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ABSTRACT OF DISSERTATION

High Dimensional Multivariate Inference Under General Conditions

In this dissertation, we investigate four distinct and interrelated problems for
high-dimensional inference of mean vectors in multi-groups.

The first problem concerned is the profile analysis of high dimensional repeated
measures. We introduce new test statistics and derive its asymptotic distribution
under normality for equal as well as unequal covariance cases. Our derivations of
the asymptotic distributions mimic that of Central Limit Theorem with some im-
portant peculiarities addressed with sufficient rigor. We also derive consistent and
unbiased estimators of the asymptotic variances for equal and unequal covariance
cases respectively.

The second problem considered is the accurate inference for high-dimensional
repeated measures in factorial designs as well as any comparisons among the cell
means. We derive asymptotic expansion for the null distributions and the quantiles
of a suitable test statistic under normality. We also derive the estimator of parameters
contained in the approximate distribution with second-order consistency. The most
important contribution is high accuracy of the methods, in the sense that p-values
are accurate up to the second order in sample size as well as in dimension.

The third problem pertains to the high-dimensional inference under non-normality.
We relax the commonly imposed dependence conditions which has become a standard
assumption in high dimensional inference. With the relaxed conditions, the scope of
applicability of the results broadens.

The fourth problem investigated pertains to a fully nonparametric rank-based
comparison of high-dimensional populations. To develop the theory in this context,
we prove a novel result for studying the asymptotic behavior of quadratic forms in
ranks.



The simulation studies provide evidence that our methods perform reasonably
well in the high-dimensional situation. Real data from Electroencephalograph (EEG)
study of alcoholic and control subjects is analyzed to illustrate the application of the
results.

KEYWORDS: Profile analysis, MANOVA, High-dimension, Repeated measure, Non-

parametric, Rank transforms.
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Chapter 1 Introduction

Nowadays, more and more big data arise in various research areas due to the invention
of high-throughput data collection technologies. To cope with the growth of data
volume, there is an increasing demand for efficiently (computationally as well as
statistically) analyzing the high-dimensional data. Throughout the dissertation, by
high dimension is meant that both the sample size and dimension are large but one
could be substantially larger relative to the other.

Existing high-dimensional multivariate methods for comparing groups (treatments
or populations) formulate hypothesis in terms of mean or location vectors. Some of
these results assume multivariate normality (Dempster, 1958, 1960; Fujikoshi et al.,
2004; Schott, 2007a; Srivastava and Du, 2008; Yamada and Srivastava, 2012; Dong
et al., 2017), while others assume existence of higher moments and pseudo-independence
in the sense that higher-order mixed moments can be factored into the product of the
corresponding univariate moments (Bai and Saranadasa, 1996; Chen and Qin, 2010;
Srivastava and Kubokawa, 2013; Hu et al., 2017). A few others require a different
form of weaker dependence but they are still parametric methods (Cai et al., 2014;
Cai and Xia, 2014; Feng et al., 2015; Gregory et al., 2015). The nonparametric meth-
ods (Wang et al., 2015; Ghosh and Biswas, 2016) are also essentially mean based and
assume (generalized) elliptically symmetric populations.

This dissertation aims to solve four distinct but interrelated problems. Two of
them pertain to high-dimensional inference about mean profiles, namely parallelism,
flatness and coincidence of the mean vectors; under high dimensional asymptotic
framework but assume multivariate normality. The other two problems consider
high-dimensional group comparisons, but do not need normality assumption. One of
them is designed for metric type data and the other one is rank-based, and hence,
can be used for non-metric data such as ordered categorical data.

The dissertation is organized in six chapters. In Chapter 2, test statistics for high-

dimensional profile analysis in multi-group are introduced and the asymptotic null



distributions are derived. Here, multivariate normality is assumed but the covariance
matrices can be unequal and unstructured.

The subject of Chapter 3 is high-dimensional asymptotic expansions for the test
statistics derived in Chapter 2. Here, our approach treats factorial designs in a
unified and succinct manner, especially allowing multiple between-subject and within-
subject factors, which may be crossed or nested. The most important contribution
is the high accuracy of the methods, in the sense that second-order accuracy in
sample size as well as in dimension is achieved by obtaining asymptotic expansion
of the distribution of the test statistics, and the estimation of the parameters of the
approximate distribution with second-order consistency.

Chapter 4 is concerned with high-dimensional inference about equality of mean
vectors under non-normality. As mentioned above, recent results for comparison of
the high-dimensional mean vectors under non-normality make strong assumptions
that require the dependence between the variables to be rather too weak (see Bai and
Saranadasa, 1996; Chen and Qin, 2010; Srivastava and Kubokawa, 2013; Hu et al.,
2017). We relax these commonly imposed dependence conditions and broaden the
scope of applicability of the results. The theory is worked out in detail for the two-
group case and, later, extended to the multi-group situation. The extension of the
results for testing hypotheses in profile analysis and factorial mean structures are
formally illustrated.

A nontrivial application of the theory developed in Chapter 4 is provided in Chap-
ter 5. More precisely, we investigate rank-based method for comparing groups (treat-
ments or populations) in the high-dimensional asymptotic setting. As pointed out
above, existing high-dimensional nonparametric methods are essentially mean-based
and they assume (generalized) elliptically symmetric populations (see Wang et al.,
2015; Ghosh and Biswas, 2016). The rank-based test we construct is a fully non-
parametric method. No assumption is made on the distribution except that the
dependences between the variables are required to satisfy some mild conditions. The
method is applicable for ordered categorical, skewed and heavy tailed variables or a

mixture of them. To develop the theory, we prove a novel result for studying the



asymptotic behavior of quadratic forms in ranks.

Appendices containing the proofs and other technical details are included at the
end of each Chapters 2 to 5. Also included in these chapters are simulation stud-
ies to evaluate the numerical performance of the methods; analyses of data from an
Electroencephalogram (EEG) experiment to illustrate the application of the meth-
ods; and possible directions for future research. The findings of the dissertation are

summarized in Chapter 6.

Copyright© Xiaoli Kong, 2018.



Chapter 2 Multivariate Analysis for Repeated Measures in

High-Dimensions with Unequal Covariance Matrices

2.1 Introduction

Consider b measurements taken from n subjects which are classified into a groups.
The a groups may represent naturally existing groups such as gender, geographical
regions or ethnicity. They may also represent between-subject treatment groups as
commonly done in clinical trials. The b repeated measurements could be measure-
ments from b within-subject treatment conditions as in crossover design or from b
different tissues of the body or may simply be repeated measurements over time as
typically arises in time course studies. For the sake of brevity, in the remainder of
this Chapter we will refer to the a groups as the levels of a between-subject factor
(A) and to the b repeated measurements as arising from b levels of a within-subject
factor (B). Research questions (hypotheses) that are typically tested with this type
of data are (i) whether there is interaction effect between the between-subject and
within-subject factors (ii) whether there is a between-subject factor effect and (iii)
whether there is a within-subject factor effect.

Analysis addressing these research questions are also referred to as Profile Analy-
ses in multivariate statistics. Consider a independent b-dimensional normal popula-
tions with mean vectors py, ..., i, and covariance matrices 3, ..., 3, respectively.
Graphically, the profile of the mean p; = (ps1, . .., i) | of population Ny (u,, ;) can
be plotted as a line graph connecting the points (1, 1), ..., (b, ). Profile analysis
is the study of the relationship between these lines. In Figure 2.1 below, the three
hypotheses of interest are shown graphically. In the terminology of profile analyses
the hypotheses (i), (i7) and (7ii) are refereed to as parallelism, level and flatness (see,
for example, Rencher and Christensen, 2012; Johnson and Wichern, 2007). The level
hypothesis is, alternatively, referred to as coincidence hypothesis. The level and flat-

ness hypothesis are typically tested if the parallelism hypothesis holds. This scenario



is clearly illustrated in the alternative hypotheses in Figure 2.1.

Figure 2.1: Graphical display of null and alternative hypotheses in profile. Each line
plot corresponds to mean vector of one group.
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For i =1,...,a, consider n; independent b-dimensional observations are available
from population Ny(p;, ;) denoted by X1, . .., X;,, and assume that the a samples
are mutually independent. The total sample size is n = > . n;. The aim of this
Chapter is to derive tests for the three hypothesis in the repeated measures analysis
(profile analysis) when both the groups sample sizes n; and number of repeated mea-
surements b tend to infinity. The approach followed in this Chapter is multivariate in
the sense that no structure on the covariance matrices are made other than requiring
them to be symmetric positive definite.

Although first analysis of such data dates back to as early as several decades ago,
the methods developed so far assume either fixed and bounded number of repeated
measures or specialized covariance matrices. From mathematical stand point, tests in
profile analysis were first tackled from likelihood ratio point view by Srivastava (1987).
Asymptotic expansions for null distributions of the test statistics in profile analyses
were derived by Okamoto et al. (2006) under elliptical populations and by Maruyama

(2007) under more general populations but both these works focused on the two-group



case. Harrar and Xu (2014) considered asymptotic expansion for the null distributions
of the likelihood-ratio tests in Srivastava (1987) for several sample situation. On
the other hand, Harrar (2009) and Bathke et al. (2010) derived tests for repeated
measures analysis for the case when a is large but n; and b are bounded. Recall
that the hypotheses regarding the within-subject and between-subject treatments are
considered under the parameter space constrained by the no-interaction (parallelism)
hypothesis. Without this constraint, the problem of testing for between-subject factor
level effects is the same as in one-way MANOVA. Harrar and Xu (2014) derived
likelihood ratio tests for the hypothesis of no within-subject factor level effects under
the full parameter space.

In the high-dimensional framework with b/n — ¢ € (0, 1), likelihood ratio test
statistics together with null distributions derived for MANOVA, e.g., Tonda and Fu-
jikoshi (2004), can be used to get valid tests for the interaction hypothesis. Since the
exact distribution of the likelihood ratio test for within subject and between subject
factor level effects are known, the same distribution will hold under high-dimensional
case as long as the degrees of freedom for the within-covariance estimator is larger than
the dimension. For the high-dimensional situation where b > n — a, the likelihood-
ratio tests are not well defined because they involve the determinants or inverses of
the estimate of the within covariance matrix which will be singular. This problem
has been tackled by many authors in the MANOVA context. Among others, Schott
(2007a) and Yamada and Srivastava (2012) developed tests under normality whereas
Bai and Saranadasa (1996); Chen and Qin (2010), and Srivastava and Kubokawa
(2013) derived tests under non-normality. In repeated measures or profile analysis
context, Pauly et al. (2015) consider high-dimensional repeated measures analysis for
one sample situation but with the possibility of several within subject factors. The
two-sample situation was considered by Takahashi and Shutoh (2016) assuming equal
covariance matrices for the two populations. Wang and Akritas (2010a) and Wang
and Akritas (2010b) are also high-dimensional asymptotic results applicable for re-
peated measures but assume that the repeated measurements are inherently ordered

and the dependence between the measurements decays as the separation between



them increases. The present manuscript provides a complete solution to the analysis
of high-dimensional repeated measures design by allowing for several samples as well
as unequal and unstructured covariance matrices. Furthermore, no assumption is
made about ordering of the observations. It bears some similarity with Pauly et al.
(2015) and Takahashi and Shutoh (2016) in the way the tests are constructed.

This Chapter is organized as follows. Section 2.2 introduces the statistical model,
hypotheses and notations used in the remainder of the Chapter. Tests for interac-
tion and main effects under equal covariance matrices assumption are the subject
of Section 2.3. These tests are again studied in Section 2.4 without assuming equal
covariance matrices. Numerical accuracy of the asymptotic results in Section 2.3 and
2.4 is investigated in Section 2.5 for various choices for the parameters of the model.
Also in Section 2.5, the power of the tests proposed in this Chapter will be compared
against an existing method. The application of the results will be illustrated in Sec-
tion 2.6 with data from an electroencephalograph (EEG) experiment. Section 2.7
contains discussions and conclusions. All proofs and preliminary results are placed

in the Appendix.

2.2 Model and Hypotheses

Let
xX=(x/,....x) x). ....x . ..x] ... x 7

1ny» 2ng) als > ang

where X, = (Xig, ..., Xax) . Further let
Y: (7117' .- 771177' e ayalv S 77ab)—r7

and X; = (X;1,..., Xp) ", where X;; = n; ' S0 Xy We assume Xy s Np(pi, ;)
for £ = 1,...,n; and the a samples X;;,...,X;,, for « = 1,...,a are mutually
independent. The usual setting gives the interpretation that Xj;;, is the responses
from the kth subject treated with the ith level of factor A and the jth level of factor
B. The interaction effect will be denoted by AB. In this model X;;; and X, are
assumed to be independent only if i # i’ or k # k' . Otherwise the dependence is

completely unspecified.



Throughout this Chapter, 0 will denote a matrix of all zeros where the dimension
will be clear from the context, and 1; denotes an k-dimensional vector (1, ..., 1)T
consisting of ones. The matrix I is the identity matrix, whereas J; and P, are
defined as Jj, = lkl;gr and P, = I, — k= 1J;, respectively. We will use extensively the
Kronecker (or direct) product A® B of matrices and the direct sum A® B of matrices.
The symbol L. stands as an abbreviation for “converges in distribution to”, L5 for
“converges in probability to” and acronym CMT for “Continuous Mapping Theorem”.
In estimating a sequence of parameters 6, = O(1) by a sequence of estimators T}, ,

consistency is meant in the sense of E(T,,;, — 6,)> — 0 as (n,b) go to infinity.

Note that from the distributional assumption made above

E[Xit] = i = (ftan, - -5 ) "

and Var(X;;) = 3; where ¥; is a b x b positive definite matrix. Let

B = (M117"'7M1b7“'7”@17“'7Mab)—r

and 3 = @;_, =;/ni. Then we have E[X] = p and Var(X) = 3.

The three hypotheses of interest can be expressed as
HY : Ky =0,
for ¢ € {AB, B, A} with
Kiyp=P,oP, Kg=J,8P, and Ks=D,®b 'J,,

where D, = diag{ni,...,n,} —n"'nn", n=(ny,...,n,)  andn=mn; +ny+---+
n,. These null hypotheses correspond to no-interaction effects of levels of factor A
with levels of factor B, no-main effects of factor B, and no-main effects of factor
A, respectively. To see that the hypothesis of no interaction is equivalent to H4Z,

notice that no interaction means

Cl(IJq - Ma) == Cl(lal'afl - Na) =0
<~ ClMC;— = O(bfl)x(afl) <~ (CQ X Cl),u' =



where C; = (I_1,—1,1), Co = (I,—1,—1,_1) and M = (p1,...,,). The matrix
C = C,®C] is a contrast matrix and is full row rank. Clearly, the hypothesis Cu = 0
is equivalent to CT(CC")"'Cu = (P, ® P,)u = 0. The other two hypotheses for

the main effects can also be expressed similarly.

Define,

__ — 1
. = . — . . —_— . T f—
S, E (X — X)( Xy — X;)' and S ——

k=1 k=1

In this Chapter, we introduce test statistics for multi-group high-dimensional repeated
measures analysis. Unlike likelihood ratio tests, our tests do not involve the inverse
of the pooled sample covariance matrix S~!. In the high-dimensional case, more
precisely when b > n — a , the sample covariance matrix S is not invertible, making
the likelihood ratio tests inapplicable. Furthermore, S may not even converge to 3,
the population covariance matrix (see, for example, Chen and Qin, 2010).

We derive the asymptotic distributions of our test statistics for equal covariance
matrices as well as unequal covariance matrices. It should be noted that the results
for the unequal covariance case do not necessarily reduce to the corresponding results
for the equal covariance case by simply setting 3y = --- = 3, = 3. There are some
subtleties which warrant separate treatment of the two cases. First, the results for
the equal covariance case are nice and clean. Instructively, it would make the results
accessible if presented from the simpler to the more complex ones. Second, the proofs
for the unequal covariance results build upon those for equal covariance. Third, the
assumptions for the equal covariance case somewhat differ from those needed for the
unequal covariance case. One assumption A3’ , given in Section 2.4 on page 14, which
requires proportional divergence of individual sample sizes with the dimension is not
needed for the equal covariance case. The equal covariance case only requires the total
sample sizes to grow with the dimension. Fourth, the constant ¢’ (see Theorem 2.4.1)
which contains unknown parameters in the unequal covariance case, will reduce to a
known quantity ¢ (see Theorem 2.3.1) in the equal covariance case. Estimation of ¢
is needed whereas no estimation of the analogous constant ¢, in the equal covariance

case, is needed. In addition, the bounds for ¢’ given in Theorem 2.4.1 do not quite



reduce to those for ¢ given in Theorem 2.3.1. The simplicity of the equal covariance

situation affords us a more precise lower bound for c.

2.3 Tests under Equal Covariance Matrices

In this section, we assume that the covariance matrices 3; are equal and denote the
common covariance matrix by 3. We will construct testing procedures under the

following high-dimensional asymptotic frameworks:
Al: ¢; = tr{(PX)'}/b=0(1) as b — oo for j =1,2,3,4.
A2: n—o00 and b — o0.

Note that 87, = O(1) for j = 1,2, 3,4 is sufficient for assumption A1l to hold where
Pmax = max{fi,...,H} and fy,..., 5, are the eigenvalues of P,%. To elaborate on
the significance of assumption A1, consider ¥ = (1 —p)I, + pJ, for —1/(b—1) < p <
1. This covariance structure is known, in multivariate statistics, as equi-correlation
structure. For this covariance matrix, Al holds because tr{(P,X)’} = (b—1)(1 — p)’
for j = 1,2,3,4. On the other hand, we can write P, = Q"diag{1,...,1,0}Q
where @ is an orthogonal matrix whose columns are the orthonormal eigenvectors
of P,. The covariance matrix ¥ = Q"diag{1,...,b}Q doesn’t satisfy Al because
tr(P,X) = b(b—1)/2.

2.3.1 Test for interaction effect AB

We note that K, gu = 0 if and only if p,TKXBKABu = pn' K pp =0, since Kap
is symmetric and idempotent matrix. Thus, the hypotheses for interaction effect AB

is equivalent to
HOP " Kagpu =0 VS H{P: yu Kapp > 0.

Consider a reasonable estimator of p K app given by HAB) = X' K, X. In The-
orem 2.3.1 below asymptotic sampling distribution of a scaled and centered version

of HAB) ig given.
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Theorem 2.3.1. If the null hypothesis H{'B holds, then

(2

-1
1 1\ ' <1 D
Usp:=—=< [1—-= — ] HYP _(PX) Y — N(0,2cc,),
oo (73) (Ba) o -wms 2o

under the high-dimensional asymptotic frameworks Al and A2, where

ala —2) 1 1\ 1 1
=(_1)Zn—/(2n—) el

The bounds given for ¢ in Theorem 2.3.1, besides establishing that ¢ = O(1) as

b,n — oo, provide insight into the influence of the value of a on the variance of Uyp.
For example, a = 2 gives the largest possible variance. The variance could potentially
decrease when a gets large. This is somewhat apparent in the simulation study Table
2.1.

The result of Theorem 2.3.1 depends on be; = tr(P,X) and ¢y which are unknown

quantities. For practical applications we need unbiased and consistent estimators of

them. Define
. _ tx(BS) ~ (n—a)® oy L 2
a=—y and ¢y = Wn—a—Dn—at9 {tr{(PbS) }—n_a{tr(PbS’)} }

The next Theorem proves the unbiasedness and consistency of ¢; for i = 1, 2.

Theorem 2.3.2. Fori = 1,2, ¢; is an unbiased and consistent estimator of ¢; under
the high-dimensional asymptotic frameworks Al and A2. Moreover, we have \/1_7(/0\1 —

Cl) i) 0.

Using the results of Theorems 2.3.1 and 2.3.2, we propose a test statistic, namely

fAB, for testing Hy'Z and give its asymptotic null distribution in Corollary 2.3.3.

Corollary 2.3.3. If the null hypothesis H{P holds, then

-1

~ 1 1\ ¢ | D

Tap = — | HWB _pe 0,1
v { () (52) e v

under the high-dimensional asymptotic frameworks Al and A2.
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For a = 2 the test statistic and results in Corollary 2.3.3 reduce to those of
Theorem 2.1 of Takahashi and Shutoh (2016).

We close this section by mentioning that the proofs we provided do not require any
relation in the rates of divergences of n and b. Please note that Var(¢,) goes to zero as
long as both b and n tend to infinity even at a differing rate. We must acknowledge,

though, that such an assumption is inevitable for the unequal covariance case.

2.3.2 Test for the main effect of factor B

We note that Kppu = 0 if and only if u' K Kpu = p' Kpu = 0 since Kp is
symmetric and idempotent matrix. The hypotheses for main effect of factor B are
equivalent to

HE  w Kpu=0 VS HP:pu Kpu>O0.

Here also, a reasonable estimator of pu" Kpp is HB) = X' K 5X.

Theorem 2.3.4. If the null hypothesis HE holds, then

a

-1
1 1 D
=—0 (> =] HP -uPxT) ) — 2
UB \/[_) (il nz> I'( b ) N(O, 02),

under the high-dimensional asymptotic frameworks Al and A2.

Comparing the results in Theorems 2.3.1 and 2.3.4, the quantity Uyp is less vari-
able than Up.

A consistent estimator of ¢; and ¢y are given in Theorem 2.3.2. Corollary 2.3.5
proposes a test for the main effect of factor B and presents the asymptotic null
distribution of the test statistic under the same asymptotic framework as in Corollary

2.3.3.
Corollary 2.3.5. If the null hypothesis HE holds, then

-1
~ 1 ‘1 D

T = —— E — H® — e —>NO,1,
B 2[)/0\2 (i:l nz) “ ( )

under the high-dimensional asymptotic frameworks Al and A2.
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The testing problem in this subsection for a = 1 is covered by Pauly et al. (2015)
when the contrast matrix is chosen to be Py, i.e., when C (in their notation) is replaced
with P,. However, they use different consistent estimators for bc; and bey but in the
end our limiting distributions agree for the case tr{(P,X)*} /tr*{(P,X)*} — 0 as b —
oo. It should be noted that assumption A1 implies that tr{(P,X)*}/tr*{(P,X)*} — 0.
When a = 2, the test for no effect of levels of factor B in Takahashi and Shutoh (2016)
were formulated in terms of the weighted group mean vectors where the weights are
the sample sizes of the groups. Our hypothesis is formulated in terms of the simple
average of the group means as a result of which, as one would naturally expect, the
hypothesis does not depend on sample sizes. This difference resulted in different tests

and asymptotic results.

2.3.3 Test for the main effect of factor A

We begin by establishing the equivalence of the hypotheses for the main effects of

factor A expressed in a linear and quadratic forms.
Proposition 2.3.6. The condition K pu = 0 is equivalent to pu" K 4 = 0.

According to Proposition 2.3.6, the hypothesis for the main effect of factor A is
equivalent to

He  p " Kapu=0 VS H':pu Kip>0.

It should also be noted that for any & = (z1,...,2,)" € R,

a a a
x' Dyx = mef - n_l(z nz;)’ = an(iﬂz —-7)* >0,
i—1 i=1 i—1

where T =n"1Y"%  nz;. Thus, K4 = D, ® J/b is positive semidefinite.

Once again we will build our test from a reasonable estimator of " K 4pt, namely
X' K 4X . It may seem that the hypothesis H{' depends on the sample sizes ny, . . . , ng.
Nevertheless, one can easily check that the hypothesis of no main effect of factor A is
equivalent to 1] gy = -+ = 1] u,. This shows that the hypothesis HZ' does not de-

pend on the sample sizes. Furthermore, it is reasonable to use the between group sum
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of squares for the transformed random variables Y;; = 1} X;; to test this hypothesis.
As it turns out HAW = X' K 41X is the between group sum of squares.

It is easy to show that H* /b is distributed as d;x2_; under the null hypothesis,
where d; = tr(J,X)/b%. Also one can see that (n — a)d; = (n — a)tr(J,S)/b* is
distributed as d;x?_, and that H“) is independent of c/l\l The latter follows because

X is independent of S. Thus, an exact test for Hg' is

~  H@W/bla—1
TA: //\(a >7

dy
which has an exact F,_1,—, distribution under the null hypothesis.

For a =2, D, = (1/n; + 1/ny)71(1,-1)"(1,—1) and

bH@ = vec(X 1, Xa) (Do ® Jy)vec(X 1, X2)

= vee(X 1, X2) (D, ® 1) (I, ® 1] )vec(X 1, X5).

Applying the identity vec(ABC) = (CT ® A)vec(B), we get

1 1\ - =
HWY = - — 4+ — X, — X,) 1%
b(n1+n2> (X 2) 1]

Therefore, our test statistic and that of Takahashi and Shutoh (2016) are equivalent.

2.4 Tests under Unequal Covariance Matrices

In this section, we do not assume that the a populations have equal covariances
matrices. Relaxing the equal covariance matrices assumption necessitates adjustment
of the asymptotic conditions. We will need the following assumptions to construct

testing procedures under unequal covariance matrices.

AV: = (0 1/n) 7 e {(KpE) ) /b= O(1) as b — oo for j = 1,2, 3.
A2 d) = tr(K %) /b= 0(1) as b — .

A3 n; — 00,b— oo and b/n; — & € (0,00) for i=1,...,a.

A4 = (00, 1/ny) P e {(K4pX)?} /b= O(1) as b — oc.

A5 tr(PE)*/b=0(1) asb— oo fori=1,...,a.

14



While assumption A3’ require proportional divergence of the sample sizes ny, ..., n,

and the dimension b, assumptions Al’, A2, A4’ and A5’ require regularity conditions

on the covariance matrices. Some remarks are in order.

(i)

(i)

Stronger but simpler assumptions which together with A3’ are sufficient for A1’

and A4’ are tr(P,X;)/b = O(1), tr(P,X;P,X;) /b= O(1) and
tr(szszEJPbEk)/b = O(l)
as b — oo for all 4,5,k € {1,...,a}.

It can be seen that

(52 S)-H(5) o

=1 i=1

Therefore, since tr(P,3;) > 0 and & > 0 for i = 1,...,a, the condition ¢| =
O(1) and assumption A3 are sufficient for tr(P,%;)/b = O(1) for i =1,...,a.

Similarly,

:(Z&) [thr (PEP}+1 Y equpERs)

Z#J

Since & > 0 and tr(PS,PY;) = tr{(E;/Qpbziﬂ)(E;/QP,,SW)’} > 0, it
follows that ¢, = O(1) and A3’ imply tr {(PX;)*} /b= O(1) fori = 1,...,a.
The manipulations for ¢] and ¢, above make it clear that the proportional-

divergence assumption A3’ can be replaced with
A3" :n; = 00,b — o0 and n;/n — & € (0,1) for i=1,....a
without affecting the validity of the results.

As one can imagine, the assumptions needed for unequal covariance case are
much more involved compared to the equal covariance case. For example, one

can easily verify that

tr{(KBf))j} =tr (i P:LZEZ>J )













Figure 5.2: Power comparison of the test for the locations when a = 2, for p =
50,100 or 200, and n; = 100 and ny = 150. Data are generated from multivariate
contaminate normal distribution with p;, 3;, n; and «; for + = 1,2. In both plots,
w1 =0, and py = (pa1, ..., fizp) " where pgy are iid Uniform(0,6); 7, = 5 and 0y = 3;
a; = 0.5 and ay = 0.1. In the left panel, 3; = (0.5F=71l) and ¥, = (0.17791) are
used. In the right panel, 3; = (0.5]5 — j1|7/2) and 2y = (0.1]5 — j;|7/?) are used.

It is clear from Figure 5.1 that the performances of all the three methods (CQ, SK
and rank-based) are comparably well for the lighter tail (multivariate ¢ with df > 6)
distribution, but rank-based method has a slight edge. For the contaminated-normal
distribution (Figure 5.2), SK shows a liberal tendency (see also Table 5.3), but the
other two perform well. Here, rank-method has a more pronounced edge over CQ.
For Cauchy distributions, the rank-based method which does not require existence
of any moments of the population shows an overwhelming power advantage over the
other two methods. For all the three distributions, the faster decaying covariances in
structure [ = 2 yield higher power compared to the slower decaying ones in structure
[ = 3. Furthermore, for the alternatives considered in this simulation, larger values

of p lead to higher powers than a smaller value of p.
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Figure 5.3: Power comparison of the test for the locations when a = 2, for p = 50, 100
or 200, and n; = 100 and ny = 150. Data are generated from multivariate Cauchy
distribution with p;, 3;, for i = 1,2. In both plots, gy = 0, and g = (a1, . . -, fi2p) "
where fip; are iid Uniform(0, ). In the left panel, X; = (0.597911) and Xy = (0.19751])
are used. In the right panel, 3; = (0.55 — j1|~%/?) and Xy = (0.1]j — j;|7Y/?) are
used.
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5.6 Real Data Application

The Electroencephalograph (EEG) data® found at the University of California-Irvine
Machine Learning Repository was from a large study to examine EEG correlates
of genetic predisposition to alcoholism. Sixty-four electrodes were used to measure
Event-Related Potentials (ERP) recorded 256 times for one second. Each channel
(electrode) has name identifying the location of the electrode on the scalp. The
names are made up of a letter identifying the anatomical location of the placement
of the electrode (F—frontal lobe, T—temporal lobe, P—parietal lobe and O-occipital
lobe) and a number identifying the hemisphere of the brain (odd number — the left

hemisphere and even number — the right hemisphere and letter z (zero) is used for

'Web Address: https://archive.ics.uci.edu/ml/datasets/EEG%2BDatabase
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the mid-line). The exception to this naming rule is that, due to their placement and
depending on the individual, the “C” electrodes can exhibit/represent EEG activity
more typical of Frontal, Temporal, and some Parietal-Occipital activity.

ERP reading from an electrode indicates the level of electrical activity (in volts)
in the region of the brain where the electrode is placed. There are two groups of
subjects in the study: alcoholic and control. Each subject was exposed to either a
single stimulus (S1) or to two stimuli (S1 and S2) which were pictures of objects
chosen from a picture set. For a more detailed account of the EEG data, see Harrar
and Kong (2016). In this Chapter, we analyze the data only for the single stimulus
(S1) exposure using CQ and the rank method.

FDR adjusted p-values for channel-by-channel results of CQ) test and rank-based
method are displayed in Figure 5.4. In the left panel, bar plot of the FDR adjusted
p-values are shown. The horizontal reference line (black dashed line) marks a = 0.05
level of significance. From panel (a), we note that the rank-based method declares the
brain activity of one more channel to be significantly different compared to the CQ
method. Considering the power advantage the rank-method demonstrated in the sim-
ulation study, its results are more reliable and trustworthy. The minor disagreement
aside, the locations where differences are detected by rank-method are displayed in
panel (b) to put the results in perspective. The picture depicts the scalp of a human
viewed from the top, the triangle marking the nose. The locations of the electrodes
are indicated by bubbles. The color of the bubbles indicates whether the brain ac-
tivity pattern for that channel is significantly dissimilar (red) or not significantly
different (green).

Interestingly, the results show a markedly-distinct patch of significant difference
in brain activity in the central part of the frontal lobe of the brain. This section of
the frontal lobe is responsible for cognitive function, emotion control, self awareness,
judgement and talking — activities known to be affected by alcohol at least temporar-
ily. No significance difference was found in the outer peripheral channels of the frontal
lobe. Significant difference occurs only on some the C channels. No significant differ-

ence was detected on the C channels that are expected to show frontal-type activity
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Figure 5.4: Channel-by-Channel results for EEG data for testing equality in brain
activity between alcoholic and control subjects. (a) Bar plots of FDR adjusted p-
values for CQ and rank-based methods (b) Locations (on the scalp) of significant
results for rank-based method. Green (Red) means that the the difference between
the two groups is statistically significant (insignificant).
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except on channels C4 and C6. However, there is always significant difference on
channels where parental or occipital type activity is expected. With the exception
of T7, the other three temporal lobe channels (T8, TP7 and TP8) are showing sig-
nificant difference. The activity levels in all the parietal or occipital lobes channels
are significantly different between the two groups. These two lobes largely control
temperature, taste, touch, movement and vision functions — functions that are likely
to sustain effects from alcohol use. In summary, except in the peripheral areas of
the frontal lobe, alcohol use is associated with change in the electrical activity of the

brain.

5.7 Discussion and Conclusion

A fully nonparametric high-dimensional rank-based method for comparison of treat-
ments or populations is developed. No assumption is made on the distribution of the

population except that the dependence between the variables are required to satisfy

122



some mild conditions. The assumptions, for example, hold for linear process type
dependence or dependence that decays polynomially fast. The numerical results have
unequivocally shown that when data has heavy tails to preclude existence of mo-
ments, then the rank-method has a superior power. From data analysis perspective,
the application of this method would be a safe strategy when data is in ordinal scale
or exhibits outliers. From theoretical stand point, when none of the moments can
be assumed to exist, formulation of hypothesis in terms of mean vectors does not
make much sense. This Chapter formulates hypothesis in terms of the nonparametric
measure of effect, which is always well defined whether the moments or densities exist
or not.

The theory is worked out in detail for the two-group (two-sample) situation and
the extension to the multi-group case is outlined. The detail derivation in the later
case essentially follows along the same lines. The formal extension to a factorial
structure is not difficult to envision. The details, with the necessary assumptions,

need to be carefully examined. We defer this topic for a future investigation.

5.8 Appendix: Proofs
For notation simplification, denote X, as X; and Xy; as X, ;. Let
91(Xir) = H(Xix) — wie,  92(Xar) = ﬁ(sz) — H(Xa),

and

1
G(Xik7Xi1k1) = N{C(Xi’ﬁXilkl) - E1k1 (XZ )}

It is obvious that

n p
92(Xit) = D) G(Xip, Xiyr)»

i1=1 k=1
g1 and gy are bounded by 1 and G is bounded by 1/N. The mean of ¢;(X;;) is 0 and
that of G(X;k, Xi,k, ) can be found by considering the following three cases:
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(i) If i # 4y, then

E{G( ik Zlkl)} = %E |:E{C<Xik7Xi1k1) - Fi1/€1 (Xlk)|sz}]

= NE{QP(XMI = Xie| Xir) + P(Xiyr, < Xir|Xir) — E1k1<Xik)}

1
= NE{Filkl(Xz‘k) — Fik, (X))} =0

(i) If i =4y and k = ky, then G(X, Xir) = 5 — Fir(Xix), which has mean 0.

1
2
(iif) If ¢ =4, but k # ki, then G(Xy, Xyx,) is bounded by <, so is its mean.

Proof of Lemma 5.2.2. Using a decomposition similar to Bathke and Lankowski

(2005) (seel also, Wang and Akritas, 2010b),

Ty = Vee(Y,) (I, ® C)Vec(Y.)
—Vee(Y - Y +Y —w) (I, e C)Vec(Y —Y +Y — w)
— Vy +2Vee(Y = Y) (I, ® C)Vec(Y — w) + Vee(Y —Y) (I, ® C)Vec(Y —Y)
=Wy +20{(Y - Y) CY —w)} +t{(Y - Y)'C(Y - Y)},

we have
E{(Ty — Vy)?} < 8E [u?{(f/ YY) C(Y - w)}] +2F [n?{(ff Y)Y ey - Y)}].
Therefore, it will be sufficient to show that

E [uﬁ{(ff )oY - w)}] = O(D%/n?) + O(Sc/n), (5.6)
and

E[trQ{ Y -Y) o - Y)}} = O(D%/n?) + O(Sc/n). (5.7)

To prove (5.6), observe that

E [trg{(f,— _ Y)TC(Y _ w)}} = E[{ i Cij igl<Xik)92(Xjk>}2:|

i#£j k=1
< Z |C”LJ| |Cl1]1|E{Zgl ik g2 Jk Zgl 21k1)92(XJ1k1)}
i#J,41751 ki=1
=Y el 3 3 B0 (X (Ko )G X G (Xt X))

i#£5,51 751 k,k1,k2,k3 j2,73
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Note that the summation of the expectations is zero if the number of different indices

in the set {4,11, 7, j1, J2, J3} is five or six. We consider several cases to evaluate the

term in the square bracket,

Case 1:

Case 2:

Case 3:

p
Z Z E{gl (Xik)gl (Xi1k1)G(Xjk7 Xj2k2)G(Xj1k17 stks) }

k k1 ki ks G2,
If 75, 73 are both equal to one of the indices i,41,5 or j; and ,1y, 7, 7; are all
different. The summation of expectations vanishes except when {j, = 7, j3 = i1}
or {j» = i1,73 = i}. For each of these situations, the summation is O(1/n?)

because

p
Z E{gl (Xik)gl (Xilkl)G(Xjkv X’ikz)G(lek‘u Xi1k3)}

k,k1,k2,k3
p
= Z E[E{gl(Xik’)G(Xjk?XikQ)gl(Xilkl)G(lek’uXi1k3)|Xjk7Xj1k1}:|
k,k1,k2,k3
& 1
<16 Z a|k2—k‘a‘k3—k1|ﬁ = O<p2/N2> = O(l/n2)’

k,k1,k2,k3

where the last inequality follows from Lemma 2 of Billingsley (2012, Section
27).

If jo, j3 are both equal to one of the indices 7, i1, 7 or j; and there are three differ-
ent numbers in {1,171, j, j1}. We breakdown this case into two sub-cases: i = i;
or ¢ # i1. In any these cases, we can prove that the summation of expectations

(with their respective coefficients c;;¢;j,, ¢ijciyi or ciiy ¢y i) s O(p*/N?) = O(1/n).

If j5, 73 are both equal to one of the indices i, i1, j or j; and there are two different
numbers in {4,141, 7, j1}. Itt must be that ¢ = iy and j = j;, or i = j; and j =iy
because i # j and 7, # j1 (¢;; = 0 and ¢;,;, = 0). There are four different
possible values for j5 and js: {jo = j3 =i}, {jo = js = j}, {jo = 4,43 = j}, or
{j2 = j,j3 = i}. For each combination, the summation of expectations (with
their corresponding coefficients ¢; or ¢;;c;;) is O(p?/N?) = O(1/n) . To see this,

we only prove here the case when i = j1,1; = j, 72 = J,J3 = t and k, ky, ko, k3 are
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all different. The proofs of the other cases follow along the same lines. Indeed,

p

> g1(Xi) G ( Xy Xty )91 (X )G (X, Xy
ktk1 £ko£ks

p
= > B{a(XG(Xay, Xa) FE{ 01 (X506 (G0, X)
k£k1 £koA£ks

p 2

24

< > ~z -k = O(W°/N?),

k#k1#kaFks

while the last inequality follows because

E{g1 (Xik)G(Xikl ) Xikg)} = %E [E{gl(Xik)GQ(Xikla Xik3)|Xik> Xiky }]

1 24 1,

= NE[gl(Xik){FXik3|Xik,Xikl (Xir,) — Fikg(szl)H S N ki

by Lemma 3 of Billingsley (2012, Section 27).

Case 4: When j, equals one of the indices 1,41, 7, j1, but j3 is different from all of them,

then X i, is independent of the others, so the summation of the expectation

sks

vanishes since

E{G( 31k17Xj3k3>} =0, for j3 7é jl-

Case 5: When both the indices j, and j3 are different from ¢, 41, j and j;, the expectation
vanishes again, except when j, = j3. In the later case, since g;(X;;) has mean
0, we need to look at the cases {i = i;} or {i # i1, ¢ = j1, i1 = j}. In both of
these cases, we have the summation of the expectations to be O(1/n). To see

this, if i = i1,

Z E{gl (Xik)gl (XUﬂ) Z G(Xjk7 Xj2k2)G(XJ1k17 Xj2k3)}

k,k1,ko,k3 J2¢{i,5,51}
<4Zauﬂ WY Z k] = O(np?/N?) = O(1/n).
k,k1 Jzé{wﬂ}k’z’%

On the other hand, if ¢ # i1, i = j1, iy = j, then j # j;. Therefore, for ky # k3,

Z E{gl(Xj1k)gl<Xjk1) Z G(Xjk7Xj2k2)G(lek17Xj2k3)}

k,k1,ko ks J2#{d.d1}

Z Z a\ks k2|E{91(Xj1k>gl(Xjk1)} =0,

k.k1,k2,k3 jog{j, J1}
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and for ky = k3,

p
Z E{gl(Xj1k>gl(Xjk1) Z G(Xjk7Xj2k2)G(Xj1k1’ijkz)}
k,k1,k2 ]2%{]7]1}

_ Zp: S E[E{m(lek)a(lekl,XijQ)\Xm}

k.k1k2 jod {751}

. E{g1(Xjk1)G(Xjk> Xj2’f2)|Xj2k2}]
P

< > 641+ 2/N)ay, i = O(np®/N?) = O(1/n).

k.k1.k2 jog{j.j1}

Combining the five cases completes the proof of (5.6)
For the proof of (5.7), we first prove that E{g,(X;)*} = O(1/N?). Note that

E{g2(Xir)'}

n p
= > Y B{G0 Xak) G Xk, Xk )G (K, X )G (Xt Xior) }

11,12,i3,14 k1,k2,k3,ka

P
:[ Z E{G(XikaXz’kl)G(Xik;Xik2>G<Xik7Xik3)G(XikaXz’k4)}]
k1,k2,k3,ka

n p
+[Z Z E{G(Xik:aXilkl)G<XikaXi1kg)G(XikaXilkg)G(XikaXi1k4)

171 ki,ko,k3,ka
+ 4G (Xig, Xiny )G (Xi, Xy )G (Xi, Xiy )G (Xik, Xiy)
+ 6G(sza X’Lk‘1>G<XZk7 X’Lkg)G(X’Lk‘a lek‘3)G<Xlk7 X11k4) }]

+ [3 i i E{G(Xik;Xilkl)G<Xik7Xi1k2)G(XikaXigkg)G(XikaXi2k4)}:|

i1#i0#1 k1,k2,k3,ka

= [A] + [B; + B2 + B3] + [C].

The first summation A is at most O(p*/N*) = O(1/n*) = O(1/N?) since n/p —
n € (0,00).
The second summation By + By + Bz is O(np3/N*) = O(1/N?) if the number
of different elements in set {kq, ko, k3, k4} is at most three. If all ki, ko, k3, ky are
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different, then

n p
Bl = Z Z E{G(szaX11k1>G<X7,k,lek2)G(sz,lekd)G(Xlk,lek4)}

i1#1 ki1,k2,ks kg

n p
=23 Y B{G(Xuk Xik )G (Kt Xigh) G (X, Xiv1) G (X X |

1171 k1<ke<ks<kg

n D ' 1
< 962 Z mln{ab_kl,am_@}m = O(np®/N*) = O(1/N?),

171 k1 <ko<ks<ks

B=0{> Y minfor s ) g ) = O /NY) = O(1/N?),

il#i k1¢k2<k‘3<k‘4

and

n P
B3:O{Z Z ak4—k3%} = O(np’/N*) = O(1/N?).
i171 k1F#ke#ks<ka

The last summation C is O(n%*p?/N*) = O(1/N?), if the number of different
elements in set {kq, ks, k3, k4} is at most two. If the number is three, without loss of

generality, we can assume k| = k9 and

n

p
C= > Y B{G(Xu Xin)G (X, X )G (Xt X)) G (Xits Xk, |
i1 F#i#l k1#ks#ka

n p
= Z Z E[E{G(XZk’Xllkl)G(XlkvXz1k1)G(sz7Xz2k3)G(XZk:7Xzzk4)|sz}}
nFisFi kiFks#ks

n p
1
<4 Z Z Olka—ks| N = O(n’p*/N*) = O(1/N?).
i1 k1#k3F#ka

If all {ky, ko, k3, ky} are different, then
n p
C=> Y B{GXuk Xk )G (Kt Xigh) G (X, Xt G (X, X, |
1179271 ki#ke#ksF#ka

n p
< 4 Z Z E[E{G(XikaXi1k1)G(Xik7Xi1k2)

1F#i9#£t k1 <koFks<ka

-G ( Xk, Xighy )G (X, Xi2k4)|XikH

n p
DI a,m_kl%_kg% — O(n2p2/NY) = O(1/N?).

i1#027#1 k1 <ke#ksz<ka
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Finally, the result (5.7) can be easily shown by Cauchy-Schwarz inequality as follows:

B[ {(Y - Y) c(¥ - V)}| =B[{ zn: i zp:QZ(Xik)QZ(Xjk>}2]
itj k=1

< 3 el leanl 3 {BloX) Y E{0(0 E{0(X0k) VB0 (G) |

#8175 kk1=1

= O(Dgp®/N?) = O(Dg/n?).

O
Proof of Theorem 5.3.1. Since
T,.Y) - T,(Y°) = 2tr{H(Y) — G(Y)} — {(H(Y) — G(Y)},
where G and H are given in equation (5.2). By Lemma 5.2.2, we have
B{T.(Y*) = T,(Y)} = O(Dg/n*) + O(Sc/n).
where
1 1 . 1
C=2 —1,. | P. —1, || - — P, |.
D) 2Bt | (B
It is easy to calculate that De = 6 and S¢ = n11—1 + n21—1 + nllm. Therefore,
1 9, 9 1
—HO(DR/n2) + O(Sc )} = O(— ) = ol1)
under assumption D5 and D6. That finishes the proof of
1 AC &
ATY) = Tu(Y7)} = 0p(1).
O

Copyright© Xiaoli Kong, 2018.
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Chapter 6 Summary

In this dissertation, new high-dimensional methods for profile analysis of mean vectors
of repeated measures were introduced. The tests allow the covariance to be equal
or unequal. The methods have favorable numerical performance especially when
the dimension is large. A more general and flexible test statistic was proposed for
a high-dimensional factorial design setting that can be used to make comparisons
among cell means (including profile analysis). We also derived a second-order accurate
asymptotic null distribution and upper quantiles of it. Simulation results clearly
demonstrated the gain improvement from the second-order asymptotic expansions
compared to the first-order (limiting distribution) approximation. The methods work
well under rather general covariance structures.

By dropping the normality assumption, high-dimensional inferential procedures
were proposed and studied in the parametric (mean-base) as well as non-parametric
paradigms. The high-dimensional methods of testing equality of mean vectors under
non-normality were closely investigated. We relaxed the commonly imposed depen-
dence conditions and broaden the scope of the applicability of the results. The theory
is worked out in detail for the two-group situation and the extension to the multi-
group was shown to follow along the same lines. The results can also be formally
extended to multivariate factorial designs. In fully-nonparametric approach, no as-
sumption is made on the distribution of the population except that the dependence
between the variables are required to satisfy some mild conditions. The methods
are rank-based and can be applied for variables that are binary, ordered categorical,
skewed and heavy tailed. The numerical results have clearly shown that when data
comes from distribution with tails too thick for moments to exist, the rank-method

has a superior power.

Copyright© Xiaoli Kong, 2018.
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