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ABSTRACT  

 
NiTiHf is a high temperature and high strength shape memory alloy with transformation temperatures above 100oC. 
A constitutive model based on Gibbs free energy is developed to predict the behavior of this material. Two different 
irrecoverable strains including transformation induced plastic strain (TRIP) and viscoplastic strain (VP) are 
considered when using high temperature shape memory alloys (HTSMAs). The first one happens during 
transformation at high levels of stress and the second one is related to the creep which is rate-dependent. The 
developed model is implemented for NiTiHf under uniaxial loading. Finite difference method is utilized to solve the 
proposed equations. The material parameters in the equations are calibrated from experimental data. Simulation 
results are captured to investigate the superelastic behavior of NiTiHf. The extracted results are compared with 
experimental tests of isobaric heating and cooling at different levels of stress and also superelastic tests at different 
levels of temperature. More results are generated to investigate the capability of the proposed model in the 
prediction of the irrecoverable strain after full transformation in HTSMAs. 

Keywords: High temeperature shape memory alloys, NiTiHf, uniaxial loading, analytical solution, finite difference 
method 

 
1. INTRODUCTION  

 
NiTi, as the most well-known Shape memory alloy (SMA) shows two distinct behaviors: superelastic (SE) and 
shape memory effect (SME). These behaviors are due to the phase transformation that happens in the material 
between martensite and austenite, which have different lattice structures. The material shows SE when it is in the 
austenite phase. At this region, the material can recover up to 8% of stress-induced strain. However, SME occurs 
when the material is in the martensite region, where stress-induced strain is recovered by heating the material up to 
the austenite phase. NiTi has received more attraction because of its ductility, compatibility, and stability which 
results in their application in biomedical devices and actuators1. 
 
The transformation temperatures of NiTi are in the order of room temperature which limits their application in 
industries like automotive and aerospace, where the operating temperatures are in the order of 100oC or more. 
Researchers have solved this problem by adding a third element to NiTi-based SMAs like Palladium (Pd), Hafnium 
(Hf) and Zirconium (Zr), and the resultant material is called “high temperature shape memory alloy (HTSMA)”2, 3. 
This third element can increase the transformation temperatures of the material significantly, and make them 
applicable to high temperature applications like aerospace and energy exploration industries4. Comparing these third 
elements, Hf and Zr are less expensive and less amount is needed to increase the transformation temperatures 
sufficiently. Furthermore, NiTiHf and NiTiZr are not exposed to creep, which is a problem with using the materials 
at high temperatures, since creep is activated when the temperature of the material is 0.3-0.4 melting temperature, 
and melting temperature of NiTiHf and NiTiZr are very high compared to their transformation temperatures 5. 
Bigelow et al.6 have studied Ni-rich NiTiHf and showed that this alloy is very stable and superelastic at high 
temperatures. Exposing to the high temperatures, two more strains occur in SMAs; one is a viscoplastic strain which 
is related to creep, and the other is transformation-induced plastic (TRIP) strain which is related to the phase 
transformation. 
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Karaca et al.7 investigated the superelastic behavior of single crystal NiTiHf, as well as thermal cyclic tests and they 
showed a good superelasticity for this material under temperatures up to 200oC. Different phenomenological 
modeling works have been done on SMAs, which are based on the continuum thermodynamics principles 8-12. 
Lagoudas and Entchev13 entered the transformation-induced plasticity (TRIP) into their model for SMAs at high 
levels of stress. This model is also improved for HTSMAs by entering viscoplastic strain to the equations. The 
material that they used was NiTiPd which is sensitive to creep at high temperatures. Finite element method (FEM) is 
conducted with most of these modeling works. 

In this study we present a semi-analytical approach, based on Gibbs free energy, to model the mechanical behavior 
of NiTiHf under uniaxial loading. For solving the equations finite difference method (FDM) is utilized, which is 
simpler in implementation and numerically less expensive, comparing to FEM. This method has been done for 
SMAs by Mirzaeifar et al.8 and Andani et al.14. Here, it is improved for HTSMAs and then applied to NiTiHf under 
uniaxial loading. The model is also verified with experimental data and a good agreement is observed. Using this 
model, the plastic strain, which remains as the residual strain in the material is predictable. 
 

2. GOVERNING EQUATIONS 
2.1 General constitutive model 

The model is based on the Gibbs free energy and it is implemented by Boyd and Lagoudas10, and Qidwai and 
Lagoudas15. For HTSMAs, as explained above, two more strain terms are added: viscoplastic strain and 
transformation-induced plastic strain. ߪ)ܩ, ,௧ߝ ,௧௣ߝ ,௩௣ߝ ܶ, ,ߦ =(݌ ߩ12− :ߪ ܵ: ߪ − ߩ1 :ߪ :ߙ] (ܶ − ଴ܶ) + ௧ߝ + ௧௣ߝ + [௩௣ߝ + ܿ ൤(ܶ − ଴ܶ) − ݈ܶ݊ ൬ ܶܶ଴൰൨ − +଴ܶݏ ଴ݑ + ߩ1 [݃௧(ߦ) + ݃௩௣(ܶ,  (1) [(݌

Where	ߩ, S,	ߙ, c,	ݏ଴, ݑ଴, ߪ, ,௧ߝ ,௧௣ߝ ,௩௣ߝ ܶ,  ,p, ݃௧ and ݃௩௣are material mass density, effective compliance tensor ,ߦ
thermal expansion coefficient, specific heat, specific entropy, specific internal energy in the initial state, stress, 
transformation-induced strain, transformation-induced plastic strain, viscoplastic strain, temperature, martensitic 
volume fraction, effective viscoplastic strain, transformation and viscoplastic hardening functions, respectively 16. 
The total strain can be defined as: 

߳௧௢௧௔௟ = ߪ߲ܩ߲ߩ− = ܵ: ߪ + :ߙ (ܶ − ଴ܶ) + ௧ߝ + ௧௣ߝ +  ௩௣ (2)ߝ

Where ߝሶ௧ = ሶ௧௣ߝ   ,ሶߦ௧߉ = ሶ௩௣ߝ   ,ሶߦ௧௣߉ = ሶ݌௩௣߉ ሶ݌ ௩௣and߉ ,௧௣߉ ,௧߉ (3)  , the rate of viscoplastic strain, are expressed as: 

௧߉ = ቐଷଶܪ ఙ́ఙഥ ሶߦ)	 > 0)ఌ೟షೝక೟షೝ ሶߦ)	 < 0) ௧௣߉   , = ቊ ݂௧௣(ߪ)߉௩௣ ሶߦ) > 0)−݂௧௣(ߪ)߉௩௣ ሶߦ) < ௩௣߉   ,(0 = ଷଶ ఙ́ఙഥ ,  ݌ሶ = exp (ିொோ்)ߪതேೌ (4) 
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H,	́ߪ ,ߪത, ߝ௧ି௥, ߦ௧ି௥, ݂௧௣, Q, R, and Na are the maximum recoverable strain, deviatoric part of the stress tensor, the 
effective stress, transformation strain at the reversal, martensitic volume fraction at the reversal, the TRIP strain 
generation rate at a given stress and three material constants, respectively. The Clausius-Durham inequality is 
defined as 17: 

൤ߪ: ௧߉) + (௧௣߉ − ߩ ߦ߲ܩ߲ − ݃௧(ߦ)൨ ሶߦ = ሶߦ௧ߨ > 0 ሶߦ∀ ≠ :ߪ] (5) 0 ௩௣߉ − ݂௩௣(݌, ሶ݌[(ܶ = ሶ݌௩௣ߨ > 0 ሶ݌∀ >  :௩௣ are thermodynamic forces, and transformation and viscoplastic hardening functions are defined asߨ ௧ andߨ (6) 0

݃௧ = ൞12ܾߩெߦଶ + ଵߤ) + ߦ(ଶߤ ሶߦ > ଶߦ஺ܾߩ012 + ଵߤ) − ߦ(ଶߤ ሶߦ < 0 

 

(7) 

݃௩௣ = ,݌)ሶ݂௩௣݌ ܶ)  ଶ are material constants. The transformation function showing the state of the material isߤ	 ଵ andߤ	,஺ܾߩ	,ெܾߩ (8)
expressed as 8.: 

߶௧ = ቐߨ௧ − ܻ௧ = 0 ሶߦ > ௧ߨ−0 − ܻ௧ = 0 ሶߦ < 0< 0 ሶߦ = 0 (9) 

ܻ௧ is a threshold value for the thermodynamic force. The transformation function (߶௧) shows the state of the phase 
transformation; when the material is not during phase transformation, the value of the transformation function is less 
than zero. When the material is in forward (ߦሶ > 0) or reverse transformation (ߦሶ < 0), the value is zero8. 

 

2.2 Relations for uniaxial loading 

For the case of uniaxial loading, the explicit expression for martensitic volume fraction in forward and reverse 
transformation can be obtained as: 

௙௪ௗߦ = ெܾߩ1 [൫ܪ + ݂௧௣(ߪ)൯σ௭ + ௭ଶΔܵଷଷߪ12 + Δܿߩ ൤(ܶ − ଴ܶ) − ݈ܶ݊ ൬ ܶܶ଴൰൨ + ܶ)଴ݏΔߩ −  ௦)] (10)ܯ

௥௘௩ߦ = ஺ܾߩ1 ௧ି௥ߦ௭߳௭௭௧ି௥ߪ] + ݂௧௣(ߪ)σ௭ + ௭ଶΔܵଷଷߪ12 + Δܿߩ ൤(ܶ − ଴ܶ) − ݈ܶ݊ ൬ ܶܶ଴൰൨ + ଴൫ܶݏΔߩ −  ௙൯] (11)ܣ

∆(variable) shows the difference between martensite and austenite values of the variables. The material parameters 
in the equations above are: ߤଵ = ଵଶ ௦ܯ଴൫ݏΔߩ	 + ௙൯ܣ − ଵߤ  ,଴ݑΔߩ = ଵଶ ஺ܾߩ) − ஺ܾߩ ,(ெܾߩ = ௙ܣ଴൫ݏΔߩ− − ெܾߩ ,௦൯ܣ = ௦ܯ଴൫ݏΔߩ− − ௙൯, ܻ௧ܯ = − ଵଶ ௙ܣ଴൫ݏΔߩ −  ௦൯ (12)ܯ

Using equations (10), (11), (2) and (3), the uniaxial strain for forward and reverse transformation is obtained: 
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߳௭௙௪ௗ = 1E஺ + ெܧ)௙௪ௗߦ − (஺ܧ ௭ߪ + ൫ܪ + ݂௧௣(ߪ)൯ߦ௙௪ௗ + ܶ)ߙ − ଴ܶ) + exp ௭ேೌ (13) ߳௭௥௘௩ߪ(ܴܶܳ−) = ஺ܧ1 + ெܧ)௥௘௩ߦ − ௭ߪ(஺ܧ + ߳௭௧ି௥ߦ௧ି௥ ௥௘௩ߦ + ݂௧௣(ߪ)ߦ௥௘௩ + ܶ)ߙ − ଴ܶ) + exp  ேೌ (14)ߪ(ܴܶܳ−)

As discussed in the introduction section, creep is negligible for NiTiHf at the temperatures and stresses of operation, 
due to the fact that the operation temperature of this material is less than 0.35 melting temperature, where creep 
comes into play. Therefore, viscoplastic strain term can be considered as zero. 

3. SOLUTION METHOD

To solve the obtained equations, an iterative solution is considered. Finite difference method (FDM) as a MATLAB 
code is employed which has some benefits to the FEM, as mentioned above. The circular cross section is divided 
into N annular elements, as shown in Figure1, and for each element the stress or temperature is calculated based on 
the implemented equations. The input is strain which is applied to the material in M steps. Therefore, the axial and 
torsional strains for each element are obtained: 

߳௭ = axial	displacementlength	of	the	sample ∗ total number of steps ∗ number of current	step (15) 

4. RESULTS

The capability of the model is verified by the experimental results reported by the third author 7 for uniaxial loading 
condition. The samples used for these experiments were cubes 4*4*8 mm under uniaxial compression, and the 
composition was Ni50.3Ti29.7Hf20 with [1 1 1] orientation. The superelastic and thermal cyclic behaviors of the 
material are considered to be isothermal and isobaric, respectively. Therefore, since the strain is uniform along the 
cross section, it is possible to use the model for rectangular samples, as well. Table 2 describes the material 
properties of the tested samples. H and ftp are the maximum transformation strain after accounting for elastic moduli 
and the irrecoverable strain, respectively, and they are found from the cyclic heating and cooling tests. EA and EM 
are the austenite and martensite elastic modulus, respectively, and they are obtained from the stress-strain curves at 
the austenite and martensite phases (the slope of the plot at each region). CM and CA are calibrated from the phase 
diagram of the material. 

Two different sets of results are investigated for validation: isobaric thermally cyclic behavior and isothermal 
superelastic behavior. Figure 1 and 2 are isobaric cooling and heating results at 100 and 1000 MPa, respectively. As 
reported in the experimental work 7, the irrecoverable strain is negligible for the stress levels less than 700MPa. 
Figure 3 and 4 show the superelastic behavior of NiTiHf at different temperatures of 180oC and 200oC, respectively. 
The difference between model and experimental results is mostly due to the approximation of ݂௧௣ function, because 
of the few number of experimental results for curve fitting. In our future work, we plan to do more experimental 
tests of isobaric thermal cycling to present a more accurate function. Superelastic behavior at different temperatures 
are modeled to show the effect of temperature for the same amount of transformation (Figure 5). It is obvious that 
increasing the temperature, the material goes through higher levels of stress which results in more transformation-
induced plasticity which remains as a plastic strain after unloading. 
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Figure 1. Thermal cyclic behavior under constant 
stress=100MPa 

Figure 2. Thermal cyclic behavior under constant stress=1000MPa 

Figure 3. Superelastic behavior of NiTiHf at 
temperature=180oC 

Figure 4. Superelastic behavior of NiTiHf at 
temperature=200oC 

Figure 5. Superelastic behavior of NiTiHf at different temperatures for the same amount of transformation 
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5. CONCLUSION 
 
A semi-analytical model is improved to simulate the superelastic and thermal cyclic behavior of HTSMAs. 
Transformation-induced plastic strain and viscoplastic strain enters the equations, due to high stress levels, when 
operating at high temperatures. The solution method utilized to solve the equations is finite difference method. The 
results are compared with the experimental data on NiTiHf samples under uniaxial loading. Using this model, the 
residual strain in NiTiHf is predictable at different levels of temperatures.  
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