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ABSTRACT OF DISSERTATION

APPROXIMATION OF SOLUTIONS TO THE MIXED DIRICHLET-NEUMANN
BOUNDARY VALUE PROBLEM ON LIPSCHITZ DOMAINS

We show that solutions to the mixed problem on a Lipschitz domain {2 can be ap-
proximated in the Sobolev space H' () by solutions to a family of related mixed
Dirichlet-Robin boundary value problems which converge in H'(Q), and we give a
rate of convergence. Further, we propose a method of solving the related problem
using layer potentials.
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Chapter 1 Introduction

1.1 Statement and History of the Mixed Problem

Let © C R? be a bounded Lipschitz domain, D C 052 a relatively open subset of
0Q, N = 00\ D the complementary open set in 99, and A = D N N the shared
boundary of D and N, and consider the mixed problem, also known as Zaremba’s
problem, with homogeneous Dirichlet data for the Laplacian:

—Au=f on{
u=0 on D (MP)
%:g on V.

For u € C?2(Q)NCYQ), —Au = — Zj L a 2 denotes the Laplacian and 2% := Vu - v

denotes the normal derivative of u, where v is the outward- pointing umt normal
vector field on 9. On a Lipschitz domain €2, v is defined o-a.e. on 0f), where o
denotes (d — 1)-dimensional surface measure.

In 1977, Dahlberg [7] studied the pure Dirichlet problem on Lipschitz domains,
and in 1981 Jerison and Kenig [16] extended these results to more general elliptic
operators and obtained regularity results. In 1979 Dahlberg [8] published a survey of
his results up to that point pertaining to the pure Dirichlet problem for the Laplacian.
Verchota [40] studied the Dirichlet problem with data having one derivative in L?(9S)
in 1984 by appealing to the method of layer potentials, thus extending the results
of Jerison and Kenig [I7]. Dahlberg, Kenig and Verchota [6] obtained results in
1986 analogous to those of Dahlberg [7] on the Dirichlet problem for the so-called
biharmonic operator AZ2.

Regularity results on the pure Neumann problem for the Laplacian on Lipschitz
domains were first studied in 1981 by Jerison and Kenig [17] in the case where the
Neumann data is in L*(9f2). In the same paper, the authors also studied regularity for
the Dirichlet problem with data having one derivative in L*(99). In 1987 Dahlberg
and Kenig [9] considered optimal conditions for the solvability of the pure Neumann
problem on a Lipschitz domain when the data lies in LP(0f), including endpoint
results involving Hardy spaces on 0f).

In lecture notes published in 1994, Kenig [19] states the LP mixed problem as an
open problem. Indeed, certain difficulties arise when studying the mixed problem,
even when 2 is smoother than Lipschitz. For example, let Q C R? be a bounded
smooth domain in the upper half plane whose boundary contains the segment [—1, 1] x
{0}, choose D, N C 99 Which satisfy [—1,0) x {0} € D and (0,1] x {0} C N, and
set u(xy,z2) = Re(y/z) = r2 cos 4, Where r = /x{+ 23 and tanf = 2. Since u is
the real part of a function holomorphlc on C\ {0}, we have —Au = 0 on Q Further,
u satisfies the boundary conditions 2 = 0 on N N ([~1,1] x {0}) and u = 0 on
DN ([-1,1] x {0}). However, 2 and Vu are not in Lp(ﬁﬁ) for any p > 2. Indeed,



on DN ([-1,1] x {0}) we have

(9u 1 1
—=—=|r| 2 - |V
= el |Vl
hence, for any 0 < ¢ < 1 the integral
ou

ov

P 1 /& 1
/ do > - / ﬂdx
DA([—2.6]x{0}) 4 Jo ap

diverges. We can also construct for any p > 2 domains where the mixed problem has
no solution if we insist on |Vu| being in LP(02) even non-tangentially (cf. Kenig [I8]
for relevant examples). In 1997, Savaré [34] showed that solutions of the homogeneous
mixed problem are, however, in the Besov space Bg/fo(Q) In this same paper, Savaré
studies the effects of perturbation of the set D on solutions of the mixed problem.

Since 1994, much work has been done regarding the LP mixed problem. In 1994,
Brown [2] gave mild conditions on 02 and the Dirichlet data for which © admits a
solution u to the mixed problem satisfying Vu € L?(92) non-tangentially. Under
the same restrictions on 052, Sykes and Brown [37] prove existence and uniqueness of
solutions for 1 < p < 2, assuming the Dirichlet data and Neumann data are elements
of L'*(D) and LP(N), respectively. The results of Brown [2] and Sykes and Brown
[37] are valid when d > 3. Lanzani, Capogna, and Brown [21] extended these results
to hold when d = 2, but only in Lipschitz hypergraphs with Lipschitz constant less
than 1. In 2012, Ott and Brown [30] give sufficient conditions on D, N and A so that
for a general bounded Lipschitz domain €2 and an exponent p, > 1 depending on (2,
existence and uniqueness of solutions to the L” mixed problem is guaranteed when
p € (1,p0). In particular, Ott and Brown [30] require that A locally be the graph of
a Lipschitz function ¢ : R — R. In 2013, Taylor, Ott and Brown [38] improve the
previous result by replacing the condition on A with an Ahlfors regularity condition
which is less restrictive.

1.2 Formulation and History of the Approximate Mixed Problem

Formally, (MP)) can be written with a single boundary condition

—Au=f on {2
XNg—Z + xpu = xnyG on 0€),

where xp and xn are the characteristic functions of D and N, respectively, and G
satisfies G|y = ¢g. Now, suppose for some small ¢ > 0 we set x5 to be a continuous
approximation of y which is 0 on D, non-zero on N, and 1 when dist(z, D) > ¢, and
set a =1 — x%-. The questions we look to answer are as follows: Do solutions of the
Robin problem converge to solutions of the mixed problem in some function space as
e — 07 If so, at what rate? Also, is there any advantage to using this method of
approximation?

Before answering these questions, we first formulate the problem more rigorously.
If we once again impose the Dirichlet boundary condition ©v = 0 on D, we can divide



both sides of the boundary condition by x% on N, leaving us with the so-called
approximate mized problem

—Au, = f on €

ue =0 on D (AMP)
% +au. =g on N,
where a, = 1;@ Note that u. now depends on the parameter ¢, and satisfies a

Robin boundar}iV condition on N.
In the case d > 3, Medkova [27] considers the Robin problem

—Au=0 in €,
%+bU:f on 0}

when 0f) is piecewise smooth, obtaining a solution by layer potentials under certain
conditions on b and f. Lanzani and Shen [23] obtain existence and uniqueness of
solutions to the LP Robin problem

—Au=0 in Q,
9t by = feLP(OQ) on I,
(Vu)* € LP(09)

for 1 < p < 2 and b a given non-negative function on 99 satisfying b € L1(992) N
Li(0Q) for some g > 2. Here (Vu)* is the non-tangential maximal function of Vu,

defined for x € 02 by
(Vu)*(z) :== sup |[Vu(y)l,

y€el'(z)

where
[(z):={2€Q : |x—z| <2dist(z,00)}

is the interior non-tangential approach region. Lanzani and Mendez [22] give cor-
responding results for the inhomogeneous equation —Au = ¢, and Agranovich [I]
extends these results to general strongly elliptic systems of equations. In most of the
above publications, the Robin function b is assumed to be at least in LZ~1(99). One
of the novelties of our results is that a. is not in general an element of L *(N). In
certain cases we have a. € LP(0Q2) for at least one p > 1, but in others we do not
even have a. € L'(09). In the latter cases, certain layer-potential results which hold
for the former no longer apply.

Later we shall see that when a. € LP(02) for some p > 1, (AMP)) is a compact
perturbation of . As far as can be easily determined, many similar perturbation
problems appear in the literature, none of which are precisely . In 1996,
Costabel [B] studies a similar problem on smooth domains in R?:

—Au. = f in €2
Qus _ on N

onu

6%4—%:9 on D.



The author is able to determine an asymptotic expansion of u. in terms of ¢, as well
as estimates near A = {¢y, o} which describe how u. approximates the singularities
in the limiting mixed problem. Given operators A, B : X — X on a Banach space
X, Friedman [I2] considers equations of the form

eAu. + Bu. = f.,

and discusses the rate at which solutions u. converge to a solution uy € X of the
equation Bug = fy as f. — fo. Paltsev [31] studies equations with mixed Dirichlet
and Robin data of the form

Lu(z) + p*q(z) = f(x) on

u=gyg on D,

g—z +bu=nh on N,
where L is an elliptic operator in divergence form, y € C is a parameter which may
have large modulus, ¢o is a given constant, and ¢(z) > gy > 0 is a given function.

However, the effect of p on solutions u is only discussed in the sense that large
results in a rapid rate of convergence for iterative methods of approximating u.

1.3 Main Results

Our first result is a Hardy inequality on H}(Q) which holds when D satisfies the
corkscrew condition (2.3)) defined in Section (cf. Hardy [15] and Grisvard [14]).

Lemma 1.1 (Hardy Inequality). Suppose D satisfies the corkscrew condition (2.3)).
If u € HL(Q), then there is a constant C' depending only on d and D such that

2
/ (Tru) dJSC’/|Vu|2dx.
N 9 Q

Though not difficult to prove, Lemma|l.1| proves to be the key estimate for study-
ing (AMP)). In particular, it implies the following existence and uniqueness theorem
based on the famous lemma of Lax and Milgram [24].

Theorem 1.2 (Existence and Uniqueness); Suppose D C 0S) satisfies the corkscrew
condition [2.3). Let f € H,'(Q) and g € H™Y2(N), and let a. be a standard family
of functions. Take aqy to be identically 0 on 0S2. There is an €9 > 0 and a constant C

not depending on & such that for each 0 < & < &g, a unique weak solution u. € H} ()
of (AMP)) (or (MP)) in the case ¢ = 0) exists which satisfies

luellmrioy < C (I ezt + lgllia-vag ) - (1)

Under some extra regularity assumptions on f, g, and A, we obtain our next main
result at the end of Chapter [3, which is an upper bound on the rate at which solutions

of (AMP)) converge to those of (MP)).



Theorem 1.3. Suppose D satisfies the corkscrew condition (2.3), A satisfies the
Abhlfors reqularity condition (2.4), a. is a standard family of functions, f € L1(S2) for
some q > %’, and g € LP(N) for some p > d — 1. Ifu. € H5(Q) is a weak solution

of (AMP)), up € HH(Q) is a weak solution of (MP)), and 0 < € < &, then there is a

constant C' not depending on € such that
||U€ — uOHHl(Q) S O€1+a.

Note that Theorem essentially answers the first two questions asked imme-
diately before stating [AMP] rigorously: Do solutions of the Robin problem converge
to solutions of the mixed problem in some function space as € — 07 If so, at what
rate? Its proof relies on the fact that weak solutions of are globally Holder
continuous uniformly in €. Interior estimates were proven independently by Ennio
De Giorgi [10] and John Nash [29] in 1957, and again by Jiirgen Moser [28] in 1960.
Also in 1960, Stampacchia [35] applied the method of De Giorgi [10] and Nash [29] to
prove that weak solutions to are in fact Holder continuous up to the boundary.
A.F.M. ter Elst and Rehberg [39] give a thorough treatment of Holder continuity of
solutions to (MP]) under more general conditions on {2 and D than what we use.

Our final main results concern integral representation of u. € H},(2). Theorem
says that if we can solve a certain system of boundary integral equations, then we
have a representation formula for weak solutions of (MP]) and (AMP)), and Theorem
[1.5] confirms that the aforementioned system is in fact uniquely solvable.

Theorem 1.4. Let f € H;'(Q7), g € HY2(N), and a. a standard family of
functions. Set a. to be identically 0 when ¢ = 0. Choose I'p € HY?(N) and
'y € HY2(09Q) with g := T'x|y. Define h, = [Ziz] € H: by

1
hDﬁ = (- Tr Qf + A(CLEFD - FN> - 5(1—‘[) - CPD))

, and
D,

0~ 1
hye:= (-5910 + 5(9 +al'p + B(aIp — FN)) - DFD)

N

For fivzed ¢, 0 < e < eq, if Y, = [zzi] € H. solves the system of integral equations
A Y. =h,, (1.2)

then the weak solution u. € HL(Q2™) of (AMP)) has integral representation

Ue = gf + SL (¢D,£ - aEwN,s + FN - aEFD) - DL<wN,€ + FD) on Q7.

Conversely, if u. € H,(Q27) solves (AMP)), then 1, := wiz] € H. given by

0w
- Ov
solves the system (|1.2)).

Yppe: +a.Tr u.—I'n and Yn.:=Tr u.—I'p



Theorem 1.5. Let 0 < e < gg. If a. € LP(09)) for some p > 1, the map A. : H. —
H* has a bounded inverse AZ" : H* — H_, and the system A, . = h. has a unique
solution for each h. € H..

Copyright© Morgan Schreffler, 2017.



Chapter 2 Notation and Weak Formulation of the Approximate Mixed
Problem

In this chapter, we develop the notation and preliminary results required to state
precisely the weak formulations of and . Section deals with the
geometric requirements on €2, D, and N. In Section we define Sobolev spaces on
R¢, Q, and subsets of dQ). Of particular interest are the spaces H,(Q2), HY?(99),
and their duals. Section concludes with our main estimate, a Hardy inequality on
N. We wrap up the chapter with Section |2.3] in which we give the weak formulations
of and , and prove existence and uniqueness of weak solutions to both.

2.1 Lipschitz Domains
For z = (2/,24) € R x R, M > 0, and r > 0, define coordinate cylinders
Zo(x) :={(,ya) ERT' xR : [y — 2| <7, Jyg—xa| < (1 +2M)r}.

We say €2 C R is a Lipschitz domain with constant M if O is compact and for each
x € ON) there is an r, > 0 and a Lipschitz function 1, : R — R with constant M
such that (after a possible rigid change of coordinates)

Q. () =N Z, (2) ={(/,y") e R xR : y? >, (v)} N Z, (), and (2.1)
Uy, () = 00N Z,(2) = {(y,y") e R xR+ ¢y = u(y)} N Z,, (). (2.2)

Since 02 is compact, we can always choose a collection of finitely many cylinders
{Z,,(x;)}/_, and a corresponding collection {1, }7_, of Lipschitz functions satisfying
002 = U}]:1 U, (x;), where 7 is chosen small enough so that conditions and
are still met by €y,, and Wy, respectively. Note that the measure of a coordinate
cylinder is 2(1 + 2M)wg_17?, where wy 1 is the measure of the unit ball in R4L.
When an estimate depends on the specific choice of cylinders and Lipschitz functions
in addition to the Lipschitz constant M and the constants in and below,

we say that our estimate depends on the global character of €.

Remark. Since 0 is compact, R4\ 92 may be unbounded, though it can have at most
one unbounded component. In Chapter |3| we work almost exclusively with bounded
Lipschitz domains, but in Chapter (4| we discuss both bounded and unbounded do-
mains. When a distinction must be made, we let 2~ denote an arbitrary bounded
Lipschitz domain, and Q* := R%\ Q- the complementary unbounded domain.

Remark. By Rademacher’s theorem [32] a Lipschitz function ¢ : R*! — R with
constant M is differentiable a.e. with |V¢| < M. Hence, 092 has a well-defined
surface measure o and for o-a.e. x € 0 there is a well-defined tangent plane to €2

with unit normal vectors +v. We shall adopt the convention of choosing v to point
out of 1~ and into QF.



Let D C 99 be nonempty and relatively open in 9Q, N := 9Q\ D, and A = DNN
the shared boundary of D and N. Set §(z) := dist(z,A). We say that the set D
satisfies the corkscrew condition if there are constants C' > 1 and Ry > 0 such that

Ve 0<r< Ry, 3z € D such that |.1:—€|<rand(5(:v)>g. (2.3)

We say A is Ahlfors (d — 2)-regular if there are constants C' > 1 and Ry > 0 such that

%r“ < HTHB(OHNA) < Or'™ VieAand 0 <r < Ry, (24)

where H%2 denotes (d — 2)-dimensional Hausdorff measure and B (ﬁ) is a ball of
radius r centered at £. We will always indicate when conditions and ( . are
necessary.

2.2 Sobolev Spaces

2.2.1 Sobolev Spaces on ()
Let 1 < p < co. The Sobolev spaces W#(R?) are those u € LP(R?) with finite norm

1
lullw sy = (Il g + IVl )7 1< p < 00, and
HUHWLOO(Rd) = ||U||L°<>(Rd) + HVUHLOO(Rd)a

where Vu denotes the weak gradient of u. The dual space of WP(R?) is denoted
W-LP(R%), and has norm

lullw-1osy = sup {| (w,0), | = 0 € W), lollwinmn = 1}

where (), : W(R?) x WH(RY) — R denotes the dual pairing. Note that
C>*(RY) is dense in W*LP(RY) for 1 < p < oo.
We define spaces W'P(Q) to be the restriction spaces

WP(Q) = {u=Ulg : Uec W'(Q)},
whose norms are given by
||U||W1,p(Q) = iIlf{HUHWl,p(Rd) U e Wl’p(Rd), U|Q = u}

The dual space of W'P(Q) is denoted Wy (), and consists of those elements
F € W=LP(R%) with supp F C Q. The dual pairing is denoted (-, D Wy 'P(Q) x
W (Q) — R, and is given by (Fiu), o = (F,U),, where U € W"P(R?) is any
element of W?(R?) such that Ul|g = u. It is important to note that, as the next
example indicates, F' € W Lp (2) may be a non-zero distribution on R? which is sup-

ported on 02, a set with d-dimensional measure 0. This will become more apparent
in Section [2.3.2] as well as Chapter [4]



Ezample. Consider the distribution F € C®°(R%)* given by (F), Uy = [oo Trudo,
where the space H'/2(0€)) and the trace operator Tr : W12(Q) — HY2(9Q) are
discussed in more detail in Section 2.2.20 On the one hand, if U € C*(R?) is
supported away from 9, then (F,u), o = (F,U), = 0, implying supp F' C 9Q. On
the other hand, for all u € W?(Q) we have

/Truda §</ 1d0> ( ]Tru|2d<7>
o0 o0 o0

< Co(99)? ||ullwrz),
implying ||F|ly-12me) < Co(80)z.
Now, consider the space W'P(Q) := {u € LP(Q) : Vu € L?(Q)} with norm

B =

ety = (Iulloqey + IVulfoq)) ", 1< p < o0, and
[ullvirnoe @) = lulloe @) + [IVull oo ()

Since € is a Lipschitz domain, there is a bounded extension operator E : W? Q) —
WP(RY) satisfying (Eu)|q = u for all u € W'(Q) (cf. Calderén [3] or the mono-
graph of Stein [36], p. 181]). The existence of such an operator guarantees W'?(Q) =
Wie (©) and that these spaces have equivalent norms, since

[ullwrr@) < [[Eullwioma
< Cllullyirq)

S C’Hunl,p(Q).

Since these spaces are equal, we discard the notation W'P(Q) and write W'?(1)
when writing about either space.

Given a o-measurable subset F' C 9€2 and 1 < p < o0, let W}’p () be the closure
in WHP(Q) of the set of functions in C°°(€) which vanish on a neighborhood of F', and
let W, "P(Q) denote the dual of Wi?(Q). In the special cases F = @) and F = 99,
we write W, P(Q) = WP(Q), W, P(Q) = W, "P(Q), Wd(Q) = WyP(Q), and
WiaP(Q) = W2(Q).

The spaces W1P(Q) are Banach spaces, and the space W1%(Q) is in fact a Hilbert
space when endowed with the inner product

(u, ) g1 () = /(uv + Vu-Vv)dz.
Q

For this reason, we denote H*'(RY) := W*L2(RY), H*Y(Q) = W*H2(Q), and
HEY(Q) = Wlfl’g(Q). When considering the case p = 2, we drop p from our dual
pairings and write (-, ) : H-{(R?Y) x HY{(R?) — R and (-,-), : Hy'(Q) x H5(Q2) — R.

Throughout the sequel we will make use of estimates on functions u € H}L(Q)
which involve only the seminorm [|Vul|2(q). The following simple lemma states that
|V ()|lr2() is, in fact, a norm on H}, () equivalent to || - ||g1(q) when D satisfies a
weak condition.



Lemma 2.1 (Poincaré inequality on W;P(Q)). Let § # D C 9Q be relatively open
and intersect every component of 2. There is a constant C' depending only on d, D,
Q, and p, such that

/ uP dr < C’/ |VulPde ¥ ue Hp(S). (2.5)
Q Q

Proof. Suppose estimate does not hold. Then we may construct a sequence
{u,}o2; € WHP(Q) such that [Ju,||wis@) = 1 and |[us| o) > nl|Vaul|s() for every
n € N. By passing to a subsequence, we can assume {u,} converges in LP(Q2) to
some u € LP(QQ) satisfying |lullw1s) = 1. However, since ||[Vu,|/1r @) < =, we have
Vu = 0a.e. in (2, i.e., u is a constant function. The only constant function in Wé’p ()
is 0, which contradicts the fact that ||u||w1r@) = 1. O

2.2.2 Sobolev Spaces on 0f)
Let HY2(02) be those elements of L?(9Q) with finite seminorm

[elm200) == (/an /an |90(|$92 : §|(dy)|2 do(x) dcf(y))é . (2.6)

A norm on H'Y2(99)) is given by

3
el r2o0) = <||90||%2(as2) + |90|§11/2(an)> -

Now, consider the trace map Tr : C(Q2) — C(09) given by Tru = ulgq. It is well-

known (cf. the monograph of McLean [26, pp. 100-102]) that Tr has a continuous
extension Tr : H'(Q) — H'Y?(09Q) with continuous right inverse P : HY/2(0Q) —
H(Q). It follows that there is a constant C' depending on 92 which satisfies

1
clelmeen < 1Pelme < Cllelaen Ve H00),

ie., || - | g2gpq) and ||[P(-)||mi(q) are equivalent norms on H'/2(0$). Moreover, the
space H}(OR) can be characterized as the closed supspace {u € H'(Q) : Tru = 0},
and if D C 0N satisfies the corkscrew condition, H}(f2) is the space of those u €
H'(Q) with zero trace on D.

Similar to what we did in Section [2.2.1] given a o-measurable set F' C 0f), we
define spaces

HYA(F) = {®|p : ® € H/*(0Q)}
and

HY?(F) = {u e H'*(09) : suppu C F}.

10



The space HY/2(F) inherits the norm from H'/2(92), while the space HY/2(F) is given
the norm

||U||H1/2(F) = inf{HUHHl/?(aQ) : Ulp = u}.
Note that if D C 99 is open, HY2(N) = {Tru : u € HL(Q)}.
Let H~'/2(09) denote the dual of H/2(9Q) with norm
10l -17200) = sup{| (¥, ©)pa | = ¢ € HY2(0Q), llo]lm1200) = 1,

where (-,-)yq @ HV2(00Q) x HY2(0Q) — R is the dual pairing. Given F C 90
relatively open, we define spaces H~Y2(F) and H™Y/2(F) and their norms in the
same fashion as HY2(F) and H'Y2(F) are given above. Observe that if ) # D C
D C 09 and D satisfies the corkscrew condition (2.3), the dual spaces H*!/2(D)*
and HY/2(N)* are isometrically isomorphic to H¥/2(D) and H¥Y/2(N), respectively
(cf. the monograph of McLean [26, pp. 92, 99]).

2.2.3 Hardy Inequality

The main estimate we will use in the sequel is the following Hardy inequality on N.
See the monograph of Grisvard [I4] p. 33] for an analogous result.

Lemma 2.2 (Hardy Inequality). Suppose D satisfies the corkscrew condition (2.3)).
If u € HL(Q), then there is a constant C' depending only on d and D such that

2
/ <Tr5“) do < C / Vul? da. (2.7)
N Q

Proof. First recall that Tr : H*(Q) — HY?(09) is continuous, so if u € HL(Q) we
have the estimate

T — T
/|Tru \2/\@« y|~ do(z) do(y / / [Tru@) = T w40 doy)
o0 Joa ]a:—y|

<[ TYUHHm(aQ)

<C/ |Vul? dx.
Q

Fix y € N and note that d(y) > 0. Further, because A is closed, there is a point
¢, € A such that |y —¢,| = §(y). Then, since D satisfies the corkscrew condition there
is a constant C' > 1 independent of y and a point y € D such that |y — ¢| < §(y) and
B(g(y)/c(@ NN = @, ie., q’g@)/o(@ =DnN B(g(y)/c(m cDn Bg(g(y) (y) Hence,

[le=sl o= [ eyl aoo
D DN By (y)
> 379%(y) "o (D N Bssy)(y))

> 37%5(y) "o (Wsy)0(1))
> C 937 w16 (y)

which gives the desired result. O]
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2.3 The Approximate Mixed Problem

In Chapter (1| we took a very informal approach to formulating . In Section
We give a rigorous definition to the normal derivative 2% of a function u € H'(12),
and in Section [2.3.1| we give precise general conditions on a. which will ensure that
has a consistent weak formulation, that a unique weak solution u. € H},(9)
of exists, and that for such a weak solution estimate is valid.

2.3.1 Standard Families of Functions

Let A, :={z €N : 0<d(x) <e}and D, := DUA.. Fix pu € (0,1] and gy > 0, and
for each 0 < € < gg, consider an example function a. : 92 — R given by

0@ )< §(z) < e
aayi={ awr s VD =S (2
0, otherwise.

Observe that for 0 < € < ¢, a. satisfies the following general conditions:

suppa. C A., (2.9)
0<a. < (%)ﬂ o-a.e. on A, and (2.10)
C et
|acin(z) —a.(x)] < (;Ex)“ |h| forallz € N, |h| <e, 0<e+h<eg. (2.11)
Further, for each € N, the function a, : (0,&¢) — -O, %) given by a,(g) := a(x)
satisfies ]
~ o0 0,1 L |dta] _ Cuet
az € C((0,6(x)) U (8(z),e0)) NC¥(0,20) with Tk < i k=0,1,....
(2.12)

In general if a family of functions {a. }.~¢ satisfies conditions and (2.10)), we say
a. is a standard family of functions. If in addition {a.}.~¢ satisfies condition (2.11)),
we say a. is a continuous standard family, and if a. satisfies condition we say
a. is a smooth standard famaly.

Remark. When a. is a standard family, the Hardy inequality implies for each 0 < ¢ <
g0 that the operator ¢ + a.¢ is bounded as a map from H'Y2(N) to H~Y/2(N).

2.3.2 The Laplacian and Normal Derivative

For u € C?%(Q) the Laplacian of u, written —Awu, is given by



Now let u € H'(Q). Clearly the above definition no longer makes sense as an element
of L*(2), but if we define —Au € H~(09) as the distribution given by

(—Au,v), = /QVU -Vodz, ve HyQ),

then we have a definition which is consistent with the usual integration by parts
formula when u € C*(Q2) and v € C1(Q). If we have the added assumptions u € C*(£2)
and v € C''(Q), integration by parts yields Green’s identity

/(—Au)vdm:/ Vu - Vvdlez/ —vda
[OF= [OFS Qal/

where % := Vu|sq - v is the normal derivative of u. Note the sign change due to our
choice of v. Once again we cannot use this formula directly for general u € H* (),
since Vu € L*(Q) does not have a well-defined trace on the set 02 of d-dimensional
measure 0. Thus we need to be careful in deﬁmng . The following lemma allows
us to extend the notion of a normal derivative to elements of H(Q).

Lemma 2.3 (Green’s Identity for H'(2)). Suppose u € H*(Q) and F € Hy'(Q)
satisfy —Au = F on Q, i.e., (—Au,v)q = (F,v)q for allv € HJ (). If Q is bounded,
then there is an element g~ € H'/2(0) uniquely determined by v and F such that

g™ ll-veom < € (Il + 1Fllg ) (2.13)
and for all v € H'(Q) satisfies
<F,U>Q:/QVU-Vvdx—<g_,Trv>aQ. (2.14)

If Q is unbounded, then there is an element gt € H=Y2(0Q) for which the estimate
([2.13)) holds and which satisfies for every v € H'(Q) the identity

(F,U)Q:/QVu-Vvdx%—<g+,Trv>m. (2.15)

In either case, we refer to g~ or g* as the normal derivative of u with respect to F'.

Remark. We have the two separate equations ([2.14]) and (2.15]) to ensure that g— = ¢g*
when u € C%(R?), which is consistent with our convention of having v point out of
a bounded domain Q= and into its unbounded complementary domain Q.

Proof of Lemma|[2.3. Let P : HY?(0)) — H'(2) be a continuous right inverse of the
trace map Tr: H'(Q) — HY2(08) (See Section [2.2.2)), and define g € H~/2(982) by

(0:0)on = [ Vu VPR e = (F.Pe)g, ¥ o € HY0R),
Q

13



Clearly | (g, @)on | < IPI(IVulliz@) + [l 1)) whenever @]l /zp0) = 1, which

proves the estimate (2.13]). Next, for v € H(Q) set vy := v — P(Trv) € H}(Q). By
how we defined g, and the fact that —Au = F on {2, we have

(Fov)g = (=Au,vg)q, + (F, P(Trv)),,
= / Vu-Vvdr — / Vu - V[P(Trv)] dx + (F, P(Trv)),

= / Vu-Vodr — (g, Trv),, .
Q

Finally, suppose § € H~1/2(99) also satisfies (2.14]) for all v € H'(€2). Then for all
p € H'2(09), (9= 7,9)p0 = (9= 7, Te(Pp))yq = 0, ie., g = 7. H

Remark. As we mentioned in Section , even if F, F € H;H(Q) satisfy F' = F on
Q, F — F may still be a non-zero distribution on R? supported in 9€). Hence the
distribution g € H~'/2(912) indeed depends upon both u and the choice of F. Thus,
when refering to the normal derivative of u € H'(Q), we are referring specifically to
the normal derivative of u with respect to the distribution

—Au on €,
F pu—
0 on R\ Q.

2.3.3 Weak Formulation, Existence and Uniqueness

Recall from Chapter |1 the mixed problem (MP))

—Aug=f on{2
ug =0 on D
%Luozg on IV,

and for a standard family a., the approximate mixed problem (AMP))

—Au. = f on {2
u. =0 on D

due

ov

For f € H;'(Q) and g € H-Y2(N), we call ug € H5() a weak solution of (MP)) if

+a.u. =g on N.

/ Vu. - Vda = (f,¢) + (9, Trg) g Voo € HA(Q),
Q
and we call u. € H},(2) a weak solution of (AMP)) if
/ Vu. -Vpdx +/ ac Tru. Trodo = (f,0)q + (9, Tr @)y Ve € Hllj(Q).
Q N

Here, (-,-)q and (-, -),, denote dual pairings on H,'(€2) and f[‘l/Q(N), respectively.
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Theorem 2.4 (Existence and Uniqueness). Suppose D C 0S) satisfies the corkscrew
condition (2.3)). Let f € Hy () and g € H-Y2(N), and let a. be a standard family
of functions. Take aq to be identically 0 on 0S2. There is an 9 > 0 and a constant C'
not depending on & such that for each 0 < & < g¢, a unique weak solution u. € H}(Q)

of (AMP)) (or (MP)) in the case € = 0) exists which satisfies

luellmsioy < C (I izt + lgll-vag ) - (2.16)

Proof. Fix §# > 1 and 0 < ¢ < gy < %, where C' is the constant in the Hardy
inequality (2.7). Let F € H,'(2) be the distribution given by (F,v)q := (f,v)q +
(g, Trv) 5, and define the bilinear form B, : H},(Q) x HL(2) — R by

B.[u,v] ::/Vu-Vvda:'—i-/ a: TruTrvdo.
0 N

We will show that B, is bounded and coercive on H}, ().
We first prove coercivity of B.. Since a. is a standard family, condition (2.10) on
a. and Lemma [2.2] imply that

T
<[, ul /|Vu|2—50/ r do
(1——)nvmu%m

To deduce boundedness of B., we appeal again to the Hardy inequality (2.7) to
compute for all u, o € H},(Q)

[, v] /\VUHVUH—&o/ %2 do
u2 3 2 3
< [|Vul|r2con |Vl 12¢0 /_>(/_)
Fuliza Vol + 5 ([ 5) ([ 5
1
< (1 + 5) |Vl 22| VOl 20

Hence, by the Lax-Milgram theorem there is a unique u € H; () satisfying B.[u,v] =
(F,v), for all v € HL().

Finally, since u. € H},(Q) satisfies Be[ue, ue] = (F,ue)q, it follows from coercivity
that

0
Ve ||72() < mBe[Uaus]

0
_ F,
9—1< el

—1(||f||H )+ gllir-rrzn0) el @)

Dividing by ||Vu.||12(q), we arrive at estimate (2.16]). O

Copyright© Morgan Schreffler, 2017.
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Chapter 3 Asymptotic Expansion in ¢ of Solutions to (AMP))

The goal of this chapter is to prove Theorem [I.1} To do so, we first prove a Sobolev
inequality which holds uniformly on a family of star-shaped convex domains, as well
as a trace theorem, both of which will be used throughout the chapter. Next, we intro-
duce the notation of the so-called “B-spaces” found in Ladyzhenskaya and Ural’tseva
[20, pp. 81-95], and we show that elements of B(Q2,.(x),~, Q) are in fact Holder contin-
uous. Then we prove that weak solutions of satisfy a Caccioppoli inequality,
after which we adapt the famous result of De Giorgi [10], Nash [29], and Moser [2§],
to deduce that weak solutions u. € H,(S) of have finite L°°(€2) norm inde-
pendent of e, and are in fact in C%*(Q) for some a € (0, 1]. Finally, we conclude by
deriving an upper bound for the rate at which u. converges to ug in H'(Q) as e — 0,
and discuss an asymptotic expansion of v, in . Unless noted otherwise, Q2 C R? will
always be taken to be a bounded Lipschitz domain with constant M.

3.1 Preliminary Inequalities

3.1.1 Sobolev Inequality on Star-shaped Convex Domains

First, let us state what it means for a bounded open set T C R? to be star-shaped
Lipschitz convex and star-shaped with respect to a ball. We say T is star-shaped
Lipschitz convex with constant M, scale r, and star-center x if there is a Lipschitz
function ¢ : S¥°! — [1,1 + M] with Lipschitz constant M such that

T={yeR": |z —yl<ro@},
and we say T is star-shaped convez with respect to a ball B,(x) if we have
(1—tyy+tzeY VyeB.(r), z€ T, tl0,1].

Remark. When defining a Lipschitz domain, we chose to consider intersections with
cylinders rather than balls precisely because for each x € 052, the set €,.(z) is star-
shaped convex with respect to the ball B, (2, ¢,(2') + (2M + 1/2)r) C Q. ().
This fact will be crucial in Sections [3.2] and [3.3] where Lemma [3.4] and Corollary
are used extensively. See Appendix [A] for more information concerning star-shaped
domains.

The main results of this subsection are Lemma [3.4 and Corollary [3.5. To obtain
them, we first prove a series of three intermediate lemmas. Recall that w; denotes
the measure of the unit ball in R

Lemma 3.1 (Poincaré inequality on star-shaped convex domains). Let 1 < p < oo
and suppose u € WIP(T), where ¥ C RY is star-shaped convex with constant M and
scale r. Let wq denote the volume of the unit ball in R?, and tg = |G|~ Jo u(x) dzx

16



the average of u on G. If F,G C T are measurable with |G| > 0, then

d+p—2 1
20+ (1 4+ M) Y| 5 | F|#
Ud | L Vul Lo (). (3.1)
wy' |Gl

|u — || Lrry <

Proof. Without loss of generality we assume T is star-shaped with respect to every
point in a ball Bg, centered at the origin, and that v € WH(T) N C*(T). By the
fundamental theorem of calculus, if y # z, x € T, and y € Bg,, we have

ly—z| —r
u(y) — u(x) = /o % [u(z + sw)] ds, w:= ‘:Z — € st (3.2)

Taking the average of (3.2)) over y € Bg, gives

1 ly—z|
Upe, —u() = Bor| /B /0 w - Vu(z + sw) ds dy. (3.3)
r Cr

Now, define V : R? — R to be |Vu| on T and 0 elsewhere. From (3.3]) we deduce

1 ly—=|
s, — ulz)| < / / V(z + sw) ds dy
|BCT| Bgr 40

1 (o)
d/ / V(z + sw)dsdy
war Bac(14myr(z) J0O

| pe0eMmy o0
=C—; / / V(x + sw)ds dw ! dt
wqr 0 sd—-1 Jo

24(1 + M4 [
:CL/ / Vietsw) , a1 g,
dwd 0 gd—1 si-1

214 MY [ |Vuly)]
dwq v | —yl¢t v

<C

=C

1/d
Set t = (%) so that |B(0)| = |F|. It is well-known (cf. the monograph of Gilbarg
and Trudinger [I3], p. 159]) that

/ lz —y|' " da §/ ||~ da
F Bq(0)

= tdwd
= dwy VR
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Hence,

) 2¢(1 4 M)? Vu(y)|  |°
— g, | VO 4l d
I — @, o[ ] [ a
<C{2d1+M ]
p—1 17P
SO VP O\
X/[(/\x—mdl o) " (L) | @

Q

24(1 + M)? ]

{ «
< () ”dm) /(/chm)rwwmy

< [+ 1 |1 ] [l
Next, we invoke the previous estimate two times to deduce

lu = tg||or) < llu— ape, || o) + e — se, || Lo (r)

<2001 + M) |Y| "% |F|a wy

1
=t 1 F|»
< 20+ M) XI5 [P ]Vl + 1= e o
Finally, since |F| < |Y| and 1 < I we obtain

d—1
)
1+ (1gf
@
Iap

—i—(@)%l <2—|T
IV i lek

Y% |F|#
1/d
Wy

from which (3.1)) now follows.

Lemma 3.2. Let 1 < p < oo and suppose u € WTl’p(T), where Y C RY is star-shaped
convex with constant M and scale v, and T C OY satisfies o(T) > cr®=' for some c
independent of r. There is a constant C' depending only on c,d, M, and p such that

ullory < CrlIVullpecr).

Proof. Without loss of generality, we assume that u € W,P(T) N CY(T), and that T
has star-center 0. By the fundamental theorem of calculus, for y € T, 3 := | |

and s € [0,7p(9)) we know

ro(9)
u(sg) = - / < fulti)

T¢(9)
= —/ Vu(t@) -y dt.
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Let T:={sy : se€[0,1),y e T}and T := {j) : y € T}. Integrating over T we obtain

/T u(z) dr = — /T /O w(@)( j@) Vu(tg))~g)dt> gi71 ds] do (1)

_ _/ /W(g) </Ot d=1 ds) Vu(ty) - ?)dt] do ()

:——// (tg)t dt do(y)
:—E/TVu(x)-xdx.

Now let ®(y) := w( . Observe that the level sets ®~!(s) of ® are precisely sOY :=
{sy : y € T}. We compute

Ao | L Vel@)] V()
R e
< ) +2[Vp(2)|
=Ty
2(1+ M)

To estimate |T|, we appeal to the coarea formula to obtain

= [ [ ey e
//\VCD dlda()d

T)

= 2d(1+M) g

>
—2d(1+ M)
Hence, we may estimate the average of u on T by

1
lur| = =

u(z) dx

1 M
§—< i /|Vu |z da

2(1+ M)?
i /|Vu )| dx.

Coepd-1l
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Finally, by Lemma with F =Y and G =T, as well as the previous estimate and
Holder’s inequality, we deduce

ulloery < lJu — gl Loery + [|@p] Lo ()

20+1(1 4 M4 |T| 4

1
P P
|F'|a ~ 1
T IVullLeer) + [az] |T]?
wy | T|
dp+d+p—1

d—1
<20 (27 Mdwy) T (L+ M) r 7|Vl

2p+d

a_
+ 27 (14 M) w/Pre = [V oy

dp+d+p—1

d—1
< [zdﬂc (26 dwa) @ (1+M)“5" 420711 +M)2+dwd} r || V]| oy

<C

Lemma 3.3 (Extension Lemma). Suppose T C R? is star-shaped convex with con-
stant M and scale r. For 1 < p < oo there is an extension operator E : WhP(T) —
WhP(RY) such that

1
IV(Eu)| ppgray < C <;HUHLP(T) + HVUHLP(T)) ;

where C' depends only on d, M and p.

Proof. Assume T has star-center 0. For x # 0 set 2 := ﬁ € S% 1 and let

denote the reflection of x over Y. Observe that (z*)* = z for all z # 0, z* = zx iff
z€0Y,and z € RI\ T iff z* € T\ {0}. If u: T — R, we define v* : R\ T — R by
u*(z) := u(z*). Fix n € C°(RY) so that n =1 on By, n < 1, suppn C Basom)r,
and [Vn| < €. Define an extension operator E on W'?(T) N CH(T) by

) u(x), e

Bulz): {n(x)u*(x), r€RI\T.

Observe that Eu € C,(R?). Further, when # € R¢\ T we have
V(Eu)(x) = Vn(z)u' (z) + n(z)[J (27)](z) Vu(z®),

where [J(z*)](x) is the d x d Jacobian matrix of z* defined in Lemma[A.4] Now, by
the estimates of Lemma [A.4] and a change of variables, we write

cr
Vi()[[u(2) [P de < — ju” ()| dz
P
RA\Y T JBayar\Y
[0
< |u(x) || det]J («")]| dz
P
™ Jr\{o}
cr
< —d!'543M +1)* |u(z)|? dz,
P
r T\{0}
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and

/R PRI e <M 1) / V()P dz

Bayorn)r\T

< 5(3M 4 1)¥ /T oy [TH@P el o

< d!'5PH(3M + 1)2(p+d)/ |Vu(z)|P dx.
T\{0}

Hence, we have ||V(Eu)||pora) < C (2l|ullzoery + |Vl 1oer)). This fact, in conjunc-
tion with our earlier observation that Eu € C.(R?), also confirms Fu € WH?(R4). [

We are now equipped to prove our main results for the subsection.

Lemma 3.4. Let 1 < p < d and suppose u € WTl’p(T), where Y C R? is star-shaped
convex with constant M and scale r, and T C OY satisfies o(T) > cr®=' for some c
independent of r. There is a constant C' depending only on c,d, M, and p such that

ful, g, ., < IVl

Proof. Clearly ||ull < ||Eu| holds. By the usual Sobolev inequality,
La-5(T) L7 (RY)

dp
d—p

followed by Lemmas @ and [3.2, we conclude

IIEUIIL%W) < OIV(Eu)| oy

1
< € (Hlullzrer + IV ulzer)
S CHVUHLP(T). O

Corollary 3.5. Let x € 9 and 0 < r < ro. Foru € WH(Q), let Q..(z) == {y €
Q.(z) : uly) > k}. If € >k, then

€2 ()]
|Q7"<x> \ Qk,T('r)’ Qg (2)\Qp,r (%)

(0= k) |Q(@) "V < C [Vu(y)| dy, (3.4)

where C' depends only on d and M. Moreover, if D C 0S) satisfies the corkscrew
condition [2.3), u € W5 (Q), W, p(x) N D # 0, and k > 0, then the estimate is

uniform, that is,

(= 1) lata) <0 [ Va(y)| dy, (35)
Qe (2)\Q,r (2)

where C' depends only on d, and M.
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Proof. As we remarked at the beginning of the section, €2, is star-shaped with respect
to every point in a ball B¢, (y) contained within ©,. To obtain[3.4] set p =1, F = Qy,,
G=0,\Q,, and T =, and apply Lemma to the function

0, u(z) < k
v(z) = qulx) -k k<u(z) </
(—k, (< u(x)

and divide by |€2,|. Observe that 7 = 0 and Vv = xq, \a,, Vu.

To obtain estimate , we first note that the corkscrew condition on D and
our assumption that W, s(z) N D # 0 guarantees o(D N ¥, (z)) > cr*! for some ¢
depending only on d and M. Further, the assumption that & > 0 ensures that the
function v defined above satisfies v € Wll)’%%(x)(ﬁr(a:)). The desired estimate now
follows by applying Lemma [3.4| with p = 1 and T = Q,.(z) to the function v. O

3.1.2 Trace Theorem

To prove that solutions of (AMPJ) are Holder continuous, we will require an inequality
which states that the LP -norm of u. on U, (x) is controlled by the LP-norm of Vu, on
Q,.(z), where p* depends only on d and p. The following lemma fills this requirement.
Lemma 3.6 (Trace Theorem). Let 0 < r < ro. Suppose v € WIT(Q) for 1 < 7 <

(d=1)7

d, and n € C*(Z.(x)). Then Tr(nv) € L a4+ (V,.(z)), and there is a constant C
depending only on d, M, and T such that
o < ()
1Tl e < OV i
Proof. We begin by proving the case 1 < 7 < d. Without loss of generality we assume
z = 0 and write ¥, and €2,. We may choose a constant unit vector w € R? such that
w-v >0 >0 c0-ae on V¥, where v is the outward-pointing unit normal to §2. Set
Q= (dilf)T and sgn(x) to be 1 when > 0, —1 when z < 0, and 0 when x = 0. By

d
the divergence theorem and Holder’s inequality,

51 Te(wn) % ., < /qu w - v| Tr(on)|@ do

r

= /Q Qlvn|®~ sgn(vn)w - V(vn) da

< Q|

where 7/ = —=5. Now note that (Q — 1)7" = dd_—TT, which is precisely the exponent

which appears in the Sobolev inequality of Lemma (3.4, Hence,
31 Te(vm) | Fa g,y < CRUV @n) | Fr 6 IV (0n)ll (0.

Dividing by ¢ and raising both sides to the 1/Q power gives the desired result.

[on| "M @) IV (o) 2 (0,

In the case 7 = 1, we have 7/ = oo and (Q = 1, which greatly simplifies the
above calculations as we no longer require the use of Hélder’s inequality to obtain
the desired estimate. O
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As a corollary to Lemma [3.6] we now state a fractional order Sobolev inequality

which holds on H'/2(9Q).

Corollary 3.7 (Fractional-order Sobolev inequality). Suppose ¢ € HY/2(9). Then

Y e = (= (69) and there is a constant C' depending only on the global character of
Q such that

”90’|L2<dd:21> o) < Cllell g0

Proof. Recall that P : HY2(99) — H'(Q) denotes a bounded right inverse of the
trace map Tr. Let {Z,(z;)}] be as in the definition of a Lipschitz domain. Let
nj € C2(Zary(x;)) satisty n; = 1 on Z,,(x;), 0 < n; < 1, and |Vn,| < % for some
constant A > 0. By Lemma we have

J
Il 2 o < D NP 2

(00) ~ S = (U (2))

TrnPgD 2d1
H PO 2gp

IA
M-

<

Z IV (7, Po) |20

<CJ <T—O||V(P<P)||L2(Q) + C'||P90||L2(Q))

< CllPollu o
< Cllell 200 u

3.2 B-spaces and Holder Continuity

Suppose D C 09 satisfies the corkscrew condition (2.3). Given~y > 0,0 < r < rg, and
Q > 2, we say u € B(Q,(z),7,Q) if u e HH(Q)N L"O(Q), and for all Q,(y) C Q.(z),
€ (0,1), and k as below we have

1

1 _1
/ VP < | — Lt sup (- k41| (). (36)
Qes—cs(y) §2$2(1_ﬁ) Qs (y)

O

Here, k € R if 9Q4(y) N D. = 0 and k > 0 if 9Q4(y) N D. # 0.

In this section, we will closely follow the exposition given in the monograph of La-
dyzhenskaya and Ural’tseva [20, pp. 81-95], though much of the notation is changed.
The goal of this section is to show that elements u € B(Q,.(z), 7, Q) are Holder con-
tinuous. We begin by proving Lemma a technical result which describes how
SUDg, () (u — k) reacts to changes in r, assuming certain size conditions on [Q ,(z)|
and supg, | (,)(u — k). We then use the aforementioned lemma to prove a result de-
scribing the oscillation of u on Q,.(z), from which Holder continuity follows.
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Lemma 3.8. Let x € 092, 0 < r < 1¢, and suppose D C OS2 satisfies the corkscrew
condition (2.3). If u € B(Q.(x),v,Q) and k is as in the definition of this space,
then there is a number 81 > 0 depending only on d, v, M, p, and q, such that if

Q| < 0,77 and H := supg, (u—Fk) > rlf%, then ’Q;HH/QJ/Q} =0, ie.,

sup (u—k) < —.
2,/2() 2

Proof. Fix Q,.(z) and k, and let u € B(€2,.(z),7, Q). As usual, we suppress the point

x in our notation and write €2, and € ,. For i =0,1,2,..., set
r r H H
T125+F and kz:k"i_?_ﬁ

Set ¢ = “—=#1 € (0,1). Note that r; — ¢r; = riq and ki — k; = H/2"2. Thus,
substituting r; for s and ¢; for ¢ in formula (3.6)), we obtain

d

Q
/ |VU’2 <7 #2 Sup (’U, - k1>2 +1 |Qki77"i l_é
Qkiari+1 (Ti o 7"2‘-1—1) Doy s
2—252i+4 772 -4
<o (rE R 1) |0 (3.7)
By Corollary [3.5| we have for some constant C
1-3 ‘QW+1|
(kiv1 = ki) | Q| @ < Ch |Vu|dy.  (3.8)

}Qn‘ﬂ \ Qki»"'i+l ‘ Qejri 1 kg i

Now, choose #; < %. A geometric argument shows [Q,| > %pd for any
0<p<r,soif |Q,| <6Or? then

’Qk ’ < ||

< 1 (M + 1)wg—1 (r)d
-2 d 2
<510

2

§1|9
2

Hence, we deduce from (3.8) the estimate

isTi+1

Ti+l‘ .

9i+2 ‘Qki+177‘i+l} * < 201/ |Vu| dy

2 Ti+41

szca(/Q

1
< 20,71/ (T%—222i+4H2 i 1) 2 |ka|1—% ‘

’VUP dy) ’Qki,m

(NI

kisriq1
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Rearranging constants then gives us

1
_1 ‘ d , 2 a1
‘Qki+1,ri+1}1 i< 21+3Cwl/2 (7«5—222z+4 + H*2> 2 |len =35 .
. 1—-4 . _9 d_o9 .
Now, if H > r 29 ie., H* <re ° we may write
_1 . 1
(Vb7 < 2O 23t | |5 (3.9)
Dividing both sides of ([3.9) by 7471 and raising both sides to the % power, we obtain
2Q—d
Q. ) _d_ i Q. BTy
‘ kz:;l,nﬂ} < (2601,}/1/2) a1 <2%> (| igm ) ) (31())

Since 2Q) — d > 0, by choosing

(M + 1)Wd 1 12dQ+8dQ2(1—d) 2dQ 4Q
— mi - = — a2 d=2Q A 750
0, = m1n{—,2d Q7 2e-92 ( yda-2Q@ 5

9d+1,] 1

we may conclude from Proposition below that |Qk¢+1,n+1‘ — 0 as i — oo, ie.,
’QHH/M/Q‘ = 0 as desired. O

Proposition 3.9 (Lemma 4.7 of Ladyzhenskaya and Ural’tseva [20, p. 66]). Let
C,a >0 and B > 1 be fized constants, and suppose a non-negative sequence {x;}5°,
satisfies the recursion relation

v < B'Cxl™ foralli=0,1,....

If o < B*a%C”i, then x; < B C’é, and consequently x; — 0 as i — oo.

Lemma 3.10 (Oscillation Lemma). Suppose D C 0 satisfies the corkscrew con-
dition. There exists a natural number s so that for any x € 0, 0 < r < 1y, and
u € B(Q(x),7,Q), at least one of the following holds:

osc u < 2°r' 7@ (3.11)
Qr(x)

osc u < (1—2%) osc u. 3.12
Qr(z) - ( ) Qar(x) ( )

Here oscpu :=suppu — inf g u is the oscillation of u on the set E.

Proof. First, note oscg u = oscg(—u), so it suffices to prove the lemma for u or —u.
Also, as usual we suppress the point x in our notation and write €., Q4,., etc.... Define
M, = supu,

m, = inf u,

T

ap, e Mt
2
O, .= M, —m, = oscu,
Qr
O =0y, and
O
At;: yGQZT:M4r__t<u(y)<M4r_ﬁ



Set ky := My, — 2—(2 and observe that A, = Qy, o, \ Qu,,, 20 and Ky — by = 2,5% Finally,

let 0; be the constant from Lemma [3.8 C; the max of the two constants of Corollary
2d+1 _ 1

7 Co=2"°7"a" . 5C3wi}/%(1+ M)*" @, and

C
s:max{4,92—g/d+3}.

1

Now, let u € B(€4,(x),~, Q) and suppose (3.11]) does not hold, i.e., O, > 951725
This implies Pl < 0/25 < O/2" for t < s. Combined with the facts |Qg4.] <
|Z1| (4r)d = 2241wy (1 + M)r?, d/Q — 1 < 1, and (3.6]), we deduce

/ Vul?dy <~ |4(4r)@~? JSup (u— k) + 1] [ Q]2
th&r L kg,4r
i 2
a4 (0O _d 4 _ 1
<o |4t (2_) 205 |2 g,
0\’ 41 d(1-%) 1-% d—2
<7 o [4@ +1]4 Q| Zy| er
21— 241 1-1/Q -3 (O 4y
<2 e -byw, P C(1+M) @ (E) reTe. (3.13)

We now consider the following two cases: Qy, N D, = () and Qy, N D, # 0. In both
cases, we claim

0\’ _2
(ﬁ) ‘th+1,2r‘2 d S 012 ‘At’/ ’VU’Q dy (314)
Qp, 2r

On the one hand, when Q, N D, = () the sign of k and £ are irrelevant and, after pos-
sibly replacing u with —u, we may assume ’Q M4r,2r{ < % |Q9,|. Referring to estimate
(3-4) from Corollary [3.5 we obtain

@)

1
pYsT Qo7 < Cy [ |Vl dy (3.15)

A

by observing that ‘th+1,27«} < ’QM4T,27~| < 19| and arguing as in the proof of
Lemma . On the other hand, when 5, N D, # () we assume My, > 0, replacing u
with —u if necessary, to ensure k; > 0 for all £. Under this assumption, the condition

!Q ]\7I4T,27"| < %|92r’ is not necessarily true. However, we may instead use estimate
from Corollary to obtain estimate (3.15]). In each case, since A; C (U, o, We
may apply the Cauchy-Schwarz inequality to to obtain .

Now, combining estimates and and dividing by (2,5%)2, we obtain
for each t <s—3

9_2 22
d d
7 < Qo

< 225G 502091+ M) A R, (3.16)

|Qk‘5_2,2r

26



Summing (3.16]) as ¢ goes from 1 to s — 3 yields

_2 _2d+1
d S 22d+3 o

(5= 3) [, 2| 5wy 1+ M) T Q0 \ Q| 772
< o3d+4—2Gt 5012%03:%/62(1 + M)zférzd—z
= Cp(2r)?*2.
From the above estimate and our choice of s, we immediately obtain
|, 20| < 61(2r)7
As in Lemma [3.8] set

H:= sup (u—kso).

Qk5,2,27‘

We now consider what happens when H < (27‘)1_% and when H > (27’)1_%. In the
first case, our initial assumption that (3.11]) does not hold gives us

Moy, < My, — ﬁ + 21_%7”1_%

28—2
O 1—-4 OT
< My — 9135 "
4 2572 + 9s
@
< My, — 31

from which (3.12]) follows immediately. In the second case, we refer to Lemma in
order to obtain

@] 1 O
M, < My — —— + = ( My, — My, + ——
— 4 2372 + 2 ( 2 4 + 252)
O
< My, BYsg
which is precisely (3.12)). O

Theorem 3.11 (Hélder continuity of functions in B(Q,.(z),v,Q)). Let x € 9Q and
0<r<ry Ifue HHQ) is in B(Q(2),7,Q), then oscq,@yu < C (2)" for each

0 < p <r, where « = min {1 - %, —log,(1 — 21_5)} € (0,1) and s is as in Lemma

5. 10
Proof. By Lemma [3.10] either (3.11)) or (3.12)) holds (with r replaced by p in each).
In the first case, by choosing C' = 25r1~%@) and o = 1 — % we deduce oscq, (z) u <

C (2)%, and the theorem follows easily. Thus, we assume (3.12) holds.
Observe that s does not depend on r, so we may iterate this inequality to obtain

s\ k
oscu§(1—21 8) oscu, k=1,2,....
r/ak Qr
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Choose a = —log, (1 — 2'7%) so that the above becomes
osc u < 47" oscu
Qr/4k Qr
<2 4aHuHLoo(Q)4_a(k+l).
Now, let 0 < p < r and let k£ be such that k=1 < § < 47, Tt follows that

oscu < 0sc u

Qp Qr/4k
< 2 4% Jull o4~
<c(f).
T
Note that C' = 42 l|u|| oo () is independent of p and 7. O

3.3 Holder Continuity of Solutions to (AMP)

From the previous section, we know that the problem of proving Holder continuity of
solutions u. € H} () to can be reduced to showing that u. € B(Q,,(z;), v, Q)
for each x; from the definition of a Lipschitz domain (See Section . To do this,
we will first prove a Caccioppoli inequality on u. which holds when f and ¢ are in
certain LP spaces. From this inequality we deduce that u. € L*°(Q2) uniformly in ¢,
and shortly thereafter, that u. € C%, where o and ||u.||co.« are independent of e.

Lemma 3.12 (Caccioppoli Inequality). Suppose D C 09 satisfies the corkscrew
condition , a. 1s a standard family of functions, f € L1(Q) for some q > g, and
g € LP(N) for some p > d — 1. Let u. € H5(Q) be a weak solution of and
y €00 If U.(y)ND. #0 let k > 0; otherwise, let k € R be arbitrary. The positive
part of u. — k, denoted v = (u. — k)*, satisfies

242 2_
/ n?| Vol de < C / VIV da 4 (L F)12 QT T g2 QT
Qi,r(y) Qpe,r (v)

whenever n € CH(Z,(y)) satisfiesn > 0 on Z,(y). Here, Qx.(y) :={z € Q.(y) : uc >
k}, and T = dfl—ZH. Note that C depends only on d, M, p and q.

Proof. Without loss of generality, we assume y = 0 and drop the dependence on y
from our notation, writing €2, rather than . (y). First, observe that v € H'(Q)
satisfies Vv = Vu,. when u. > k and Vv = 0 when u. < k, but may not necessarily be
an element of H}(Q) if k¥ < 0. By how we chose k and 7, however, ¢ := n*v € H},(Q)
is a valid test function to use in the weak formulation of (AMP)). Using Hélder’s
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inequality and Cauchy’s inequality with € = %, we obtain the estimate

/ Vu. - Vypdr = / Vo - Vo dr + 2/ on(Vu - Vn)dz
Q Qk,'r Qk,'r

Z/ 772|Vv|2d:p—2/ v|n||V||Vn| dx
Qk,r

Qk,'r
> / 7’| Vol? dz
Qk,r

3 >
-2 / v?|Vn|* do / In|Vv|? dz
Qk,r Qk,'r

1 1
> —/ n?| Vol dx — —/ v?|Vn|? dr.
2 Qk,r 2 Qk,r

By the above calculation, and the fact that u,. is a weak solution of (AMP)), we deduce

/ n?|Vol* dr < / v?|Vn|* dr + 2 Vu. - V(n*v) dx
Qk,'r Qk,'r Qk,r

§2</ UQ\VnPdaH—/ ]f\vnzdx+/ lg| Tr(vn?) do
Qk,r Qk,r N

- Am ac Tr(ue) Tr(vr’) da) .

Now, if ¥, N A, = () then a. = 0 on N NV,. If, on the other hand, ¥, N A, # (), the
assumptions a. > 0 and k > 0 guarantee a, Tru, Tron? > 0. In each case we obtain

— Jyow, @ Tru: Tron?do <0, giving us

/ n?|Vol?dr < 2 (/ v?|Vn|? dx +/ | flom? dx +/ 9| Tr(vn?) da) :
Qk,r Qk,'r Qk"r' N

Now, if d > 3let t = 2, and if d = 2 let t € [1,2) N (35—322) be arbitrary.

These conditions guarantee that the inequality 1 — % — % + é > 0 holds for all d > 2.
Using Holder’s inequality, the Sobolev inequality of Lemma [3.4] with ¢ as above, and
Cauchy’s inequality, we estimate
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Q=

2d 7d
/leflvn xé(/%\f! x)
C q
< Cllf ey (/

< Ol fllzay (/Q IV(UU)IQde> [ Q|70
k,r

1 _2,2
<5 IV e+ 202 e 1,
k,r

1 1
td
() i
Qk,'r

1141
|V(Un)|tdl‘> [ |7

\T

N|=

1 _2,2
<! / (I + 02 Vn[2) di+ 202 £y |5
k,r

=1
Thus,
242
/ UZIVUIdeSC/”( | o 1onP e+ 1 90,5 4 [ rngr<vn2>da>.
Qk,r Qk,r N
7(d—1 .
Next, observe that p = dnglg for 7 = dpilZJrl € [1,7%) C [1,2), and b s

precisely (d__lT)T. By two more applications of Holder’s inequality, as well as the trace

inequality in Lemma [3.6] with 7 as above and Cauchy’s inequality, we deduce

1 L1
/ |g| Tr(vn?) do < (/ g|? do) (/ | Tr(vn)|7-1 da)
N N N
< Cllgllzev) </ IV (vn)|” dx)
ﬂk,r
< Cllgll iy ( /
Qk,r

!V(’UU)IQdfC> [
2 2 21
<[9P dr + gl 191
Qk,r

=

o=

C? 2_
< [ PV + o 19nP) do + Tl 19,1
k,r

Hence, when A is chosen small enough we obtain the desired estimate. O]

Theorem 3.13. Suppose D satisfies the corkscrew condition , a. s a standard
family of functions, f € L1(Q) for some q > g, g € LP(N) for some p >d— 1, and
u. € HH(Q) is a weak solution of . For each Q,,(x;) as in the definition of (2
as a Lipschitz domain, there is a constant C' not depending on € such that

Jtte | oo 2,y (2y)) < C (1f Loy + Nlgllzoea) - (3.17)
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Proof. Let p = 2ry. As in Chapter [2, we may assume without loss of generality that
z; = 0 and write Z,, Q, and Qy , without dependence on z;. Let v := (u. — k)™ for
k > 0. To find an upper bound for u., we will show that there is a k£ such that v =0
a.e. in €,/5. To find a lower bound for u., we observe that —u. solves with
f and g replaced by —f and —g, respectively, so we may apply the argument that
follows to (—u. — k)™ for k > 0.

Choose n € C}(Z,) so that 0 < n on Z,. By Holder’s inequality, followed by

Lemmas and [3.12], we obtain

J

2
-2

|v77|2d:c < (/ |m]|% dx) \Qk,p]%
Qp

<c / IV (on)P da ||
Q

k,p

sc(/ﬂ

Since g > %l it follows that % — % > 0, and since 7 € (1, d%‘il) we have % — 14+ % > 1.

Set 6 := min{%,%—i— 2_2,2- %} > 0 and ko = max{l, ||uj|]%2(9)} If k > ko,

k,p

2 _2,4 2_142
|V da Q|+ 111G 120l + gl 190,17 1”) :

k,p

d
then Tchebyshev’s inequality implies

1 1
[Q%,r| < E/ ul de < %/(u;)z dr < 1,
Q

so for all k > ky we have

/ lon|* de < C
ey

Now, for 0 < r < R < p choose n € C*(Z,) so that n =1 on Z,, n = 0 outside
of Zr, 0 <y <1land |Vnl < % on Z,. If k> ko, we deduce from 1} that

1%,|" . (3.18)

/ AV de+ (112 + 9]2) 1%,
k

Qk,p

_ 1
(R—r)?

1%zl

/ (ue — k)*dr < C
Qk,r

/ (e — k2 dz+ (112 + 9]12) |9 2l
Qr. R

(3.19)

Let h > k > k. Since Qp, g C Qi r and “hf:,f > 1 on €, g, we have

|Qh,R| = / 1dl‘
Qn,r

u. — k
g/ c dx
U r h—k
1 / 9
< u. — k) dzx.
=2 o P
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Therefore, if h > k > kg and £ <r < R < p, estimate (3.19) gives us

. R Y A a2\
mef‘”dxﬁc(aﬂﬂy*‘<h_mz)<h_@w([;5% k>ﬂ> ‘

(3.20)
Set I(h,r) fQ 2 and let £ > 0 be fixed. For j =0,1,..., define
k
k?j = /{70 + ]{7 — g,

P, P

T’j = 9 2j+1'

Observe that k; — kj_y = & and r;_; — r; = 74+. We show by induction on j that

I(ko, To)

, J=0,1,..., (3.21)

2(1+6)

where v := 2 > 1.
In the base case 7 = 0, (3.21) clearly holds, so assume the induction hypothesis
I(kj_1,7j-1) < I(ko,70)/7"~* holds for some j > 0. By ({3.20)), we may write

1 1717 + llall; 1
C 1 P I(k: 1 r: )0
((Tj—1 —j)? i (kj —kj-1)? ) (kj — kj-1)* (ks-1,7i1)

222 24(|[f1I7 + lgllp)y 2
p2 + k.2 k20

o K2+ p*([IF112 + 1lgll?) . 92i(146)
> p2k2(1+0)

I(kj,j)

IN

C I(kjy,mj0)'*?

. ](kj_l,rj_1)1+9. (322)

Next, by our induction hypothesis we have

I(kfo, TO) 1+6
I(kjy, )"0 < (ﬁ
](k‘o, T‘())e ) ](k’o, 7”0)
- 7j9—(1+9) fy] '

Placing this into (3.22]), we obtain

o KA+ Ngl)  T(ko,ro)® 220+ I (Ko, 7o)
,02k2 k2¢9 ,ng 73‘ .

I(kj,r;) < Cy

22;(1+6)

By how we chose 7, it follows that = 1. Further, as £ — oo we have

2+ 2 (IIF11? + llgl? 1 I(k
AU 1 T
p*k P k
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/21T (ko :
Choosing k = max {p(Hin + [lglI2)+2, %} guarantees that for all j,

0 2+ p* (/115 + llgllp)

02k201+9) I(ko,ro)e <L

This completes the induction proof.
Hence, as j — oo we find I(k;,7;) — 0, i.e., I(ko + k, p/2) = 0. Consequently,

2
(Sup U> < C(IFIIZ + llglly + I (Ko, 70)),

Qp/2
and since I(kg, 7o) < ||u6||%2(9) < C(Ifllg + llgllp), we also have estimate (3.17). [

Theorem 3.14. Suppose D satisfies the corkscrew condition , a- 1s a standard
family of functions, f € LY(Y) for some ¢ > %, and g € LP(N) for some p > d—1. If
u. € Hp(Q) is a weak solution of (AMP)), then u. € B(Q,(z;),7, Q) for each Q. (z;)
as in the definition of 2 as a Lipschitz domain. Here () depends only on d, p, and q,

and y depends only on d, | fll, lgllp, M, p, ¢, and ro.

Proof. Fix Q(y) € Q,(x) and ¢ € (0,1). Throughout the proof € and €, will
always be centered at y. Let n € C*°(Zs(y)) be a cutoff function satisfying n = 1 on
Zs—s(y), 0 <n<1and|Vnpl < % on Z(y). Set v := (u. — k)" € H*(Q) denote the
positive part of u. — k. By Lemma and how we chose 1, we know

/ ‘VU’QdiL‘S/ n*|Vol* dx
Q Qk,s

k,s—gs
2,2 2_
<C (/ ( )U2IV77l2dfC+ LFIG 192,600+ gl 192%,] 1)
Qk,s Yy

k,s

_1 —242 2_
¢ (Sng [l supv® + LA12 1€0s] ™00+ 1| gl1? [ Q] 1) ,

where 7 € (1, d%'ll) solves p = %. Choose () := min {q, 2(+_1)} = min {q, %}.

We make a number of observations:

e Both 1 — % and % — 1 are bounded below by 1 — %,

°q> g by assumption, and p > d — 1 implies ﬁ > 37 so Q > %l7

o Q| <1Zs| = 2(14 M)wy_15%, where wy_1 is the Lebesgue measure of the unit
ball in R4, and

L4 ‘Qk,s| S |Zr0’ == 2(1 +M)Wd_17‘g.
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Based on these observations, we conclude

1
|Zl|a 2_2
2 21-55) o v+ 512"
C S k,s

Q=

/ Vo> de < C
0

k,s—gs

241 _1
+ llgl13 12| 7727 | 1] 2
S Y ﬁ SU_p(U — k’) +1 |Qk75| Q@ O
§25 ( QQ) Qk,s

3.4 Approximating Solutions to the Mixed Problem

Proposition 3.15 (Lemma 2.2 of Taylor, Ott and Brown [38, p. 2900]). Suppose
D C 09) satisfies the corkscrew condition and A\ satisfies the Ahlfors reqularity
condition (2.4). If z € A and —1 < s < oo, then there is a constant C' depending
only on M and d such that for 0 < e < &g,

lgd—l—i-s S/ 5(y)s da(y) < C’gd_H's_
C V()

Corollary 3.16. Suppose D C 02 satisfies the corkscrew condition (2.3) and A
satisfies the Ahlfors reqularity condition (2.4). There is a constant C depending only
ond, M, and H*2(\) so that

/A 5(y)* do(y) < C=**.

Proof. Let N. be the smallest natural number such that there exists a collection of
N points {2, }\2, € A so that A C Uﬁf; V. (x,). It follows that A, C Uﬁfil Uoe ().
Since A is (d — 2)-Ahlfors regular, it follows that AV, = O(e27%) as ¢ — 0. Hence, by
Proposition [3.15] we conclude

Ne
/ 6 do < Z/ 6% do
Ae n=1 e($n)

< 082_d€d_1+5

= et O
Corollary 3.17. Suppose D satisfies the corkscrew condition (2.3|), A satisfies the
Abhlfors reqularity condition (2.4), a. is a standard family of functions, f € L1(S2) for

some q > g, and g € LP(N) for some p > d —1. Ifu. € H(Q) is a weak solution of
(AMP)) and 0 < e < eq, then there is a constant C' not depending on € such that

2
/ (Tr:;&) do < 06204’

where a € (0,1) is the minimum exponent obtained from Theorem m
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Proof. Since Tru,. vanishes on D by assumption, and is Holder continuous with ex-
ponent a on J€2 by Theorem [3.11} we know | Tru.| < C'§%, where C' does not depend
on ¢. Finally, since —1 < 2a — 1 we may conclude from Corollary

2
/ (TY;E) do < C 52 Lo

Ae
< Ce?, O

Theorem 3.18. Under the same hypotheses as Corollary[3.17, if u. € H5(RQ) is a
weak solution of (AMP)) and ug € H}(Q) is a weak solution of (MP)), then there is
a constant C' not depending on & so that

||u5 — uO”Hl(Q) S C€1+a.

Proof. Recall that since uy € Hj(Q) is a weak solution of (MP]) and u. € Hp(Q) is
a weak solution of (AMP]), for all ¢ € H},(2) we have

/Vuo-Vgodx:/fgodx+/gTrg0da (3.23)
Q Q N
and

/ Vue - Vodx +/ a. Tru. Trodo = / fodr +/ gTrpdo. (3.24)

Q N Q N
Let ¢ :=ug — u. € HH(Q). Subtracting (3.24) from (3.23)) yields
/ V(ug — ue) - V(ug — ue) de = / a. Tru. Tr(ug — u.) do.
Q Ae

Then, by Lemmas 2.7 and [3.17, we write

T T —
/|V(ua—u0)|2dx§5 [T e | Tl = we)l
Q Ac 5

2 3 _ 2 z
< (/ |Tr5u5| da) (/ |Tr(u05 u)| da)
. N
< cer ([ i - wPde)’
Q

Dividing both sides by ([, |V (u- — ug)|? dx)l/ ? gives the desired result. O

(NI

Lemma 3.19. Suppose in addition to the hypotheses of Corollary that a. 1s a
continuous family of functions (See (2.11)). If ue, uern € Hp(Q) are weak solutions
of for0 < e <ey, 0<e+h<ey, and |h| < e, then there is a constant C
not depending on € or h so that

uesn = uellme) < CIAI(I1f o) + lgllzeam)-

35



Proof. Let ¢ :=u.p, —u. € HH(Q). Then ucyp, u. € Hp () satisfy
/Vungh : V(pd:n—l—/ ey, Trugyp Trpdo = / f(pdﬂf—i—/ gTrodo (3.25)
Q N Q N
and
/Vua-Vgpdqu/ aETrugTrapda:/fcpdx—l—/ g Tredo, (3.26)
Q N Q N
respectively. Subtracting equation (3.26)) from (3.25)) yields
/ \Vol?dr = — / (aeqn Trucyp, — a: Tru.) Trpdo
Q N
= — / (Geqn, — ae) Trueyp, Trodo — / a.| Tr o|? do.
N N
Now, recall from Theorem that the bilinear form B.[u,¢] = [,Vu - Veds =
[y ae TruTr o do is coercive on H}(2) whenever 0 < & < g. In conjunction with

condition ([2.11]) for a continuous family a. and the Hardy inequality, this implies that
for some C' > 0 we have

ClIVelisgy < Vel + [ aclTrof do
= —/(a€+h—a€)Trus+hTrg0da
N

Tru, T
Sc/j,’h’/ | I'U+h|| I"QO‘ do
N

)

T 2 % T 2 %
< C, || (/Mda) </ i da)
< Cu|h|||Vus+h”L2(Q)||V<P||L2(Q)
< Cultl (1 1@y + Mgllar-s720) ) 19l 2200

Dividing the above inequality by C||V¢||12(q) completes the proof. O

3.5 Asymptotic Expansion of u. in ¢

Suppose a. > 0 is a smooth standard family of functions. We now consider weak
solutions for the following boundary value problem:

/ V(ul)-Vodx + / a: Tr(ul) Trodo = — (a_ True, Tr o), - (3.27)
0

N

Here, a. : 092 — R is the function given by a.(z) := 8865 (¢), and a,(¢) was defined in

(2.12). In the case of the example function ({2.8]), we have

w0 < () <
al(x) = q O €) <&, (3.28)
0, otherwise,
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which satisfies the bound 0 < a’(z) < p/d(z) for all x € 00\ A.
By the Hardy inequality and the fact that u. € HAL(Q) is known, a. Tru. €
H~'/2(N) with norm uniformly bounded in ¢ by

llaz Tr el g-1/2(90) < Cul| Ve 20
< CH(HfHHBl(Q) + Hg“H—l/Q(N))‘

Hence, each u. € H}(Q) is a well-defined weak solution of (AMP)) with f = 0 and
g = a. Tru,, that is,

—Au. =0 on {2
u. =0 on D (AMP)
88% +acu. = —a. Tru. on N.

The problem (AMP’)) and its weak formulation are the result of formally dif-
ferentiating with respect to €. We now wish to know in what sense u. can
be understood as a derivative of u., and whether there is a uf, € H}, () such that
|ul — up|| 1) — 0 as € = 0. The following two theorems address these questions.

Theorem 3.20. Under the same hypotheses as Corollary[3.17, there is a constant C
not depending on € so that

[ulll i) < Ce®.
Proof. Since u. € H5(2) is a weak solution of [AMP’), for some Cjy > 0 we have by
the Hardy inequality, Theorem [3.14] and Corollary

Coll Vel 2 g/|vu;|2dx+/ 0| Tl |2 do
Q N

— / !
= —/ a. Tru, Tru_ do
N

<6#_1/ |Tru£]|Tru;\dU
A oH

| Tr o]

<ot [ g
€ 6“

< Qi1+ (/ si-2m do_)2 (/ | Tr ol | dg>2
A A OF

S C’sa||Vu'€||L2(Q). O

Theorem 3.21. Suppose that in addition to the hypotheses of lemma|3.19, a. is a
smooth family of functions (See (2.12)) ). If u. € H, () is a weak solution of (AMP’),

then there is a constant C depending on € such that

lotesn — e — Wl oy < CIR.
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Proof. Without loss of generality, assume h > 0. Let ¢ := u.yp, — u. — hul € H(Q).
Then u.yp, ue, and hul satisfy, respectively,

/VuaJrh-Vgpdx—l—/ a£+hTru5+hTrgde:/fcpd:E—l—/ g Trpdo, (3.29)
Q N Q N

/Vu€~Vg0da:—|—/aETrusTrgoda:/ﬁpdx—i-/gTrgoda, (3.30)
Q N Q N
and

/ V(hul) - Ve dx +/ ae Tr(hul) Tr p do = —/ ha. Tru. Tr ¢ do. (3.31)
0 N N

Subtracting (3.30) and (3.31) from ( and adding [, acip| Tr|? do yields
CIVelam < Vel + /N e Trof do
= — /N(aEJrh —a. — hal) Tru. Tro do
- h/ (aern —az) Tr(ul) Tr o do
N
< /A |aern — ac — hal|| Tru.|| Tr¢| do
+/ |acyn — ac. — hal|| Tru|| Tr¢| do
e+h\Ae

b [ o = o] ()| el do
N
= 5L+ L+

Now, for z € A. we appeal to condition (2.12) for a smooth family a. to write

|acin(z) — ac(x) — hal(x)] < C;*”(ii;zhz, and when z € A5+h \ A; we write a.(z) =

a'(z) = 0 and |acp () — ac(x) — hal(z)] = aeyn(x) < Cu; . Thus, by Corollary [3.17]
and the fact that 0 < h < € we have

Tru.|| T
11§Cu€_1h2/ | ru H r90| dU
A

J

T 62 % T 2 %
< O p? ( / %d) ( / %da)

1,3
< Cue®2h2 Vel 2@
< Cuh™* Ve ra),
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and

Tru.|| T
I < Cuh / | True|| Trof
Aa+h\AE 5

1
2 2 2
Acin\Ae 0 Acin\Ae 0

h((e+ h)** — )2 Vel 2@
Ch2e 2| V|| 2@
C“hl—i_aHVQOHLQ(Q).

VI

IN
2
>

IN

C

IN

Ni= Ne T

(0%
(0%

IN

Finally, we estimate I3 < C,h? (Hf”HBI(Q) + ||g|]H,1/2(N)> IVl r2(q) as in the proof
of Theorem [3.19. Hence,

1960y < € (1 lluzr@ + Nlgllavg + 1) A+, a

Remark. In Theorems and above, it suffices to let a. be merely a “once-
differentiable family,” i.e., a continuous family for which condition (2.12)) holds for
k =0 and 1, but not for & > 2.

Copyright© Morgan SchrefHer, 2017.
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Chapter 4 Solving the Approximate Mixed Problem by Layer Potentials

The goal of this chapter is to establish a method for finding weak solutions of
by the method of layer potentials. Section 4| introduces the single- and double-layer
potential operators as bounded operators on Sobolev spaces. In Section we find
a system of boundary integral equations which are equivalent to , and show
that the system is uniquely solvable on an appropriate function space, provided the

exponent p from Section is in the interval (0, 1).

4.1 Layer Potentials

This section lays the groundwork for the chapter’s main results. We begin with some
notation, then deduce a representation formula for solutions u € H'(Q) of —Au = f.
We conclude by obtaining estimates on the layer potentials.

4.1.1 Preliminary Notation

Recall that Q= denotes a bounded Lipschitz domain and Q* := R?\ € its comple-
mentary unbounded domain. Also recall our use of wy to denote the measure of the
unit ball in RY Let Tr* © HY(QF) — HY*(9Q) and 2 . HY(QF) — H~/2(9Q) be
the one-sided trace and normal derivatives, respectively. Note that % may not nec-

essarily be a continuous operator due to the dependence of % on —Au (See Section
R3.2). If u € L*(R?) and ulgs € H'(QF), we denote the Jumps in the trace and
normal derivative of u by
Gu} _0tu 0w

o0

= Trtu— Tr™ d |= c-_Z-
[u]oa r"u—Tr u an [GV

ov ov'’
ou

respectively. If such a u satisfies [u]pg = 0 or [5] = 0, we usually drop the sign on
the operator and write Tru or 9%. Observe that u € H'(R?) if and only if [u]so = 0.
Further, since we have adopted the convention of choosing v to always point out of
Q™ and into QF, we have [%] = 0 for all v € C>°(RY). Recall, however, that there
is a sign change in Green’s 1dent1ty (Lemma [2.3 .
The two-sided trace Tr : H'(RY) — H'/2(982) and normal derlvatlve =~ H' (Rd)

H=2(0Q) give rise to well-defined adjoint operators Tr* : H~'/2(9Q) — H~'(R%)
and (2)": HY/2(09) — H™*(RY), respectively, given by

(Tr* ¢, v)ga = (U, Trv),, V€ H™Y2(0Q), ve HY(RY), and
" p v 1/2 1/pd
<8V,U>Rd—<ay,g0>aQ Ve H'0), ve H (RY).

Observe that supp Tr* ¢ C 99 and supp 88“0 C 09 for all v € H~Y?(0Q) and ¢ €
H'Y2(08). Indeed, if we choose v € C>(R?) supported away from 02, the above
definitions give (Tr Y, V)ga = < >Rd = 0. Thus, when it is convenient to do so

we may consider Tr* ¢ and Z£ as elements of Hy ' (%) rather than H~}(RY).
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4.1.2 Representation Formula

Let G : C*(RY) — C*°(R%) be an operator which satisfies —A(Gu) = u = G(—Au)
for every u € C®°(R%). It can be shown (cf. the monographs of Evans [11] and
Gilbarg & Trudinger [13]) that Gu(z) = [g.G(x — y)u(y)dy is such an operator,
where the convolution kernel G : R%\ {0} is given by

—A1n<ﬂ), d=2, R>0
G(z) := { 2”1 R2_d

T AP d =3,
The function G' (and often the operator G) is called the fundamental solution of —A.
Note that G has a natural extension G : (C*(R%))* — (C$°(RY))* given by

(GU, o)pa = (0, GP)pa, ¥ € (CZ(RY)), v € CF(RY).

Now, define the single- and double-layer potential operators SL : H~1/2(9Q) —
C>®(R%)* and DL : HY2(082) — C>*(R%)* by

*

SL1 :=GTr* ¢, ¢ € HY3(9Q), and DLy := gaa‘p

)
14

o € H/2(0Q),

respectively. The following theorem gives a representation formula for solutions of
Poisson’s equation.

Theorem 4.1 (Representation Formula). Let u = u™ +u~ € L*(RY) and f = f* +
f= € HY(RY), where ut € H'(QF) and f+ € Hy'(QF), and suppose —Au* = f*
on QF. If suppu and supp f are compact, then

u=Gf—SL {@} +DL[u]sa on R (4.1)
M |y

In particular, if u™ =0 and fT =0, formula (4.1) reduces to

u-Qf—i—SL%—DLTru on RY. (4.2)
v

Proof. By Green’s identity, for each v € H'(R?) we have on the one hand
/ Vu-Vvd:E:/ Vu-Vvd:E—l—/ Vu - Vudr
R o+ -

B o u otu N -
= <E,T1rv>aQ — <E,Trv>aﬂ+ <f ,U>Q+ + <f ,U>Q,

0
= (f,v)ga — <[a—ﬂ 8Q7Trv>m,
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and on the other hand

/Vu-Vvd:E:/ Vu-VvdaH—/ Vu-Voudzr
Rd Q+ -

ov o |
= (), () Bna kB,

= (—Av,u)gs — <%’ [u]89>m'

Then, since —A is formally self-adjoint on R¢, we deduce

= e ([02] 1) (%)

oo 8] o (2 )

Thus, we have shown that —Au € H~'(R?) is given by

—Au=f—Tr" [%} " + (%) [ulso on R% (4.3)

Finally, since supp v and supp f are compact we can apply G to both sides of (4.3))
to obtain formula (4.1). Equation (4.2) is an obvious consequence. O

4.1.3 Mapping Properties and Jump Relations

Since we saw in Section that —Au € Hy '(Q) whenever u € H'(f2), we can say
that in a certain sense that the Laplacian —A “takes away two derivatives” from the
function on which it operates. The next lemma, in contrast, essentially says that G
“gives two extra derivatives” to the objects on which it operates, and will help us to

prove Lemmas (4.3)) and (4.4)).

Lemma 4.2. Let 1y, € C*(RY) be fized. There is a constant C' depending on d,
m, and 1y (and the choice of G when d = 2) such that for all u € H 1(RY),

[mGnaull g mey < Cllullg-1me)-

Proof. As noted in Chapter 2 C°(R?) is dense in H~'(R9), so it suffices to prove
the estimate when u € C®(R?). Further, by the Riesz representation theorem,
||| -1y = ||| g1 (may in this case.

Now, suppose 1,72 are supported in balls Bg, (0), Bg,(0), respectively, and let
x € Bg,(0). When d > 3,

1
/ |z —y|* Y dy < ~dwaR3,
BRQ(O) 2
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and when d = 2,

/BR2 (0)

Hence,

{}1(31 + Ry)? [2 In 2+ 1} , Ry + Ry < R,
1
1

(Ri+ Rp)?* [2In B2 — 1] 4+ 1R? Ry 4+ R, > R.

|z — |
m =gy <
n R y

2

mi@) [ Gl = pmul)dy

< lInellSelm (@) (/B IG(x—y)\dy) (/B IG(x—y)HU(y)\Zdy>,

and by Fubini’s theorem,

ImGnau(z))* =

1
2
ImGnaull L2@ay < Climllolinzlleo ( / Gz — y)!lu(y)fzdy)
Br, Y BRr,+R,

< Climllsollm2llsollull L2(ra)-
Finally,
IVImGnaul(z)|| 12 may < IV (m)Gneu()|| 2 may + (MG (Vi2)u(@) | 12

+ [mGn2(Vu) (@) || 12 (e

< C(IVimlls Im2lloe + 1lmllse V2]l o) 1wl 22wy
+ Cllmllsolm2lloc 1Vuull p2(gay -

Hence, we have

[mGnaullm ey < Cllull g we
as desired. [

Lemmas [4.3| and [4.4] are originally due to Costabel [4], though we use much of the
notation found in the monograph of McLean [26].

Lemma 4.3 (Mapping Properties and Jump Relations for SL). Fiz n; € C°(RY).
The single-layer potential gives rise to continuous operators

m SL: HV2(0Q) — H'(RY),
TrSL : HY2(0Q) — HY?(0Q), and

+
g— SL : HY2(0Q) — H~Y%(09), (4.6)
v
and satisfies for all v € H=/2(00Q) the jump relations
[SL]aq =0 and [ﬁ SL ¢] = 1. (4.7)
o o9
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Proof. Let ¢ € H:/Z(OQ) and let 7, € C®°(R?) be a cutoff function which is 1 on a
neighborhood of Q~. By Lemma [4.2and the fact that Tr : H'(RY) — H'/2(082) and
Tr* : H~Y2(0Q) — H~*(R) are bounded, we have

lm SLY || gimay = [[mG Tr" ¥ g (may
< O Tr" Y| g-1may
< ClYll g-17200

and

| Te SL || 1290y = || T2 SL || g2 ag)
< CllYll g-1/2(00

and thus properties (4.4]) and (4.5)) are established. Property (4.4) also gives the first
jump relation of ([4.7)), since 1y SL € HY(R?) implies [SL9]aq = [172 SL]sq = 0.

Now, since supp(Tr*¢)) C 092 we have —A(SL%) = 0 on Q~, implying by ([2.13)
from Lemma [2.3] that
a_
—SL
v 4

a_
- | G msr
H~1/2(59) v H~1/2(59)

< C|m2 SLY || o)

< Ol g-1r2(50)-
This is property (4.6]) for ‘3—; SL . To obtain the analogous result for (63_1 SL 1), we first
observe that —A(ny SL 1)) = —(Any) SLyp — 2V, - V(SL) on QF. Let 3 € C(RY)
be 1 on a neighborhood of supp 7, and satisfy ||n3]|ec < 1 and ||Vns]|ee < 1. Then
Lemmas [2.3 and [4.2] give
o+

oy SLv

o+
= ' 8—[772 SL )]
H=1/2(8) v H~=1/2(8)

< C(|lm2 SLY || ey + || (An2) SL || g1ty
+ |V - VSLY||r2(0+))
< C (1l zr-1200) + VN2 - V(03Gn3 Tr* ) || 12(2+))
< C ([0l g-17200) + 113G1s Tr* || g1 (may )
< C (1l gr-1200) + CI T | -1 (may)
< Ol g-172(50)-

Finally, we prove the jump relation for [a% SL w] g from (4.7). Let u = 9y SL¢

and suppose ¥ is the neighborhood of Q= on which 7, = 1. On the one hand,

—Au = Tr* ¢ on ' by the definition of G. On the other hand, —Au = — Tr* [%} oq T
()" [u]on by formula ([3). Since we have already shown that [u]pn = 0, and we

know [%]m = [% SL Qﬂ oqy We deduce
0

) =0 on R%
o0
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Hence, (¢ + [% SL ] 8Q,U>Rd =0 for all v € H'(R?), i.e., [% SL 1/)}69 =—¢. O

Lemma 4.4 (Mapping Properties and Jump Relations for DL). Fiz n; € C°(RY).
The double-layer potential gives rise to continuous operators

m DL : HY2(0Q) — HY(QF), (4.8)
TrE DL : HY2(0Q) — HY*(09Q), and
aﬁ DL : HY?(6Q) — H~*(0%), (4.10)
14

and satisfies for all o € H'?(0Q) the jump relations
0
[DLylogo =¢ and |—DLe| =0. (4.11)
ov 80

Proof. By Theorem [2.4] for each ¢ € HY/2(9Q) the Dirichlet problem

—Au=0 onQ,
U= on 02~

has a unique solution u, € H'(Q7) with |[uy|lgio-y < Cllellgizea)- Set U, €
L*(R%) to be u, on O~ and 0 on QF, so that [t,]sq = —¢ and [8%]59 = —a(;:“". By
the representation formula we have

O u,

DL = SL——= — T, on R%.

We also have —Au, = 0 on Q~, which gives ‘ 2 < Cllugll -y <

H-1/2(00
Cllll grr2(a0) by Lemma . Hence, the mapping property (4.4]) gives

M SL 8_%,

+ [t 512y
HI(RY)

I DL @l < \

0™ uy,

<] %

+ [Jug |l g 0
H-1/2(5Q)

< CHSOHHW(ag)a

and
0 u ~
[ DL @]l 1 (q+) < ’ m ayw + |ty | a0t
Hl(Rd)
< CH@ Uy
H-1/2(09Q)

< Cllell g2 o0,
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which confirms property (4.8). Property (4.9) then follows immediately from the
boundedness of the trace maps Tr™ : H(Q*) — HY2(9Q). To prove ([@.10]), we again

appeal to Lemma , as well as property (4.6, to write

‘fDLgo < ’ O g, 9t 'ai%
o a1V OV {lgeg) Wl g-12(00)
< C‘ 0~ u,
|l g-112(90

< Cllell /200

Finally, we prove the jump relations (4.11)). By the mapping properties (4.7 for the

] _ i _Up — 0 Uy _ _0ue
single-layer potential, [SL 7 P 0 and [au SL =, oo 5, Hence,
0~ u
DL = |SL L4 — [u
[DL ¢]aq [ e LQ [Ug]a0
=¥
and
e, ], 5]
v 50 v o s v
_ OTuy | 0Ty
- Ov %
=0 [
Corollary 4.5. The operators
A= TrSL: HV2(0Q) — HY?(6Q),
ot o~ 1
_9 9 Q1 . o-1/2 ~1/2
B : 5 SL+8V SL: H/#(0Q) — H /*(09),
C:=Tr" DL+ Tr~ DL : HY?(0Q) — HY?(6Q), and
p—-2pp. HY2(0Q) — H2(00Q)
v
are all bounded. Further, B and C satisfy the jump relations
fSLQ/J_l( Y+ By), and (4.12)
ov o\ ’ '
1
TrE DL ¢ = §(i¢ +Cyp) (4.13)

for all vy € H=Y2(0Q) and ¢ € H/?(0Q).
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4.1.4 The Associated System of Boundary Integral Equations

The main result of this subsection is Theorem [£.6] in which we derive a system
of boundary integral equations associated with (AMPJ), aptly named the associated
system, whose solution (or solutions) determine the weak solution of (AMP)). We
begin by defining bounded operators

Sp: H V(D) — HY*(D.)  Byp:H'*(D)— H'*(N)

Coy : HY*(N) — HY*(D.)  Dww: HY*(N) — H-V*(N)

<ot = (AY)|p. and Bypt = (By)|y for v € H (D),

and

Cone = (Co)|p. and Dyyp = (Dy)|y for p € HY*(N).

For 0 < & < gg let a. be a standard family of functions as in Nand (2.10)),

and for ¢ = 0 let ao be identically 0 on 99Q. Let H. = H~'/?(D.) x H'/?*(N) and

H:=H'*(D.) x HV*(N), and for ¢ := [£2] € H. and v := [0 ] € H let
<¢7‘P>DE><N = <¢D790D>DE + <wN790N>N .

Define operators Ag, A., K. : H. — H: by

i —5Ci 0 —Aa
— DD 2%¥DN _ - e
AO |:%BND Dyn |’ K. 0 —%BCLE , and A, AO_|_K€7

where the operators Aa. and Ba. are understood to be the composition of the mul-
tiplication operator ¥ — a.¢ with A and B, respectively.

Theorem 4.6. Let f € H;'(Q7), g € HY2(N), and a. a standard family of
functions. Set a. to be identically 0 when ¢ = 0. Choose T'p € HY?*(N) and

Ty € H-Y2(9Q) with g := Ty on N. Define h. = [Zg;z] c H* by

hD75 = (— Trgf + A(GEFD — FN> — %(FD — CFD))

, and
D,

0~ 1
hN,e = (—agf + 5(9 + (lgrp + B(CLEFD - PN)) — DFD>

N

For fized e, 0 < e < eq, if Y, = wﬁi] € H. solves the system of integral equations

A, = h., (4.14)
then the weak solution u. € H,(Q2™) of (AMP)) has integral representation

u.=Gf+SL(Yp: —ayne +1T'ny —a.l'p) —DL(¢n. +Tp) on Q. (4.15)
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Conversely, if u. € H5(27) is a weak solution of (AMP)), then 1. = [zii] € H,
given by
0~ u,

Ype = 5 +a.Tr u. -y and Yno.:=Tr u.—I'p (4.16)
v

solves the system [{.17)

Proof. Suppose ¢, € H. solves the system (4.14)), and let u. be given by (4.15) on
Q. It follows easily from how we defined G that —Au. = f on 27, and from the

mapping properties (4.4) and (4.8) that u. € H'(27).
By the definition of A and the jump relation (4.13)) from Corollary we have

Tr u. =TrGf + TrSL(Ype — ac¥ne + 'y +al'p) — Tr” DL(¢Yne +I'p)
1
="Tr gf + -’4 (¢D,a - aa¢N,e + 1—‘N - aeFD) + 5 (@Z}N,a + FD - C'QZ}N@ - CFD)

1
= — (— Tr Qf + A(CLEFD — FN) — §(FD — CFD))
1 1
+ (A¢D,a - (Aaa + 50) ¢N,a) + §¢N,a-
Restricting to D, and recalling that 1, solves (4.14)), we obtain
_ . 1. 1
Tr Ue = _hD,s + -ADDwD,E - (-Aaz-: + §CDN> ZﬂN,z—: + in,E

_ %W,g- (4.17)

In particular, this implies Tr~ u. = 0 on D, i.e., u. € HL(27).

It remains to show that u. satisfies the boundary condition % + a-u. = g on
N. By the definition of D and the identity (4.12)) from Corollary we have

9 61+ su@ e+ Ty — alp) — 2 DL(n. + )
= A A e — Qg € — Qg - 5 €

ov ov D, N N b ov N b

o~ 1
== ng + 5(1 + B) (Q/}D,z-: - az—:wN,s + FN - a’EFD) + ,D<¢N,z-: + FD)

0~ u,
ov

0~ 1
= - (_agf + §(FN + CL€FD + B(CLEFD - FN)) — DFD>

1

1 1 1
+ §B¢D,5 + (D — 58a5> 1/JN75 +I'y + 51/113,5 — éasl/zN@.

Restricting to N and recalling that 1), solves (4.14)), we compute

0~ u,
ov

1 1 1
= —hn. + §BND@/)D,5 + (DNN — 55%) YNe + g — 5%¢N,g-
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Finally, %a6¢N78 = 0 on N\ D, by the definition of a., and %aasz,E = a.Tr u, on
NN D, by (4.17). Hence,
0~ u,
ov

+a.Tr u.=¢g on N

as desired.

Conversely, suppose u. € HL(27) is a weak solution of on €2~ and let
1. be given by (4.16]). Set v =0 and f = 0 on QF. Since u,. satisfies the boundary
conditions of , it follows that 9. € H ., and by we have the representation
formula . We now work through the previous calculations in reverse, with ),
given by , to conclude that 1), indeed solves the system (4.14]). O

Remark. In Theorem [4.6] if we choose I'p to be identically 0 on 92, the only depen-
dence h. has on ¢ is the space H. in which h, lies.

4.2 Unique Solvability of the Associated System when d > 3

Concisely, Theorem states that if we can solve the system then we can pro-
duce a weak solution u. € H5(Q7) of and, conversely, that we can construct
a solution of given a weak solution of . Thus, Theorem guarantees
that at least one solution of exists, but says nothing about the uniqueness of
such a solution. We address this issue presently.

To show that for fixed 0 < ¢ < gy we can uniquely solve , we begin
by showing that Ag is coercive on H. and positive and bounded below on a sub-
space V. C H_, ie., (Ag,¥)p  n = cl[Yllu. — CllYn|r2@o) for all 9 € H. and
(A5, ) p v = Cll9|l3, for all 4 € V. To accomplish this, we begin by showing
that the operator AJ, ), is positive and bounded below on H~'2(D), and the opera-
tor Dy is positive and bounded below on HY2(N) N (ker Dyy)*t. We conclude by
showing that Cpy and Byp act as adjoints of each other in a certain sense.

Next, we show that K. : H. — H is compact, and thus the operator A. :
H. — H? is Fredholm and has index 0. We finish the section and the chapter by
proving that A, : H. — H is injective, and thus the system A, 1. = h has a unique
solution @, € H. for each h € H and 0 < ¢ < gy by the Fredholm alternative.

4.2.1 Positive Definiteness of the Operator A7,

To show that A7, is positive and bounded below, we prove that it is Fredholm of
index 0, then show that ker A3, = {0}, at which point we deduce the desired result
from the Fredholm alternative.

Lemma 4.7. Ford > 2, A: H Y2(0Q) — HY?(0R) is Fredholm of index 0.

Proof. Let n € C>*(RY) be identically 1 on a neighborhood of Q~, ¥y, v, € H~Y/2(0Q),
and set u = nSL; and v = 1 SL1y. By the jump relations (4.7)) for the single-layer
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potential, as well as Green’s identity (Lemma ([2.3)), we have

v 0™w
(o, Atn) 5 = <E o Tru>asz

= Vu - Vodr — (—Av,u) gy
Rd
Let K : H=1/2(0Q) — H'Y2(9Q) be given by (¢, Ki)1) 50 == — (—Av, u) s — [ uv da
and write Ay := A — K so that

(1, A1) o = HUH?F(Rd)'

To complete the proof, we will show that A is positive definite and K is compact.
Since —A(SL;) = 0 on R?\ 99, by the jump relation [5% —1); we deduce in

}69
similar fashion to how we proved .

o u  Otul]?
[1]13-1/2(00) = HE ~ 5

H=1/2(5)
< Cllull gy,

from which positive definiteness of Ay immediately follows, since

(Y1, A1, ) oo = CH@Z’l”?{—W(aQ)'

When 9, € C(09), the operator (a2, K111)sq = (—Av,u)q, can be written as an
integral operator

K (z) = /8 K g)un(s) doy)

where

K(zy) = | —Au(n(z)G(z, 2))n(x)G (2, y) dr.

QO+

The integral kernel K is C*° in a neighborhood of 99 x 99, since G € C=°(R*\ {0})
and —Aw is compactly supported in Q. From this we may conclude that K is
densely defined as a Hilbert-Schmidt integral operator, and consequently is compact.
It is beyond the scope of the main text to prove that the operator K5 : H_1/2(8§2) —
HY2(09) given by (s, Kot1) g = [gauvdz is compact. The relevant result is
Lemma which can be found in Appendix [B] O

Lemma 4.8. Ford >3, A: H™Y2(002) — HY?(0Q) is positive definite, i.e.,

(W, AY) g = ClY G100y ¥ ¥ € HV2(09).
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Proof. We begin in similar fashion to how we proved Lemma . Let 11,1, € C(09),
set u = SL4); and v = SL1),, and let p > 0 be large enough that O~ C B,(0). Let
v;(z) = ¥ denote the outward unit normal to B,(0) at the point x € 9B,(0). By
Green’s identity, we have

<¢27~Aw1>39 = / VUV’UdIL’—l—/ u@ do.
B,(0) B

p(O) ayﬂ

For « ¢ 092 we have

u(z) = /aﬂ Gz —y)i(y) do(y)

_ 1 Y1(y) .
T T o = )

and

aa:_ () = /8Q v () - VoG, y) s (y) do(y)

1 / E ey Va(y) do(y).

rdwg Joo | —yl?

Here, V,G(z,y) denotes the gradient of G(z,y) with respect to z. Observe that for
r=|v|>2pand |yl <p<3,

22:(99) % |1 || 12 (00 2

lu(z)| < A0 = 2Yon
and
_ 1
v (2)] < 2¢ 10(6Q)2H¢2||L2(8Q)7“1_d.
ov, dwy
Hence,
v a (D)1l 2o 1Vl z200) 5-94
U do| < r°~ %o (0B-(0))
/BT(0> v, d*(d — 2)wj (05:(0)
(O [Vl Lz 1Yl 200) 5 g
— T .
d(d — Q)Wd

Letting 7 — oo we conclude (1hy, A1) g0 = [ga Vu - Vodz.

The fact that (11, A1)y, > 0 follows immediately from the above calculation.
Moreover, if ({1, Ai)1)s0 = 0 then |Vu| = 0 on R%\ 9. As a consequence of the
jump relations , — = [%}89 = 0, so A is strictly positive, i.e., (1, A1)y > 0
when ; # 0. From this observation we gain ker A = {0}, and since A is Fredholm
of index 0 by Lemma , A is bijective and therefore has a bounded inverse A~! :
H'Y2(092) — H~/2(0Q) by the inverse mapping theorem.
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Next, for each ¥, € H~/2(98) we have

1]l z-172(00) = AT A1 111200
< ClHAleHl/Q(ﬁﬂ)a

Le., [[AY1llmira0) = Cilltrllg-1/2(00)- For ¢4 # 0 this gives

oy < HAleHW(aQ)
il m-1200

_ sup | <A¢17 1/)2>89 |

Yo €H~1/2(8Q) H@Z)lHH*l/?(aQ)“wQ”H*l/?(BQ)

1270
\/(-A%, ¢1>39\/<A¢2, Y2) 90

< sup
Y€ H=1/2(50) ||¢1HH—I/Q(BQ)||¢2HH—1/2(89)
P27#0
<A¢17 w1>3g

S CQ )
||77Z}1||H*1/2(8Q)

Le., (A, )0 > C’HzﬁlH?{,l/g(m) as desired. O

Remark. The inequality

(A1, Ba)an | < 1/ (A dany /(A2 92) o
relies on the fact that A is self-adjoint and strictly positive
Corollary 4.9. Ford >3, A5, : H"Y2(D) — HY2(D.) is positive definite.

Proof. This is clear from the fact that
(¥, A€DD¢>D€ = (¥, A¢>ag . O

4.2.2 Positive Definiteness of the Operator Dy y

This subsection proceeds much as Section did. First we prove that Dyy is
Fredholm of index 0, then show that ker D%, is the set of functions constant on each

component of 99, and that Dy is positive definite on H¥2(N) N (ker Dyy )t

Lemma 4.10. When d > 2, D : H/2(0Q) — H~'/2(0Q) is coercive, i.e.,

(Do, @)on 2 el o — Cllelaony V@ € HY(09),

hence D is Fredholm with index 0.
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Proof. The proof follows similarly to that of Lemma . Let n € C°(R?) be iden-
tically 1 on a neighborhood of Q- ¢, ¢, € HY2(0Q), and set u = nDL ¢, and
v = 1 DL yy. By the jump relations for the double-layer potential, as well as
Green’s identity, we have

ou N
(D1, 02) 90 = <5,Tr v—"Tr v>aQ

—/ Vu-Vvdr + Vu - Vodr — (—Au,v) gy .

O+
The jump relations (4.11]) also imply
||901||§{1/2(ag) = [|Tr"u—Tr~ ull 1200
< ¢ (Il gamy + el ) -

Now, let K : HY2(9Q) — H~'2(0Q) be given by (K1, a)sq = — (—Au,v)g: —
fRd uv dzx so that

(D1, 1) 90 = HuH?{l(Q*) + ||U”%11(Q+) + (Ko1,01) 90
> C||901||§11/2(ag) + (K1, 91) 50 -

We showed in the proof of Lemma [4.7] that the operator K, : HY2(9Q) — H~/2(5Q)
given by (K101, p2) 50 = — ((—Au, v)q is an integral operator whose kernel is C* on
a neighborhood of 9€) x 0. Here, we use this fact to assert that K; is also bounded
as an operator from L?(99) to H'/?(09), i.e.,

| (K101, 01) 90 | < 0”901"%2(89)'

Finally, by Lemma we conclude that the operator K, : HY/2(0Q) — H~1/2(99)
given by (Kyp1, 02) 5 = — [ga wv dz satisfies

| (K201, 01) 90| < 0”901”?1—1/2(39)
< Cllerll 20
and therefore,
(D1, 01)g0 = cllulline-) — Clleillz2on)- O

Lemma 4.11. Suppose 02 has K components, denoted OS2y, ...,00k. Let x, be the
characteristic function of 0€,, and let

V= {(,0 e H2(09) /a

When d > 3, D : HY2(02) — H~Y/2(0Q) is positive definite on V, i.e.,

pdo =0, lngK}.
Qi

(D, )on = ||90||§11/2(ag) VeoelV.
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Proof. The proof begins almost identically to that of Lemma Let ¢1,p9 €
HY2(09), set u = DLy, and v = DLy, and let p > 0 be large enough that
O~ C B,(0). Let v,(z) = £ denote the outward unit normal to B,(0) at the point
x € 0B,(0). By Green’s identity, we have

(D1, 92) 50 = / Vu-Vvdr + / v% do.
B, (0)\0Q B,(0) v,
For o ¢ 092 we have
oG
v(z) = 8—($ —y)pa(y) do(y)
o0 Oy
1 v(y) - (v —y)
— d )
and
ou, . 1 v-v(y)  x-(@—yv(y) - (z—y)
o (x) = g /aﬂ (d|x — [ |z — y|d+2 o1(y) do(y).

Hence, |v(z)] = O(|z|*4) and
O(p~?) as p — co. By letting p — oo we obtain

2 (3) = Ol ) as || = o0, ie.

ou _
Jo,0) V50, d"’ =

(D1, p2) o0 = / Vu-Voude.
R4\9Q

The fact that (Dy1,¢1)s, > 0 follows immediately. Moreover, if (Dy1, ¢1)yq = 0
then u = DL ¢, is constant on each component of R\ 9. Consequently, Dyp; =
—% DL ¢; = 0, and for some real numbers ay, ..., ax we have

K
Y1 = [u]aﬂ = Zaka-
k=1

Observe that the only such ¢; which is an element of V' is ¢; = 0.

Up to this point, we have shown that V = HY2(9Q) N (ker D)+, where the or-
thogonal complement is taken with respect to the L?(09) inner product, and that
¢ € V\ {0} implies (Dyp, )4, > 0. Hence, by a similar argument to that which con-
cluded the proof of Lemma[4.8] the bounded, self-adjoint, positive-definite, Fredholm
operator Dy : V — H~Y2(9Q) of index 0 is positive and bounded below on V/, i.e.,

(D, p)oq 2 H‘PH?{lﬂ(BQ) VeoeV [
Corollary 4.12. Given K, O, ...,00k, and x1,...,Xx as in Lemmal[f.11], let

V.= {Lpefll/Q(N) :/ pdo=0, 1<k<K, 8QkﬂD:(Z)}.
00,
When d > 3, Dyn : HY2(N) — H-Y2(N) is positive definite on V., i.e.,

<DNN‘P>SD>N > ||90||?11/2(ag) VeV
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Proof. The inclusion (HY2(N) NkerD) C kerDyy is obvious, so suppose ¢ €
ker Dyy. On the one hand, Dyyy = 0 on N, and on the other, ¢ = 0 on D.
Therefore, we have (D, ), = (Dnng, @)y = 0, i.e., ker Dyy = (HY2(N)Nker D).
Now, ¢ € ker Dyy implies @ is identically 0 on any component of 02 which has
nonempty intersection with D. On the remaining components, ¢|sq, is identically
equal to a constant ai. Finally, for all ¢ € V|

(Dnnes ) v = (D, 0)gq
2 OH@H?{U?@Q)' 0

4.2.3 Positive Definiteness of the Operator Aj

Lemma 4.13. For d > 2, the operator C : HY/?(9Q) — HY?(0Q) is the adjoint of
B: HY2(0Q) — H~Y2(09), i.e., for ¢ € HY2(0Q) and » € H~'/?(08) we have

<¢ac¢>ag = (Bvy, @)89‘

Proof. Let u € H'(RY), p := Tru € HY/?(0Q), and ¢» € H~Y2(082). First observe
that VG(z) = o, 18 locally integrable on R4, since for any U C R? contained in

a ball B,(0) we have [, |G(z)|dz < r. Hence, the functions z — [,. V,G(z —y) -
Vu(z) dx are continuous on R Now when y € QF we have by Green’s identity

V.G(x —y) - Vu(z)de = F oG
o+ o0 OV

= FDLy(y).

By another application of Green’s identity we obtain

(z —y) Tru(z) do(z)

+
<a—SLw,g0> :$/ VSLy - Vudx
aV 90 Q+

= ¢/Qi (0, VoG (x =) - Vu(z)) 5 d

- <¢, [ V.6 =) Vut dm>

= (¢, Tr*DL),, .

Taking the sum of both cases gives the desired result. O]

o0

Corollary 4.14. For d > 2, ¢ € HY2(N) and ¢ € H™Y2(D), the maps C5p :
HY2(N) — HY*(D.) and Byp : H"Y*(D) — H~Y%(N) satisfy

<¢acf>N90>D5 = <BND¢7S0>N~
Proof. Since 1) is supported in D and ¢ = 0 on D, we compute

<?/1acfajN‘P>Ds = (¥,CHNP) a0
= <BNDw7 ¢>8Q
= <BND¢7 90>N : u
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Corollary 4.15. Let V = ({0} x ker Dyy )" = H™/2(D) x (ker Dyy)* C H.. For
d>3, Aj: H. — H? is coercive on H. and positive and bounded below on V, i.e.,

(A5, Y)p oy = cllblla. — Cllvnllzen) VY € He, and
(AjY,¥)p iy > CllYpllg. VeV,

Consequently, Ag is Fredholm of index 0.
Proof. First, by Corollaries [4.9 and [4.14] as well as Lemma [4.10| we write

1
<A6¢7 ¢>Dng = <¢D, %D¢D>DE - 5 <¢D,CJE:)N¢N>DE
+ % (Bnp¥p, Un) y + (DNNUN,UN) §

2 C||1/’D”12L171/2(ag) + c||1/}N||?Jl/2(8Q) - O‘|¢N||%2(89)’

which proves coercivity. Next, A%p and Dyy are self-adjoint, so (Ag,¥),  n >

0. Moreover, if (A5, v), n = 0, then (Yp, ALp¥p)p. = (Dnnvn,¥n)y = 0,
implying ¢ € V by Corollaries [I.9] [4.9 and [4.12 O

Remark. In particular, Corollary says that if D intersects every component of
082, then Aj is positive and bounded below on H., i.e.,

(A, ).y 2 CllYlla. Vb e He

4.2.4 Compactness of the Operator K,

Lemma 4.16. The embedding HY/*(N) < L? (N, &
but is not compact for p = 1.

, 3= do) is compact for p € [0,1),

Proof. Let p € [0,1) be fixed, and let {F,}>°, ¢ HY2(N) be a bounded sequence.
Since H'2(09Q) is compactly embedded in L?(0), by passing to a subsequence we
can assume [|F, — F|;290) — 0 as n — oo for some F' € L?*(09). By Holder’s
inequality, we compute

1 1\ o
/ |F, — F|257 do < (/ |F, — F|*= da) (/ |F, — F)? da>
N

2(1
< Cl|Fo = FlI3: jagom | P = Fll750):

Since || £, — F'l| /2 (o9) is bounded and ||F,, — F'[|12(a0) — 0 as n — o0, it follows that
F,— Fin L? (N, s da)

When p = 1, we can always find a bounded sequence {F,}5°, C HY 2(N) which
has no convergent subsequence in L? (N dcr) As a particular counterexample, let
Q) C R? be a bounded Lipschitz domain Wlth A, N C 09 such that A D [0,1]972x {0}
and N D |2, Qn, where Q,, := (0,27™)4~ (2 n 2177 x {0}. Now, fix ' € C>(Q)
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so that supp(Flon) CC Qo. | Fllzzon) = L and [ F3,/s 0, = C. and set Fy(2) ==

(d=2)n 2)n

272 [F(2"z). We compute
()2 do(z) = 264-2n / F(20) do(x)
o0 n

=27" | |F(u)|*du
Qo
—9o

and

— Fu(y)?
A / —E W 450 do(y)
2-n9Q J2-n9Q |ZE y|

F 2nx) — F(2™y)[?
2- naQ 2 naQ |z —y
2
—Qd”// F)l do(u) do(v
aQaQ|2 U—U|d (w) do(v)

:/m/m | (u ’u_v‘d FOP 4 ) dov)

=C—-1.

Hence, ||F), ||H1/2 o = C—1+27" < Cforalln=0,1,.... However,

E@F o [ F@DE
o) =2 / 5@

> gld-1n-1 / F(2") do(x)

n

1 2
=5 ) IFPdot)

1
5

Moreover, observe that supp(F,|sq) N supp(Fnloa) = 0 when m # n, ie.,

| Fom — FnH%Z(N,afl do) = HFmH%%N,afl do) T HFnH%%N,afl do)
> 1

We have thus shown that {F,}$° has no Cauchy subsequence in L* (N, % do), and
hence the injection H'/?(N) < L* (N, 1 do) is not compact. O

Corollary 4.17. If p € [0,1), the operator K. : H — H* is compact for each
0<e<eg.
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Proof. First, we observe that a. : L*(N,0 *do) — L*(N,0*do). Indeed, if ¢ €
L*(N,5 *do), then

1t 2 gy = /N a6 do

2
< e M do
N O

< 52#||77D||%2(N,6—#da)‘

Now, by Lemma we have that the injection i : HY2(N) < L2(N,6 " do) is
compact. Further, it is well-known that the adjoint of a compact operator is compact,
hence the adjoint 5* : L>(N, 0" do) < H~'/2(N) is also compact. Hence, the operator
4. = i*oa.0i: HY2(N) — H-Y2(N) is compact. The compactness of K. follows
immediately. [

Corollary 4.18. If p € [0,1), the operator A, : H — H* is Fredholm of index 0.

Proof. By Corollaries [£.15] and [£.17, A. is the sum of a coercive operator and a
compact operator, implying A, is Fredholm of index 0. O]

Theorem 4.19. Let 0 < € < gy and p € [0,1). The map A. : H. — H: has a
bounded inverse A;l : H: — H_, and the system A.p, = h. has a unique solution
for each h. € H..

Proof. Since Corollary says A, is Fredholm of index 0, by the Fredholm alter-
native it suffices to show that A. is injective, i.e., ker A. = {0}.

Suppose ¥ € H. solves the homogeneous system A. 1, = 0. By Theorem [£.0]
for any f € Hy'(Q), Ty € H/2(N) and I'p € HY2(D) satisfying

(—Trgf—i-A(aEFD—FN) —%(FD—CFD)> =0 on DE, and
0~ 1
<_$gf + 5(9 + GEFD + B(aaFD — FN)) — DFD) =0 on N,

the function u. € H5(27) given by
U = gf 4+ SL (Q/JD,E — aeth,E +I'y — CLEFD) — DL(wN,g —+ FD) on )~ (418)

is a weak solution of (AMP)) with data f and g = I'y|x given above. In particular,
us = SL(¢Yp . — a:¥n.) — DLy solves the interior homogeneous problem

Au, =0 on {2~
u. =0 on D (4.19)
%“Ij 4+ a.ue. =0 on N.

Theorem then implies that u. =0 on Q™.
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Now, set u. := SL(¢p. — a-¥n.) — DLy on R By definition, —Au, = 0 on
Q. Further, the jump relations (4.7)) and (4.11) imply [u:]oo = —¢n. =0 on D and

ou,
ov

:| = aawN,a - wD,a
0N

= _[asus](?Q - wD,m

ie., [% + aaua} 0o = 0 on N. Hence, u, solves the exterior homogeneous problem
Au. =0 on QF
u, =0 on D
86“; +a.u. =0 on N.

Finally, as we showed in the proofs of Lemmas 4.8 and {.11} u(z) = O(|z|[*79) as
|z| = co. Given this estimate near oo, we deduce that u. = 0 on Q1| from which the
conclusion ¢¥p . = ¥n . = 0 on 9N follows immediately. O

Copyright© Morgan SchrefHer, 2017.
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Chapter 5 Future Problems

First, in Theorem [3.18 we obtained an upper bound on ||u. — uol| w3 (); but did not
produce a similar estimate for |1, — 1| m., if such an upper bound exists. Also, in
Chapter |4 we did not consider solvability of A.1, = h. when d = 2.

Next, we considered only the equation —Au = f for the sake of simplicity. A
future project will be to show that much (if not all) of Chapters , and (4] remain
valid when —A is replaced by an arbitrary elliptic operator L in divergence form
with, say, bounded and measurable coefficients. Certainly the results still hold if
L = —div(AV(+)), with A a positive-definite d x d constant matrix, but difficulties
arise in Chapter {4 when dealing with fundamental solutions. These difficulties will
be a source of additional results.

Also, we only considered homogeneous boundary data, again in the interest of
simplicity. Consider a solution u. € H(Q) of the fully inhomogeneous problem

—Au. = f on )
Us = gp on D
due

5 tacu. =gy on N,

Let w € H'(Q) be an arbitrary function which satisfies Trw = gp on D, and let
v, = u. —w € H5H(Q). We then have v, satisfying the approximate mixed problem

—Av. = f on 2

v, =0 on D
88”; +a.v. =g on N,

where ]7: f+Awand g =gy — ‘g—f —a.w. The problem which arises is the fact that
a.w does not make sense in general as an element of H~'/2(N). This is detrimental
because it means we cannot use our approximation scheme for general Dirichlet data
gp € HY2(D). However, if Trw|p € H'?(D) can be made into an element of H'/?(D)
by extending by zero, then a.w does make sense as an element of H~'/2(N). The
questions to address are these: Is the “extension property” described above necessary
to make a.w make sense? Can we alter our approximation scheme enough to take
a wider range of Dirichlet data while still maintaining the rate of convergence from
Theorem [B.I8

Finally, though we mentioned L? problems extensively in Chapter [T} we did not
find any such estimates for (AMP)). Thus, a possible source of future work would
be to formulate as an LP approximate mixed problem and attempt to find
non-tangential estimates on the gradient of solutions. As a related thought, can we
show that solutions of are smoother than those of ? If so, does this
translate to numerical methods being more effective or converging more quickly to

solutions of (AMP))?
Copyright© Morgan Schreffler, 2017.
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Chapter A Facts Regarding Star-Shaped Convex Domains

A.1 Equivalence of the Definitions of Star-Shaped Domains

In Section [3.1.1] we proved a number of inequalities which hold either on star-shaped
Lipschitz convex domains, or domains which are star-shaped convex with respect to
a ball. Recall that T C R?is star-shaped Lipschitz convex with constant M and scale
r if there is a point € R? and a Lipschitz function ¢ : S*! — [1,1 + M] with
Lipschitz constant M such that

T={yeR": |z—y|l<re@)}, (A1)
and Y is star-shaped convez with respect to a ball B,(x) if we have
(1-ty+tzeY VyeB.(z), z€X, te]0,1]. (A.2)

If O c R is a Lipschitz domain with constant M, the sets Q,.(x) given by (2.1)) are
in fact star-shaped convex with respect to the ball B, (2, ¢, (z) + (2M + 1)r). See
Figure below.

\
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\ ’ N ’ \ ’ \ ’
N , N , N |
N , N . N |
) , . /
\ , v
N / \
N / Ny
. ,
. ,
N
L Z L
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Figure A.1: The sets €2,.(z) are star-shaped convex with respect to a ball.

As the next two lemmas show, the definitions given above are in fact equivalent.
In general, for a domain T the values of r in definitions (A.1)) and (A.2)) will not be
the same.

Lemma A.1. Suppose Y is star-shaped convex with respect to every point in a ball
B,.(z). Then there is a number M depending only on r and R := sup ey |z —y| > 7
such that T is star-shaped Lipschitz convexr with constant M and scale r.
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Proof. Without loss of generality we may assume z = 0. For y € R\ {0}, set
y=(y,ys) € R xR and §j := = (9,9a) € S?1. By our initial assumption that
T is star-shaped convex with respect to the origin, for each § € S~! there is a unique
number ¢(g) € [1,£] such that rg¢(g) € Y. Now, let ¢4 = (0,0,...,0,1) € R
and consider Figure below.

oY

0 ry(ea)

Figure A.2: Bounds for the constant M

Since p(eq) > 1 we have r;(/fd) < % Now let

T:={(1—-t)ro(eq)ea+tz : z € B,js(0), t € [0,1]},
and let I'; be the solid cone with boundary given by

/
I = RY : |7 S 1 )
ol {ze R—r+rg0(ed) , 2a < p(eq)

Observe that I' C T by our initial assumption on T, and

T = B,5(0) U (r1 N {|z'| < gcose})

1
= BT/Q(O) U (Fl N {Zd < 581119}) .

When 2, > % > sinf and |Z'| < %g < cosf, we have

©(2) —plea) > 1 — p(eq)

rlZlplea) +(R=1)20
R-pleg A

(R—1)p(ea)(1 — 24 — 7] 2'|p(eq)?
r1|p(eq) + (R —1)24

S ~2r¥p(ea)’

- R—r

2R

“r(R—r)

>

A

|2 — eq].
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The above calculation gives us a lower bound for ¢(2) — ¢(e4) in a neighborhood of
©(eq), and a similar calculation with cones lying outside of T gives a corresponding
upper bound. Thus we have |p(2) — ¢(eq)| < C|2 — eq4| for Z near e4. For a general
point y € 0T, by rotating T about the origin we can assume y = e; and perform the
previous calculations without any loss of generality. O]

Lemma A.2. Suppose T is star-shaped Lipschitz convex with constant M and scale
r as in (A.1). If x is the star-center, then there is a number s depending on M and
r so that Y is star-shaped convex with respect to the ball Bs(x).

Proof. If T has scale r, then rY = {ry : y € T} has scale 1, so without loss of
generality we may assume r = 1. Using the same notation as in the proof of Lemma
A.1] let us restrict our attention to the portion of S~ where |2/| < % and Z4 > ‘/7§,
Le., |2'| = sinf and 24 = cosf for some 6 € (—%,%). In this way,

66
|Z'| = sinf
< \/sin20 + (1 — cos6)?
= |2 —ed
- \/sin29 + (1 — cos 0)?
< V2sin @

It follows that the set
Iy := {z cR?: |7 <

is a subset of T. See Figure

Figure A.3: The shaded set I'; inside the star-shaped Lipschitz convex domain T,
with dotted lines to emphasize star-shaped convexity.
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Note that the ball tangent to the boundary of the solid cone

o= {z 121 2 g7 (0(ea) - 1)

is By3(0) and is contained in Y. By rotating T about the origin so that § = eg4, we

can see that this ball will be contained in I's when ey is replaced by ¢ above. Thus,
T is in fact star-shaped convex with respect to the ball B3 (0). O

A.2 Estimates on the Reflection of z over 07T

Lemma A.3. Suppose ¢ : STt — [1, M +1] is Lipschitz with constant M. There is a
function ® : R — R which is Lipschitz with constant 3M + 1 such that ®(2) = (%)
for all & € S*1.

Proof. For z € RY, let & = % and set

||

xlo(z) if x
ooy = {20

For z € R? and y = 0 we clearly have |®(x) — ®(y)| < M|z — yl, so assume x,y # 0.
We compute

[@(z) — 2(y)| = [|zle(2) — [yle(9)]
= [|z|e(2) — [z|e(9) + [2le(@) — lyle(d)]
< [z|e(@)e(@)] + [|z] — |yllle(9)]
< Mlz|[z —g| + (M + 1)|z — y|

zly| — ylyl + yly| — y|z|

=M m + (M +1)|x — vy
< Mz —y[+ Ml|z| — |y|[ + (M + 1)z — y|
= BM+1)|z -yl O

Lemma A.4. Let o, ® be as in Lemma , and set T = ﬁ for x #0. We write
V() := VO(x)|ga1 and g, (%) := Dy, (x)|ga-1 for 1 < i < d, all of which are
defined o-a.e. on S4'. Suppose T C R is star-shaped convex with constant M and
scale r, with ¢ as its defining Lipschitz function. Let

= %rzgo(it)Q

denote the reflection of x over Y. The dxd Jacobian matriz [J(z*)] of x* has entries

2[[‘1'1']‘ QZE]'

7))y = r* (‘|$|4 [P@)Vie(@) - &+ 0(@)] + Te(@)en (@) + ‘f’fgw(@)?) .
(A.3)
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Moreover, for x ¢ Y the entries of [J(x*)] satisfy the estimate
(@) (@)i] < 5BM + 1), (A1)

and the determinant consequently satisfies the crude estimate
| det[J(z*)](z)| < d'54(3M + 1)*. (A.5)

Proof. The formula (A.3)) comes from direct computation. Further, x ¢ YT implies

|z| > r, giving us the estimate (A.4) by appealing to Lemma[A.3] The estimate (A.5)
follows by induction on d. m

Remark. The estimate (A.4]) can be improved to
|[J(2))(2)is] < (15M +T)(M + 1),

improving the estimate (A.5) as well. However, the estimate in Lemma is suffi-
cient for our purposes.

Copyright© Morgan SchrefHer, 2017.
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Chapter B Sobolev Spaces H*(0€2) and H*(Q2) for -1 <s<land -3 <t <3

Let 0 <s <1, -3 <t<3 and 7 =t— |t]. Define seminorms |¢|psa0) and |u|y-(q)

by
0l :
) do(x)do , and
e = (/89 /89 |$—y|d 1+2 (@) (y)>

[lrriy = (/Q Q % do(x) do’(y)); ’

respectively. For 0 < s,t < 1 we define H5(99) and H!(2) as the spaces of all
¢ € L?(09) with finite norms

Q)
1
2

N[

lellmsoar == (lelEaon + il

e (o |u|Ht<Q)

When 1 <t < %, the space H(Q) is the space of all u € H'(Q) with finite norm

1
2
lulliiey = (Il @) + [Vulir@)

When s = 1 and t = 1, we have the usual Sobolev spaces H'/?(9Q) and H'(Q). Let
H(0Q) = L*(092) and H°(Q) = L*(Q), and let H*(09Q) and H *(Q) denote the
duals of H*(0€2) and H'(Q), respectively, for 0 < s <1 and 0 <t < 3.

Proposition B.1 (Rellich [33]). If =1 < s1 < s3 < 1 and =2 < t; <ty < 3, then
the inclusions H*2(0) — H**(0Q) and H™(Q2) — H"(Q) are compact.

Next, by a result originally due to Costabel [4] we can improve the mapping
properties of Lemma by extending them to a range of Sobolev spaces.

Proposition B.2 (Theorem 6.12 (i) and Exercise 6.4 of Mclean [26, pp. 205+206]).
Let n € CX(RY). For 0 < s < 1, the single- and double layer potentials SL and DL
give rise to bounded operators

nSL: H*(0Q) —» H**2(RY) and nDL: H *(0Q) — Hz *(QF).

We are now prepared to prove that the operator K2 : H~Y/2(9Q) — HY2(0)
from the proof of Lemma [£.7]is in fact compact.

Lemma B.3. Fiz a function n € C*(R?) which is 1 on a neighborhood of 1~
let 1,1 € H7Y2(0R), and set u := nSL4y, v := nSLpy. The operator K :
HY2(00) — HY2(0Q) given by (o, K1) yq = [ga wv dz is compact.
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Proof. Observe that for 0 < s < 1, H*(0Q) C H=*(09Q), i.e., [|[Va||m-:00) < Cl|v2| s00)-
Fix 0 < s < 1 and suppose |[12||gs90) = 1. By the Cauchy-Schwarz inequality and

Proposition [B.2]

|(t2, K1) ol < llull 2meyllv |l 2mey
< Jul

HS+%(Rd)
< Cllll -0 |2 1280
< CllYn]| -5 09)-

b

Thus, we have shown that |[Kv1 | gs@a0) < Cllv1]la-s@q), ie., K is bounded as a
map from H*(0N2) to H*(0N2). Finally, by Proposition we conclude that K :
H2(0Q) — HY?(09) is compact, since for £ < s <1,

K = H'?0Q) = H*(0Q) & H*(0Q) — H*(09). O

Lemma B.4. Fiz a function n € C*(R?) which is 1 on a neighborhood of 1~
let 1,00 € HY2(0), and set u = nDL 1, v := nDLyy. The operator K :
HY2(0Q) — H™Y2(0Q) given by (Kp1, pa)yq = [ga uv dz is bounded as an operator
from H=Y2(0Q) — HY2(00).

Proof. By the Cauchy-Schwarz inequality and Proposition [B.2] we have

(Ko1,02) 90 < llullr2@)lv]lz20-) + Jullez@n)l[vll2 @
< 0”901||H*1/2(8Q)||902HH*1/2(8Q)'

Hence, ||[Ko1llgi290) < Cllerllg-1/2(90) as desired. O

Copyright© Morgan SchrefHer, 2017.
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