions are not appropriate but validation data
is available, we develop a fully nonparametric method in Chapter 4. We model the distri-
bution of the outcomes by a nonparametric mixture of unknown distributions. Functionals
of these distributions are used to characterize the treatment effects. We provide consistent
estimators and asymptotic distributions of estimators of the misclassification error rates as
well as the treatment effect. In Chapter 5, we propose a nonparametric finite mixture of
regression models to incorporate covariates information. We establish identifiability condi-
tions and derive an estimation procedure using the kernel methods and EM algorithm. We

conclude the dissertation with discussions and conclusions in Chapter 6.



Chapter 2 Multivariate Treatment Effects in Contaminated Clinical Trials

2.1 Introduction

In the development of drugs (therapy), clinical trials are commonly used to assess the effi-
cacy and safety of a treatment. In some cases, diagnostic devices or biomarkers are used,
especially in the recruitment stage, to separate the sample population into subgroups that
may respond differently to the treatment. However, such diagnostic tools usually do not
have perfect accuracy. In general, the misclassification error rates (false positive and false
negative rates) of these devices are unknown or assumed to be zero. They will cause con-
tamination in separating the sample populations, resulting in biased estimation of treatment
effects and overly optimistic sample size and power calculations. If we do not have a suf-
ficient sample size in clinical studies, we may fail to detect a significant effect when it is
present.

In the era of personalized medicine and measurement-based care, this issue of mis-
classifications in pre-stratified clinical trials has become prominent. US Food and Drug
Administration published a concept paper (Hinman et al., 2006) that recommends the clin-
ical validity (i.e., the ability of a test to classify subjects correctly) and clinical utility (i.e.,
the ability of a test to result in a classification that will improve the benefit/reduce the risk
of a drug) of a test be established in a pre-clinical pilot feasibility study. This goal can
be achieved through a pre-stratified (by diagnostic devices) randomized placebo-controlled
design or a pre-stratified pre-post or matched paired design. This chapter focuses on the
second type of design, but the method presented can be adapted easily to the first type of
design.

Despite the prominence of the issue, only a few works evaluated clinical validity in the
presence of diagnostic or screening misclassification. Most works focus on evaluating the
diagnostic devices themselves. Flahault et al. (2005) provide tables for sample size deter-
mination in diagnostic tests studies. Remotely related work is that of Lin et al. (2011) which

proposes sample-size adjustment in the situations where the group membership cannot be



ascertained until after the collection of sample. They proposed adjusting the sample size
according to a quantity called expected power in an ad hoc manner. Liu et al. (2009) inves-
tigated the estimation of continuous outcomes in the framework of enriched randomized
placebo-controlled trials where randomized treatment is only conducted on the subjects di-
agnosed as positive and the accuracy of diagnostic devices is not perfect. Under the same
design, Liu and Lin (2008) and Chen et al. (2013) studied binary and censored outcomes,
respectively. Li et al. (2015) analyzed the impact of companion diagnostic device perfor-
mance on the clinical validity of personalized medicine under the assumption that the true
values of the model parameters are known. However, in practice, the parameter values
are rarely known and need to be estimated from the observed data. Recently, Harrar et al.
(2016) tackled the estimation, sample size, and power calculation for a treatment effect in
the pre-post or matched-pair design accounting for possible diagnostic inaccuracy. How-
ever, their paper only considered the univariate case. In many trials, multiple outcomes
(endpoints) are assessed. The estimation and testing procedure in the context of diagnostic
misclassification is a lot more involved. Furthermore, the multivariate situation requires
larger sample sizes, and suitable finite-sample approximation is crucial.

This chapter aims to provide a complete set of methods for estimating and testing treat-
ment effects with multiple (multivariate) end-points in a pre-post design, where a diagnostic
device used for the screening (treatment assignment) is prone to misclassification errors.
The error rates may be available for some diagnostic devices from prior studies or evalua-
tions of the devices. We develop a moment-based test and confidence set procedures that
are accurate in finite (small and moderate) samples for this situation. The moment-based
method is generally easier to apply, accurate, and computationally inexpensive. However,
in some applications, the misclassification error rates for the diagnostic devices may not
be known in advance. For this situation, we propose a likelihood-based procedure for es-
timation and testing via an EM algorithm. We further develop a hybrid method that aims
to benefit from the advantages of both the moment- and likelihood-based approaches. In
the hybrid method, the misclassification error rates are obtained from the likelihood-based
procedure followed by estimation of the treatment effects by the moment-based approach.

Furthermore, the chapter provides sample-size determination and power calculation for-
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mulas for designing a study for a given specification by utilizing a novel finite-sample
approximation for the distribution of the moment-based statistic. The formulas produce
reasonable and reliable estimates of sample sizes and powers by accounting for misclassi-
fication error rates.

To achieve the above aims, we organize the chapter into seven sections, including the
present one. Section 2 presents the statistical model. In Section 3, we describe the theo-
retical motivation and derive moment-based and likelihood-based solutions. In Section 4,
we derive formulas for sample size and power calculations. We illustrate the utility of the
methods developed in Sections 3 and 4 with a simulation study and real-data analysis in
Sections 5 and 6, respectively. We conclude the chapter with discussions and remarks in

Section 7. All proofs and technical details are placed in the Appendix.

2.2 Statistical Model

Model and Parameter of Interest

Suppose a diagnostic test is applied to recruit n = np + ny subjects, of which np and
ny were diagnosed as positive and negative, respectively. Two probabilities of interest in
diagnostic test evaluation are positive predictive value (PPV) and negative predictive value
(NPV). Note that PPV is the probability that a person with a positive result will have the
clinical condition, say disease, of interest. In contrast, NPV is the probability that a person
with a negative result will be free from the clinical condition of interest. Here, we denote
the PPV and NPV of the tool in use for clinical diagnosis as (1 —¢) and (1—4), respectively.

LetY;; = (YE;)T, YEJQ-)T)T be the pre and post outcome measures on a p-dimensional
vector for the jth individual in the ¢th group, where j = 1,--- . n; and ¢ = D, H. Further,
let Z;; be the true disease status and X;; be the predicted disease status of the jth subject
in the ith group. Here, Z;; is not an observable random variable. The set of possible values

for Z;; and X;; are {D, H}, where D and H stand for diseased and healthy, respectively.

In this notation, Xp; = D and Xp; = H. Denote the conditional distributions of Y;; by

11



f(y;;|-) and of Z;; given X;; by P(Z;;| X;; = z). Using the Total Probability Law, we have

f(yi| Xij = 2) =f(y;;|Zi; = D, Xij = ) P(Zi; = D|Xi; = x)

+ f(yy;1Zi; = H, Xy = 2) P(Zy; = H|Xy; = x),

forx € {D,H}.

We assume that the pre and post outcome measures are continuous and can be mod-
eled by a multivariate normal distribution given the predicted disease condition. That is,
f(yi;1Xi;) is the pdf of a mixture of multivariate normal distributions that have equal co-
variance matrices and the mixing probabilities are PPV (1 — €¢) and NPV (1 — §) in the

diseased and healthy groups, respectively. More specifically,

f(yij‘Xij =z,0) ={(1 - 6)¢<Yij‘nD7 ¥) + €¢(yz‘j"'7Ha 2)}[{D}(:U)
+ {5¢(yzj|"7D, Y)+(1- 5)¢(yij|’rlH7 Z)}[{H}(ff),

where 0 = (€,9,mp, My, %), La(z) is indicator function of the set A, and ¢(Y|n,X) is
the pdf of a multivariate normal distribution with mean 7 and positive definite covariate
matrix Y. Here, Y;; is assumed to be conditionally independent of X;; given Z;;, and X;;
is a fixed design variable. We know that finite mixture of the multivariate Gaussian family
are identifiable up to label switching (Yakowitz and Spragins, 1968). To avoid the label-
switching problem here, we assume 0 < € < 0.5,0 < § < 0.5 and pp # py. For practical
applications, we need information outside the collected data to ensure these assumptions
hold.

We write np = (pp, up + 7p) " and ng = (pu, py + Tu) ", where pp and py are
pre-intervention response means in the diseased and healthy groups, respectively, and 7p
and 71y are the effects of the treatment in the diseased and healthy groups, respectively.

The parameter of interest is
A= Tp — TH,

where A = (dy,...,d,)" is the vector of differences in the treatment effect in the diseased

and healthy populations.
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Traditional Method

Traditionally, practitioners assume ¢ = § = 0 and use the Hotelling 7 statistic (Anderson,
2003) to make inference about A. More precisely, Ypi,---,Yp,,, is assumed to be a
random sample from Noy,(1p, X), Yr1, - -+, Yan, is assumed to be a random sample from

Ny, (nu, X) and the two samples are assumed to be mutually independent. Define

np ng
C = (—Ip L)px2p, Yp=np' ZYDJ‘, Yy =ny' ZYHj,
j=1 j=1
Sp = (TLD + ng — 2)_1((7’LD — 1)SD -+ (TLH — 1)5[{),
np

SD = (TLD — 1)_1 Z(ij —?D)(YDj —?D)T and

Jj=1
nH

Sy = (ng =17 Y (Y; = Y)Yy — Yor) T,

j=1
where I, is identity matrix of order p.
The Hotelling T statistic and its exact distribution given by Anderson(Anderson, 2003)

72 =" (O~ ) — Ag) T (CSpCT) OV — Vi) — Ao)

NMF 2.1

n—p—1
n—p—l p p—L

is used to test the hypothesis Hy : A = Ay. Furthermore, a (1 — «) confidence region for

A is obtained by inverting the Hotellings 7 test as

{A SE(O(YD —Ya) = A)(CSpCT) T (OYo - Yau) - A)  22)

(n—2)p
n_—p_le,n—p—l;l—a )

where F,,,_,_1.1—q 18 the lower 1 — « quantile of the I distribution with degrees of free-

<

doms (p,n —p —1).
In the context of study design, suppose we interest in testing the null hypothesis Hj :

Tp — Ty = Ay. The distribution of the test statistic in (2.1) at the alternative H; : 7p —

13



Ty = A for some fixed Ay #£ Ay is

T* =2 (Y = A (C5pCT) Y = Ay)
(n—2)p n B
M1t _’_Dﬂ_<A1 — A)T(CECT) (AL — Ay) ),

where F),,,_,_1 (£) is the F' distribution with degrees of freedom (p,n — p — 1) and non-
centrality parameter £. To guarantee a nominal test size « and power 1 — 3, the required

total sample size n = np + ny, where np/ny = mand 0 < m < o0, is the solution of

n—2)p
P (T2 > é_—]h)le,npl;la

Hl> = P<Y > Fp,nfpfl;lfa) =1- B; (2.3)

where

nm

Y ~ Fyppi (mml —Ap) (e HA, — Ao)) :

This equation has to be solved numerically.

The traditional estimation, test, and sample size calculation procedures above ignore the
diagnostic device’s inaccuracies. Therefore, as demonstrated in Section 2.5, they perform
poorly in terms of bias, coverage probability, type-I error rate, and power. The sample size

calculations and power analysis will be overly optimistic and misleading (see Section 2.5).

2.3 Estimation and Test

The Moment-Based Approach

Let us first assume that € and ¢ are known, but at least one of them is nonzero. In this case,
the statistic 7" will not have the Hotelling’s 7% distribution because the distributions of Y p;
and Yp; are still a mixture of multivariate normal distributions and the two distributions

are not the same even under the null hypothesis unless 1 — ¢ = . Now, since

OE(YD - YH) = (—]p, Ip)((l —e)np +eng —dnp — (1 = 6)nu)

=(1—e—=0)(Tp — Tn), (2.4)

the usual mean difference has a downward bias unless an adjustment by a factor of (1 —

€ — 5)*1 is made. Thus, an unbiased estimator of A = 7p — Ty iS

- 1
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Since

_ 1 1
Var(Yp) = EZ + %6(1 —e&)(mp —nu)(np — ’I7H)T and

— 1 1
Var(Yy) = EE + Eé(l —8)(np —nu)(np — 1) ',

(see calculations in Appendix 2.8), the variance of Ais given by

Ayt L SR
Var(A) “A—c—o2 cxC {TLD + HH} (2.5)
+{41—@+5u—®}AA1'
np ng

This shows that the variance of estimator A is affected by the covariance matrix of the
data, misclassification rates and the treatment effect A. When misclassification errors
exist, larger values of ||A|2 will reduce the precision of A.

An unbiased estimator of Var(A) is
Sx=(1—-e=0)2CSC", (2.6)

where S = n,'Sp + ny;' Sy. For testing the null hypothesis Hy : A = Ag, we propose to

use the test statistic

T2 = (A - A)T(Sx) 1A - Ay)
= (C(Yp —Yu) —vAg) (CSCT)™(C(Yp — Yu) — ¥Ay),

where ¢» = 1 — ¢ — §. The statistic 72 is asymptotically distributed as y? distribution
with p degree of freedom and non-centrality parameter np1?(A — Ag) T d7HA — Ay)
asnp — oo,ng — ooand 0 < m = np/nyg < oo, where & = Xp + 73y, Xp =
CYCT + €1 —€)AAT and Xy = CECT + §(1 — 6)AAT. Under the null hypothesis,
the non-centrality parameter is 0 and the decision rule is to reject the null hypothesis at
significance level avif 72 > X1 _a» Where X7, is the 1 —a quantile for the x* distribution
with degree of freedom p. By inverting the test T2, a (1 — «) asymptotic confidence region

for A is given by

{A(C(Yp—Yy)—yA)(CSCT)HC(Yp—Yu) —vA) < X2y_o}-
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The approximation by the limiting distribution tends to be inaccurate when the sample
sizes are not large. For small or moderate sample sizes, we propose approximating the
distribution of 7 by an F' distribution. The rationale for this approximation is as follows.
By CLT, it is easy see that C(Yp — Yy ) is asymptotically distributed as a multivariate
normal distribution. We propose approximating the distribution of C'SC'" by the Wishart
distribution W,(f, ¥), where f and U are determined by matching the first moment and
trace of the second moment. It would then be reasonable to approximate the distribution of
T> by an F' distribution with degree of freedom p and f. From the calculations in Appendix

2.8, we have
T? ~ pF ~ pF, ;(npt?(A — Ag) & 1A — Ay)), 2.7)
where the notation ”~" means “approximately distributed as” and f = fi/ f2, where

fi :tTZ(ED +7Xg) +tr((Xp + WEH)2), and
3

tr2 (2 tr(X?
g () + er(Sh) +

1 ‘
+— (1 —6e+66*) + (1 — 66 +60%)) tr*(AAT).
D

fa= (tr* () + tr(3))

To check the accuracy of the approximation, we ran a small-scale simulation and plotted
the empirical distribution of T superposed with the probability density curves of x? and F
approximations above (see Figure 2.10 in Appendix 2.8). We refer the reader to Section
2.5 for details on the settings and notations of the simulations for these figures. It is evident
from the figures that the F' approximation is more accurate than the y? approximation,
especially when the sample sizes are not large.

Under Hy, the non-centrality parameter in (2.7) is 0. The estimate of the degree of
freedom, fo, is obtained by replacing X p, ¥ 5 and A with their estimates Sp, Sy, and Ay,
respectively, in (2.16). Then the decision rule is to reject the null hypothesis at significance

level o if T2 > pF, 7 (1 — a). Inverting this test, a (1 — «) confidence region for A is

{A(C(Yp — Vi) = 6A)(CSCT) HC(Yp — Vi) = vA) < pF, 5, ).

p7f717a
where ]?is obtained by replacing ¥ p, Xy and A with their estimates Sp, Sy, and 3
respectively, in (2.16). One may also use the approximation in (2.7) to construct 7 simul-

taneous intervals(Johnson et al., 2007, pp. 275-276) for the components of A.
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The Likelihood-Based Approach

When the true values of ¢ and ¢ are unknown, and there does not exist training data to es-
timate them, the methods of moments developed in Section 2.3 are not directly applicable.
To overcome this limitation, we propose a likelihood-based method for making inferences
about A. Let Z;; be the true disease status of the jth subject in the ith group. Define the
matrix of observed values as:
Y = (Ypi,- ,Ypup: Yt Yy, '
Let the vector of true and predicted disease status be denoted by
Z:(ZD17"' 7ZDnDaZH17"' 7ZHnH)—r and

X = (Xp1, -, Xpnp, Xut, - Xeny) |

respectively. Further, let the corresponding realizations be

o T
y= (yDla"' ' Yonp Yu1, ’yHnH) )
_ T d
VAR (ZDI;"' yRDnpyRH1, """ 7ZHnH) 3 an
-
X = (IDb"‘ yTDnpy TH1, " " * 7anH) .

The random vector Z can never be observed. Therefore, we regard it as missing infor-
mation and compute the maximum likelihood estimator of 8 using expectation-maximization
(EM) algorithm (Dempster et al., 1977). The log-likelihood function for the complete data

(observed and missing) is

ZC(O) :Z [[{D}(ij){lOg(l - 6) + log ¢(yDj‘TID> Z)}
j=1
+ Iy (zpj){log € + log ¢(yp,ms, )}
+ Z [[{D}(ij){log5 + log ¢(ij|77D7 Z>}
j=1

+ Iy (z2y){log (1 = 8) + log ¢(y 5 mir, ©)1)].

The (¢ + 1) expectation (the expectation of the log-likelihood) and the maximization

steps of the EM iteration set

Q(O10Y) = By 10]Y, Z,X)] and 5-Q(0]6®) =0
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and solve the later for . The detailed derivations and initial values are given in Appendix
2.8. As is well known, EM algorithm can be very slow and may not converge to an appro-
priate root. (Lindsay and Basak Lindsay and Basak, 1993) noted in their simulation that
the MOM estimates gave higher initial likelihood value than the true values themselves.

~

Let the maximum likelihood estimator of @ be denoted by 0 = (?, 5\, Np,Nw. E).
The maximum likelihood estimator of the parameter of interest A = 7p — Tg is A =
Cnp — Cny. For estimating covariance matrix of 3, one may consider the supplemented
EM algorithm (SEM)(Meng and Rubin, 1991). However, the sample size requirement is
too large for practical application. An alternative approach is (Louis Louis, 1982) who
proposed a method for estimating the expected information matrix using results from the
EM algorithm. Our numerical calculations show that the resulting coverage probabilities
from this covariance estimation are mostly conservative, especially for higher error rates.
We propose to use the bootstrap estimator of the covariance matrix and denote it by Sp. For
testing the null hypothesis H, : A = 0, we propose comparing the statistic T = ATS;A

against the appropriate percentile of the x2-distribution with p degree of freedom.

MOM and EM Hybrid Approach

In the absence of the true error rates or training data, we can combine EM and moment-
based methods to get a hybrid procedure. More precisely, by using the EM estimates of ¢

and ¢, one can derive the moment-based estimators of A and Var(A) to get an alternative

test and interval estimators for A. Specifically, a hybrid estimator of A is

A=(1-¢-8)"'C(Yp—Yu),

where € and ¢ are MLE from the EM algorithm. The variance of A can be estimated by

plugging the estimators € and § into (2.6), 1.e.

—

Var(A) = (1 e S) “oscT

2.4 Sample Size and Power

Sample size determination is an essential aspect of study and trial designs. Ideally, the

sample size is derived based on the test statistic planned for the subsequent hypothesis
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testing. However, the required sample size cannot be calculated analytically in a close
form based on the bootstrap standard error recommended in the previous sections. To work
around this shortcoming, we develop sample size calculation formulas based on equation
(2.4).

Suppose we are interested in testing the null hypothesis Hy : 7p — Ty = A against
alternative H, : 7p — 7y = A, for A; # A,. For the nominal test size o and power
1 — f3, a formula for the required sample size of n = np + ny, where np/ny = 7 and

0 < m < oo can be derived based on the test statistic

~ JE— —_ 71 JE— —_

T?=[C(Yp—Yu) — A" (CSCT) " [C(Yp — Yu) — A, (2.8)
where S = %(S p + mSy) and Sp and Sy are the sample covariances of Yp, and Yy,
respectively, and ¢ =1 — e — 0.

When € and 4 are not equal to 0, the statistic T2 in (2.8) will not have the usual Hotelling
T*? distribution and, thus, (2.3) will give an incorrect sample size. Since T? is asymptoti-

cally distributed as y2-distribution with p degree of freedom when the sample size is large,

we can determine np using the approximation
72 2
P(T* > Xpu olHi) =1 8.

Under Hy, T? is asymptotically distributed as x? distribution with p degree of freedom and
non-centrality parameter npy?(A; — Ag) '@ (A — Ag), where ® = (1 + 7)CXCT +
(e(1 —€) +m5(1 — &))AA. When the required sample size are expected not to be very
large, we propose to use the F' approximation in (2.7). Accordingly, under H;, we have the

approximation
T? = pF ~ pF, 5, (npt* (A1 — Ag) O 1A — Ay)),

where f; is the degree of freedom f in (2.16) but A = A;.

Therefore, to find np we solve the equation
P(fz > pFy foi-alHh) ® P(F > Fpy 10 =1-5), (2.9)

where f is the degree of freedom f in (2.16) but A = A,. Note that when Ay = 0 and
m = 1, fo reduces to fo = np + ny — 2 as one would expect. Again, we do not have an

explicit solution for (2.9) and one has to use numerical methods to solve it.
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2.5 Numerical Study

In this section, we evaluate the performance of the proposed estimation and sample size
determination methods in terms of bias, type I error rate, power, and coverage probability.
We generate data from a mixture of multivariate normal distributions with common covari-
ance matrix as described in Section 2. For the purpose of numerical evaluation, we set the
covariance matrices of each component distribution of the mixture equal across pre- and

post-assessment, i.e.

> >
Cou(Y) = 1 212
S i

Furthermore, we set the covariance structure to
Y =0[(1—p)l, +pid,] and Xpp = paXyy,

and investigate the effects of large and small values o2 while fixing p; and p, at 0.1 and
0.25, respectively. Throughout the simulation section, we set level of significance to 0.05
and confidence level to 95%.

Estimation

Simulation Design

In Section 2.3, we introduced two estimators of the difference A = 7p — 7. These

estimators are
(1) the maximum likelihood estimator via EM algorithm (EMP),

(2) the hybrid estimator when we combine the estimations ¢ and § from EM algorithm

with the moments-based estimates (Hyb).

We evaluate the performances of the estimators and compare them with each other and the
traditional estimator that does not account for the misclassification errors.
The parameter settings are planned as follows. Sample sizes, np and ny, are always

100. We consider the effects of large and small values by setting 0> = 10 and 0> = 30. The
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value of A varies between 20% and 60% of o2, i.e. when o = 10, we consider A = 21,,
41, and 61, whereas when o = 30 we consider A = 61,, 121, and 181,,. For the mean of
multivariate normal distributions, we fix pup = 201, py = 101,, and 75 = 41, but allow
Tp to vary according to A. To check the effects of dimension, we consider p = 2, 3, 4.
We also investigate the values 0.1, 0.2, 0.3 for both ¢ and J to observe the effects of minor
to moderate misclassification rates. The number of simulations for each parameter value
combination is 1000, and the number of bootstrap samples for estimating the covariance
matrix in the EM algorithm is also 1000.

Suppose we interest in estimating A by A. We use three criteria for assessing the

performances of the estimators.

1. Relative bias (RB%):
RBY% = ||E(A) — All/||A]| x 100%,

where || - || is the Euclidean distance.

2. Standardized bias (SB%):

SBY% = \/(E(A) — A)SD(A)L(E(A) — A) x 100%.
3. Coverage probability (CP): the proportion of intervals that cover the true value of A.

Overall Comparison of All Estimators

To facilitate the comparisons between the competing estimators, we pull all the results
from different settings into a boxplot except for the simulation factors depicted in the axes
or panel labels. The boxplots are presented in Figures 2.1-2.6. Figure 2.1 summarizes all
the results for the estimators in boxplots. It is evident from Figure 2.1 that the traditional
estimator is the worst among the three estimators. Its coverage probabilities are much lower
than 95%, and its SB% and RB% are much higher than the other estimators. These provide
evidence that when misclassification errors exist, the results from the traditional estimator

are generally misleading.

21



1.00-

800~

o 075- g
S g ?}3; 600~
> - ~
£ Method 2 %° Method 3, Method
a ~ o]
%050 Edewe @ ==Y B3 ewe
© 050- o 3 J
g - B8 b § 0 B o
% - Trad E 2 - Trad g - Trad
o T 20-
g i3 S
8 0.25- & 200-
0.00- 0- o—tt— —'— (- — ——
EMP H'yb Trlad EMP H\l/b Trlad EMP Hlyb Trlad
Method Method Method
(a) Comparison of CP (b) Comparison of RB% (c) Comparison of SB%

Figure 2.1: Boxplots of CP, RB%, and SB% for all estimators.Trad is for the traditional
estimator; Hyb is for the hybrid estimator; EMP is for the MLE via EM algorithm.
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Figure 2.2: Boxplots of CP, RB%, and SB% for all methods except the traditional method.
Hyb is for the hybrid estimator; EMP is for the MLE via EM algorithm.

To make the comparisons between EMP and Hyb more precise, we exclude the tra-
ditional estimator in Figures 2.2-2.6. Figure 2.2 shows that both estimators have good
performances. Overall, the average SB%s are around 5%, and most RB%s are less than
1% for both estimators. The ranges and values of the RB% of EMP estimator are lower
than Hyb estimator. These show EMP estimator is more accurate than Hyb estimator. The
coverage probabilities of Hyb estimator are slightly higher than 95%, while the coverage

probabilities of EMP estimator are slightly lower than 95%. These imply that Hyb is more

conservative than EMP.
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Figure 2.3: Boxplots of CP of different methods for different p, A and 0. Hyb is for the
hybrid estimator; EMP is for the MLE via EM algorithm.

Effects of p, A, and o

Results for different values of p and A are presented in Figures 2.3-2.5. Figure 2.3 shows
that as the number of outcome variables increases, the coverage probabilities of Hyb be-
come lower but get closer to the nominal level, 95%. In contrast, those of EMP remain
relatively stable. The value of A affects the coverage probabilities of Hyb estimator, since
the coverage probabilities increases as A increases. On the other hand, the coverage prob-
abilities of EMP estimator remain stable under the changes of A. In Figure 2.4, we do not
see much difference in RB% among the different methods when p increase from 2 to 4,
but we do observe a clear pattern when A increases. We see that the values and ranges of
RBY% decrease as A increases for all the methods. These may be due to division by a large
number for RB% when A increases. Figure 2.5 tells us that the SB% remain stable when

A increases, but as p increase, SB%s of both estimators tend to increase.

Effects of € and §

We investigate the effects of misclassification error rates € and ¢ in Figure 2.6. From this
figure, we can see that EMP’s performance is stable over different levels of misclassifica-
tion error rates. However, the performance of Hyb is affected by ¢ and §. The CPs and RBs
of Hyb increase as € and ¢ get larger. When the misclassification error rates are high, Hyb

becomes conservative.
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Effects of Sample Size and Correlation

We also ran a simulation to check the effects of sample size, n, and correlations, p; and po,
on the performance of estimators. The results are included in Table 2.4 and 2.5 of Appendix
2.8. We note from Table 2.4 that the traditional method’s performance worsens as the
sample size increases from 20 to 200, while both Hyb and EMP have good performances.
From Table 2.5, we do not observe clear effect of correlation on the performances of either

of the methods.

Caution about EM-Based Estimators

From the comparison in Sections 2.5-2.5, we note that EMP estimator has stable perfor-
mances which are not affected much by the change in the number of variables and the
increase in the misclassification rates. However, by the nature of the EM algorithm, when
the separation of the two-component distributions in the mixture model is poor, the es-
timators tend to be inaccurate and the convergence rates are low. In our case, when the
distance between the mean vectors of two distributions is very small, the separation is
poor. In Table 2.1, we show the relative bias (RB%), standardized bias (SB%), cov-
erage probability (CP) and convergence rates (Cvg) of the EMP method. To illustrate
the key ideas, we limit our investigation to p = 1 and the other parameters are set as
0? =10,p = 025, up = 10, ug = 12,7y = 4 and np = ny = 100. Also, we set
ny = (12,16)" and vary np as np = (10,16)", np = (10,18)7, and np = (10,20)",
yielding different values of A. The separation between the two distributions is poor when
A = 2, i.e. when the euclidean distance between 15 and 71p is only 2.

From Table 2.1, we note that the results are rather unsatisfactory. The RB%s and SB%s
are very large, especially when A = 2 and the CPs are much lower than 95%. The conver-
gence rates are about 81%. Therefore, the computational time is much longer than that of
the other parameter settings. However, as the distance between 717 and 1 becomes larger,
the EMP method’s performance gets better. When A = 6, the RB%s and SB%s are around
3% and 20%), respectively, and the CPs are around 90%. The convergence rates are about

0.9. These show that when differences between the distribution of the two groups are larger,
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we can get more accurate estimators from EMP. Also, notice that low convergence rates al-
ways accompany inaccurate estimation. In practical applications, a slow convergence rate
could be indicative of poor separation of the component distributions.

Table 2.1: RB(%), SB(%), CP and Cvg (converagence rate) for EMP method when p =
1,0’2 = 10,,0 = 025,/”) = 10,/LH = 12,7'[.[ = 4,TLD =ng = 100.

0.1 0.3
A 5 RB%) SB%) CP Cvg RB%) SB(%) CP Cvg

0.1 82.747 130.793 0.668 0.813 84.967 100.368 0.711 0.811
2 03 81947 97.763 0.718 0.816 60.303 45.216 0.814 0.822
0.1 23280 99.629 0.709 0.841 25.443 97.683 0.734 0.830
4 03 27384 105276 0.704 0.835 27.962 80.292 0.853 0.839
0.1 2345 17.679 0913 0917 3.288 21.138 0.892 0.907
6 03 3435 22349 0902 0909 2561 13.395 0.931 0.892

Conclusion

The conclusions from the above simulations can be summarized as follows.

(1) When misclassification errors exist, the traditional estimator for the treatment effects

is severely biased.

(i1)) The EM-based estimator has stable performances over a wide range of misclassi-
fication rates and the outcome’s dimension. However, the accuracy of EM-based
estimator is affected by the separation between the two component distributions. In
practice, we need to check the EM algorithm’s convergence rate to see if the separa-

tion of the two component distributions is of concern.

(iii)) The moment-based estimator has small to moderate biases, but the test based on it
is more conservative than the EM-based test. Our numerical investigations (not re-
ported here to save space) revealed that the bias tends to grow with ||A[|?. Looking
at the variance of A in (2.5), overestimation of the variance of A is likely to hap-

pen from estimation errors in ¢ and §, and the magnitude of A. Therefore, when
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||A]|? gets large, so does the bias, and the tests are likely to become conservative.
Nevertheless, the moment-based method is easier to use and faster to compute.
Power and Sample Size

In this section, we evaluate the adequacy of the sample sizes determined by (2.9) in terms
of the power achieved by moment-based test in Section 2.3 and EM-based test in Section
2.3. Also, for a benchmark comparison, we compute the sample size and power of the

traditional test that ignores misclassification errors. In total, we compare three methods:

1. traditional test (Tra) that ignores group classification errors with sample size from

(2.3),

2. moment-based test (MMF) that uses the same test statistic as the moment-based

method (MM) but the sample size is obtained through (2.9),
3. EM-based test (EMF) uses the same test statistic as EM but the sample size is ob-
tained through (2.9).
Criteria and Parameter Settings

We investigate three values for p = 2,4,6. Also, we consider three settings of values for

the parameters governing each component of the mixture distribution:

1. (6%, p1, p2, Dy D + Toy fomrs poor + 1) = (2,0.25,0.1, 41, 61,121, 15.81,,) T,

2. (Uzaplap%ﬂD?MD + ™D, UH, HH + TH)T = (707 037027 401177 5011)’601}7778117)—'—

and
3. (02, p1, p2, Dy op + Tpy pmr, im + 7)) T = (90,0.5,0.1, 301, 501, 701, 1001,) .

The values of € and § are varied between 0.1 and 0.3 to reflect low and moderate mis-
classification rates. For each scenario, we generate 1000 simulated data sets. The sample
sizes for each data are determined through expression (2.3) and (2.9) for a pre-specified test

size av of 5% and target power of 5 = 80%. The scientific interest is to test the statistical
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Table 2.2: Sample size required through traditional method (2.3) and new method (2.9) for
test size a = 5% and power 1 — 3 = 80% when p = 2. Tra is the traditional method.

€ 0.1 0.2 0.3
Setting ¢ 0.1 02 03 0.1 02 03 01 02 03

Tra 17 17 17 17 17 17 17 17 17

! New 26 34 47 34 48 70 47 70 111

5 Tra 26 26 26 26 26 26 26 26 26
New 39 52 71 52 71 104 71 104 164

3 Tra 27 27 27 27 27 27 27 271 27

New 41 55 75 55 76 110 75 110 174

significance of null hypothesis Hy : A = 0 vs. H; : A # 0. The empirical test size and
power for each parametric combination are calculated as a proportion of data sets for which

Hj is rejected under the null and alternative hypothesis, respectively.

Overall Comparisons

From Table 2.2 we see that the sample sizes needed by the traditional method are much
smaller than the other method that accounted for misclassification errors. The sample sizes
needed are much higher when the misclassification errors are moderate than when they are
small. Figure 2.7 provides comparisons of power and type I error rates. The power of
the traditional method is too low to be reliable when classification errors exist. We also
see that Type I errors of all the other methods are not far away from 5%. The moment-
based methods have powers close to the nominal level, 80%, and the powers of EM-based
methods are close to 1. These show EM-based methods are more powerful than moment-

based methods.

Effect of p

To make the discrepancies in performance between the two new methods (MMF and EMF)
clearer, we exclude the results of the traditional method in the following comparisons.
Figure 2.8 shows results for the number of variables p and the three different parameter

settings. As the number of variables p increases, the powers of all the methods increase.
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Figure 2.7: Boxplots of power and Type I error for all methods. Tra, traditional test that
ignores group classification errors; MMF, moment-based test; EMF, the maximum likeli-
hood estimator and parametric bootstrapping-based test. The sample sizes for MMF and
EMF are calculated using equation (2.9).

This is because we need a larger sample size when p gets larger. The plot in the right panel
of Figure 2.8 shows that when p increases, the type I errors of EMF increase, but MMF is

less affected.
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Figure 2.8: Boxplots of power and Type I error for different parameter sets as p increase
from 2 to 6. MMEF, moment-based test; EMF, the maximum likelihood estimator and para-
metric bootstrapping-based test. The sample sizes for MMF and EMF are calculated using
equation (2.9).

Effects of ¢ and 6

To examine the roles the misclassification error rates, € and 9, play in the performances

of the methods, we report the type I error and power results in Figure 2.9. MMF powers
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remain close to 80% as ¢ and e change, and the type I error rates decrease as the misclas-
sification error rates increase. In this figure, it may seem that the power of EMF increases
as € and 0 increase. Notice that the sample size needed is larger when the misclassification
error rates are higher. The gain in accuracy from the increase in sample size appears to out

weight the effect of the increase in misclassification error rates.
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Figure 2.9: Boxplots of power and Type I error for different e and 6. MMF, moment-based
test; EMF, the maximum likelihood estimator and parametric bootstrapping-based test. The
sample sizes for MMF and EMF are calculated using equation (2.9).

Conclusions

From the comparisons above, we can make the following conclusions. (i) Sample size
calculation using the Hotelling 7" tests that ignore group classification errors can severely
limit the ability to detect the true treatment effect. (ii) Sample size based on F-approximation
that accounts for misclassification errors achieves the desired power. Type I error of the
moment-based method using the sample size based on F' is close to the nominal level. (iii)
The test based on the maximum likelihood estimator with the parametric bootstrap covari-
ance matrix is more powerful than the moment-based method, but it has higher Type I error
rates. The advantage of the moment-based method is that it is easier to use and requires
less computation time. Also, the method of moments allows the calculation of sample size

for a given power and type I error rate.
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2.6 Illustrative examples

This section analyzes a publicly available data obtained from the University of California-
Irvine Machine Learning Repository !. The data was collected to examine Electroen-
cephalograph (EEG) correlates of genetic predisposition to an alcohol use disorder. There
are two groups of subjects, one with and the other without alcohol use disorder. There
were 122 subjects. Based on the self-reported questionnaire, 77 participants were grouped
as having alcohol use disorder (denoted as D in this chapter), and 45 were grouped as not
having alcohol use disorder (denoted as [ in this chapter). Their baseline brain activities
were recorded using Electroencephalograph (EEG). After the baseline assessment, visual
stimuli were presented, and the brain activities were measured again.

The outcome measurements are Event-Related Potentials (ERP), indicating the electri-
cal activity level (in volts) in the region of the brain of each of the electrodes. Measurements
from 64 electrodes placed on the subject’s scalps were recorded for one second. Each chan-
nel (electrode) has a name identifying its location on the scalp. The names are composed
of a letter and a number. The letter identifies the anatomical location of the electrode’s
placement (F-frontal lobe, T-temporal lobe, P-parietal lobe, and O-occipital lobe). The
number identifies the brain’s hemisphere (odd number - the left hemisphere, even number
- the right hemisphere, and letter z (zero) - the midline). For this example, we focus on the
activity recorded on EEG electrodes placed at the O1, Oz, O2, PO7, PO1, POz, PO2, and
PO8. These channels correspond to the occipital lobe and parietal lobe of the brain, lobes
responsible for visual processing and spatial relationships. It is hypothesized that a re-
sponse to the visual stimulus would significantly differ between subjects with and without
alcohol use disorder.

The classification of alcohol use disorder is based on a self-reported questionnaire.
Thus, it is clear that this assessment is subject to diagnostic error, i.e., the misclassification
error rates may not be 0. Therefore, we illustrate the estimation of difference in pre and

post stimuli caused brain activity (A) between the two groups of subjects as measured by

ERP.

"Web address: https://archive.ics.uci.edu/ml/index.php accessed on May 6, 2020.
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Table 2.3: Estimates of differences in pre and post brain activity (A) between alcoholic
and control groups and p-values for testing significance.

EEG electrodes
Method Ol 02 Oz PO1 PO2 PO7 PO8 POz p-value

Trad 1.209 0.865 0.205 0.692 0.849 0.797 0.968 0.442 0.660
Hyb 1.514 1.084 0.256 0.867 1.063 0998 1.212 0.553 0.750
EMP 2143 1.840 0.637 1451 1549 1368 1.778 0.926 <0.001

Table 2.3 summarizes the estimates of change in activity at each of the channels and
the corresponding p-values by the three methods. EM algorithm may converge at a local
maximum, and we may arrive at the different maximal points from different initial values.
In our case, by setting different initial values for ¢ and 9§, we got more than one maximal
point for the likelihood function. However, there is only one maximum point that satisfy
the constraints 0 < ¢ < 1/2and 0 < 6 < 1/2. The estimated value of ¢ is 0.201, and
that of ¢ is close to 0. From these results, we observe that the estimate of pre-post mean
differences for the traditional method are smaller than the estimates from both hybrid and
EM estimators. The hybrid estimates are also smaller than the EM estimates. These results
confirm our observations in the simulation. The hybrid estimator gives results closer to
the EM estimator than the traditional method and demonstrates lower power with inflated
coverage probability. According to the EM method, there are significant differences in
pre and post stimuli brain activity (A) between the groups with and without alcohol use
disorder. Therefore, alcohol use may affect brain activities related to the visual procession
and spatial relationship.

For a future study where parameters are expected to be similar to the ones observed in
the present study, the sample size needed according to (2.9) to detect a pre-post difference
as the hybrid method estimate with 80% power at 5% level of significance would be 158
patients with alcohol use disorder and 93 patients without alcohol use disorder. On the
other hand, if we need to detect a pre-post difference as estimated by the EM method
estimate, according to equation (2.9), we require 96 patients with alcohol use disorder and
57 patients without alcohol use disorder. Note that the sample size calculated here is not for

the EM and parametric bootstrap-based combined inference. At present, we do not have a
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mechanism for sample size determination for such an approach.

2.7 Discussion and Conclusion

Two approaches, moment-based and likelihood-based, are proposed to estimate treatment
effects in pre-post design when diagnostic devices used to classify subjects are fallible.
We also derived formulas for sample size calculation based on a novel F' finite-sample
approximation for the distribution of the moment-based test statistic. Numerical results
showed that traditional methods that ignore misclassification errors lead to unacceptably-
large bias and overly optimistic sample size. We should avoid the traditional methods
unless there is a strong reason to believe the diagnostic device is perfect. All the methods
proposed in this chapter have satisfactory performances in terms of bias, type I error rate,
power, and coverage probability. The EM-based methods provide more accurate estimators
and more powerful tests than the moment-based methods. However, we cannot use the
EM-based test statistics to determine the required sample size because there is no closed-
form expression for the covariance matrix of the estimator. Furthermore, we need to check
the EM algorithm’s convergence to see if the separation between the group distributions
is poor. The estimators from moment-based methods are accurate, but the corresponding
tests are a bit conservative. The advantage of the moment-based method is that its form
is more familiar to the average practitioner and, hence, they are easier to use and faster to
compute than the EM-based method.

In our model, we assumed that the covariance matrices of the two groups are the same.
This assumption is not generally restrictive because it is reasonable to postulate that treat-
ment changes only the mean of the distribution. However, in the more general setting, this
assumption can be relaxed. The covariance matrices of the two groups depend on mis-
classification rates and yield different values when they are different. To allow different
covariance matrices, we need to recalculate the covariance matrix of the moment-based
estimator and the corresponding sample size determination formulas. We also need to re-
formulate the likelihood-based approach and recalculate the corresponding E and M steps.
We will leave a detailed analysis of this problem for future research.

The problem considered in this chapter involves a continuous multivariate model in
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which we assume the pre and post outcome measures are a mixture of multivariate normal
distributions. It might be possible to relax this assumption and consider a fully nonpara-
metric framework. Other outcome types such as categorical, ordinal, survival times, and
functional outcomes also need further investigation. It is also essential to investigate other
study designs such as clustered randomized design and cross-over design. We defer these

topics for future researches.

2.8 Appendix

Technical Details

In this subsection, we provide detailed calculations and technical details for the results

presented in Section 2.3.

Derivation of Var(Yp) and Var(Yy)

We show the calculations only for Var(Yp), and those for Var(Yy) are the same with the

obvious changes of notations. Notice that,

Var(Yp1) = E(Yp1Y,) — E(Yp1)E(Yp1)T

=(1—e)E(Xp1 X))+ eB(XmX}) —E(XYp)E(Yp)",
where Xp; ~ N(np,X) and Xy, ~ N(ng, ). Since,

E(Xpi X)) =X4nom),, EXmXp) =S+numy, E(Ym)=(1—enp+enu,

we have
Var(Yp1) =(1 = €)(Z + npnp) + (S + nunjy)
— (1 =e)np+enu)((1 — )np + enp) "
=X +e(l—€e)(mp—nu)np —nu)".
Therefore,
_ 1 1 1 T
Var(Yp) = —Var(Yp1) = —X 4+ —e(l —e)(mp —mu)(mp — ng) -
np np np
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Derivation of EM algorithm

The log-likelihood function for the complete data (observed and missing) is

1c(0) :Z [I{D}(sz){log(l —¢€) + log ¢(YD]'|77D7 ¥)}
=1
-+ I{H} (sz){log €+ 1Og ¢(YDj|nH7 E)}}
+ Z [Zipy (z;){log 6 + log ¢(y;lmp, E)}
j=1

+ Iy (25){log(1 — 8) + log ¢(y s [mar. £)})]
E step: For the (¢ + 1) expectation step of the EM algorithm,

Q(0160) =Ey[1(8]Y, Z, X)]

np np
=Y KV log(1— ) + > KV log é(yp;|np, D)

j=1 j=1

np np
> (1= K ) toge+ 3 (1= K1) log 6(ypInn, %)
j=1 J=1

nH ng
+ 3K logd + Y Ky log é(y,lmp, ¥)

Jj=1 J=1
nyg ny

+ Z (1 - Kg.)) log(1—19¢) + Z (1 - Ké?) log ¢(y M. X)),
j=1 J=1

where

(1 — €M) (yplnfy, £0)
(1— €M) (yp;nly, BO) + ey, |miy, 5O)
(t) _ 5(t)¢(YHj|T’g)a Z(t))
K SOy ;) ) + (1 — ) (yy; iy, BO)

t
K =

and (2.10)

(2.11)

Noting that

1 1 _
log ¢(yDj"'7Da ¥)= —§log %] = §(YDJ‘ - UD)TE 1(YDj —np) +C,

1 1 B
log (¥ p;|ni, %) = =5 log %] = 5 (¥p; — nu) S (yp; — ) + C,

1 1 _
log ¢(ij”'7D> Y) = —§log %] — §(YH]' - nD)TZ 1<ij —np) + Cand

1 1 _
log ¢(ij|nHa ¥)= —§log 2] — 5()’1{;‘ - TIH)TE 1(ij —nm)+C,
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we have
Q(OIG“)) :EW) [l<9|Y7 ZvX)]

np np
:ZKS.) log(1 —¢€) + Z <1 — Kf?) log e
=1

j=1
1y:4 nH
+ ZK%) log § + Z (1 — (t)) log(1 —4)
oy =
1 _
+ Z K —— log |2 — (yD] nD)TE 1<yDj —np) + (]

1 _
+ Z (1= KLY -5 log 5]~ 5 (v —m) "5 (¥ — ) + )
1 _
+ Z Ké?[ 5108 15| = S = 1) T (v — m0) + )

+ Z <1 B K§§)> [—— log [X] — (YH] M) SN (¥ — mu) + C).

J=1

M step: For the maximization step of the EM algorithm, setting 2Q(6/0")) = 0,

oQ
e :_Zl——ljeJrZ GUIO’

]:1 ]:1

9Q(010) _ W Ks) | N1 Ky
a5 = 5 = 1-9 ’

_]:1 j:1

0Q(0161) X
Q | ZKIJ yD] D) +ZK2] (YHj —np) =0,

677D Jj=1
50(010 1D < -
AOI0) S0 5y )+ 300~ Ko 3 — ) = 0,
i=1 7=l
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(9|9 Z Ki;(5™ =X yp; —np)(¥yp; —np) 57
) Z(l — Ky) (27 = S7(yp; — ) (Yp; —nm) 27
- % Z KQJ‘(XF1 - Eil(YHj - UD)(YHJ- —np)'E7h

- %Z(l — Ko)) (X =Sy —nm)(yu; —nm) 2T =0.

Solving for 6,
np K(t) Z’"LD K +Z K(t) ‘
T 13 YDj 2 YHj
) n t) (¢ ’
Jj=1 p Z z K( +Z sz)

t
oKLY (t+1) Z] 1 (1 - K£j)> Yp; t Z o <1 - K2(j)> Yu;

SHD 2SO DB )

7=1 H np +nH - <ZnD Klj + Z K2]>

and

T
Z] 1 K(t) <YD] n(D)) <YD] - ng))

N+ —
np + Ny
.
n t t t
255 (1 - Kf}) (ypj - 775{)) (yDj - n?)
+
np +ngy
n t t t
.\ 270 Ky (ij - 1753)) (yHJ 779)
np + Ny
n t t t
.\ 2% (1 - K§f> (ij - 772)) (yHJ nﬁf)
np +nug

For initial values, estimates of PPV and NPV from previous trials of effectiveness for the
diagnostic tool, if available, can be used. For the other parameters, the method of moments

(MOM) estimates 71p, 75, and 3 will be used. Here,

__ (1=0)yp—¥r - _(1=¥yg—0¥p
Mp =75 M= o and (2.12)
= ~ np 6(1 — 6) nyg (5(1 — 5) _ _ _ — \T
Y= Sp— — —
Sp (nD+nH A—6-02 " nptnn (1_5_6)2)@,3 Yu)Yp = ¥u)

(2.13)
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where

Sp = (np+ nH)_l(anD + anH),

np

Sp=np"> (Yp; —Yp)(Yp; — Yp)  and (2.14)
j=1

Su=ny' ) (Yu;j —Yu)(Yu; — Yu)'.
j=1

It is possible that 5 may not be positive definite. In that case, we ignore the second term in

(2.13).

Derivation of degree freedom for 7' approximation
Notice that
T2 = (C(Yp — Yu) — &) (CSCTY HC(Yp — Yu) — Ay).

First, we propose the approximations

npCSCT ~ W, ( 3 ?) ,

where the notation ”~" means “approximately distributed as.” The first of these approxi-
mations come from the limiting distribution, and the second one is motivated by the exact
distribution of .S if there were no misclassification errors. It would therefore be reasonable

to make the approximation
T2 ~ pF ~ pE, ;(np*(A — Ag)TdHA — Ay)).

To account for the misclassification errors in approximating the distribution of n,CSC'T,
we use the method of moments to approximate the degrees of freedom f and scale matrix
for the Wishart distribution ¥ by matching the first and trace of the second moments. For

W ~ W,(f,¥), we know (Magnus and Neudecker, 1979) that

EW)=fVU, and Var(W)= f(l2+ Ky,) (Vo V),
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where ® is the Kronecker product. On the other hand, E[npCSCT| = ®. Matching the

first moment, we have U = % Furthermore, to determine f we match the trace of the

second moment as

tr(f(lpe + Kpp) (¥ @ V) = tr(Var(npCSC™))

= n%tr(Var(C’SDC'T)) + n%tr(Var(CSHCT)).
D H

Solving for f, we get

tr<<lp2 + Kp,p)(fq/ ® f¥)) . tr((jzﬂ + Kp,p)(q) ® ®) _ tr@))z + tr(cI)Q)
tr(Var(npCSCT)) — tr(Var(npCSCT)) — nitr(Var(CSCT))’

f=

The remaining task is to calculate tr(Var(CSC™)). Notice that S = %S D+ %S H-
Since Sp and Sy are independent,
T 1 1 T
VGT(CSC ) =Var | C —SD + —SH C
np ng

= 1 VCLT(CSDCT) + %V(IT’(CSHCT)

np 2
The covariances Var(C'SpC'") and Var(C'SgC'") can now be calculated separately. Since
the caculations are identical, we show the details for Var(C'SpC™) and those for Var(CSpCT)

are identical except the obvious changes of notations. To that end, observe that

1 & — —
CSpCT = pp— > C(Yp; —Yp)(Yp; — Yp)'CT
j=1
1 1 T~T
= CYp (I, — —Jn, | YoOT.
np — 1 np

Setting Zp = Yp — E(Yp), A = (a;5) = (I 1y

np  np nD)’ and B = (b”) =
(an — %Jn}»,we have

np
CSpCT = C(Zp: —Zp)(Zp;, —Zp)'CT = CZpAZLCT.
D nD—ljZ; (Zpj —Zp)(Zp; — Zp) s
Similarly,
~ (Dl) 2 1 2 1
Zp=CZp=C = (2 _zg},...,zg;D —Z%LD).
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Therefore, 7 p 1s p X np matrix whose columns are independently distributed with mean

0 and covariance ., where
Yp=CXC" +¢(1—e)AAT.

Applying Lemma 1 in Harrar and Bathke (2012), we have

np mnp np

Var (ZpAZ) =3 a3 (e + K,)(Sp @ Sp) + Y a2 Ku(Z,),

i=1 j=1 =1

where
Ky(Zp,) =K4(Zp,)
:E(vec(ZD1 Zgl)vec(épl Zgl)T)
— (Le + K,,)(Xp ® Bp) — vee(Xp)vee(Xp) .
Now it remains to calculate E(vec(Zp, Zgl)vec(zpl Z,;)T). Let Zp, = (Zpui, . . ., Eplp)T.
Then

E(Uec(le Zgl )vec(ZD1 Zgl )T)

:E(ZDl Zgl ® ZDl Zgl)

ZDHZDH e EDllngp ZDHZDH te ZDHZDlp
=F ®
ZDlpZDll e ZDlpZDlp vaDl]oZDll e ZDlpZDlp
ZDHZDHZDHZDH te ZDllngpZDlllep
ZDlpZDHZDlpEDH T ZDlpEDlpZDlpEDlp

We need to find E(ZDMZDUZDMZDM). Notice that

84

E<ZDlzZD1]ZD1kZD1h) m
kO,

¥z, (),
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where ¢ (t) is the characteristic function of Z,. Since Z, = CZ, = C(Y, — E(Yy)) =
C(Y1 = [(1 — €)np + engl), we have
Yz, (t) =exp(—it" [(1 — e)np + enul) ¥y, (¢)
1
=exp(—it' (1 - €)np + enx)) [(1 —€) exp (itTnD — §tTEt)
1
+ eexp (itTnH — §tTZt> }
LT LT
=(1 —€)exp <ezt (np —ng) — §t Et)

1
+ eexp ((1 — )it (Mg —mp) — étTEt)

and

Uz, () =¢2,(CTt)
=(1 —¢)exp <eitTC’T(nD —Ny) — %tTCZC’Tt>
+ eexp ((1 —e)it"CT(ng — np) — %tTC’ZCTt>
=(1—¢€)exp (eitTA - %tTCECTt)
+ €eexp (—(1 — )it A — %tTCZCTt> :
Set (w;;) = CXCT and note that A = (dy, . .., d,), we have

E(ZDliZDljZleZDlh)
=wijwih + Wikwjn + wiswin + €(1 — €) (€ + (1 — €))did;dyd 15

+ 6(1 — e)[wijdkdh + wikdjdh + wjkdidh + wihdjdk + thdidk + wkhdidj].

Then by Lemma 1 in Harrar and Bathke (Harrar and Bathke, 2012) and properties of
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trace operation, we have

i (Vor (Z04075)) = 103 e oo + (%)
+ Za; (tr(B(vec(Z, 2], )vee( Zn, Z,)7)) )
_ Zl aZ ((tr(Ep)? + tr(53)) — tr(vec(Ep)vec(Ep) ")
:”fj: —Lir(p)? - 2200 = Dy
(np —1)° Z Z E(Z%,7%,).

i=1 j=1

From equation (2.15) and definition of >, we have

p p p p
Z Z E(Z%MZ%U) = Z Z(wiiwjj + 6(1 - 6)(,0“613 + 6(1 - E)Cdjjd? + 62(1

i=1 j=1 i=1 j=1

PP
+2 Z Z w; + 2e(1 — e)wijdid; + (1 — €)*dd?)

i=1 j=1
P
+ Zel—e (1 —6e+ 6€*)d:d?,
i=1 j=1
PP
tr(£0)* =33 (wa + el — d?)(wyy + (1 — €)d?)
i=1 j=1
PP
= Z Z(wiiwﬂ -+ 6(1 — e)w“df -+ 6(1 — E)Wjjd?
i=1 j=1
+ *(1 — ¢)?d}d;) and
PP
Z Z wij + €(1 — €)d;d;)?
=1 j5=1
PP
= Z Z (Wi + 26(1 — €)wyjdid; + €(1 — €)*did5).
i=1 j=1

Thus,

p p

YN E(Z}Z1y;) = tr¥(Sp) + 2tr(Sh) + (1 — 6e + 62)tr* (AAT).

i=1 j=1
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Therefore, we have

tr (Var <ZDAZE>) =(np — 1)(tr*(Xp) + tr(}))

—1)?
+ Mu — 6e + 62)tr?(AAT).
np
Similarly, for Zy = Yy — E(Yy) and

(1)
~ z
ZHCZHC( . )(Z%Zg)p-- L, ~Zipn,):

Z

we have

tr (Var (ZHBZITI>) —(ny — D)(tr(Sn) + tr(2%))

12
+ Mu — 60 4 66%)tr*(AAT).
nH
Finally,
tr(Var(CSC™))
=tr (LQVCLT(C’SDCT ) (LQ CSHC’T)>
"D oz

:étr (Var (TLD — ZDAZD>) Tz (Var (nHl— 1ZHBZE))
:mtr <Var (ZDA >> 2 nH 1y ——tr (Var (ZHBZI—5>>

(tr?(Sp) + tr(X%)) + (tr?(Sg) + tr(X%))

" (np — 1) nH<nH —1)

+ ( : (1 — 6e + 6€%) + 13 (1 —65+652)) tr’(AAT).
ni

gy

Recalling ® = ¥p + 7¥y and 72 =

o tr2(®) + tr(®?)

i (Var(CSCT))’ (210
where
tr?(®) + tr(®*) = tr*(Sp + 75y) + tr((Xp + 75x)?)  and
3
r(Var(€SOT)) = (1r*(Sp) + 1r(Sh)) + — " (1r*(S) + tr(5))
D— D~
+ ni (1 —6e+6€*) + (1 — 60 + 66%)) tr*(AAT).
D
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Supplemental Simulation Results

This subsection contains additional simulation results that are discussed in Section 2.3 and

Section 2.5

Simulation Results for /" and \? Approximations

p=2, np=ny=20 p=2, np=ny=50
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Figure 2.10: Histogram of T from 10000 simulations. Superposed are the density curves
of x? (dashed line) and F (solid line) approximations when € = § = 0.1, np = (20,30) ",
ny = (10,14) 7, 02 = 10, p; = 0.1, and p, = 0.25.
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Effects of Sample Size and Correlation on Treatment Effect Estimation

Table 2.4: RB(%), SB(%) and CP(%) results when p = 2, 02 = 10.

Trad

Hyb

EMP

RB

SB CP

RB

SB

CP

RB

SB

CP

0.1
0.1

20
50
100
200

18.121 38.617 93.8
20.088 67.849 922
19.450 93.000 86.6
19.837 132.051 78.2

2.309
0.633
1.067
0.475

3918
1.904
4.404
2.925

94.3
95.6
93.5
94.9

0.678
0.760
0.722
0.487

1.446
2.678
3.785
3.729

93.0
93.9
934
95.0

0.3

20
50
100
200

41.555 88.950 88.8
40.017 136.360 78.9
40.163 188.878 61.6
40.715 272.356 32.2

3.059
2.128
1.777
1.612

3.903
4.716
5.610
6.838

94.3
95.3
95.3
95.5

2.231
2.066
1.082
0.828

4.284
7.138
5.695
5.828

92.5
94.4
95.3
95.0

0.1
0.3

20
50
100
200

39.692  84.644 90.5
39.257 132102 81.1
40.181 195.060 64.2
40.934 274266 304

4.301
1.434
0.536
1.496

6.102
3.086
1.649
6.284

94.5
94.1
95.2
95.6

3.187
0.517
1.283
0.160

7.105
1.853
6.803
1.110

93.7
95.4
95.8
93.9

0.3

20
50
100
200

61.354 126.612 829
58.265 196.963 63.8
60.407 274.947 309
60.073 406.278 4.6

10.185
4.410

1.704

0.901

7.836
5.663
3.205
2.701

93.4
94.2
95.0
95.4

10.547
0.398
0.964
0.452

14.920
1.237
4.901
3.241

90.7
94.9
94.1
94.6

Table 2.5: RB(%), SB(%) and CP(%) results when p = 2,02 = 10, A = 21,

(9, €)

Trad

Hyb

EMP

(p1, p2) RB

SB

CP

RB

SB

CP

RB

SB

CP

(0.1,0.1)

(0.1,0.25) 19.450
(0.1,0.7)  20.044
0.5,0.7)  20.775

93.000
147.863
133.209

86.6
76.7
81.0

1.067
0.208
1.251

4.404
1.336
7.082

93.5
96.1
95.7

0.722
0.121
1.168

3.785
0.996
9.943

93.4
95.7
93.5

(0.1,0.3)

(0.1,0.25) 40.163
(0.1,0.7) 40385
0.5,0.7)  39.242

188.878
291.578
247.570

61.6
26.2
422

1.777
1.072
0.633

5.610
5.064
2.595

95.3
95.0
96.1

1.082
0.714
0.246

5.695
5.433
2.629

95.3
94.7
95.1

(0.3,0.1)

(0.1,0.25) 40.181
0.1,0.7)  40.577
(0.5,0.7)  39.887

195.060
285.623
244.200

64.2
26.5
40.7

0.536
1.327
0.433

1.649
6.084
2.983

95.2
94.2
95.7

1.283
0.801
0.781

6.803
5.906
4.933

95.8
93.0
94.0

(0.3,0.3)

(0.1,0.25) 60.407
(0.1,0.7)  60.325
(0.5,0.7)  60.205

274.947
423.851
361.249

30.9
33
10.1

1.704
0.741
1.792

3.205
2.392
5.793

95.0
95.8
95.7

0.964
0.729
0.533

4.901
6.153
5.251

94.1
95.1
94.2
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Chapter 3 Estimation of Misclassification Error Rates

3.1 Introduction

Pre-stratified pre-post designs are commonly used in clinical trials to assess treatment ef-
fects. Diagnostic tools are used to stratify the participants into different groups, and these
tools usually are imperfect. Traditional methods ignore the misclassification errors which
leads to biased estimators and inaccurate tests. Only few works evaluated treatment effect
when this misclassification error exist in some special situations and most works concen-
trate on estimating the accuracy of the diagnostic tools.

To fill in this methodological gap, Chapter 2 introduced two methods, the moment-
based and the likelihood-based, for estimating and testing treatment effects when imper-
fect diagnostic devices are used. When available, more expensive and accurate diagnostic
devices may sometimes be used to identify the actual group membership for some of the
participants. In this case, we can obtain validation data to enhance the accuracy of the
treatment effect estimation. Among the earliest works, Tenenbein (1970) proposed a dou-
ble sampling scheme for estimating the proportion when there is misclassification on class
membership. More recently, some researchers applied this strategy to assess disease preva-
lence. For example, Nedelman (1988) and Lie et al. (1994) used this scheme to investigate
malaria prevalence in Nigeria and congenital malformations in Norway, respectively. Qiu
et al. (2019) proposed test procedures for comparing disease prevalence rates in two groups
when both classifiers in the double sampling scheme are fallible. However, these papers
considered only count variables and focused on estimating the misclassification error rates.

This chapter extends the two methods developed in Chapter 2 to the situation where
validation data is available. Section 2 presents the statistical model. We describe the the-
oretical motivation in Sections 3 and 4 and derive the moment-based and likelihood-based
solutions. Simulation study will be conducted in Section 5 to illustrate the utility of the
results derived. Section 6 concludes the chapter with discussion and remarks. All proofs

and technical details are placed in Appendix.
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3.2 Statistical Model and Parameter of Interest

Suppose we can verify the correct group membership for some of the study participants
by employing a more expensive but accurate diagnostic tool. Let Vp; = (VS;T, Vg;T)T

for 57 = 1,...,mp be the pre and post outcomes vectors for the jth individual whose

positive disease status is validated. Further, let V; = (VS}T, V%T)T fory=1,...,myg
be outcomes measured from the jth individuals that is validated by the accurate classifier
as healthy. Assume Vp. and VHj have multivariate normal distributions, ®(np, ¥) and
®(npy, X), respectively,with means np, 1y, respectively and common covariance Y. are
defined the same as in Section 2.2.

Let Yp, = (Y[(i)T’ Y[()f)T)T and Yy, = <Y£)T7 ng)T)T be the pre and post out-
comes vector for the jth individual classified by the fallible diagnostic tools as diseased
and healthy, respectively. Denote by (1 — €) and (1 — ¢) the positvie predictive value
(PPV) and negative predictive value (NPV), respectively, of the fallible diagnostic tool.
We also assume that Vp,, VHj , Yp,, and Yy, are mutually independent, for¢ =1, ... ,mp,
jg=1....mg,k=1,...,np,and [ = 1,... ny. Then through the derivation in Sec-

tion 2.2, the distribution Yp. and Yy, can be modeled as a mixture of multivariate normal

distribution. That is

fyo, (y10) = (1 = €)o(y|np, X) + ed(y|nu, ¥) and

fyu, (Y1) = 60(y|np, ) + (1 — 0)o(y|nm, ).

To avoid nonidentifiability issue and switching label problems that are common in mix-
ture models, we assume 0 < ¢ < 0.5, 0 < ¢ < 0.5 and pup # py. For practical appli-
cations, we need information outside the collected data to ensure these assumptions hold.

The parameter of interest is
A= D — TH,

where A = (dy,...,d,)" is the vector of differences in the treatment effect in the diseased

and healthy populations.
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3.3 The Moment-Based Approaches

In Section 2.3, we derived an unbiased estimator for A using the moment-based method,

i.e.,
- 1 _ _
A=——C(Yp—Yp). 3.1
1—€e—9
with variance
~ 1 1 1
A)=———|C2CT{—+ — 3.2
Var(A) 1—c_op cxC {TLD+7”LH} 3.2)
+{e(1—e) +5(1—5>}AAT]'
np ng

Therefore, if we can estimate the misclassification errors € and §, we can utilize (3.1) and
(3.2) to estimate the treatment effect (A) and conduct hypotheses tests. We propose to
derive consistent estimators of the misclassification error rates using novel distance-based

criteria.

Estimation and Test on the Misclassification Error Rates (¢ and 9)

Hall (1981) proposed nonparametric estimators for the mixture proportions combining the
contaminated (original) and validation data. The main idea is to estimate the mixing pro-
portions by minimizing the distance between the empirical version of the mixture pop-
ulation and the linear combination of empirical versions of the component distributions.
Inspired by this idea, we obtain estimates of ¢ and J by minimizing the scaled distance
between the mean of original data and the mixture of means of the two groups from the

validation data. For our purpose, we choose the distance function,
DQ(E, 5) :||Q_1/2 WD — ((1 — E)VD + EVH)} ||2
Q72 [Yu = (0Vp + (1= 8)Va)] [,

where || - || is the Euclidean norm and € is a 2p x 2p symmetric positive definite matrix.

The distance function will be minimized if € and 9 satisty,
(VD — VH)Tﬂil(VD — VH>€ = (VD — VH)TQil(VD — YD) and
(Vo —=Ve) QN Vp —Vy)s= (Vi —Vp) Q' (Vy — Yg).
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Thus, we have the estimators,

(VD — VH)TQil(VD — YD) and /5\: (VH — VD)TQil(VH — VH)
(VD — VH)TQ_l(VD — VH) (VD — VH)TQ_I(VD — VH)

€=

(3.3)

To establish the consistency of the estimators and simplify the expression for their
asymptotic variance, we need a standard proportional divergence requirements on the group

sample sizes as follows.

Assumption 3.3.1. There exists positive constant C, and Cy;, such that

N N N N N N N N
Cr <min{—,—, —, —} <max{—,—,—,—} < Yy,
np TLH mD myg np TLH TTLD mpyg

where N = np + ng +mp + my. Moreover,
N N N N
— = By >0, — = Ky >0, — = Ky >0, — = Ky >0, as N = 00

np ng mp mpyg

Proposition 3.3.1 establishes the consistency of the estimators ¢ and § under Assump-

tion 3.3.1.

Proposition 3.3.1. Let € and § be as defined in (3.3). Under Assumption 3.3.1 , we have

~ P ~p
e —>eandd — 9, as N — oo.

By using the Delta method, we can derive the asymptotic distribution of € and 5. The
results are summarized in Theorem 3.3.1. Detailed calculations are included in Appendix

3.7
Theorem 3.3.1. Let € and 5 be defined as in 3.3. Under Assumption 3.3.1,

VNE=€) B 2.~ N(0,6?), (3.4)
and

VNG = 8) 2 Zs ~ N(0,02), (3.5)

where

(np — )" Q'EQ " (np — nw)
((mp —nu) " (Mp — nr))?

0-62 = HTLDe(l - 6) + (’an + ’Kde(l - €>2 + K’mH€2)
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and

(np —mu) Q" 'EQ " (np — nu)

0-(% = I{TLH(S(]‘ - 5) + (KTZH + K“mH(l - 5)2 + HmD(SQ) (('r’D - UH)TQA(??D - nH))z

We can estimate o2 and o3 in (3.4) and (3.5) by

N N N N
Se=-—¢1-9+ (_ +—(1 -9+ —22) S, (3.6)
and
Ss= 515+ (ﬁ I iﬁ) S, (3.7)
ng np mpyg mp

respectively, where

(VD — VH)TQ”SPQ*(VD — VH)
(Vo =Vu)TQ (Vp = V)2~

S =

and .S}, is the pooled variance calculated from the validated samples Vp’s and V’s. Based
on these estimates, we can develop methods for confidence intervals and hypothesis test
for € and 0. Suppose we are interested in testing the Hypothesis Hj : € = ¢y, we may use

the test statistic

VNE—¢€) b
5 — Z ~ N(0,1).

Further, a (1 — a/)100% asymptotic confidence interval for e can be constructed by

P (/6\— Za/2\/ge Za/2\/§e) S 1-a,
VN VN

where 2,5 is the (1 — «/2)th-quantile of the standard normal distribution. Test statistic

T =

<e<e+

and confidence interval for ¢ can be constructed similarly.

Estimation and Test for A

Using (3.1), we can estimate A by

A= —EC’(YD —Yn). (3.8)
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Since ¢ and 0 are consistent for ¢ and § , respectively, by continuous mapping theorem, A
is a consistent estimator of A. We may want to estimate the covariance matrix of A by

plugging € and 5in (3.2) as
Sx=(1—¢=0)"2CSCT,

where S = nBl Sp + nj{l Sy and Sp and Sy are the sample covariance matrix calculated
from the contaminated samples Yp’s and Yy ’s, respectively. However, this estimator is
inefficient, because A involves estimators of ¢ and 0, and (3.2) assumes that € and 0 are
known and it does not take into account estimation errors in € and 6. To obtain more
accurate estimator of the covariance matrix, we use Delta method and derive the asymptotic

distribution of A in Theorem 3.3.2.
Theorem 3.3.2. Let A be as defined in (3.8). Under Assumption 3.3.1,
VN(A = A) S Z ~ N(0,3a), (3.9)

where

Finp + Finy  CEQ ' (mp — M) (np — ) 'CT

YA —MCECT

(1—c—0) L—e=0  (mp—nn)" Q7 (np — 1)
_ Finp + iy Clp —mir) (np — na) "QIRCT (3.10)
l—ec—0 (Mo =) " (Mo — Na) |
Kn 1-— + Kn o(l—9 +9 ?
L (inge(1 =€) + g O : ))(e +9) C(np —nu)(mp —nu) ' C"
(1—€e—19)
1 2
+ finD+K/TLH+(I€mD+H;mH)<2_]_—6_5>127

and
C(np —nu)(np —nu) " Q'EQ" (np — nu)(np — 1) C7
(Mo —nu) " (o — n))?
Similar to (3.6) and (3.7), by replacing (K, Kngys Kmps Kmy s € 0 M, N, 2) With their

¥ =

corresponding estimators (-, -, % V- 5.V, Vi, S,) in (3.10), we can obtain an
estimator of XA, which we will denote it as 5 A
To test the null hypothesis Hy : A = Ay, based on the result of Theorem 3.3.2, we can

use the test statistic

T=N(A-A) (Ea)"(A = Ay).
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The statistic T is asymptotically distributed as y? distribution with p degree of freedom
and non-centrality parameter N(A — Ag) "Y1 (A — Ag) as N — oo. Under the null
hypothesis, the non-centrality parameter is zero and the decision rule is to reject the null
hypothesis at significance level « if T > Xf,(l — «). We can also use T to construct a

(1 — «v) asymptotic confidence region for A as

{A:NA-A)Ea)A-A) < (1-a)}. (3.11)

3.4 The Likelihood-Based Approaches

When validation data is available, we can update the EM algorithm in Section 2.3 and
incorporate the information contained in the validation data to get more accurate estimators
of the parameters. Let Vp; = (V Dj ,V(Q)T) be validated pre and post outcomes vector
for the jth individual in the diseased group for j = 1,...,mp, and Vg, = (VS;T, V%T)T
be validated pre and post outcomes vector for jth individual in healthy group, where j =
1,...,mpyg. Using the same notation as in Section 2.3, the log-likelihood for the complete

data is

np
Z In( ZD] ){log(1 —€) +10g¢(YD]"’7Da )}
7j=1

+ (Iu(zp;)){log € + log d(yp;Imm. X) }]
+ Z [ID(ij){log(S + log ¢(Yp;|mp, X)}
j=1
+ I (zm5){log(1 — d) + log ¢<ij|"7Ha E)})}
mp my
+ Y 1og ¢(vp,np, %) + Y log é(va, Inu, T).
j=1 j=1
The detailed derivations of the EM iterations are given in Appendix 3.7. For initial
values, we propose using the estimates of ¢ and ¢ from (3.3), and weighted averages of
the method of moments estimators of the original and the validated data for np, 177, and
.. The details are given in Appendix 3.7. Similar to Section 2.3, we do not have explicit
form of the covariance matrix of A. After obtaining the maximum likelihood estimator

0 = (¢,0,mp,Mr, ), we again propose using the bootstrap estimator of the covariance
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matrix, denoted by Sp. For testing the null hypothesis Hy : A = 0, we propose comparing
the statistic 7 = ATS;A against the appropriate percentile of the y2-distribution with p

degree of freedom.

3.5 Numerical Study

This section evaluates the performance of the proposed estimation methods in sections 3
and 4. We check the accuracy in estimating misclassfication error rates ¢ and ¢ and also
evaluate the two estimators for the treatment effect A = 7p — 7. In the simulations, we
set {2 = I5,. The rest parameter settings and the performance criteria for estimators are the

same as Section 2.5.

Accuracy in the Estimation of ¢ and o

Generally, we expect the estimates of € and 0 with validated data to be more accurate. To
demonstrate the accuracy, and check the effect of ratio of the contaminated and validation
datasets sample sizes, mp/np, we conducted a small-scale simulation study setting p = 2,
o? =10, A = 41,, and sample size ratios mp/np € {0.1,0.3,0.5}. The estimates of ¢
and ¢ for moment-based method are obtained from (3.3). Table 3.1 contains the bias and
root means square error (RMSE) in estimating ¢ and ¢ from the moment-based method
and EM algorithm. To make the differences more discernible, we showed both the biases
and RMSEs results multiplied by 100. From this table, we notice that both the biases and
RMSEs are very small for the two methods, even when the sample size ratio is as small as
0.1. The RMSEs for the MMV tends to get smaller when the ratio increase, while that of

EMYV seems to be less affected. In general, EMV is a bit more accurate than MMV.

Estimators for the Treatment Effect

In Sections 3 and 4, we introduced two estimators of the difference A = 7p — T, namely,
(1) the method of moment estimator (MMYV) and

(2) the updated maximum likelihood estimator via EM algorithm (EMV).
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Table 3.1: Bias x 100 and root mean square error (RMSE) x 100 for € and 5 for p=20%=
10 and A = 4. MMV is for the moment-based method and EMYV is for the MLE via EM
algorithm.

MMV EMV
€ ) € 1)
1) € ratio Bias RMSE Bias RMSE Bias RMSE Bias RMSE
0.1 -0.05 4961 0429 5.041 -0.026 4.024 0.082 3.939
0.1 03 0034 4122 0.126 397 -0.014 2996 0.029 3.169
0.5 0.108 3.863 0.22 3743 0.049 3.023 0.133 3.051

01 0.1 0015 6.105 0.137 5.088 0.025 4721 0.096 3.013
03 03 -0.196 5331 0291 4.086 0.009 4.699 0.04 3.056

05 0074 4879 0.143 3718 0.072 4549 0.139 3.001

0.1 0249 5045 0.189 5723 -0.079 3.001 023 4.443

0.1 03 -0.226 4.007 0.11 513 -0.125 3.04 -0.073 4.612

0.3 05 -0.034 3814 0.022 5082 -0.072 3.009 0.108 4.647

0.1 -0.02 5473 -0.034 5819 -0.154 4329 -0.107 4.665
03 03 0021 4953 -0.056 5.183 -0.021 4.492 0.004 4.7
0.5 -0237 5217 -0311 4.822 -0281 4.775 -0.285 4.397

In the simulation, we evaluate these estimators and compare them with the traditional
estimator that does not account for the classification errors. To facilitate the comparisons
between the competing methods, we pull all the results from different settings into a box-
plot except for the simulation factors depicted in the axes or panels labels. The boxplots
are presented in Figure 3.1 and Figures 3.2-3.6 in the appendix. Figure 3.1 summarizes all
the results for the three estimators. It shows that the traditional method provides mislead-
ing results when misclassification errors exist. To make the comparison between MMV and
EMYV more precise, we excluded the traditional method in Figure 3.2-3.6. Similar to the re-
sults in the Section 2.5, both estimators have generally good performances. EMV is more
accurate and MMV test is conservative. Nevertheless, MMV does not require bootstrap

method to estimate variance and, hence, is faster to compute.

3.6 Discussion and Conclusion

In Chapter 2, two approaches, viz, moment-based and likelihood-based, were proposed
to estimate treatment effects in pre-post design when diagnostic devices used to classify
subjects are fallible. In this chapter we consider the situation when validation data from an

accurate diagnostic device is available. We combine the validation data with the original
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Figure 3.1: Boxplots of CP, RB%, and SB% for all methods. Trad is for the traditional
method; MMV is for the moment-based method and EMV is for the MLE via EM algo-
rithm.

data to provide updated versions of the moment- and EM-based estimators. The simulation
study shows both methods have accurate estimators for the misclassification error rates, €
and ¢ and the treatment effect A. The EM-based estimators are relatively more accurate,
but the moment-based methods are straight forward and computationally inexpensive. The
simulation also shows that the traditional methods have unacceptably-large bias. Unless we
are certain that the diagnostic tool is perfect, we should avoid using the traditional method.

The covariance matrices of the two groups are assumed to be the same in our model.
Though it is reasonable to assume the treatment only changes the mean of the distribution,
this assumption could be relax. To achieve that, we need to recalcuate the EM-algorithm
for the likelihood-based approach. We also need to define a proper treatment effect to
account for the diffierent covariance matrices in two groups. We plan to investigate these

problem in future research.

3.7 Appendix

Proofs

In this subsection, we give detailed proofs and technical details for the theoretical results

presented in Section 3.3.
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Proof of Proposition 3.3.1. Observe that

E(Vp,) — E(Yp,) =np — (1 —€)np + enu) = e(np — nu)
=€(E(Vp,) — E(Vm,)),

and

E(Vy,) — E(Yn,) =nu — (0np + (1 = 0)nu) = 6(ny — np)

= e(E(Vy,) = E(Vp,)).

Thus, we have

c_ (E(Vp,) — E(Vw,)) (E(Vp,) — E(YD,)) and
(E(Vp,) — E(Vw,)) " (E(Vp,) — E(Vg,))

5 EVn) — E(Vp,))"(E(Va,) — E(Yw,))
(E(Vp,) — E(Vw,)) " (E(Vp,) — E(Vg,))

Under Assumption 3.3.1, when N — oo, np,ng, mp, myg — oo as well. By the Weak

Law of Large Numbers and the Continuous Mapping Theorem, we can easily see that € and

gconverge in probability to € and d, respectively. []

]

Proof of Theorem 3.3.1. Under the independence assumption and Assumption 3.3.1, by

Central Limit Theorem, we have

Yy (1—€emp +eny Vi 0 0 0
Y 1—9 +0 0 V2 0 0
\/N _H . ( )nH U £> N O, ’
VD ()] 0 0 V3 0
Vi o 0 0 0 V4

where

V1= H”D(Z + 6(1 - 6)(77D - 77H>(77D - nH)T)J
V2 = Ky (X +0(1 = 8)(np — nu)(np —mur) "), and

V3 =k, VA=k,,2

For0 = (0,0,,0],0])", where 0,'is a 2p x 1 vector, i = 1,. .., 4, define

(01 — OQ)TQil(Ol — 03)
(01 — 02)TQ—1(01 — 02) '

9(0) =
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Then we have € = ¢(Vp, Vg, Yp) and 5 = d(Vi,Vp,Yy). To apply the multivariate
Delta method, we need to calculate the Jacobain of g, denoted by J,(8), given by

_ (99(6) 99(6) 9g(0)
To(6) = ( 00, ~ 96, * 96, )

where

09(6) _ (26— 6, —65)"Q" (6, —6:)"Q2' (6, — 65) 26, — 8,)TQ"!
96, (0, —0,)TQ-1(0, —0,)  ((6; —0,)TQ1(0, — 6,)? toe ’

d9(0) (6. —65)' Q" (01 —6,)' Q7' (6, — 65) To-1
_ + -2(0; —0y) Q7
96, (0, —0,)TQ-1(0, —60,) " (6, — 0,)TQ-1(6, — 6)? (61-6.)
and
dg(@) (6. —6)'Q!
005 (61— 6,)TQ (0, — 0,)
For g = (E(Vp), E(Vy),E(Yp)) = (Mp,n#u, (1 — €)np + engy), we have
~ (9g(0) dg(0) d9(0)
Jg(00> B ( 001 0:907 802 ‘000, 893 ‘000 ’
where
99(0) _ (d—e&mp—mun) Q"
00, le=6o (mp —mu)"Q *(mp —Ng),
d9(6) _ e(np —nu) Q7 and
00y lo=6, (Mo —nm) "2 (np — nr)’
0q(0) _ (Mo —nu)TQ7!
003 lo=0, (Mp =) " (p — M)

Applying the multivariate Delta method, we have

VNE =€) = VN (9(Vp, Vi, Y1) — g(60)) 2 N(0,02),

where
Vi 0 0

02 =Jy6)| 0 V4 0 |Jy(60)"
0 0 Vi1

_99(0) 9g(0) |7 99(0) 9g(0) |7 d9(0) 99(0) |7
06, 0:00V3 00, 9=90+ 00, O:GOV4 00, 0:00+ 005 0:90V1 005 le=e,
(mp —nu) "Q'EQ" (np — 1)

((mp —ne)"Q (Mo —mu))?

:K’”D€<]‘ - 6) + (K’”D + K’mD(l - €>2 + K’mH€2)

The asymptotic distribution of § can be derived similarly. [
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Proof of Theorem 3.3.2. Similar to the proof of Theorem 3.3.1, we first define a function
g(8) for the estimator of interest A. Let

(65— 0,)'Q'((0; — 64))

g(0) = g(61,0,,05,0,) = (05 —6,)TQ1(6, — 6,)

L C(0, — 6,).

Then we have A = 9(Yp, Yy, Vp,Vy). Notice that

0g(68) _ 0g(0) (65— 64)'Q7'(05—0.) c
601 802 (03 — 04)TQ_1(01 — 02)

_ (0:-04)7Q7(6; —64) _ _9\TO-!
(65 —6,)TQ71(0, — 6,))? C(61 — 0:)(0; — 0,) Q"

and

dg(0) _ 9g(0) _ 1 3  pTo-1
00; 00, (65— 0,)TQ (0, — 6,) 20(61 = 0) (05 — 6) 2
(93 — 04)TQ_1(93 — 04)

(85— 0)TQ1(6; — 6))>

C(6, —05)(0; — 0,)T Q7"

Then for 8y = (E(Yp),E(Yw),E(Vp),E(Vy)) = ((1 — €)np + eng, (1 — )ny +
m)D,np,nu), we have

J,(8) = 99(0) 99(6) 39(9)‘ 9g(0)
910 00, lo=6," 005 lo—6," 005 lo—=6," 00, lo=6,)’
where
99(0)  _ _996) __ ¢  Clow—nm)mp—nz) Q"
00, le=6, 00y lo=6, 1—€—0 (np —mu)"QY(np — ny)
T T PR W Y < AL S I
003 lo=o, 004 lo=0, (1—e—=06)2) (mp—mug)Q '(mp —mu)

Applying the multivariate Delta method, we have

VN(A = A) = VN(g(Yp, Y1, Vo, Vp) — g(60) 2 N(0,54)),
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where

PPN

_09(0) ’ ,99(0) ‘T 0g(0)
601 0=0, 091
9(6)] y,000)7 0O

99(0) T

Q= 7
e:oo+ 00, ‘eoo 005 ‘990
99(0) (T

ANl AN AN 42277
005 ‘0=90V3 005 le=0, 00, e:eov 00, ’9:90

_ Knp + Kng CECT _ Knp + Kng . CZQ_l(nD B nH)(nD - "FIH)TC—r
2

(=e=9) T—e=0 " (mp—m) O (np — i)
- Knp + Kny . O(nD - 77H)<77D - 'rIH)TQ_lch
l—e—9o (Mo — 1) " (np — nu)
"inDEI—E +/‘€nH(51—(S 6—|—52
L (Bnpe(l =€) ( : ))(€+9) Clp — ) p — 1) O
(1—€—90)
1 2
20— —— ) | &
+ /ﬂnD+/<an+(/<;mD+/smH)< 1_6_5>] ’

and

s _ o = mu)(np —nir) ' Q15Q (o — mu)(np — i) ' C7
((np = 11) "Q~ (D — n1))? '

Technical Details for the EM algorithm

Below we give some technical details and intermediate steps for the EM algorithm de-
scribed in Section 3.4.
The log-likelihood function for the complete data is

np

l0(8) = [In(zp;){log(1 — €) +log d(yp|np, %)}

j=1

+ (In(zp;)){log € + log ¢(y p; |, 1) }]

nH

—+ Z [ID(ZH]>{10g5 + log ¢(YHj‘nD7 2)}
j=1

+ It (zm;){log(1 — 8) + log (¥, 1mu, 2)})]

mp mpg
+ Y 10g ¢(vp,Inp, B) + Y _log é(va, Inu, 3.
j=1 j=1

E step:
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For the (¢ + 1) expectation step of the EM algorithm,
Q(6]6Y) =Eyw[1(8]Y, Z, X)]
np np
t t
=D KiJlog(l =)+ > K[ logd(yp,|np, %)
j=1 j=1
np np
t t
+ Z <1 - Kl(j)> log € + Z (1 - Ki}) log ¢(yDj|77H7 X)
j=1 Jj=1

Ny ng
+> K logd+ > KL log d(yy;Inp, D)

j—l j=1

+ Z (1= K)tog(t = 8) + - (1= K) log 6y ma. )
=1

my
+ Z lOg Qb(VDj"r]D, 2) + Z lOg ¢(VH]' |Ir’H7 2)7

i=1 i=1
where
— M) ) (1)
: (1 —€)o(yp, |77D72 )
Kfj) — 5 D w0 O and (3.12)
(1—c¢ )¢(YD]""7D7 )+ (YDj’nHaz )
K0 _ 5<t>¢<ijmS>, z@)

(3.13)

25 '
T 006(y, Iy, 20) + (1 - €0)o(yg,Infy, 0)

M step: For the maximization step of the EM algorithm, setting -2Q(8|60)) = 0 we have

n ) np (1)
0Q(6]61") =~ Ky 1 - Ky
—_— = — —_— = O

Oe ]Zl 1—¢€ + le € ’

2Q(616) - Kég a1 - KY)

o - 2y 0

j=1

a@@i\g(ﬂ i Ko™ YDJ —Mp) + ; Ky~ (ij —1p)
+ Z X" (vp, —mp) =0,
j=1
%fm) = :Dl(l — K1;)X yp; — nu) + i(l — Ko)) 2 (v, — 1)
+> 7 (vu, —nm) =0,
j=1
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and

M — = Z K (™ =2 yp; —n0)(¥yp; —np) 571

-3 ;(1 — Kij)(E7 =S yp; — nu)(¥p; — mu) ' =7
- g;mx—l =57y — 10) (¥ — 1) TS

_ % Za — Ko)) (S = SNy — ) (Y — ) '57)
_2 Z Y(vp; — mp)(Vp; — mp) 'S

T 9 Z "Vaj —mu) (Ve — ) 'S =0.

Then, for the maximization step of the EM algorithm, we set %Q(8|6)) = 0 and

solve for 0 to obtain

np K(t) nH K(t)
(t+1) -1 _ 2: 1y 5(t+1) _ 2 : 2j
€ - 9 - Y
=1 "D o1 e

(t+1) an KU Ypj + Z KQJ Yuj + 251 Vb,
D272 K 3T Ky 4 mp
oy S (1- K£§>) Yoy + S5 (1= K8 ) yay + S v,

nD—i-nH—l-mH—(ZnD KU —i—z Kéj)

)
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S K (vo, = n) (v ~—n(t))T
Z(H’l) _ Dj D Dj D

np +ng +mp+mg

.
2?51 <1 - K(t)) (YDJ "7?) (yDj - "71(;))

np +ng +mp+mg
n t t t
300 Ky (ij - nﬁy)> (yH] 772))
_|_

np +nyg +mp+myg

.
Sz (1= K8 (viy = mi?) (v — mid)

np +ng +mp+mgyg

T
o ()

np +ng +mp+mg

-
N Z;n:}i <VHj - ”79) (VHj - ”7?)

np +ng+mp+mg

_|_

+

We propose the initial values

~ _npip+mpVp = _ nyfg +muVy
Np = ) Ng = ) and
np +mp Ny +my

S T np e(1—e)
E_SP (nD+nH(1—6—e)2

ng (5(1—5) _ _ _ T
+nD +nH (1 _ 5_ €>2>(yD YH)(yD YH) 9
where,
ﬁ _ (1 _8\>yD _ng ﬁ _ (1 —E)yH _5yD
P 1-6-¢ n 1—6—€¢

cand 0 are as defined in (3.3),

Sp = (’TLD +ng+mp + mH)’l(anD + anH + ngD + TTLH§H>,

np

Sp=np'Y (Yp; = Yp)(Yp; —=Yp) ",
j=1

Su=ng"> (Yu; = Yu)(Yu; = Yu) ',
j=1

~ mp

SD = mf,l Z<VDj - VD)(VDJ' - VD)T, and
j=1
mH

7j=1
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Supplemental Simulations Results

This subsection contains additional simulation results that are discussed in Section 3.5.
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Chapter 4 Nonparametric Finite Mixture: Applications in Contaminated Trials

4.1 Introduction

Randomized clinical trials are commonly used to assess the efficacy and safety of a treat-
ment. Sometimes, subjects with different conditions may respond differently to the treat-
ment. Biomarkers, classifiers, diagnostic devices or instruments may be used at the recruit-
ment stage to separate the sample population into different groups. Such screening tools
usually do not have perfect accuracy, and their misclassification rates (false positive and
false negative rates) are unknown or assumed to be zero. This leads to contamination in
separating the sample populations and results in biased estimation of the treatment effect.

The issue of misclassfication in pre-stratified clinical trials has become prominent in
this new era of personalized medicine and measurement-based care. US Food and Drug
Administration (FDA) published a concept paper (Hinman et al., 2006) that recommends
the co-development of drug and diagnostic tools. It suggests that clinical test validation
(i.e. the ability of a test to classify subjects correctly) and clinical utility (i.e., the ability of
a test to result in classification that will improve the benefit/reduce the risk of a drug) be
established in a pre-clinical pilot feasibility study. One way to achieve this is by using a pre-
stratified randomized placebo-controlled design, or in a pre-stratified pre-post or matched
paired design. This chapter will focus on the second design and the methods can also be
adapted for the first type of design.

Under the assumption of normality, the problem above can be solved by regarding the
true status of the subjects as missing information and EM algorithm can be used to find the
maximum likelihood estimators of parameters (Harrar et al., 2016). In the absence of nor-
mality, especially when the data are not measured in metric scale, or when data have heavy
tails or are skewed, nonparametric methods are preferred. This chapter develops a fully
nonparametric method for estimation and testing of treatment effect when the classifiers

used for stratifying participants are fallible.
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Nonparametric Finite Mixture

Accurate estimations of the misclassification rates of the classifiers are required to evaluate
the effect of a treatment. This problem can be regarded as estimating mixing proportions in
the nonparametric mixture models. The most general model for nonparametric multivariate
mixtures is as follows: let X, ..., X,, be i.i.d random variables from a finite mixture of

m > 1 arbitrary distributions. Suppose the cumulative distribution function of X is
F =Y MFj, (4.1)
j=1

where F; and \; are the cumulative distribution function and mixture proportion (mix-
ing probability) of jth component, respectively. Obviously, model (4.1) is not identifiable
and some restrictions need to be placed. Hall and Zhou (2003) introduced the conditional
independence assumption. That is, the k variables in X; are independent, and each compo-
nent distribution F}; has a Lebesgue density f;. Therefore, model (4.1) can be equivalently

expressed as

m k

f(%) = Z )\j sz(lUiz)- 4.2)
I=1

j=1 1=
The authors established that when m = 2 and k£ > 3, the model (4.2) is identifiable. Later
on, Allman et al. (2009) establishied the identifiability of model (4.2) when k > 3, regard-
less of m. Many estimation methods have been developed under this condition. Benaglia
et al. (2009) proposed estimators based on a EM-like algorithm and Levine et al. (2011)
discussed some strategies of selecting the bandwidth for this algorithm. Zheng and Wu
(2020) proposed an estimation method by constructing a suitable set of basis fuctions and
recovering the coordinates of the component denisty functions with respect to the basis
functions. Chauveau and Hoang (2016) developed an EM-like algorithms by modifying
the independence assumption (4.2) to blockwise independence, but the number of blocks
is still assumed to be greater than 3. In the pre-post design, measurements are taken twice
for each subject, i.e. ko. In this case, model (4.2) is not identifiable, and more restric-
tions are required. In the univariate case, Bordes et al. (2006) and Hunter et al. (2007)
both proposed estimators when the component distribution belongs to location family and

symmetric about zero. These assumptions are too restrictive for modeling outcomes.
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Another way to overcome identifiability issue is to obtain training samples from each
component distribution (Hall, 1981). More specifically, suppose we have training samples
from each of the component distributions F, ..., F},. Then the mixing proportions A; can

by estimated by minimizing the distance between empirical distribution functions, i.e.

A\ = |/_°O 5 (ﬁ(x) _ ZA@(J;)) w(z)dz

, 4.3)

where F and 133 are empirical versions of F' and [, respectively. The primary focus of
Hall (1981) is when §(z) = 22 and w(z) = 1. They also assume

/ h 2|t dF(7) < oo, (4.4)

o0
for some € > 0.

This requirement imposes a restriction on the tail of the distribution. Especially, it re-
quires that the first moment of the component distributions to exist. There are also other
works that developed methods using density funtions and different distance function §(x)
to estimate mixing proportions. Titterington (1983) considered minimum distance estima-
tors using density estimators. Qin (1999) established an empirical likelihood ratio based
confidence intervals assuming the log-likelihood ratio of two component densities is linear
in observations. Karunamuni and Wu (2009) proposed an estimator of mixture proportion
by minimize Hellinger distance. These methods are not applicable when the distributions
are not absolutely continuous (i.e. when they do not have Lebesgue density).

In the present chapter, we will assume there exists more expensive but infallible clas-
sifiers such that we can obtain a training data to estimate the mixing proportions. To
make the results applicable to different types of data (discrete, continuous, binary and
ordered categorical), we will use normalized cumulative functions and obtain estimators
via (4.3). The normalized distribution function F' of a random variable X is defined by
F(z)={P(X <2)+ P(X <x)}/2 ={F"(x) + F~(x)}/2 where F'" and F~ are the

right and left continuous, respectively, versions of the distribution functions of X.
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Nonparametric Relative Effects

In the absence of misclassification errors, the design we are interested in generates re-
peated measures (dependent) data in two groups. Nonparametric methods for dependent
data have been developed in a body of literature spanning over four decades. One of the
earlier approaches is the rank-based methods by Brunner and Neumann (1982), which was
later generalized by Thompson (1990, 1991) for continuous data. Most of the older non-
parametric methods were motivated by replacing original observations by ranks, known as
rank transformation, in parametric methods to gain robustness.

In a series of papers (Akritas, 1990, 1991, 1992) the application of rank transforma-
tion is inadequate for testing some of the hypotheses in factorial desgins. This limitation
motivated the development of fully nonparametric methods (Akritas and Arnold, 1994;
Brunner et al., 1997; Akritas and Brunner, 1997; Brunner et al., 1999), where hypothe-
ses are formulated in terms of marginal distributions. The (mid-)rank based procedures
arise naturally as a consequence of estimating the distributions with their empirical ver-
sions. The nonparametric hypotheses have the limitation that the alternative hypotheses
are generally difficult to interpret. To overcome this problem, Brunner and Munzel (2000);
Konietschke et al. (2012) and Brunner et al. (2017) proposed to formulate hypotheses in
terms of the so-called nonparametric relative effects. These purely nonparametric effect
measures allow construction of confidence intervals. They also address the nonparamet-
ric Behrens-Fisher problem (Brunner and Munzel, 2000) in the sense that the joint and
marginal distributions of the data in the various groups could still be different under the
null hypothesis. In the simplest case of two independent groups, the nonparametric effects
reduce to the Wilcoxon-Mann-Whitney effect (Wilcoxon, 1945; Mann and Whitney, 1947).

The asymptotic theory for the estimators and tests are generally tractable with the use of
asymptotic equivalence and central limit theorem, except that the derivation of the asymp-
totic variance is cumbersome.

In the situation where the diagnostic tool used to stratify participants is subject to clas-
sification error, the correct nonparametric marginal model and the associated relative effect

of interest require the use of nonparametric finite mixtures. The marginal distributions
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of the pre and post measurements are two-component mixture distribution in both groups
where the mixing probabilities are the missclassification error rates. In this design, the
identifiability problem is overcome by acquisition of data from correctly classified partici-
pants, which hereinafter will be referred to as validation or training data.

Unlike existing nonparametric methods for estimation and testing of relative treatment
effects, the theory for contaminated samples situation involves estimation of the mixing
probabilities in addition to the relative effects, where the later depends on the former. In
our approach, the mixing probabilities are estimated by minimizing the disagreement (4.3)
between the estimate of the mixture distribution with the original (contaminated) data and
that obtained by estimating the components of the mixture separately using the validation
or training data. The requirement (4.4), which excludes heavy tailed distributions such as
Cauchy, is rather restrictive for our application. To remove this assumption, we choose
the weight function w(x) to be the weighted average of the marginal empirical distribution
functions.

The remainder of the chapter is organized as follows. In Section 2, we describe the
statistical model and treatment effect measure. Estimation, asymptotic theory and test pro-
cedures for mixing probabilities are the subjects of Section 3. Section 4 provides estima-
tion, asymptotic theory and testing procedures for the treatment effect. Simulation results
designed to show the finite sample performance of the inferential procedures for mixing
probabilities and treatment effect under various practical scenarios are presented in Section
5. In Section 6, we illustrate the application of the results using data from a sleep depriva-
tion study. Discussions and conclusions are provided in Section 7. The Appendix contains

all proofs and additional simulation results.

4.2 Model and Effect Size Measure

Suppose we have subjects from two groups g = 1,2 that are observed at two (pre- and
post-treatment) time points ¢ = 1,2. Among the subjects in each group, some of them
are classified into the group by a fallible classifier, and the remaining are classified by an
infallible classifier. Suppose the misclassification error rates for the fallible classifier is

in group g. Denote the paired observations from subjects classified by the fallible classifier
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as Xigr = (Xigig, Xigox) for g = 1,2 and k = 1,2,...,ny,, and those by the infallible
classifier as Xor = (Xogik, Xogox) for ¢ = 1,2 and k = 1,2,...,ny,. We refer to
these two sources of data as contaminated and training (validation) data, respectively. Let
Xhgtt, - - X, hgtnn, be identically and independently distributed according to [},4, assumed
to be nondegenerate for h = 1,2, g = 1,2 and ¢t = 1, 2. To accommodate binary, ordered
categorical, discrete and continuous data in a unified manner, Fj, are taken to be the
normalized distribution functions defined by

Fiae(r) = 5 {Fyi(0) + Frg ()},

where Fy_ (r) = P(Xpgn < x) and F; (z) = P(Xpgn < ) are the left and right
continuous, respectively, versions of the distribution function.

The distributions F5,s are for observations from subjects classified by infallible clas-
sifiers. Therefore, Fi, is a mixture of Fhy; and Fiy,, mixed in proportions determined 4,

i.e.,
Flgt - (1 - 5g)F29t —|— 5gF2_g’t7 (45)

for ¢’ # g, ¢, g,t = 1,2. For the sake of convenience, we express Fy; in terms of £}, and

Fio as,

)
g (Figt — Fige) - (4.6)

P = Pt 75725,

Equation (4.6) suggests that validation (training data) would not be needed if J, are known
for g = 1,2 as the treatment effect can be meaningfully assessed from estimation of Fg
and using this equation.

Nonparametric relative effects are defined by comparing each marginal distribution
function with the average distribution function. Let GG denote the average of the distri-
bution functions in the two groups and at the two time points defined by

1
G:= Z(FQH + Forz + Foor + Faga)

1
=1 (F111 + Flig + Fiop + Fiag +

01 — 0y

— = (F; Fii9 — Fio1 — F; .
1 —o 52( 111 + 112 121 122))
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Using the average distribution function G, define

pgt = /GdFQQt =1- /FZQth~

for g,t = 1,2 which is known as the nonparametric effect at time point ¢ and in group g
relative to the average of the marginal distributions, G. The magnitude of p,; has interpre-
tation in terms of the corresponding marginal distribution having a tendency to generate
larger or smaller values compared to the overall sample.

Using the nonparametric relative effects, the treatment effect in the two group pre-post

design is defined by

b1 = (p12 - pu) - (pzz - p21)- 4.7

To provide an intuitive meaning of py, let F5 ; be the distribution function of NV ( fgt s 02). In
this case, p; = 0 if and only if (p12 — p11) — (o2 — pe1) = 0, which is equivalent to lack
of interaction in the two group and two time point repeated measures design. Inferential
methods for this design were investigated in the purely nonparametric and second-order
semi-parametric contexts in Harrar et al. (2020) and Xu and Harrar (2012), respectively,
but for the situation where group membership of participants can be determined without
errors, i.e. 0, = 0 for g = 1, 2 and training data is not necessary.

Our main objective is to investigate the estimation of the nonparametric treatment effect
size p; and study its asymptotic properties that includes the asymptotic distributions. Along
the way, we derive asymptotic properties for the estimators of the mixing proportions that
are not only needed for the asymptotic properties of the effect size estimators but also are
of interest in their own right. The asymptotic distributions of the effect size estimators will

be used to develop confidence intervals and significance tests.

4.3 Inference on Mixing Proportions

Estimation

To relax the requirement in (4.4), we set w(z)dz = dH (z), where H(z) is weighted aver-

age of the empirical marginal distribution functions of observations in the two groups, at
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the two time points and for the two classifiers, i.e.,
2 2 n
~ ha =
H=2> > ~F (4.8)
h=1 g=1 t=1
where N =237, 252,:1 npy and F\hgt(x) is the normalized empirical counterpart of F},;

defined by

g 0, <0
Fioge(z) = L Z c(x — Xpgr), where ¢(z) = ¢ 1 =0 . 4.9)
gt N hgtk )» 2 X
k=
' 1, >0

While this choice of the weight function is natural, it is also used to establish the consis-
tency of the estimators of ¢; and d, stated in Proposition 4.3.1.

We propose to estimate 6; and d, by minimizing the distance between the empirical
version of left and right hand sides of (4.5). Setting @ = (1, d2), we use the distance

function
2 2

A(G) - Z Z /OO (ﬁlgt - [(1 - 5g)ﬁ2gt + 5gﬁ2g’t])2 dﬁv

g=1 t=1""
forg #gand ¢ = 1,2.
Taking partial derivatives of A(@) with respect to ¢; and - and setting them equal to 0,

we have
2 2
0y ) / (Fagt — Fagn)?dH = / (Fige — Foge) (Fogiy — Fogr)dH.
t=1 t=1

In order to estimate the mixing proportions, we need to assume the component distri-

butions are not very close to each other.
Assumption 4.3.1. There exist a constant C' > 0 such that

/ {(F221 — Fon1)? + (Fhoo — F212)2} dH > C,
where H = N"1%", |2 252,:1 Z?:1 Nhg Fhgt-

Under Assumption 4.3.2, the probability that the normalized empirical distribution in

the two groups differ will approach 1 as the sample sizes get large. That is,

2
P (Z/(ﬁQH — F\QQt)Qdﬁ 7£ 0> — ]_, as N — oo.
t=1
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Therefore, under Assumption 4.3.2, A(@) is a convex function of dg, g = 1,2, and its
minimum is attained at

2 S fa -~ ~ P

N F.— Fy ) (Foy — Foop)dH

5, — max 2= o Bo) P = Pr)aH | (4.10)
Zt:1 I(FZU - F22t)2dH

forg=1,2.
To establish the consistency of gg, we need a standard proportional divergence require-

ments on the group sample sizes.

Assumption 4.3.2. There exist nonnegative numbers My and Ny such that 0 < M, <
. N . o N_ . .
mln{n—hg,h =1,2,9g=1,2} < max{nhg,h =1,2,g=1,2} < Ny < 0.

We also need to assume that d, is bounded away from 0 and 3.
Assumption 4.3.3. There exists a constant 0 < ¢y < ¢y < 1/2, such that

1 1
0<Co§(51§01<§ and O<00§52§Cl<§.

Under Assumptions 4.3.2 and 4.3.3, gg is consistent estimators for ¢, for g = 1, 2. This

is proved next in Proposition 4.3.1.

Proposition 4.3.1. Let Xpp ~ Fhg, g = 1,2, t = 1,2, k = 1,... ,npg. Further, let
F\hgt(m) denote the standard empirical distribution functions of Fyg(x). Let (SAg be defined

as in (4.10) for g = 1, 2. Then, under Assumptions 4.3.1, 4.3.2, and 4.3.3, we have

o~

J

) 2> 8y,
forg=1,2.

Although gg is consistent estimator of d,, ¢ = 1,2, it is a biased estimator in finite

samples. Proposition 4.3.2 establishes that the bias is of order N 1.

Proposition 4.3.2. Let 3\9 be as defined in (4.10). Under Assumptions 4.3.1, 4.3.2, and
4.3.3,

forg=1,2
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Asymptotic Distribution

To simplify the expression for the asymptotic variance, we assume that the ratios of the

total sample size (V) to individual sample sizes (n;,) are fixed as N — oo.
Assumption 4.3.4. - — Ky, > 0.as N — oo, forany h,g = 1,2.
g

We can approximate the distribution of 3\4 by sums of independent random variables

and derive the asymptotic distribution as follows.

Theorem 4.3.1. Let gg, ¢ = 1,2, be as defined in (4.10). Under Assumptions 4.3.1, 4.3.2,
4.3.3, and 4.3.4,

VNS — ) B U ~ N (0, k1102, + K120% + K105, + K2205s) 4.11)
where
Ting = Var(Ving(Xngt)),
and Vipg(Xpg1) is defined in (4.38) for £, g, h = 1, 2.

The quantity o2, , can be regarded as variance of functions of observations in contami-
nated (h = 1) or validation (h = 2) data of group g for gg From (4.11), the variance of 3\4
is a weighted average of variances from both contaminated and validation data in the two
groups. As one would expect and (4.10) reveals, estimation error of 8\[ involves observa-
tions in in contaminated data of group ¢/, where ¢/ # (. This is guarateed by the weight
function H , which is defined as the weighted average of empirical distributions from the
two data sets.

From the Weak Law of Large Numbers,
~2 2 P
Othg — Otng — 0,

for ¢, g,h = 1,2, where

. 1 _ _
Ting = > (Ving(Xngi) — Ving(Xng))” and Vng(Xig.)
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The quantity o, cannot be directly used to estimate oy, in real applications because
Ving(+) is not an observable function. However, it can be shown that a consistent estimator
can be obtained by replacing these functions with their analogs defined in terms of the
empirical distribution functions. To that end, let ‘/}ghg<') be defined analogous to Vip,,(-), by
replacing Fj,g; with F\hgt, for all h, g, t = 1, 2. Further, define

nhg

1 ~ = 2
S€2hg = o — 1 Z <‘/£hg(thi> - VZhg(th-)> and
hg i=1
— 1 e
thg(th ) - E Z Vﬁhg(thz)
9 =1

Obviously, the proof of thg being a consistent estimator for oy, Will be complete if we

can prove that S3,, — 77, 5o.

Theorem 4.3.2. Assume that thg >0, 0,g9,h =1,2. Under Assumptions 4.3.1, 4.3.2, and
4.3.3, S}, is a consistent estimator of oy, for £, g, h = 1,2.

Test Procedure and Confidence Interval

The asymptotic theory in Section 4.3 can be used to develop methods for confidence in-
tervals and significance test based on the estimator gg. The hypothesis of interest is if the

misclassification rates is greater than a known value d,, i.e.,
Hy: 5@ = (5370 vs H,: 5@ > 5370.

Under Assumption 4.3.1 and assuming that Ufhg >0,¢,h,g=1,2, we have

Se— 6
Tu=VNE—L2 7 ~ N(0,1),

VSt

2 _ N @2 N q2 N 2 N ¢2 - _
where 57 = =57 + 5550 + 5-Sier + - Sine. Taking 6, = g, We can use T}y as

a viable test statistic. Further, (1 — «)100% asymptotic confidence interval for J, can be

obtained from

s zapV/S] S ZapV/S;
P35, = 22V 5 <5 P2V 412
(z NS ¢ < 0 N a 4.12)

where z,/, denotes the (1 — a/2)th-quantile of the standard normal distribution.
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4.4 Estimation and Test on Effect Size

Estimation

According to the calculations in Harrar et al. (2020),

1
=3 /(an + Fooo)d(Foro + Foop) — 1. (4.13)

Applying (4.6), the treatment effect p; can be expressed in terms of F74, g,t = 1,2, as

1
pr :m /(F111 + Flo9)d(Fi12 + Fia1) (4.14)
01 — 09 1
i g | (P~ PP = Fia) = 75—

The details are shown in the Appendix. To see the effects of misclassification errors, we

express (4.14) as
1 01 — 02

*

AR S T R T—

2 /(Flll - FlZl)d(FHQ - F122)> (415)

where pj = % f (Fi11+ Floo)d(Fii2+ Fia1) — 1 is the treatment effect by traditional method
ignoring the misclassification errors. Clearly, one will end up introducing bias by ignoring
the errors. The estimates will still be biased even if the misclassifications are balanced in
the two groups, i.e. even if §; = 0s.

Two separate estimators of the treatment effect p; can be constructed from the two
sources of data. Using the contaminated data, we can plug-in the empirical versions of

Fig, g,t = 1,2 in (4.14) to estimate the treatment effect by

N L Pt Fuog)d(Fis + B
5 —5) / (Fiy + Froo)d(Fraz + Fizn) (4.16)
5.~ 5 N TP 1
1/\ 2/\ /(Flll - F121)d(F112 - F122) - ~ ~
2(1 — 0y — 0,)2 1—0, — 6y

On the other hand, we can also estimate p; by using the training (validation) data to get

empirical version of Fyy, g,t = 1, 2, and plugging the later in (4.13) as

R 1~ ~ ~ ~
Dr2 = / §(F211 + Fogo)d(Foro + Foo) — 1. (4.17)
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Combining (4.16) and (4.17), we propose to estimate p; by a weighted average of p;; and
Pr2 as

—~ 2(%11 + nlg) —~ 2(72,21 + n22) —~
e —_—m . 4.18
pr = N P+ N Pr2 ( )

The consistency of the estimator py is proved in Proposition 4.4.1.
Proposition 4.4.1. Under Assumption 4.3.1, 4.3.2, and 4.3.3, we have
pr i pr.
The estimator p; is biased for p;. However, the bias vanishes at the rate of N ~! under

Assumptions 4.3.1, 4.3.2 and 4.3.3.

Proposition 4.4.2. Let p; and p; be defined as in (4.7) and (4.18). Under Assumptions
4.3.1,4.3.2 and 4.3.3, we have

E(pr) —pr=O(NT").

Asymptotic Distribution

The asymptotic theory in purely nonparametric methods generally involves the so-called
Asymptotic Equivalence Theorem (Brunner and Munzel, 2000; Brunner et al., 2017; Harrar
et al., 2020), where the difference between estimated and true effect size is decomposed
in to a term amenable to Lindeberg’s CLT and an asymptotically negligible term. Such
decomposition is not possible in the nonparametric finite mixture situation. The asymptotic

distribution of py in the later case is given in Theorem 4.4.1.

Theorem 4.4.1. Let p; be defined in (4.18). Under Assumptions 4.3.1, 4.3.2, 4.3.3, and
4.3.4,

~ D
V N(p[ — p]) —U~N (0, linO'%l + /i120'%2 + Hglo'gl + IQQQO'SQ) ,
where

U%l = Var(Ay (Vi(Xquw) + Un(X1r))), Ufg = Var (A; (Va(Xi2k) + Ur2(Xi21))) ,
031 = Var(AsWi(Xowk) + A1Uxn (Xaak)), 032 = Var(AsWa(Xoak) + A1 Uz (Xaok)),
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Ay = 2N"Y(nyy + ni2) and Ay = 2N~ (ng1 + nay). The functions V,, W, and Uy, are
defined in (4.46), (4.44) and (4.47), respectively, for g,h = 1, 2.

Similar to Theorem 4.3.1, the variance of p is a weighted average of the variances O'}QL e
where a,%g can be regarded as variances of functions of observations from contaminated
(h = 1) or validation (h = 2) data of group ¢. It is interesting to note that p;, defined
in (4.18), is a weighted average of pr; and pyo, terms that are not independent in finite
samples. However, its variance turns out to be a linear combination of the variances of the
two terms.

Since Upy(+), V() and Wy (-) are not observable functions, we use their empirical ver-
sion U, hg (), ‘79() and Wg (-), respectively, to estimate them. The components of the asymp-

totic variance can be estimated by

1 ni1 N R — — 9
St = =1 ZA% (V1(X11k) + Un(Xa) — V(X)) — U11(X11-)> ;
k=1
1 niz R R — — 9
Sty = F—] ZA% <V2(X12k) + Ura(Xiar) — Va(Xi2,) — U12(X12-)> ;
k=1
]_ 221 - ~ — =< 2
S = F—] Z <A2W1(X21k) + A1Uai (X)) — AW (Xa1) — A1U21(X21-)> )
k=1
and 4.19)
]_ 222 - ~ — =< 2
S5y = F—] <A2W2(X22k) + A1Usg(Xoar) — AaWo(Xaok) — A1U22(X22-)> ;
k=1

—~
n:

where ?(le) = =2l V(X)) and W(XQ') = LS W(Xy:). The consistency of

ng Lak=1

the estimators in (4.19) is established in Theorem 4.4.2.

Theorem 4.4.2. Under Assumptions 4.3.1, 4.3.2, and 4.3.3 and assume that o;, > 0,

h,g = 1,2 then S}%g are consistent estimators of aﬁg, respectively.

Note that when the mixing proportions d,, £ = 1,2, are known, one can estimate the
treatment effect p; using (4.14) by estimating the distribution functions from the contam-

inated data alone. In this case, validation data is not necessary and the estimator would
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be

~ 1 fn ~ A~ o~
Pn :m /(Flll + Fi90)d(Fhia + Fio1) (4.20)
01 — 09 ~ ~ ~ ~ 1
Fii1 — Fio1)d(Fio — F -
+ 21— 01— 0,)° /( 111 121)d(Fi1a 122) 1= 6, — 0,
In proof of Theorem 4.4.1, it is established that
VNG = p1) = U~ N (0,5110% + r1203) | (4.21)

where 0 = Var(V;(Xy;1)) and V;(X1;1) is defined in (4.46) fori = 1, 2.

Test Procedure and Confidence Interval

We can develop confidence interval and significance test procedures for the treatment effect
pr based on the estimator p; and its asymptotic distribution. The null hypothesis of interest

is that of no treatment effect, i.e.
Hy:pr=0 vs H,:p;#0. (4.22)

Under Assumption 4.3.1 and assuming that o7 > 0 and o3 > 0, we have

VN@r—pr) o

Ty = 5 By Z ~ N(0,1).

where 57 = 2-57, + =57, 4 263, 4 2-53, . The quantity Ty, can serve as a test statistic

ni2 n21

for the hypotheses in (4.22) by taking p; = 0. An asymptotic (1 — «/)100% confidence

interval for p; can be derived from

Vi

where z,/, denotes the (1 — a/2)th-quantile of the standard normal distribution.

. Za S?  Zaan/S?
P<pl_/2—]v]§p1§pl+%> —1-a,

4.5 Simulation Study

In this section, we use simulations to investigate the finite-sample accuracy of estimators
and the asymptotic results for mixing proportions and treatment effect. We investigate

the performance of the proposed methods under various settings for the distribution of the
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data, sample size allocations, sample size ratio between validation and contaminated data,
within-pair dependence, and the mixing proportions ¢; and . In all the simulations, the
run size is 10, 000.

We consider both continuous and discrete distributions to generate data. For continu-
ous distribution, data will be generated from normal, Cauchy, and lognormal distributions
which represent light-tailed, heavy-tailed and skewed distributions, respectively. The val-
idation datasets will be generated from bivariate Normal, Cauchy or Lognormal distribu-
tions, respectively, with group mean vectors pt; = (pi11, ft12) " and po = (po1, fio2) ', and
N

p 1
from mixture of these distributions such that (4.5) is satisfied. For the mean and covari-

constant covariance matrix > = o . The contaminated datasets are generated

ance parameters, we set 02 = 1,117 = 1,12 = 2,01 = 3,20 = 4 and p € {0,0.5}.
We will also study performance by discretizing data from the normal distributions. To in-
vestigate performance of the methods for count data, we generate bivariate Poisson data
as follows. Note that, if Z;, Z5 and Z3 are independent Poisson random variables with
parameters A\, Ao and A3, respectively then X, = Z; + Z3 and Xy = 72y + Z3 are

marginally distributed as Poisson with A = A; + A3 and Ay + A3 and correlation p =
A3

V(A1 +23) (A2 +A3)

distributions Poisson(\y;), h,t = 1,2, where (A1, A2, Aa1, Ao2) = (1,2,3,4) and corre-

. Utilizing this property, we generate bivariate Poisson data with marginal

lation p € {0,0.5}. The effect of sample size is evaluated by considering the allocations
(n11,m21) € {(50,50), (50,100), (100,100)} and the validation-contaminated sample ra-
tios, hereinafter referred to as sample size ratio, varied in {10%, 30%, 50%}. To check the
effects of low to moderate misclassifications, we consider 01,02 € {0.01,0.1,0.25}.
Suppose we are interested in estimating 6 by 0. We will use three criteria to assess the

performances of estimators.

~

1. Bias of the estimator: Bias= F(f) — 6.

2. Root mean of square error: RMSE= 4/ E/ (5— 6)2.

3. Coverage probability (CP): the proportion of 95% confidence intervals that cover the

true value of 4.
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Mixing Proportions

For mixing proportions, we compare our proposed estimators with Hall (1981) estimators
in terms of Bias and RMSE. We also check the asymptotic results in (4.11) by computing

coverage probabilities. Thefore, the method compared are

1. the new estimator (New): the estimator defined in (4.10) with asymptotic distribution

in (4.11) and

2. Hall’s estimator (Hall): the estimator proposed in Hall (1981)’s where w(z) = 1.

Accuracy of Estimation

Table 4.1 presents the simulation results for gl and 52 when Fyy, g,t=1,2, are Normal
distributions. From these results, we see that the bias and RMSE of 31 and /5\2 for both
methods are small. The RMSE for the two methods are close but the bias from Hall is a bit
higher than the New method. Because the weight function for Hall’s method is equal to 1,
the estimation of 97 is not affected by the change of 5, and vice versa. The new methods’
weight is determined by the average of all distributions. Thus, a change in J, expectedly

affects the estimation of ¢; but the variation is not very large.

Table 4.1: Bias(x100) and RMSE(x100) of 6y and 6, when 02 = 1,p = 0,ny, =
100, n1o = 100, ratio= 0.5
Estimation o1 09
Method New Hall New Hall
01 do | Bias RMSE | Bias RMSE | Bias RMSE | Bias RMSE
0.01 | 0.570 5.628 | 0.715 5.641 | 0.601 5.578 | 0.739 5.605
0.01 [ 0.10 | 0.582 5.693 | 0.715 5.641 | 0.560 5.928 | 0.687 5.994
0.25 | 0.601 5.807 | 0.715 5.641 | 0.422 6.382 | 0.533 6.461
0.01 | 0.497 5947 | 0.630 6.003 | 0.615 5.647 | 0.739 5.605
0.10 [ 0.10 | 0.509 5.996 | 0.630 6.003 | 0.574 5978 | 0.687 5.994
0.25 | 0.529 6.082 | 0.630 6.003 | 0.437 6.407 | 0.533 6.461
0.01 | 0.313 6.361 | 0.422 6.435 | 0.636 5.769 | 0.739 5.605
0.25 [ 0.10 | 0.326 6.387 | 0422 6.435 | 0.597 6.07 | 0.687 5.994
0.25 | 0.346 6.434 | 0422 6.435 | 0461 6.457 | 0.533 6.461
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To make the comparisons clearer, we summarize the results by boxplots to illustrate
the effects of various factors of the simulation design. From Figure 4.1 we see that the
estimates from the new method are accurate in most scenarios, since most of the Bias and
RMSE of estimators fall in the ranges (0, 0.08) and (0.05, 0.20), respectively. The biases of
Hall’s estimators are higher than the new method’s in most scenarios. The RMSEs of the
two methods are close for normal, Poisson and discretized normal distributions. But for
Cauchy distribution, the bias and RMSE are the highest and the new method performs much
better than Hall’s estimators. This is not surprising since Hall’s method requires (4.4) and
Cauchy distribution does not satisfy this condition. However, for lognormal distribution,
the performance of Hall’s estimators of 9; and d, are quite different. The bias and RMSE
of 31 are smaller than the New method’s while the bias and RMSE of 32 are much larger.
The tails of lognormal distributions for group 2 are heavier than that of group 1, and the

estimators seem to be affected greatly by the large values in the tail. These imply Hall’s
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method may not be suitable for heavy tailed distribution, even if (4.4) is satisfied.

Normal Cauchy Lognormal Poisson Disnorm Normal Cauchy Lognormal Poisson Disnorm Normal Cauchy Lognormal Poisson Disnorm Normal Cauchy Lognormal Poisson Disnorm
Distributions Distributions Distributions Distributions

Bias*100
Bias*100
8

Root of Mean Square Error (RMSE)*100
5
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(a) Bias of &, (b) Bias of 3, () RMSE of 3, (d) RMSE of 3,

Figure 4.1: Boxplots of bias and RMSE for 5\1 and 3\2 by distributions. Disnorm is dis-
cretized normal distribution.

To check the effect of the other factors, we draw boxplots of Bias and RMSE by sample
size allocation, mixture proportion and within-pair dependence. Since the results for /5\2 are
similar to 31, we only present boxplots for 3\1 here and the boxplots for 3\2 are presented
in the Appendix 4.8. The results for Bias of 31 is presented in Figure 4.2 and Figure 4.3
contains the RMSE.
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Figure 4.3: Boxplots of RMSE for 5\1 by sample size, ratio, d; and p.

Overall, the comparison of the two methods are similar to what was observed in Figure
4.1. The estimators become more accurate when the sample size n,; increase from 50 to
100. The sample size ratio between validation and contaminated data has great effects on
the performance. When the ratio increase from 0.1 to 0.5, the bias and RMSE decrease
rapidly. This shows that we can get accurate results if the ratio is not too low. The biases
of 3\1 decrease as the true value (0;) gets large, but RMSEs are less affected. The biases of
31 get smaller and the RMSEs get larger when p increase from O to 0.5. Furthermore, the

performance of the new estimator is more stable than the Hall’s estimator.
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Asymptotic Distribution

To check the asymptotic distribution in (4.11), we ran simulations and recorded the cov-
erage probability for the 95% confidence interval in (4.12). Table 4.2 contains the results
for 3\1 and 3\2 when Fy4, g,t=1,2, are normal distributions. From these results, we can see
that the coverage probability is close to the nominal level 95% when the sample size ratio

between validation and contaminated datasets is not too small.

Table 4.2: Coverage Probability(%) of 3\1 and 3\2 when 02 = 1, ny; = 100 and n5 = 100.

(51 52

p 0 0.5 0 0.5
ratio 05 03 01/[05 03 01]05 03 01|05 03
5 &

0.1

0.01 | 940 939 87.8 942 942 888|942 937 881|944 938
0.01 0.10 | 940 939 87.8|942 942 888|947 942 904 | 947 942
0251939 938 8771942 94.1 88.8 950 952 938|950 954

88.9
91.2
94.1

0.01 | 945 944 904 | 948 94.8 90.7 | 940 93.7 880|945 938
0.10 0.10 | 94.6 943 903 | 948 94.8 90.6 [ 94.6 942 90.2 | 947 94.2
025|944 942 90.1 948 947 905 | 95 952 93.6 950 953

89.0
91.1
94.0

0.01 | 950 952 94.1 | 950 953 94.1 | 941 93.6 88.1|945 937
0.25 0.10 1949 952 939|950 953 94.0|94.6 942 89.9 | 947 94.1
0251949 951 934|949 952 937|950 952 933|949 952

89.1
90.9
93.9

The effects of various simulation factors on the coverage probability are presented in
Figure 4.4. The new method has reasonable performance for all the distributions consid-
ered. That is, the coverage probability is close to 95% in most scenarios. Sample size ratio
between validation and contaminated data has great effects on the performance. When the
ratio increase from 0.1 to 0.5, the coverage probability becomes very close the nominal
level. This shows that the asymptotic distributions are good approximations if the ratio is

not too low. Also, the coverage probability gets closer to the nominal level as d; increase.

Treatment Effect

In the simulation study for treatment effect, we compare our proposed methods with the

traditional ones. Here also, we use bias, RMSE and coverage probability to evaluate the
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Figure 4.4: Boxplots of coverage probability for 31 by distributions, sample size, ratio, ¢,
and p. Disnorm is discretized normal distribution.

estimation accuracy and the asymptotic results. In addition, we also compare powers of the

tests. The methods compared are

1. Tral: the traditional method that ignores the misclassification rates for the fallible

classifiers. That is, §; = do = 0 is assumed,

2. Tra2: the traditional methods that only use the observations from the infallible clas-

sifiers. That is, the contaminated data is discarded.

3. Mix: the new methods that estimates the misclassification rates and treatment effects

using both source of data and

In Table 4.3, we present the results for the three methods for the parameter settings as
in Table 1. Since Tra2 uses only the validation datasets, its results remain unchanged as the
mixing proportions change. The biases and RMSEs for Tra2 and Mix methods are small
and CPs are close to the nominal level 95%. The bias of Tral is greatly affected by the
difference between 9, and d,. When the difference is large, the bias of Tral is large and the
CP falls below 95%. To facilitate further comparison, we use boxplots in Figure 4.5-4.8 to

visualize the effects of the various simulation factors.
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Table 4.3: Bias(x100), RMSE(x100) and CP of Interaction Effect when 02 = 1,p =
0, niyp = 100, Nio = 100, ratio= 05, Pr = 0.
Method
Tral Tra2 Mix

01 0o Bias RMSE CP Bias RMSE CP Bias RMSE CP
0.01 | 0.024 2797 0.953 | -0.009 4.897 0.948 | 0.019 2986 0.953
0.01 | 0.10 | 0.859 2.980 0.940 | -0.009 4.897 0.948 | 0.035 3.240 0.951
0.25 | 2.002 3.544 0.891 | -0.009 4.897 0.948 | 0.067 3.795 0.944
0.01 | -0.808 2.950 0.942 | -0.009 4.897 0.948 | 0.008 3.215 0.954
0.10 | 0.10 | 0.027 2.880 0.951 | -0.009 4.897 0.948 | 0.022 3.526 0.953
0.25| 1.170  3.157 0932 | -0.009 4.897 0.948 | 0.056 4.238 0.957
0.01 | -1.943 3505 0.897 | -0.009 4.897 0.948 | -0.005 3.768 0.956
0.25 ] 0.10 | -1.108 3.137 0.936 | -0.009 4.897 0.948 | 0.009 4.234 0.956
0.25 | 0.036 2961 0951 | -0.009 4.897 0948 | 0.054 5442 0.962

Effect of Distributions

In Figure 4.5, we see that the bias of Tral is much larger than the other methods, and when
the coverage probability of Tral is lower than 95%, especially for Poisson distribution and
the true value of p; is different from 0. Tra2 has small bias and its coverage probability
is close to 95%, but the RMSE is larger than the other method. This is because Tra2 only
uses the validation data and, therefore, the sample size for it is much smaller than that of
the other methods. In most scenarios, the Mix method has reasonable performance for all
distributions, but in some cases this method produces large biases and RMSEs. To make
the comparisons clear, we omitted outliers in the boxplots for biases (16 out of 810) and

RMSEs (57 out of 810).

Effect of Sample Size

The effects of sample size on these methods are presented in Figure 4.6. Tral is less af-
fected by the sample size compared to the other methods and its coverage probabilities
become lower than 95% when sample sizes increase. This shows that the performance of
Tral will not improve as sample size increase. Tra2 and Mix have more accurate results as
sample size and ratio get larger. When the sample size ratio is low, the coverage probabil-

ities of Tra2 become lower than 95% and that of Mix tend to be more conservative. One
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Figure 4.5: Boxplots of bias, RMSE and coverage probability for Tral, Tra2, Mix methods’
estimates of p; by distributions.
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Figure 4.6: Boxplots of bias, RMSE and coverage probability for Tral, Tra2, Mix methods’
estimates of p; by sample size allocations.

thing to note is about the outliers in Mix methods. When the sample size ratio is 0.1, Mix
has many extreme value in the boxplots for biases and RMSEs. This is because when the
ratio is low, the sample size of the validation data is too small that the estimates of 9, and
0 have large variances, and we are likely to get estimates such that 25\1 + 3\2 is close to 1. In
this case, the estimator p; defined in (4.18) will be very large. In our simulation, the range
of bias from Mix is (—4.798,13.132). But when the sample size ratio between validation
and contaminated data increase to 0.3, the range of bias for Mix is (—0.11£00.008). This

shows that to use Mix method the sample size ratio should not be too low.
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Effect of Mixing Proportions

As a result of ignoring the misclassification error, Tral’s accuracy is greatly affected by
mixing proportions (see Figure 4.7). In panel (a), we can see that the bias from Tral is
small when d; = 5, but the bias become larger when d, — ¢, increase. From (4.15) we see
that when d; = 45, the treatment effects obtained from Tral will be unbiased when p; = 0.
When §; # d, and p; # 0, the results from Tral will be misleading. Since Tra2 only
uses validated dataset, its results do not change with mixing proportions. From Figure 4.7,
we see that Mix has reasonable performances as mixing proportions change. The RMSE

increases as sum of mixture proportion increase, and the CPs become a little bit higher than

95%.
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Figure 4.7: Boxplots of bias, RMSE and coverage probability for Tral, Tra2, Mix methods’
estimates of p; by mixture components.

Effect of Within-Pair Dependence

The within-pair dependence does not show a clear effects on the performance of the meth-

ods (see Figure 4.8), except that the RMSEs get smaller when p increases.

Effect of Size of p;

In most of the simulation scenarios above, the treatment effect was set equal to 0, except
when the distribution is Poisson. To show examples performances when p; is not equal

to 0, we set the sample size n1; = ni;» = 50 and the sample size ratios to 0.5. The
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Figure 4.9: Graphs of Bias, RMSE, and CP for Tral, Tra2, and Mix methods when ¢; = 0.1
and 65 = 0.25.

distributions Fb,; are set to N gy, 1), where (pi11, ft12, pto1) = (1,2, 3), pao increases from
4 to 8, and p = 0. Figure 4.9 presents graphs of Bias, RMSE and coverage probabilities
(CP) of the three methods when (d1,02) = (0.1,0.25). Tra2 and Mix have reasonable
performances as oo increases. The bias of Tral become larger as j9o increases and CPs
drop quickly. This shows that the traditional method (ignoring misclassification errors)
may produce misleading results. Interestingly, RMSE curves of Tra2 and Mix intersect

and the point of intersection and its reasons need further investigation.
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Power Simulation

To show the power performances of the three methods, we fix sample size and sample size
ratio same as in Section 4.5, and 0; = d, = 0.1. The size of the test is set at &« = 0.05. We
assume independence of the pre and post measurements. For the alternative hypothesis, we
keep Fbi1, Fo1a, Fho1 the same but add location, shape or both to F5y5. We choose Fhoo in
such a way that when the location or shape parameter or both are zero, the treatment effect
is 0. The marginal distributions we consider are skew-normal (SN)(Azzalini, 1985) and
skew-cauchy (SC)(Azzalini and Capitanio, 2003). The power curves for these distributions
are shown in Figures 4.10 and 4.11.

The figures shows that powers of the Tral and Mix are close. Tral and Mix methods
have clear advantage over the Tra2 when the data come from the heavy tailed distribution,

skew-cauchy.

,,,,,,,,,,
,,,,,,,,,,,
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-+ Tral
£ I Tra2
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0 H 2 3 4 0 i 2 3 4 0 1 2 3
13 £ 4
(2) F2zo= SN(4,1,8) (b) Fazo= SN(4+€,1,0) (€) Fazo= SN(4+¢,1.8)

Figure 4.10: Power curves for Tral, Tra2, and Mix methods. Fb11, Fo19, Foop are distributed
as N(1,1), N(2,1), and N(3,1), respectively. Fhoo varies with respect to location and/or
shape.

4.6 Real Data Example

To illustrate the application of the new method, we use a real dataset from the Total Sleep
Deprivation (TSD) study (Satterfield et al., 2015). The study examined the effect of geno-
types at position 308 in the TNFa gene on psychomotor vigilance performance impairment

during total sleep deprivation. Eighty eight subjects participated in one of the five labora-
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Figure 4.11: Power curves for Tral, Tra2, and Mix methods. Fb11, Fo12, Foop are distributed
as Cauchy(1,1), Cauchy(2,1), and Cauchy(3,1), respectively. Fhoo varies with respect to
location and/or shape.

tory TSD studies. Cognitive performances of the participants were measured across 36—62
hours of sustained wakefulness. All five studies included at least 24 hours of wake exten-
sion into the night and the following day. A 10-min psychomotor vigilance test (PVT) was
used as the primary performance criteria and it was administered every 2—3 hours over the
course of the scheduled wakefulness. Subjects’ vulnerabilities to sleep loss were quantified
based on their PVT performances over the 24 hour period of sleep deprivation common to
all the five studies.

To assess the effect of genotypes in the TNFa, subjects’ genetypes were determined
from blood samples collected during pre-study screening sessions. The subjects were clas-
sified into three genotypes: G/G, A/G or A/A. According to Juszczynski et al. (2002), the
classification method is not perfect and its positive predictive values for G/G, A/G, and A/A
genotypes are 97.9%, 92.5% and 100%, respectively. Since there was only one subject with
A/A genotype, we will focus on comparing subjects with G/G or A/G genotypes.

There were 64 subjects with G/G genotype and 23 subjects with A/G genotypes. We
regard the 24 hour period of sleep deprivation as a treatment. We use the latest PVT (20:00
or 21:00) before the 24 hour period of sleep deprivation (22:00-22:00) as pre-treatment
measurements, denoted as X ;; and X1, and the latest PVT (18:00, 20:00 or 21:00 ) in
the 24 hour period as post-treatment measurement, denoted as X712 and X799, where X1

and X9, are measurements for subjects with G/G and A/G genotypes, respectively, for
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pre and post treatment times ¢ = 1, 2. Data from two subjects, one from each group, were
discarded because they had missing values.

In this study, the mixing proportions are known to be 6; = 2.1% and d, = 7.5%. We
use the estimator in (4.20) and its distribution (4.21) to estimate the treatment effect and
conduct hypothesis test. The estimated treatment effect is p; = 0.0475. The effect is not
statistically significant (T3, = .764 and p—value = 0.445). Therefore, we do not have
evidence of difference in PVT performances by the genotypes in the TNF« as a result of

sleep deprivation.

4.7 Discussion

We developed a fully nonparametric method to assess treatment effects when the classi-
fiers used for stratifying participants are fallible. We modeled outcome distributions as
mixtures of unknown distributions and developed estimators for mixing proportions when
a validation (training) data exists. Consistency and the order of bias of the estimators are
proved. Also, the asymptotic distributions for the estimators are derived. The estimators of
the mixing proportions are used to construct inferential procedures (estimation and testing)
for a purely nonparametric measure of treatment effect.

Our estimation for mixing proportions provide more accurate results compared to an
existing method without requiring any distributional assumptions. Therefore, our method
works for heavy tailed distributions as well as non metric data. The coverage probabilities
of the proposed confidence interval for mixing proportions are close to the nominal level
when the sample size ratio between contaminated and validation data is not too small.
When misclassification exists, the traditional method which ignores the errors leads to a
serious bias in estimation of the treatment effect. Our method have much smaller biases
and stable coverage probabilities. Also, the test based on our estimator and its asymptotic
theory has higher power compared to the method that only uses the validation data set.

The results derived in this chapter cover the situation where measurement is taken only
once as a special case by introducing minor changes in notations. Specifically, dropping
the index for time, let F5y, g = 1, 2, be the distributions for observations from subjects clas-

sified by infallible classifiers and [, be the distributions for observations from the fallible
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classifier. Therefore, I, is a mixture of F5; and F5y, mixed in proportions determined by

dg4. That is,
Flg - (1 - (5g)F2g + (5ng9/7

for ¢ # g,9’, g = 1, 2. Following the same steps as in Section 4.3, the mixing proportions

are estimated by

3\ — max f(Flg — Fgg)(Fgg/ — Fgg)dH O
I [(Fay — Fyy)?dH

for g = 1,2, where H = S22 Z§=1 %F\hg. The treatment effect is measured by the

nonparametric effect measure p = f F51dF5,. In the presence of misclassification errors,

0o F11 + 01 F;
PZ/FmszQ:/FndFm‘i‘/%d(Fu—Fn).
— 01— 02

Estimation and testing procedures for p can be derived in a manner analogous to Section
4.4.

The accuracy of estimation of the mixing proportions will be affected by the separation
of the distributions of two groups. From the simulation results, we note that when the
mixing proportions d;and J, are close to 0.5 or the sample size ratio between validation
and contaminated data is small, we may get estimates of 3\1 and 25\2 such that 31 + ;5\2 is very
close to 1 due to sampling variation. In such cases, the estimation of p;; will be very large
and it leads to large bias and RMSE for p;, because p; is a weighted average of p;; and
pr2. To solve this problem, one idea is to choose the weight of p;; and p;, that minimizes

the variance of p;. More specifically, one can consider the estimator

pr=7pn+ (1 —7) Dbra,

where ~ is chosen to minimize the variance of p;. By doing so, when p;; become very
large due to estimations of 31 and 8\2, ~ will be close to 0 and, as a result, it leads to smaller
bias and variation for p;. The theory for this estimator needs futher investigation.

To avoid nonidentifiability in the finite mixtures, we assumed that the mixing propor-

tions are known or validation (training) data exists. In some application, it may not be

93



possible to get either of these information. However, it may be possible to derive inferen-
tial procedures by making stronger assumption on the nature of dependence between the
pre and post variables, or by using a semi-parametric dependence models. Another ap-
proach could be to use auxiliary variables or covariates that contains information about the
accuracy of the classifies and use them to estimate the mixing probabilities and treatment

effects simultaneously. We plan to investigate these problems in future research.

4.8 Appendix

Lemmas

In this subsection, we state and prove some useful technical Lemmas before we present the

proofs of the main results,

Lemma 4.8.1. Let X1, Fhge, I3 ngt and N be defined as in Proposition 4.3.1. Then under

Assumption 4.3.1, we have
E ( / ﬁhgtdﬁslk) = / FhgedFyp + O(N7Y), (4.23)
B ([ FnFadFuns) = [ B P+ O, (424)
forg,t,l,r,h,s,u,v,w=1,2.

Proof. (i) Proof of (4.23). By definition of F}, we have

. . 1 Moo 1 L
/thtdFslk = n_z Z tht(stm) = . Z ZC(XSM - thtj)~
i=1 9

i=1 j=1

When X;; and X}, are independent, by Fubini’s theorem it follows that

Ele(Xap — Xngss)] = / / ey — 2)d Py () dF o (y) = / FhordFa.

Therefore, when (h, g) # (s, 1), Xgk; and X}, are independent,

o 1 2
E (/ thtdFslk) =F (nmg ZZC(XSW - thtj)) = /thtdFslk-

i=1 j=1
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On the other hand, if (h, g) = (s,1), X4k and X}, are independent if 7 # j. Thus,
by Assumption 4.3.1,

E ( / ﬁhgtdﬁhgk> —F (
(

1 &
— > c(Xngri — thm‘))
n

i=1

- 1
= /thtthgk + —E (e(Xngr1 — Xngt1))
ny ny

= / FhgedFpgr + O(N7Y).

(i) Proof of (4.24). By definition, we have

Nuv

uvwz slr(Xuvwi>

/F\hgtﬁslrdﬁuvw =

nuv Mhg ng

- Z Z C Xuvwi — thtj>c(Xuvwi - Xslrk;)-

NhgMsiN
hg"islliuv 1 j=1 k=1

Notice that when X i, Xpgej, and X, are independent with each other,

E (C(Xuvwi - thtj)c(Xuvwi - Xslrk)) - /ththlrdFuvw'

When i # j # k, Yypwis Yagtj» and Yy, are independent with each other. To make

the summation easier to present, SUPPOSE 1.,y < Npy < Ng. We can change the order
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of 7, 7, k in summation if this does not hold. Therefore,

E (/ F\hgtﬁslrdﬁuvw>

Nuy Thg MNgl
= E uvwi — Xpgtj)c Xuvwi - Xs r
nuvnhgnsl Zl ;k?ﬁz” hgt]) ( : k)>
1 Nyy Thg
+ — Z Z E (C(Xuvwi - thtj)C(Xuvwi - Xslrj))
Ny MhgMisi i=1 j£i
1 Nyv hg
+ — Z Z E uvwz thtj)c(Xuvwi - Xslri))
Ny NpgTisi i=1 j£i
1 Nuv  Msl
+ — Z Z E (C(Xuvwi - thti)C(Xuvwi - Xslrk))
Ny MhgNisi i=1 kti
1 Nuv
- E Xuvwi - X 7 Xuvwi - Xs 7
s B oo~ o)
(g ~ D = 2) /Fh tFardF,
NpgNsi g
Npg — 1
E (C(Xuvwl - tht2>c(Xuvw1 - Xslr?))
NpgNisi
Npg — 1
+ E (C(Xuvwl — tht2)C(Xuvw1 - Xslrl))
NpgNisi
Ngl — 1
E (C(Xuvwl - thtl)c(Xuvwl - Xslr?))
NpgNg
1
+ E (C(Xuvwl — thtl)c(Xu'uwl - Xslrl))
NpgNsl

= / ththlrdFuvw + O(N_l)

]

Lemma 4.8.2. Let F,y, ﬁhgt and N be defined as in Proposition 4.3.1, and let H (x) be

defined as in (4.8). Then under Assumption 4.3.1, at any fixed point x we have

1
) = Fygi(z)]” < —,
Ny

E[ﬁhgt(Xslr) -
nhg

H@)P < 52 = O(NY),

E[H(x
( hgthlrdFuvw -

2
/ththlrdFuvw) = O(Nil)v

2
ththlrdH /ththlrdH) = O(N_l)a
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forh,g,t,s, l,r,u,v,w=1,2.

Proof. (i) Proof of (4.25) and (4.26). Similar to the proof of Lemma 7.4 in Brunner

et al. (2018), we can get these results.

(i1) Proof of (4.27). Apply the c,-inequality, we have

2
(/ F\hgtﬁslrdﬁuvw - /thtﬁslrdpuvw)

:[/(F\hgt - tht)Fslrdﬁuvw + /tht(Fslr - Fslk)dﬁuvw

2
/ththlkd <Fuvw - Fuvw) :|

2
§3 (/(tht - tht FslrdFuvw) + 3 ( tht(Fslr - Fslr)dFuvw)

+3 (/ ththlrd (Fuvw Fuvw)) .

By partial integration, we obtain that

/ththlrd <Fuvw - uvw = / - uvw thtdFslr

/ uvw uvw Fslrthgt

Therefore,

2
(/ 271\hgtﬁslrdﬁuvw - /ththlrdFuvw>
—~ ~ ~ 2 A~
SS (/(tht - tht)FslrdFuvw> + 3 (/ tht(FslT - Fslr>dFuvw>
R . 2
+3 (/ (Fuvw - Fuvw) thtdFslr + / <Fuvw - Fuvw) Fslrthgt)
. . 2 . . 2
<3 (/ (tht - tht) dFm;w) +3 (/ <Fslr - Fslr) dFuvw)
R R 2
+6(/ <Fuvw_ uvw) dFslr) +6</ <Fuvw_Fuvw> thgt) .

2
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Using the Jensen’s inequality, we have

2
(/ ththldeuvw - /ththldeuvw)

3 Nuv R 9 3 Nuv R 9
Z [tht(Xuvwi) - tht(XuUwi)i| + Z [Fslr<Xuvwi) - Fslr(XuUwi)

=1 =1
~ 2 o~ 2
+ 6/ (Fuvw - Fuvw) dFslr + 6/ (Fuvw - Eww) thgt-

Taking expectations on both sides and by (4.25), we have

<

M

nuv

~ A A > 3 3 12
E(/ththldeuvw_/ththldeuvw) < —+—+ :O(N_l)

Npg Tsi Ny

(ii1) Proof of (4.28). By the c,-inequality, we have

2
E </ ﬁhgtﬁslrdﬁ - /ththlrdH>
2 2
= ( Z n;\L;) </ ththlrdFuvw - /ththlrdFuvw)>

u,v,w=1,2

2 2
2n? ~ ~ o~
S ]7\7’;;1) (/ ththlrdFuvw - /ththlrdFuvw) S O(N_l)

u,v,w=1,2

]

Lemma 4.8.3. Let Xy 411, gt I3 hgt and N be defined as in Proposition 4.3.1. Then under

Assumption 4.3.1, we have

B, =VN / (Bt = Figt) d (Far = Far) 0, (4.29)
BQ = \/N/ <F\hgtﬁslr - ththl’r> d <F\uvw - Fuvw) £> 07 (430)
B3 = \/N/ <F\hgt - tht) <F\sl'r - Fslr) dFuvw i 07 (431)

forh,qg,t, s, l,r,u,v,w=1,2.

Proof. (i) Proof of (4.29). By definition, we have

A nz ( ot (Xairs) — Fhgt(Xais) — / (Fuge(w) = Fi()) dFslr(:c)>

Mgl i—1

i=1

s
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First note that

B(A) = E (ﬁhgt(xsm) — Frge(Xans) — / (Fuge(x) — Frp()) dFslr(x)) o,

fori =1,...,ng. Then by Fubini’s theorem and independence of random variables,

we have
E(AZA]):OfOI'Z#j, i,jzl,...,nsl.

Through the Lemma 7.4 in Brunner et al. (2018), we have

~ 2 1
E | Fi(w) = Fig(2)]” < —  and
Nhg
~ 2 1 .
E [tht(Xslri) — tht(Xslri>i| S —,,t = ]-7 ceey Mgl

Then by c,-inequality and Fubini’s theorem, we have

E<A12) SQE (ﬁhgt<Xslri) - tht(Xslm'>2)

+2F (/ (ﬁhgt(x) - Fslri<x)> dFslTi(@)Z

4
<—.
Nhg
Thus, we obtain that
N Nsi Mgl ey ) N
= ZI;E (A A;) 2 ZlE (A%) < nsmhg. (4.32)

Therefore, under Assumption 4.3.1, (4.29) holds.
(i1) Proof of (4.30). Notice that
B, :\/N/F\hgt F\slr - Fslr) d (ﬁuvw - Fuvw)
VN [ B (B = F) d (P = Fuv)
=Dy + Baa.

By (4.32) we have

2
I~ - =~ AN
E(B22t> <E (( N/ <Fslr - Fslr) d (Fuvw - Fuvw)) > < 5 fort = 1,2
N1 My

Therefore, under Assumption 4.3.1, By £> 0 and Bajs 5) 0. By the linearity of

convergence in probability, (4.30) hold.
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(ii1) Proof of (4.31). By definition, we have

Tth Nsl

Bo= 2SS [ (el = Xig) = Fi0) (el = Xary) = Fae(0) dFov

Npqmn
hgslzlj1

Nhg ng
- NSS4

NpgM
hgslllj1

If (h, g) # (s,1), Xpg: and X, are independent, by Fubini’s theorem, we have

E(A;;)=0,fori=1,--- ;npgandj=1,--- ng.
Also
E(AijAwy) = 0,if (i,5) # (i'j'), and 0 < E(A})) <1

fori,7’ =1,--- ,npgand j,j' =1,-- - ny. Therefore,

Thg Nsl

B(BY) = o 3. O

7’L
hg Sl Z =1 ] ]/ 1
Thg Mgl N

Z Z E nhgnsl ‘

nhgsli131

On the other hand, if (h, g) = (s, (), we still have

—1 SE(A”) S 1, fori,jzl,--« y Nhg-

E(AUAZ’]’) = O,lf (Z,j) 7£ (i/j,)7 and
0< E(A’?j) < 17 foriuilajaj/ = 17 » Thg -

Therefore,
N
E(Bs) = v E(AijAijr)
hg ] ]/ 1
N Np nhg N
= Z (Aidjj) + Z E(A5) <
h =1 hg i£j hg

Combining (4.33) and (4.34), and under Assumption 4.3.1, (4.31) hold.
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Proofs

In this subsection we provide detailed proofs and calculations for theoretical results in

Sections 4.3 and 4.4.

Proof of Proposition 4.3.1. Under Assumption 4.3.3, it is suffice to consider the consis-
tency of the first part of gg. By the linearity property of convergence in probability and the

results of Lemma 4.8.2, we can show that

/(ﬁlgt - ﬁth)(ﬁZg/t - ﬁth)d[/—j £> /(Flgt - Fth)(F2g’t - Fth)dHa

/ (Fhgy — Fog)?dH 5 / (Fagt — Fagy)?dH,

where g # ¢’ and ¢, g,t = 1, 2. Then by continuous mapping theorem, we have

S P
dg — g,

i.e, 04, g = 1,2, are consistent estimator of . O

Proof of Proposition 4.3.2. By definition of 25\9 in (4.10), we have

gg — 4, :Z?:l f(]jlgt _/]:52915)(]?29% - ]i?gt)dﬁ
thl f(FQIt - FQQt)QdH
3 [ (Fag = Fogt) (Fagi — Fogr)dH
Sty [ (Fow — Foy)?dH

9

2 2
12 g=12"1=1"hgFhgt

Sh
where H = & =

. Set

~

A= [ By~ Fo)(Bogs ~ Fogifl, Ay = [ (Fig = Fp) (o~ Fa)aH
S, = /(ﬁzu — Foo,)?dH, Sy = /(F21t — Fay)*dH.

where g,t = 1, 2. Then we have




Since fAlgt, §t, g,t = 1,2, can be expressed as finite summation of f F\hgtﬁslrdﬁww, from

Lemma 4.8.1, we have

Notice that —1 < A\gt < 1, we have

<FE([A A — — —
= (< ot 92> (51+52 S1+52)>
§2E(A Lo 1 )

Si+S8, S1+S

By Taylor expansion,

1 1
E — —— —
(Sl+52 SI+SQ)

B 1 _ 1
Sl+82_(31+52_81_32) SI+SQ

1 E<51—§1+52—§2+O<Sl—§1+52—§2>)

"5+ 5, S: + S S, + S
1

—  _O(N7Y.

(S1 + 52)2 ( )

By Assumption 4.3.2, we have S; + S, > C, therefore ——— < %, it follows that

S1+S2

E(by) — 8, = O(N™).
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Proof of Theorem 4.3.1. By Lemma 4.8.3, we have

\/N(/ ﬁhgtﬁslkdﬁuvw - /ththldeuvw)
:\/N/ththlde\uvw + \/N/ ﬁhgtﬁslkdpuvw - 2\/N/ ththldeuvw + Op( )

:\/N/ ththlkdﬁuvw + \/N/ thtﬁsldeuyw + \/N/ F\hgthldeuvw (435)

— 3\/N/ ththldeuvw —f- Op(l)
sl
Q? - Slkl tht( )dFuvw( )

\/N Nyv
Z tht uvwz)Fslk uvwz

Ny
1 ”hg
/ (2 — Xngts) Far(2)dF () — 3V N / Fhgt FaipdF oy 4 0,(1).

+n_hg;

By definition of /5\(,

VN (b — &)

_JN A\Zl + A\ez B Ap + Ap
§1 + §2 Sl + SQ
Ap = An ) + (An — An 1 1
Ly (Yazde) e o) (3 )
Sl+52 Sl—|—52 Sl+52
1 (S1— S1) + (Sy — Sy)

=V'N [(Ael - Aﬁ) (Am N Am)] (Sl + Sy (S1 + 52)2

()

r( e )

AEl - Agl (A\Q — A@l) A L+ A ) R R
VN [ S1+ S, (Sel T 5;)2 ((51 —51) + (52 - S2)>]
+ op(1).
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By (4.35), we have
VN(Ay — Ay) =V N / (Fuet — Fou)(Fopy — Fau)dH
+VN / (Fuet — Fou)(Fopy — Fa)dH
+VN / (Fioe — Four)(Fapy — Fop)dH (4.36)
—3VN / (Fuot — Fou) (Fopry — For)dH + 0,(1),
where 0/ £ 0,0, 0 =1, 2.
VN(S, — 8) =VN / (Far, — Fag)?dH + 2V/N / (Fary — Fao)(Fory — Fas)dH
—3VN / (Fory — Faoy)2dH + 0,(1). (4.37)

Set

;Qt = /(Fm — Fou)(Fopy — FQ[t)dﬁ,
Z?t = /(ﬁm — ﬁ%t)(F%’t — Fyy)dH,
fzi?t = /(Flet — F%t)(ﬁ%’t — ﬁQgt)dH,
S} = / (Fary — Fop)2dH,

§t2 = /(ﬁmt - F\22t)(F21t - F22t)dH~

Utilizing results (4.36) and (4.37), we have

N 1 U
\/N((Sz — 0g) :Sl ey VN [Aél + AL+ A+ A+ Ap+ A%}

Aél + A£2 =1 =2 = =
- m\/ﬁ [Sl + 251 + 521 + 2522] + Op(l).
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By definition, we have
Al + AL AL AL AL+ A

= /(F111 — F511) (Faor — Forr) + (Fhiz — Forz) (Faze — F212)dﬁ
+/ﬁ111(F221 — Foy1)dH + /ﬁ112(F222 - F212)dH+/F\221(F111 — Fhy)dH
+ /ﬁ222(F112 — Fhyp)dH — /F\211(F221 + Fii1 — 2F>1)dH

— /F\212(F222 + Fi19 — 2F510)dH.

Agy + AGy + A3+ Ay + A5 + A

_/(F121 — Fho1)(Forn — Fhor) + (Fioo — Fogo)(Foio — F222)dff
+/F\121(F211 — Fop1)dH + /ﬁ122(F212 — Fhyp)dH + /F\211(F121 — Fhy1)dH
+ /F\QIQ(FIZQ — FypdH) — /F\221(F211 + Fio1 — 2Fy91)dH

- /ﬁ222(F212 + Fiao — 2F59)dH.

S} +25% + S5 + 253
Z/(an — Fy1)? + (Forz — F222)2d]/’-? + 2/ﬁ211(F211 — Fhy1)dH
+ 2/13212(}7212 — Fypo)dH — 2/ﬁ221(F211 — Fyp)dH — 2/13222(17212 — Fyp)dH.
Set
G1 = (Finn — Foin)(Faa1 — Fonn) + (Fuuz — Fai) (Faaz — Fona),

G2 = <F121 - F221)(F211 - F221) + <F122 - F222)<F212 - F222)7

Gg = <F211 — F221)2 + (F212 - F222)2'
Then, we have

Ab A2 4 A3 AL A% 4 A,
1 nii ni12 n21 n22

1 1 1
= Z Ui (Xg) + — Z Upia(Xiok) + — Z Uyor (Xorg) + — Z U2 (Xook ),
k=1 2= N1 N2

ni T —
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where

nn ni

Uii1(Xi1k) :WGl(Xlllk) + WGl(XHQk)
+ /C(SC — X111k) (Fagi (7) — Fopi(z))dH ()
+ /C(x — Xiok) (Fooa(x) — Foro(2))dH (),

ni2 nia

Una(Xia) =22G (Xre) + 226 (X,
Utor (Xouk) = Ga(Xoune) + 2 G (Xoum)
- / e — Xou) (Fani () + Fun () — 2Fn (2))dH
- / (& — Xonsw)(Foo () + Fuio(x) — 2Fon(x))dH,
Utza(Xaa) =2 Ga(Xoanr) + 2 G (Xaam)
+ / ez — Xoou) (Fint (@) — Foy(¢))dH (x)
+ / e — Xogm) (Frio(2) — Foro(2))dH (x).

Similarly, we have

AL+ A2+ AR+ AL+ A2+ A,

1 nii 1 ni2 1 nai1 1 n22
= Usii(X11) + — Usia(Xiok) + — Uao1 (Xo1k) + — Usoo(Xaok ),
- ; 211 (X11k) o~ ; 212(X12k) = ; 921 ( ) o~ ;
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where

n n
U211(X11k) :£G2(X111k) + ﬁGQ(XHQk)

n n
U212(X12k) :£G2(X121k) + ﬁGQ(XUQk)

+ /C(LC — Xlglk)(F211<I‘> — F221<x)>dH(SC)
+ /C(x — Xizor) (Fa12(w) — Faga(z))dH (),

n21 no1

Uso1 (Xo1k) :_G2(X211k) + _G2<X212k>
+ /C(ZL‘ — Xgllk)(Flgl([L') — Fzgl(l‘))dH(flf)
+ /0(37 — Xowok) (Fhaa(x) — Fago(z))dH (),

n n
U222(X22k:) ZEGQ(X221I<:) + ﬂGZ(AXV22219)

— /C(I‘ — nglk)(Fgu(ZE) —+ F121 (l’) — 2F221 (.Z‘))dH
- /C($ — Xoook) (Foi2(x) + Fiaa(x) — 2Fh90(x))dH.

Also,

nii ni2

1
Sl+252+51+252 _n—ZU:m (X11k) + ZU312 (X12k)
11
k:

na1 1 n22

1
+ e Z Usor (Xo1x) + Z Usaa(Xaok ),
21

k=1

N9

107



where

nn n1

U311(X11k) :WGS(Xlllk) + WGB(XIIQIC%

N2 N2

Usia(X121) :WGs(lek) + WG?’(XH%)’

n21 n21

U321 (XQlk) :WG3(X2111~:) + WGB(XZle)
+ 2/0(5[] — Xgllk)(Fgu(ZE) — F221<1’)>dH((L’)

+ 2/0(36 — Xoiok) (Fora(x) — Foge(x))dH (z),

n n
U322(X22k) :ﬁGS(X221k) + %G3(X222k)

- 2/0(117 - X221k)(F211(37) - F222($))dH

— 2/0(1‘ — nggk)(Fglg(I) — FQQQ(ZL’))dH
Therefore, we have

\/N (gg — 5@) :@ Z VgH(XUk) + \/N Z VZ12<X12I€)
k=1 k=1

nn N2 1=

\/N n21 \/N n22
+ —Zvezl(quc) + Zvezz(Xm) + 0,(1),
k=1 k=1

n21 N2z 1 —
where
1 Ap + Ap
Vono (X = ——Upo( X — ————— " Uspo (X ) 4.38
éhg( hgk) Sl+52 Zhg( hgk) (Sl+52)2 3hg( hgk) ( )

Utilizing the Central Limit Theorem and independence between random variables, by

Assumption 4.3.4, we can obtain that
\/N(ge — 0¢) 2 U~N (07 ’11_11‘74?11 + ’<01_210312 + ’<02_11‘7?21 + "12_210322) )
where
a?hg =Var(Ving(Xng)), € h,g=1,2.
O

Proof of Theorem 4.3.2. Since o, i oumg for g, h,t = 1,2, we only need to show that

Stng — Ttng L 0. It suffices to show that

E[Sghg - 5zhg]2 —0as N — oo forg, h,t =1,2.
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By definition of variance, we have

E[Shy — Oengl’

1 &~ — )
o[ 5 (i Tt
1 Nhg 2
7 2
g 2 Vi) = Vi) ]
1 e _ B
:mE Z (Vehg(thi) — Ving(Xng.) + Ving(Xngi) — Vehg(th.)>
g i=1

2
X (‘A&hg(thi) ~ Ving(Xngi) = Ving(Xng) + Vehg(th-)> ] :
Suppose
§1 + §2 = /(F\Qll — ﬁ221)2dﬁ + /(F\mz — ﬁ222)2ﬁ >, (4.39)

where 0 < €' < (' and C' is the constant in assumption 4.3.2. Then by Assumption 4.3.2
and range of distribution functions, Vjj, (X)) and ‘/}ghg<X ngi) are bounded and we can

find a constant M > 0, such that
~ =< _ 2
(Vzhg(thz‘) = Ving(Xng.) + Ving(Xhngi) — Vmg(th.)> < M.
Therefore,

E[Sing = Gongl’

<o, Z (Vina(Xngs) = Ving(Xngi) = Vingl(Xog) +th9<th')>]2
:%E gi: <‘7£hg(thi) - thg(thi))Q]

_ (ni\jiiglVE |:(§€hg(th.> — Vehg(th-)>1
_%E jz:: <‘7éhg(thi) - Whg(thz‘)>2] - (4.40)
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Notice that

1 s 121\@1 + 12[@2 -
= A = 7 =~ 7
<51 2 thg(Xhgi) 5.1 5,7 ant(Xngi)
2
1 An + A
— Uho( Xhai Uspi (X hoi
S1+ 5, ehg( hg ) + (51 + 52)2 3ht< ho )>
1~ 1 2
QE | —— i Uhe( Xnai
< (81 iy Uthg(Xngi) SIS, thg(Xng ))
~ ~ 2
An + Ap ~ Ap + Ap
— Xhoi Usii (X hoi

) R 2
<4F (A — (Uehg(thi) - Ufhg(thi))>

_|._
1 1 2
— — — Urho( X10i
( LSy S +52) thg(Xng )>

~ R .
E a £2 ‘1€1 AEQ
! AT Uspie(Xngi )
((Sl + 55)2 (S; + 52)2> snt(Xng ))

By Lemma 4.8.2 and the c,-inequality, we have

~ 2
K (Umg(thi) - Ulhg(thi>) =O(NTY),
~ 2 N 2
E(Ay—Ay) =0, E(S-8) =0,
forl=1,2,3,and ¢, g, h,t = 1, 2. Under the assumption in (4.39),
1 1 2 < Ap + Ap < 2

0< —+ < —, S === A5
S +8, " ¢ C (S;+ 852~ C

2
Sl+Sg Sl+52

~ ~ ~ ~ 2
_ 1 E(51—51+52—52+O<Sl—sl+52—52)> oY,

(S1 + S53)? Sy + Ss S1 4 S
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- 1 1 1 - 2
=F|( A4+ A — — + A Ap— Ay — A
(( 0 e2> (S1+52 51+82) S1+52< o1+ Ap i 2 )

1 1 2 1 ~ 2 1 —~ 2
<QF [ =——— — —FE(Aq — A —F(Ap — A = O(N7Y).
<8 (51 15 S +52> + I ( n £1> + 2 ( ) ez) O( )

By the range of distribution function, we can find a constant M, such that
My < Upg(Xngs) < My, =My < Upg(Xngi) < My, forg=1,2,3, h,t=1,2.
Combining these results, we have
E (Ving(Xingi) = Ving(Xingi) ) = O(N).
Thus,

2 ~ 12 Mn,%g > 2 —1
E[Sihg — 0eng)” < s E <V£hg(thl)—VEhg(th1)> =O(N).

(1ng — 1)

Then when (4.39) holds, we have §§hg — O 2. 0. Notice that §; 2 S, and S, 2> S,,

then under Assumption 4.3.2, we have limy_,, P (§1 + §2 < C’) = 0. Thus, Ve,

: Q2 2
0< A}gﬂoop <|Sehg — Opngl > 5)

< lim P (§1 + 5, < C”) —i—j\}im P (\§,?hg — O'Ehg’ > €, S+ S, > Cl) = 0.
—00

N—oo

Hence, 57, , is a consistent estimator for o7, . O

Proof of Equation (4.15). Using the equations (4.6), we have

Foin + Foyp = Fipg + Fiao + %11_52(17111 — Fia1) — %12_52(}7112 — Fig,) and
4.41)
Foro + Fogy = Fiio + Figg + L(Flm — Fla2) — 5—2(F111 — Fia1).
1—0; — 09 1— 07 — 09
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Using (4.41), we have

/(FQH + Fooo)d(Foio + Foor)

)
= /(Fnl + Fi9o)d(Fi19 + Fio1) + ! 5 /(Fnl — Fio1)d(Fiia + Fio1)
— 09

1—-6

0
- T;—(ﬁ /(Fnz — Fio)d(Fi12 + Fia1)
0
b /(Flll + Fioo)d(Fi12 — Fia2)
1—46; — 09

5 2
+ (1 _ 511_ 62) /(Flll - F121)d(F112 - F122>

010
- ﬁ /(Fnz — Flo)d(Fi12 — Fiao)
— 02 — 01
0.
- ﬁ /(F111 + Flao)d(Fi11 — Fizn)
— 02 — 01
0102
T 0=0,—4,) (Fr11 = Fro1)d(Fin — Fia)
— 02 — 01

+ <$12_52)2 /(F112 — Fip)d(Fi11 — Fia1).

By the rule of partial integration, we have
/(F1gh + Fug)d(Figw — Fuw) = — /(Flg’h’ — Fuy)d(Fign + Fug),
/(Flgh — Fug)d(Fign — Fu) = — /(Flg’h’ — Fup)d(Fign — Fug),
/(Flgh + Fup)d(Fign + Fuw) =4 — /(Flg’h/ + Fu )d(Fign + Fu),

where g, ¢, h, b, 11"k, K' =1, 2.
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Therefore, we have

/(F211 + Fyo0)d(Fo1o + Fhor)

= /(Fnl + Fioo)d(Fi12 + Fio1)

1
+ 1-s —d. /((51F111 + 05 F199 — 02 Fy19 — 01 Fy91)d(Fiia 4 Fio)
— 01 — 02
1
+ 1= —5. /(52F111 + 01F122 — 01 F119 — 02 F101)d(Fi11 + Fioo)
— 01 — 02
6f — 03
" ﬁ /(Flll B F121)d(F112 - F122)
— 65— 6
: 2(01 + 6
:m /(F111 + Fio9)d(Fi12 + Fio1) — 1(#1_25)2
5 — 5 52 o 62
(1 _1(51 _252 + a —151 _2(52)2> /(Fnl — Fi01)d(Fi15 — Fi2)
dg — 0
+ 125—15 /'(-Fill2 - F122)d(F112 - F122>
— 01 — 02
: 2(61 + &
:m /(Fnl + F122)d(F112 + F121) _ 1(#1_25)2
)
* (115—25)2 /(Fm — Fi91)d(Fii2 — Fig).
— 5, — 0y

Combining this result with (4.13) we have

1
b =55 [ (Pt Fian)d(Fus + Fia)
51 — 6, 1
o g o FFus = Fo) = 5

Proof of Proposition 4.4.1. Applying Proposition 7.7 in Brunner et al. (2018), we have

/ FrgdFii; 2 / FhogedFyj.

Then by Proposition 4.3.1 and continuous mapping theorem, we obtain the result.

Proof of Proposition 4.4.2. By definition of p; and p;, we have

2(n11 +n1a) - 2(ng1 + nag) -

Pr—pr= N (pll_p1>+T(pl2_pl>-
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From Lemma 4.8.1, we have
E(pr2 —pr) = O(N7Y). (4.42)
For py1, by (4.15), we have

b —p1
1
(1 — 5y — 0y)
-
2(1 — 6, — &)
5 — o ~ ~ ~ ~
7 5 e / (Fin = Fi)d(Friz = Fioo)
01 — 0o
2(1 — 6, — &

/(Fnl + F122)d(ﬁ112 + F\121)

/(Flll + Fioo)d(Fi12 + Fia1)

) /(Flll - FlQl)d(F112 - F122)

_( !
1—8\1—52 1_51

:/(ﬁm + 13122) F112 +F121 ( 2(1 — 51 _ (52 (1 — 51 — (52))

1 .
+ /(Fnl + F122)d(F112 + F121) /(Flll + Fi9o)d(Fi19 + Fio1)
2(1 =9y — d9)
* /<F1H ~ Frz)d(Fuuz = Fiz) <2(1 — /5\1 — 8\2)2 N 2(1 =06, — 52)2>
5 - 5 f oy A~ ~
! 2 /(F111 — Fi91)d(Fi1a — Fi2) — /(F111 — Fio1)d(Fi1a — Fi22)
2 1-— 51 — 97)?

(g i)
52 10— 6

1 1
(1—@_@ ﬂ_&_%J*QO_&_%%E—EQ

~ 51 — 0 01 — 09 01 — 09 ~
+ E + Ey — E
2( 2(1— 0, — 0y)? 2(1—51—62>2) 20— b g

(o =an)
1—3\1—5\2 1_51_52 ’

where

B, = /(13111 + Fioo)d(Fiys + Fiat), E, = /(Fm + Flag)d(Fiiz + Fio),

EZ = /(ﬁlll - ﬁlQl)d(ﬁlw - F\122)7 E2 = /(Flll - FlZl)d(FHQ - F122>-
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By the range of empirical distribution function, we have 0 < El < 4and -2 < Eg < 2.

From Lemma 4.8.1, we have

E(E) —E, =O(N™Y, and E(E,) — Ey, = O(N7Y).

1

1—61—62 <

from Assumption 4.3.3, we have 1 < . Therefore,

From Proposition 4.3.2, we have E(8;) — 6, = O(N~') and E(d5 — 65) = O(N~1), and
1
2¢co

1—

1 1
E — — —
(1—51—52 1_51_52)

o 1 51—51+32—52 8\1—51—1—3\2—52 o 1
_1—51—52]3( s +0< s ))‘O(N )

B 8\1 — /5\2 o 51 - 52
(1 — 51 — 52)2 (1 - 51 - 52)2

~ o~ 1 1
=F ((51—52) ((1—8\1—32)2 - (1_51_52)2>)

+ mE ((31 —81) — (5, — 52))

s 5, — 0 2(8) — 81 + 03 — &) +02@—&+&—@
V(1= 0; — 6y)2 1—6, — 0y 1—6, — 0y

1 < < _ -1
R 12 (61— 8) = (3= 62)) = O(N).
E(p, ) <2E( ! ! ) + ! E(Dy — Dy)
bPrnn —pr) > 1_51_52 1—06, — 0, 2(1_51_52) 1 1
51 — 09 5, — 6 5, — 6 ~
+E - + E(Dy— D
((1 —5 a2 (1—di - 52>2> 20— b P2 )
1 1
—-F — — = O(N7Y. 4.43
(1—(51—52 1_61_52) ( ) ( )
Combining (4.42) and (4.43), we complete the proof. ]

Proof of Theorem 4.4.1. By definition of p;, we have

. 2(ny1 +n . 2(no1 +n .
VNpr —p1) = %\/ﬁ(ml —pz)+¥\/ﬁ(m—pz)-
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Asymptotic Equivalence for /N (p;; — p;) By results in Brunner et al. (2018), we

have
\/N(Z/?\Iz —pl)
1 ~ . . .
VN (/ §(F211 + Fogo)d(Foyo + Fooy) — 1 — pI)
VE ([ (s 5 \a(a .=
:T (/ <F211 + F222> d <F212 + F221) — / (Fn + F22) d(Fm + FQl))
VN o _
#T /(qu + Fogo)d <F212 + F221> - / (Fhia + Foor) d <F211 + F222)
+2— 2/ (Fi1 + Fyo)d (Fra + FQl))
N
=9 Z (Fo11(Xo12i) + Fooo(Xo12:) — Fora(Xo11i) — Foor(Xo114))
2o
VN 222
+ o Z (Fo11(Xa21i) + Fooo(Xoo1:) — Fara(Xaoei) — Foor(Xa22:)) — 2pr
99 “—
VN 2 VN 22
- ZZI 1(Xo14) + — ;W2( 92;) DI
where
1
Wi (Xo1) =3 (Fo11(Xo12:) + Fooa(Xo12:) — Fara(Xor1i) — Foor(Xo11s)) (4.44)
1
W (Xa9;) =3 (Fo11(Xa215) + Fooa(Xa01:) — Fo12(Xao9i) — Fao1(Xo29:)) -

Asymptotic Equivalence for /N (p;; — p;) Then we return to /N (p;1 — py), set

_ 1 Pos + Fn)d(Frra 1 P
Pr1 :m /(Flll + F122)d(F112 + Fl?l)
51 — 52 = ] - [ 1
* oy | Fin = Pl = Fon) =

Then we have
\/N(ﬁn - pl) = \/N(]/?\n - 511) + \/N(ﬁn - p])-

1. Asymptotic equivalence for /N (p;; — pr)
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By their definition, we have

\/N(ﬁn - pI)

1 . ~ . .
:m\/ﬁ/(ﬂn + Fioo)d(Fi19 + Fio1)

1
- 2(1 — 01 — 52>\/N/(F111 + Figo)d(Fr1z + Flo1)

) Pt
+zﬂfj&;ngﬁv/kﬂ“_fb”d@h2—Fhﬁ
a5

2(1 — 6, — 0,

To simplify the notation, we set

- 1 =5
BT A e Rl Yo B S vk

Ch

Applying results (4.29) to the right hand side of (4.45), we have

\/N(ﬁn - pI)

)2\/N/(F111 - F121)d(F112 - F122)~

(4.45)

#Cﬁ\/ﬁ |:/(F\111 + ﬁ122)d(F112 + Fio1) + /(Flll + F122)d(ﬁ112 + ﬁ121)}

+ sz |:/(F\111 — 13121)61(17112 — Fig9) + /(F111 — F121)d(ﬁ112 - ﬁmz)]

- 201\/N/(F111 + Fi99)d(Fi19 + Fio1)

— QCQW/(Flll — Fia1)d(Fi12 — Fia2).

Notice that

/(ﬁlll - ﬁlZl)d(FHQ - F122) = - /(F112 - F122)d(ﬁ111 - F\121) and

/(F\lll + ﬁ122)d(F112 + Fio1) =4 — /(F112 + F121)d(ﬁ111 + F\122),
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we have

\/N(ﬁl - pl)

#Cl\/ﬁ |:/(F111 + F122)d(ﬁ112 + ﬁl?l) — /(F112 + F121)d(ﬁ111 + F\122)}
+ 02\/N {/(ﬂn — F121)d(ﬁ112 — Ezz) — /(F112 — F122)d(ﬁ111 — ﬁ121)}

— 2pr
=Uy.

Observe that

\/N nii
UN = Z {Cl[_Fll2(Xlllk) - F121 (Xlllk) + F111<X112k) + F122(X112k:)]

n
11 k=1

+ Co[—Fr12(Xi11k) + Froo(Xi11k) + Fiin (Xia2k) — F121<X112k)]}

\/N n12
+ — Z {Cl [F111<X121k> + F122(X121k) - F112(X122k) - F121 (X122k)]

n
12 k=1

+ Co[—Fioo(Xi91k) + Fr12(Xi01k) + Fio1(Xiook) — F111(X122k)]} — QPI\/N

\/N n11 \/N niz
= Z Vi(Xk) + — Z Vo(Xox) — 2p1\/ﬁ,
ni 1 nig 1
where

W(Xllk) :Cl[_FHQ(Xlllk) - F121<X111k) + Flll(XHZk) + F122<X112k‘>]

+ Co[—Fria(Xin1k) + Froo(Xi11e) + Fiun (Xuioe) — Fiai(Xui2e)],
(4.46)

Vo (Xor) =Ch[Fii1(Xi21k) + Fiao(Xio1e) — Fii2(Xaoor) — Fia1(Xiook)]
+ Co[—Fia2(Xio1k) + Fii2(Xa21k) + Fio1(Xa2ok) — Fi1 (Xa2ok)]-

Thus, Uy can be expressed as sums of functions of independent and identically dis-

tributed random variables.

2. Asymptotic Equivalence for /N (p;, — pr1)
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Notice that
VN(@n —pn)

1 1 N R R R
- (2(1 —5—6) 21—~ 52)> /(Fm + Fo2)d(Fuz + Fizn)

8\1—8\2 51_52 N R R ~
e (2(1 — 8 - 3\2)2 C2(1—6, — (52)2> /(Fm — Fig)d(Fhyg — Fla)
1 1
—W( R )
1—6 —d0 (1—01—10)

By Taylor expansion, we have

1 1
1—8\1—3\2 1_51_62

B 1 1 )
11— 01 — 0y 1— (01—61)+(32—02)
1—61—02

—~ ~ ~ ~ 2
o (Br =8+ Ba=02) (5= 0) + (B2 =)
1— 6, — 0, 1— 6, — b 1— 6, — 0,

Gi— o)+ (Go— )\’
oo (CEE) )

1 1

(1-5-5) @-0-0)

1 1
_ —1
(1 — 51 — (52)2 <1 B (31—51)-1-(/5\2—52))2

1—61—02

~ ~ ~ ~ 2
1 y O =0) +(Ga=00) o ((G1=0)+ (2~ 0)
(1= 0, — 65)2 1— 01— 6y 1—0, -0y

(61 — 81) + (52 — &) i
+0p<< R )))

Since VN (3\9 — dg4), g = 1,2 is asymptotically distributed as normal distributions

and S\g is consistent estimator for d,, by Slutsky’s theorem, we have

VNG =650, VNG —86)250, VNG —6)(0 —6) 2 0.
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Hence,

1 1 1
1—8\1—3\2 1_(51_52 (1_51_52)

> <(3\1 — 1)+ (02 — 52)) + 0,(1).

61 — 0y 81 — 6
~ N2 (1_4 —
(1-8,-5) (0= %r
(01 — 61) — (65 — 8s) 1 1

i (1—8\1—3\2>2 +(51_52) (1—3\1—3\2>2_ (1_51_62)2

(01— 61) — By — 83)  2(61 — 8) (81 — 01) + (62 — b»)

ST O—aa)r Ti-6-6 (-a-5nz ol
1 1+0; — 30y /~ 146, — 30 /=~
_ _ - = — 1).
(1 — 51 — 52)2 ( 1-— 51 — 52 <61 51) 1-— 51 - 62 <52 52)) * Op( )
Therefore,

VN@n - pn)

:W ((51 —81) + (52 — 52)) /( Pt + Fuao)d(Fuus + Fian)

21— 0, — 02)°
1 149, — 362 ~ 149y — 36, ~
+2(1—5l—52)2(1—51—52\/N(51_51>_ 1—51—52\/N<62_52>>
L UN (G- (e )
></(F111—F121)d(F112—F122)— =06, =5, + 0,(1)
— 01— 02

:2<¢1N— (2 - 32 / (Friy + Fi)d(Fiy + Fian)
% /(ﬁm - ﬁlzl)d(ﬁm - ]3122) B 2]
+ QXN_(% :?32 /(F\lll + ﬁ122)d(ﬁ112 + ]3121)
B % /(13111 — Fio))d(Fuuz — Fioa) — 2| +0,(1)

=D1VN(8y — 81) + DoV N (63 — 65) + 0,(1),
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where

D, = 21— (511 5, [/(Fm + Flag)d(Fiia + Fizn)
% /(F111 — Fio))d(Fiis — Fias) — 2} ,
D:= 5= 511 —57 [/(F111 + Fiop)d(Fins + Fiot)
- % / (Fit — Fio)d(Fuia — Fro) — 2].
Hence,
VN (pr — p1)
=3 Jlr S \/N[Dl (2{}1 + A A+ AL+ A% A’ig)

+ D2(;1;1 + Zg1 + 231 + fEQ + fEQ + ZgQ)]
B Dy (Ay; + Ai2) + Da(Agy + Ag) VN

{5% +282 4+ 81+ 253] +0,(1)

(S1+ 52)?
:X__ﬁ[ g Ui (X11k) + \:—f g Utz (X12r)
+ \7{—_27 i Us1(Xo1k) + n_\/f 2 Usz(Xoot),
where
Un (Xi1z) :%Um(xm) + Sﬁ 2 3 Uan(Xun)
~ (Di(An+ z‘(lgl)jsliz(flm + Aga)) Usiy (X 1),
Ura(X o) = Sﬁl o Uina(Xiar) + sl% g Va2 Xian)
- Dl 14(135'21)_1—5{32(1421 T A)) Usi2(Xi2k), (4.47)
Uny (X 1) = Slli ! g U (Xau) + Sllf g U (Xau)
_ (Da(An + f‘égfié;ﬁflm + Az)) U (Xons),
Usa(Xoot) = Sﬁl o V(X + sﬁ 2 5 U (Xa)
_ (Da(An + f‘(lgl)isgjgflm + Az)) Vs (Xt
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Combining the equivalence results above, we have

\/N(ﬁl - pl)

2 ) N )+ 2 N )

N N
:w (\/N(ﬁn —pn) +VN@(pn —pl)) + MmT—mm)\/N(ﬁn —p1)

Yoy + JF &
- ( HN 12) ( ZUM (Xi1) —i-—ZUl? Xl?k))

N2 7=
2(ni; +n \/_n21 \/Nn22
+ ( HN 12 ( ZUm (Xo1k) +—ZU22 X22k)>

22
2(7111 + nm) ( n11 \/N n12 )

k=1 =
N ZVl (X11k) +—ZV2 Xiok)

N2
. 2(7”&21 + n22) (\/— n21 \/N n22 )

+

N ZWl X212 + _ZWQ X22z)

1=1

\/N nii \/N ni2
= Z/h (Vi(Xa1k) + Ui (Xq1k)) + — Z/h (Va(Xi2k) + Ura(Xi9k))

n n
11k1 12k1

+ @ i (AsW1 (Xo1k) + A1U21 (Xo1k))

n
21 k=1

\/N n22
+ o— Z (A Wo(Xoak) + A1Uz(Xook)) + 0,(1).
22 1
Utilizing the CLT and by Assumption 4.3.4, we can obtain that
\/N(p[ —pr1) —> U~N (O “11 011 + “12 012 + “21 021 + “221032)

where

0%1 = VG?”(A1 (Vl(Xllk) + U11<X11k)))> 0—%2 = Var (Al (VQ(Xlzk) + U12(X12k;))) )
031 = Var(As Wi (Xaik) + A1U2 (Xo1k)), 032 = Var(AsWae(Xaor) + A1Us(Xo2k))-

O
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Proof of Theorem 4.4.2. By the weak law of large number, we have

nii

_ 1 _ _
o1 = ST A (Vi(Xuw) + Ui (Xaw) = V(X)) = Un(Xu)” 5 o2y,
mp — 1 k=1
N 1 ni2 o .
Gy = S A2 (Va(Xuow) + Una(Xiow) — Va(X12) = Uia(X12))” 2 0%,
m2 — 1o
52 = %(AW(X ) AUt (Xone) — ATV (X)) — AT (X )2 5 03
21 — Ny — 2VV1 21k 1Y21 21k 2 1 21 1Y 21 21- 091,
k=1
52— %(AW(X ) + Ay Uss(Xoog) — AsWo(Xong) — AU (X0)) " D 02
22 — Ngy — 2VV2 22k 1Y22 22k 2 2 22k 1Y 22 22. 29+
k=1

as nii, N2, Na1, Ngg —» 00, where Vg<X1g.) = nng Zlegl V(Xlgk)a Wg(ng.) = ang Zfl Wg(X2gk)
and Ung(Xng.) = 7= 2252 Ung(Xngr). hog = 1,2.
Since 77, L o2 4 » we are done with the proof if we can show 52 0~ Ohg L 0. It suffices

to show that
B[S}, — Ghgl* = Oas N — oo for b, g = 1,2.

Here we just show the proof for h = g = 1, others can be proved similarly. By definition,

we have
N A2 nii R . — — 9
BISh —6ul? =B {n L3 (V) + Ou(Xaw) = Vi(Xu) = Un(Xn)
n— 1=
A% nii o o 9 2
0 1 Z (V1(X11k) + U (Xak) — Vi( X)) — U11(X11.)) }
n— 1=
Al ML ~ = =
SWE {Z <V1(X11k) + Ui (Xq1x) — Vi(Xi1) — U (Xq1)
11— ]

_ _ 2
+ Vi(Xuk) + Ui (Xa1k) — Vi(Xay) — U11(X11.)>
X Z (‘Z(Xllk) — Vi(X11k) + ﬁll(Xnk) — Un(X11x)
k=1
— V(X)) + V(X)) = Un(Xan) + UH(XH.))Q} .

Now suppose (4.39) holds and further assume

~ 1
0< min{él, 52} < max{dl, 52} <d< 5, (448)
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where ¢ < ¢ < %, and c is the constant in Assumption 4.3.3. Then by Assumption 4.3.2,
4.3.3 and range of distribution functions, XAfl(Xllk), Vi(Xi1k), [711(X11k), and Uyq (X11x)

are bounded and we can find a constant M > 0, such that

(Vi(X11x) + O (Xaw) — V(X)) — U (X))

"‘ %(Xllk) —|— Ull(Xllk) — Vl(XH,) — Ull(Xll-))2 S M
Therefore, similar to the procedures in (4.40), we have

B[S} — 5]’

Mn <X /A~ 9 Pu )
_—(n _111>2E Z <‘/1(X11k) - ‘/vl(Xllk)) + Z (Ull(Xllk) — Ull(Xllk)> ]

1= pet o

Mn < ~ 2 I . )
= 111)2 Z E (Vl(Xllk> - Vl(Xnk)) + Z E (UH(XHk) - U11(X11k)> ] :

1= pt £

By definitions, we have

B [74(X) ~ Vi X (4.49)
<E [C\Fa(Xiw) — CiFua(Ximw)] + E [GFon (X — CuFon (Xuw)]
+ B :6113111()(11%) - OlFlll(Xll%): +E :611/5122()(11%) - OIF122(X112I<:): :
+E :6213112()(1111@) - 02F112(X111k): +E :6213122()(1111@) - 02F122(X111k:): i
+FE :6213111()(11%) - OQFIH(XH%): +F :6213121()(11%) - 02F121(X112k:): 2,
where 61 = m, 62 = %. By Assumption 4.3.3 and Lemma 4.8.2, we have

N 2
E | CiFiz(Xig) — OlFHQ(Xlllk)}

N 2 . N 2
<FE <C1 — Cl) F1212(X111k):| +E {012 <F112(X111k) — F112(X111k)> }

~ 2 1
< — _—
sE (Cl Cl) } * 4ngq (1 — 2¢)?

124



Since
£ {(o ~a)]
1 1 ’
- _(2(13152> - 2(1_51_52)) ]

~ ~ ~ ~ 2
! B = 14006y 51— 6140 — 5
_F
4(1—51—52)2< [ —s J“O( [ s ))]

<o [EGma) B (i s) - B (oG- h-m))].

Notice that
~ 2
E (59 - 59)

. 1 1 1 . 2
—E((A,+ A S Aj+ Ay — A, — A
(( n 92) (51 + 5o S1 +S2) - S1+ 52 ( ot A2 ot g2)>

:O(N_l)a

because by Lemma 4.8.2, we have
(A - a4) =0, E(3-5)=0(n")

Therefore,
Similarly, we can show that

Hence,
~ ~ 2
E €1 Fia(Xiw) — CrFin(Xuw)| - < O(NY),
The rest terms on the left hand side of (4.49) can be dealt similarly, therefore,

E[V(Xuw) ~ WX <o), (4.50)
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Similarly, we can show that
~ 2
E\Un(Xuk) — U11(X111<;)] <O(NY). 4.51)

Combining (4.50) and (4.51), we have

E[S? — 1] <O(NY).
Thus, when (4.39) and (4.48) hold, we have §11 — o} . 0. Notice that §1 it S1,
§2 £> So, ;5\1 i>1 and 25\2 $2, then under Assumption 4.3.1, 4.3.2 and 4.3.3, we have
My o0 P(S1 + B2 < C') = 0, limy_yo0 P(0; > ord; < 0) = 0, limy_ye0 P(d2 >
¢ or&; < 0) = 0. Thus, Ve > 0,
0< lim P (‘3\11 — O'11| > 6)

N—o0

< lim P (§1 + 5 < C’) + lim P(3; > ¢ ordy < 0)+ lim P(d > ¢ or 8, < 0)
N—o0 N—oo

N—oo

+ A}im P (|§11 —oul| > ¢ Si+8,>00< min{d;, dp } < max{gl,gg} < c’) = 0.
— 00

Hence, S1; is a constant estimator for o3, . [l
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Supplemental Simulation Results

In this subsection, we include additional simulation results that are discussed in Section

4.5.

. . 30- . .
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Figure 4.12: Boxplots of bias for 3\2 by sample size, sample size ratio, d, and p.
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Figure 4.13: Boxplots of RMSE for 3\2 by sample size, sample size ratio, d,, and p.
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Chapter 5 Adjusting for Covariates in Contaminated Clinical Trials

5.1 Introduction

Clinical trials are often used to assess drug efficacy and safety. Sometimes, participants
are classified into different groups by diagnostic tools. However, these diagnostic tools
are not perfectly accurate. Their misclassification error rates are usually unknown and
assumed to be zero in the traditional method. These inaccuracies lead to contamination of
the group membership and, thereby, bias in estimation of treatment effect (Battistin and
Sianesi, 2011). Moreover, the misclassification errors yield overly optimistic results in
the sample size determinations and the power calculations. These errors may prevent the
detection of significant treatment effects.

This misclassification issue are prominent in the era of personalized medicine and
measurement-based care. The US Food and Drug Administration published a concept
paper (Hinman et al., 2006) to support the co-development of drugs and test devices. It
recommends establishing clinical validation (i.e., the accuracy of the test devices) and
clinical utility (i.e., the effects of classification on the drug performances) of a test in a
pre-clinical pilot feasibility study. These can be achieved using a pre-stratified randomized
placebo-controlled design or a pre-stratified pre-post or matched pair design. This chapter
will focus on the latter design, but the method can be easily extended to the first design.

Despite the importance of this problem, only few works evaluated treatment effect in
the presence of misclassifications. Most of them focus on estimating accuracy and sample
size to evaluate the devices themselves (Flahault et al., 2005). Harrar et al. (2016) recently
tackled this problem and provided methods for estimating and testing treatment effect.
They approximated the distribution of outcomes by a mixture of multivariate normal dis-
tribution and derived sample size determination formula. Nevertheless, their methods are
only applicable for continuous outcomes and do not allow covariates.

To estimate and test treatment effects, a proper model for the distribution of outcomes is

necessary. Due to misclassification errors, the distribution can be approximated by mixture
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models, which are widely used in different disciplines and have well-studied theories. The
finite mixture of linear regression models is a commonly used class of mixture models that
can accommodate the effect of the covariates. Though powerful, their linearity assumptions
are sometimes restrictive. Some efforts have been made to extend these models and relax
these assumptions. Huang and Yao (2012) studied a semiparametric mixture of regression
models. In their models, the regression functions are still linear functions of predictors, but
the mixing proportions are smoothing functions of a covariate instead of constant. Later,
Huang et al. (2013) proposed a nonparametric finite mixture of regression models. The new
model relaxes the linearity assumption on the regression model and allows each component
regression functions to be an unknown but smooth function of covariates. Due to the "curse
of dimensionality”, only a single covariate is considered.

This chapter extends Huang et al. (2013)’s model by considering multiple covariates
and bivariate outcomes. We establish a more robust method for estimating and testing treat-
ment effects in a pre-post design when a diagnostic device used for screening (treatment
assignment) is prone to misclassification errors. In Section 2, we present a nonparametric
finite mixture of regression models and establish its identifiability. We derive an estimation
procedure using the kernel regression method and EM algorithm in Section 3. We conclude

this chapter with summary and discussion for future work in Section 4.

5.2 Model and Identifiability

Statistical Model

To compare treatment effects on patients with or without a specific disease in a pre-post
design, it is assumed that a diagnostic device that is prone to misclassification error is used
to separate the participants into two groups, diseased (group 1) and healthy (group 2). The
observation on performance of each patient are measured before and after treatment. These
measurements are response variables, denoted by Y. We propose a mixture of nonpara-
metric regression models to address the misclassification errors of the diagnostic device.
Let {X,,Y,},g = 1,2, be pair of covariates and outcome variables for each patient

diagnosed in group g. Since the diagnostic device is not perfect, the actual group status
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of each patient is unknown. We will regard it as a latent variable and denote it as C. Let
the probability that a patient truly is classified in group g be P(C = ¢g| X, = x) = 7 ().
Conditioning on C' = g, and X, = «, Y} is assumed to follow a multivariate normal
distribution with mean m,(x) and covariance matrix 3, (x). We further assume that 7, (),
my(x), and X (x), g = 1,2 are unknown but smooth functions. Hence, conditioning on

X, =z, Y, follows a finite mixture of multivariate normal distributions given by
Ylxo=a ~ mo(®) N{my(x), Xy(2)} + (1 — my(2))N{my (2), Xy (®)},  (5.1)
where g # ¢, 9,9 = 1,2.

Identifiability

Huang et al. (2013) established identifiability for the nonparametric finite mixture of re-
gression models in the univariate case. We extend their result to the multivariate case here.
To establish identifiability, more restrictions for mixture models are required. The proof of

Theorem 5.2.1 is included in Appendix 5.5
Theorem 5.2.1. The model (5.1) is identifiable if
1. wy(x) > 0, g = 1,2, are continuous functions,
2. my(x) and ¥ 4(x), g = 1,2 are differentiable functions,

3. forany x € RP,
2
lma () — ma(@)|? + ||vee (3“5_;(90)) e (371(;;(33)) H

+|[vee(Si(x) — vee(Sa(@))|I*

dvec(S dvec(S ?
+ ||vec —vec( 1(2)) — vec —vec( 2(2)) # 0,
Ox Ox
where || - || is the Euclidean distance and vec is the operator that transforms a matrix

to a vector, and

4. the range of X is an open set in RP.
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The conditions 1,2 and 4 in Theorem 5.2.1 are general conditions for model (5.1) that
require the component functions 7,(x), m,(x), X,(x) are smooth functions on an open
set in RP. The conditions 3 requires (m(x), ¥ (x)) and (mq(z), Xo(x)) have different
derivatives on all their intersection points. If the distribution of two groups are well sepa-

rated, i.e. (mq(x), X (x)) # (ma(x),Xs(x)) for all , this condition is satisfied.

5.3 Estimation Procedure: Nonparametric Kernel Regression

To estimate these component functions in the model (5.1), 7,(z), m,(z), and Xy(x), g =
1, 2, one can use the maximum likelihood method. Suppose we have n = n;+ns subjects in

the clinical trial, of which n; and n, are diagnosed as in group 1 and group 2, respectively.

Let Yéz = (Yl

i Yg%)’ be the pre and post outcomes vector and X,; be the covariates for
the ith patient in the group g. Denote ¢(y|u, 2) to be the density function of multivariate
normal distribution N (y, 3). Then the log-likelihood function for the data { X, Y, =
L,...,ng,9=12}is

g

L= Z Z log [Wg(wgi)¢{ygi’mg<wgi)> Yg(xgi)}

g=1 i=1

+ (1 - 7Tg(a:gi)>§b‘{'$/£1i|'m'g’ (xg:), Eg’(wgi)}} )

where g # ¢/, g, = 1,2. We employ the multivariate kernel regression method to esti-
mate component functions in model (5.1). Instead of estimating the component functions
directly, we use local constant 7, m,, and X, to approximate 7 (), my(x), and 3¥y(x), g =
1,2. Let Ky(x) = |H|"Y2K(H~'/%z) be a rescaled version of the kernel function K (-)
with symmetric and positive bandwidth matrix H, where K () = (27)"%% exp(—1/2x"x).
Then the corresponding local log-likelihood function is

2 Ng

1,(0;2) = Z Z log [Ty {Ygi|mg, Xy} + (1 — mg)p{ygilmy, By} K (xg — @),

g=1 i=1

(5.2)

where 0 = (7, m9, m1, Mg, 31, X2). We estimate the component functions by the maxi-

mizer of the local log-likelihood function (5.2) and denote it as 0 = (71, o, M, Ma, Y, , 532).
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EM Algorithm for Kernel Regression

To obtain the maximizer of the function in (5.2), we formulate the problem as an incomplete-
data problem and use the EM algorithm. We regard the actual group status of sth patient in
group g as the missing variable and denote it by Z;, i.e.,

1, if (X;,Y;) classified in gth group is in the gth group,

Zgi = (5.3)
0, otherwise.

The complete log-likelihood function becomes

2 n

Z Z {Zgi [log m4(xgi) + log ¢{ygi|my(@gi), Xg(2g:) }]
g =1
+ (1 = 24i)[log(1 — my(24i)) + log p{ygilmy (x4:), Eg/(‘rgi)}]}'
For x € {u,,...,uy}, the set of grid points at which the unknown functions are to be

evaluated, define a local complete log-likelihood as

Z Z {Zgi[log Ty + log ¢{ygilmgy, By} + (1 — z;)[log(1 — )

=1

+log d{ygilmy, By} } Kn(zgi — ).

The EM algorithm involves two steps iteratively: E-step and M-step. In the E-step,
we take expectations of the missing variables Z ;. Then in the M-step, we plug in these
expectations and maximize the resulting complete log-likelihood function to obtain the
estimators for the component functions. Then we return to the E-step and update the ex-
pectations of Z,; and carry out the M-step again. We iteratively update the estimators until
the algorithm converges.

For a fixed point x, one can easily maximize this function using the EM algorithm.
However, we are interested in evaluating the component functions at a set of grid points
over an open set of . Naively implementing the EM algorithm for each point will lead
to a label switching problem, a common issue in mixture models. This may lead to inter-
changing estimation of component distributions and result in misleading treatment effect

estimation. To address this issue, we will propose a modified EM algorithm. In the E-step,
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we will calculate the expectation based on the complete log-likelihood function. In the
M-step, we will maximize the local log-likelihood function with the kernel function.
Suppose in the Ith iteration, we have 7.(-), m/(-), and 2U(.), g = 1,2, then in the

E-step of (I + 1)th iteration, the expectation of the latent variable Z,; is given by

A Tg(@gi) P{Ygi| g (X4i), Bg(Tgi) } '
7 Tg(@gi) DYl mg (X 4:), Eg(®gi) + (1 — 7g(@g:))p{Ygil My (), gy (X 4:) }
(5.4)
In the M-step of (I + 1)th iteration, we maximize
l+1
ZZ{ /[log 7y + log p{ygi|m,, X, }] (5.5)
(1= ) log(1 = m) + log dfyglmy, Sy} } Kn (g — ),
forx = u;,7 = 1,..., N. The maximization of Equation (5.5) is equivalent to maximizing
> [ 10gm + (1= 15 l0g(1 = 7,)| Ky — ) (5.6)
i=1
forg = 1,2, and

Z Z [ (+1) log ¢{ygi\mg, 29} + (1 (Hl)) log Qb{ygz’mg 72 }] KH(wg’ B m)’

g=1 =1

(5.7
separately. For x € {u;,j =1,..., N}, the solution for maximization of Equation (5.6) is
ng I+1
(141) () _ 2oz ro K (g — )

Ty (2) ; (5.8)
i Kp(zyi — )
and the closed-from solution for Equation (5.7) is
+1 Ngr I+1
) () — ST lelf){(wgz L D e L Gt I
9 g + ) .
Sy (@ — @) + 0 (1= g V) K (@ — @)
and
FUFD (l+1) (l+1) T
K (xgi — x)(Ygi — ())(ygi — (z))
I+1 Z’L 1 % H gt gi gi
S0 (@) ==L (5.10)

S S Ky (g — ) + 04 (1 rg’,f))KH(wgfi—w)
L l +1 +1
L S0 =g K@y — @)y = my @) (g —my ™ (@)
ng (I41) 1+1)
ST K (g — ) + S0 (1= ) Ky (g — )

Furthermore, we update w§l+1)(mgi), m(l“)(mgz) and E(Hl)(mgz) g = 1,2, by linearly
interpolating 7r(l+1)(ul) mglﬂ)(ui), and Zglﬂ)(ui), i=1,...,N.
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Initial Value for EM algorithm

To implement this algorithm, we need to select initial values for the parameters and the
bandwidth matrix H for the kernel function Ky (-). Huang et al. (2013) suggested using a
mixture of polynomial regression to obtain the initial value first. Similar to their idea, we
use a mixture of multivariate polynomial regressions as initial value for the EM algorithm.
By including higher orders of the vector of the predictor variable into the covariate matrix
X, the calculations for the mixture of polynomial regression is similar to mixture of linear
regressions. The mixtools package in R (Benaglia et al., 2009) provides code for mixture
of linear regression when the response variable y is univariate. In our case, the response
y 1is bivariate and we have two groups to consider simultaneously. Therefore, we need to
revise the algorithm to upgrade it for mixture of multivariate linear regressions.

In a mixture of linear regressions, my(x) = B, «*, where * is the vector of covariates
including the intercept and higher orders of the predictor variables. Here, B, is the regres-
sion coefficient matrix, whereas ¥ (x) and 7, () are constant functions. The conditional

distribution of Y} given X = x* can be written as
l/9|Xg*=ac ~ WQN(Bg;rm*v Yg) +(1— WQ)N(B;:m*a Xgr),

where ¢, g = 1,2 and g # ¢'. Given the data { X, Ysi,i = 1,...,ng,G = 1,2}, the
log-likelihood function is
2 Ng
L= loglmd{yg|B, &, S} + (1 — 1) ¢{yg| Bya*, , Sy }].
i=1 i=1
It is hard to derive the MLE analytically and, thus, we still utilize the EM algorithm for

it. As before, we denote the true group membership by 7, defined in (5.3) as missing

information. The complete log-likelihood function is

2 ng
Lo= Z Z {Zgiﬂog Ty + log ¢{y9i|B;w;m 29}]
g =1

+ (1= 2)llog(1 = ) + log d{yyil By s, Ty} |-

Suppose in the [th iteration, we have wél), Bél), and Eél), g = 1,2. In the E-step of the
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(I + 1)th iteration, the expectation of the latent variable Z; is given by

(i+1) _ ﬂ-ggb{ygl|Bngz7 29}

To = = " . (5.11)
g Wgﬁb{ygi‘B; gis g} + (1 - Wg)¢{ygi’B;mgi7 Eg’}
In the M-step of the (I + 1)th iteration, we maximize the following function:
Z Z { (Ll ) log 7y + log ¢{ygl\Bngz, g} (5.12)
+ (1= ) log(1 = ) + log dyal By, Sy}l b (5.13)
which is equivalent to maximizing
L= Z{TGH logmy, + (1 — rélfl)) log(1 —m,)} (5.14)
and
~ d I+1 x
Ly =" r$ T log byl By, By) + > (1 — i) log byl B) @i, 5). (5.15)
i=1 i=1
The maximizor for (5.14) is:
ng  (I+1)
It
D = Zl_%,g =1,2. (5.16)
Taking derivatives of £, with respective to B, and XJ,, we have
6£2_ zg: (1+1)(_m* + :BTB +Z (l+1 e + ¥, :BTB) -1
5Bg - Tgi giygz gi*” gi g’iyg i g'ig'i g
i=1
and

0Ls 1 (14+1) (1 1 T « T4\ Ty—1
8_292_5271‘ (Z _Eg (ygz B )(ygl nggi) Zg )

Thus, the maximizor for £, is

g

B(l+1) [X*TR (I+1) X* X;/T(l . R(l+1))X*:| [X;TR!(JZJA)Y;] —+ X;/T<1 — R;l,+1))}/'g/:| )
(5.17)
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and

ng (l+1) DT« DT« \T
2 (Ygi = By 25)(Ygi — By )

E(H—l) _ Li=l QZ g? (518)
9 n I+1 I+1
Zz 91 ;z : + Zz 1 ( ( g’ )>
St (L=l ) (s = B T ) g — BE g
T ng l+1) 1 (l+1) ’
Zz 1 gz + Zz 1 - 7"
where
I1+1 N
P 0 X7 Y,
RITD = Lo . X, = : , andY, =

0 ... oY b ol Y,

For the initial values of the mixture of multivariate polynomial regression, we propose
to use the previous information for mixing proportions 7,4, g = 1, 2 and polynomial regres-
sion estimations for B, and Y, disregarding the misclassification. The proposed estimation

procedure is summarized as the following:

EM Algorithm

Initial Value: Utilize EM-algorithm for mixture of polynomial regressions with constant
portions, regressionn coefficient matrix and variances in (5.11), (5.17) and (5.18), and ob-
tain the estimates of coefficient matrix Bg, and 7y, i}g, g = 1,2. Set the initial value as
m (z) = B, x*, M (x) =2, and 7 (z) = 7,.

E-step: Use Equation (5.4) to calculate r( )

fort=1,...,n,andg =1, 2.
M-step: For g = 1,2and j = 1,..., N, evaluate 7 " )(u]) in (5.8), m Hl)(uj) in (5.9),
and X"V (w;) in (5.10). Further obtain WE(,ZH)(XQZ»), mélﬂ)(Xgi), and EE,ZH)(XW-) using

linear interpolation.

5.4 Summary and Conclusion

In this chapter, we proposed a mixture of nonparametric regression models for estimat-
ing treatment effect in the presence of misclassification errors and covariate information.
We provide conditions for the identifiability of the model and utilize the kernel regression
method to estimate the component functions, nonparametrically. A modified EM algo-

rithm is derived for the mixture of nonparametric regression. We propose a mixture of
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multivariate polynomial regressions for obtaining initial values of which EM algorithm is
also provided.

For the standard EM algorithm, it is well known that it possesses an ascent property,
i.e., the likelihood function [(®) increase for each subsequent iteration. The proposed
EM algorithm can be viewed as a generalization of the standard EM algorithm for the
nonparametric mixture of regression. Further investigation is needed to confirm if the
modified algorithm still preserves the desired ascent property.

To efficiently implement the modified EM algorithm, we need to select a proper band-
width matrix for the kernel regression. In the univariate case, Huang et al. (2013) propose a
multifold cross validation (CV) method to choose the bandwidth which may not be efficient
to use in the multivaraite setting. Duong (2007) introduced R package ks for bandwidth
matrix selection in multivariate kernel smoothing. The selection is based on the Mean

Integrated Squared Error (MISE) criterion,

MISE(H) = E/ [f(ar;,H) - Ha)| dz,

Rd
where f is the density function of X and f(x, H) = n"! > Kg(x—X;). This criterion
may not be suitable in our case. We will use simulation studies to check the performance of
these bandwidth selectors and investigate proper bandwidth selection method for our case.

Through the iterations of the EM-algorithm, we obtain a local constant estimator 0 =
(71, T, My, Mo, il, §]2) as the maximizer of the local log-likelihood function (5.2). The
asymptotic bias, variance, and normality of this estimator is yet to be developed.These
estimators can be used to approximate the component functions. Then the treatment effects
can be estimated by comparing m; and m, adjusted for the differences in il and ig over

the range of the covariates X.

5.5 Appendix

In this subsection, we provide detailed proofs of for the theoretical results in Section 5.2.

Proof of Theorem 5.2.1. Let S = {x : (my(x), X, (x)) = (ma(x), X2(x))} be the subset

of P where the mean and covariance functions intersect. Under the assumption 3, any
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point in S is an isolated point. Thus, S is countable and has no limit point. We can
represent S as a sequence {xy }.

Suppose that model (5.1) have another representation
Y| x,=z ~ T, () N{m (), ¥} (x)} + (1 — 7 (x)) N{m (), X} (x)}, (5.19)

where ¢',g = 1,2 and g # ¢'. Yakowitz and Spragins (1968) established the identifiability
of finite mixture of the multivariate Gaussian family up to label switching. Hence, for
any given « ¢ S, model (5.1) is identifiable up to label switch. Therefore, there exists a

permutation w,, = {wg(1),w,(2)} of set {1,2} depending on x, such that

(12 ) (@), 10 ) (@), 52, ) @) = (g (@), my (@), By (@), forg = 1,2 (5.20)

wa(g) wz(9)

Because all parameter functions are continuous and they only intersect on S, for all open
set O with O N S = (), the label cannot be switched. Hence, the permutation w,, is constant
on O. On the other hand, for x; € S, because there is no limit point in .S, we can find a
neighborhood of x, say By, , such that { B, \{zx}} NS = 0. Under assumption 3, the
mean and covariance functions have different derivatives at intersection point & in both
groups. Thus the permutation w, must be constant on B, since (5.20) implies the identity
of parameter functions’ derivatives in the neighborhood of ;. Hence, the permutation w,

is independent of & and

forg=1,2. O
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Chapter 6 Conclusion and Future Directions

6.1 Conclusion

This dissertation focused on a pre-stratified pre-post design and addressed the estimation
of treatment effects with misclassification problems in four distinct situations.

In Chapter 2, we addressed the problem of estimating and testing treatment effects with
continuous multivariate outcomes. We proposed two methods for estimating and testing
treatment effects. First, when the misclassification errors are known from previous studies,
we developed moment-based test and confidence interval procedures that are accurate in
finite samples. Based on this test, we also developed methods for sample size and power
calculations. Second, we proposed likelihood-based procedures for estimation and testing
via the EM algorithm when the misclassification errors are unknown. Chapter 3 further
investigated the situation when the misclassification rates are unknown, but the validation
(training) samples from infallible classifiers are available. We derived consistent estimators
of the misclassification error rates using a novel distance-based criterion. Essentially, we
extended the moment-based and likelihood-based procedures in Chapter 2 to the case when
validation data is available.

In Chapter 4, we developed a fully nonparametric method for estimating and testing
treatment effect when the normality assumption is not valid for the outcome variables, but
the validation (training) data is available. We modeled the distribution of the outcomes by a
nonparametric mixture of unknown distributions. We used functionals of these distribution
functions to characterize treatment effects. Consistent estimators for the misclassification
error rates as well as the treatment effect were provided. We also derived the asymptotic
distributions of these estimators and proposed testing and estimating procedures based on
these distributions.

In Chapter 5, we investigated a nonparametric finite mixture of regression models to
the distributions of outcomes when some covariates associated with the misclassification

error rates and treatment outcomes are collected. We established conditions for the identi-
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fiability of this model. We utilized kernel methods and proposed a modified EM algorithm

to estimate the component regression functions nonparametrically.

6.2 Future Directions

Mixture of Multivariate Normal Model

For the finite mixture of the multivariate normal model discussed in Chapter 2 and Chap-
ter 3, the covariance matrices of the two groups are assumed to be the same. Though it
is reasonable to assume that the treatment only affects the means of the distribution, this
assumption could be restrictive for some applications. The moment-based estimator does
not involve covariance matrices, but its variance estimation is affected by them. The corre-
sponding sample size determination formulas need to be recalculated when the covariance
matrices are not equal. We also need to reformulate the likelihood-based approach and re-
calculate the corresponding E and M steps. Moreover, the treatment effect needs to adjust

for the difference in covariance matrices in two groups.

Nonparametric Finite Mixture Model

In the nonparametric finite mixture model, we assumed that the mixing proportions are
known, or validation (training) data exists to avoid the nonidentifiability issue in the mix-
ture model. This assumption can be restrictive in applications. It may be possible to estab-
lish identifiability by making some assumptions on the nature of dependence between the
pre and post-measurements or using a semi-parametric dependence model. Corresponding
inferential procedures need to be derived.

When the pre-and post-treatment measurements are univariate, we provided a fully
nonparametric method of estimating and testing the misclassification error rates and the
treatment effect. The extension of these results to the situation when the outcome measure-
ments are multivariable variables would be useful. Proper functional of the distribution
functions should be defined to assess the treatment effect. Estimators for the misclassifica-
tion error rates and treatment effect need to be recalculated in the multivariate case. Their

asymptotic distributions also need investigation.
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Nonparametric Finite Mixture of Regressoin Model

The standard EM algorithm possesses an ascent property such that the likelihood function
increase after each iteration. We plan to study and show that the proposed modified EM
algorithm preserves this desirable property. The algorithm’s performances are also affected
by choice of the bandwidth matrix for the kernel regression. We plan to investigate the
performance of the existing bandwidth selection method through simulations. Furthermore,
we plan to develop the asymptotic results for the local log-likelihood estimators obtained
from the proposed EM algorithm iterations. Finally, we will define the treatment effect in

this model and establish estimating and testing procedures for this effect.

Copyright® Zi Ye, 2021.
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