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Abstract
For decades, traditional scale-modeling techniques have been relying on first-principles models
(FPMs). FPMs have been used to find non-dimensional numbers (PIs) and identify normalized
underlying forces and energies behind the phenomenon in focus. The two main challenges with
FPM-based PIs extraction are finding the relevant PIs and proper correlations between PIs. The
emergence and surge of data-driven modeling (DDM) provide a new opportunity to leverage
experimental data in model development across scales/plants. In this paper, first, the two
mentioned issues in PIs development will be elaborated to reveal the gap, and second, a new
insight into scale modeling and similarity concepts will be presented. Then, to showcase the
presented framework for a two-fluid spray nozzle case study, DDM techniques will be synergized
with FPMs to obtain a robust relationship between relevant properties of the model spray and
atomization parameters.
Keywords: Data-driven model; Scale modeling; PI numbers; System commercialization; Spray
technology; Two-fluid nozzle
Introduction
Similarity exists when characteristics of one system
can be associated with the corresponding characteristics of another system by a simple conversion factor,
called the scale factor, which is a non-dimensional parameter [1]. Good scale modeling which is interpreted
as finding the right scale factors is integral to process,
unit scale-up, and cross-scale analysis. The scale factors
are often being the core around which design space is
determined at higher scales [2]. Chronologically, scale
modeling has been guided by empiricism, theory, and
most recent computational simulation techniques [1].
According to Saito [3], science and engineering have not
explored a viable assumption making method which
can be universally applied to practical problems. That
may be because the assumption making process
requires an inductive process that is rather subjective
in nature and therefore does not fit well to natural
science and engineering, which exclude human factors
and human thinking process [4]. This equation-based
approach has limitation. That limitation becomes more
evident in scale modeling, since scale modeling
requires both science and art [4]. To further emphasize
this point, it may be interesting to see Einstein’s quote

on the role of human intuition on the development of
physics: “Thus the supreme task of the physicist is the
discovery of the most general elementary laws from
which the world-picture can be deduced logically. But
there is no logical way to the discovery of these elemental laws. There is only the way of intuition, which is
helped by a feeling for the order lying behind the
appearance, and this Einfü hlung is developed by
experience” [5]. Einstein’s claim can be applied to scale
modeling, e.g., the role of human factors (intuition,
feeling and experience) on a sound assumption making
process.” according to Saito’s preface in [4], which
focuses on the role of kufu.
Data-driven modeling (DDM) offers intuition-based
analysis just the way an expert in a particular field, after
exposure to a giant pool of trial and errors and input
and output data, can intuitively guess the most important driving forces underlying a phenomenon. The
new emerging tool that has been enabled by sensor
technology and robust computational tools can bring
new opportunities in scale modeling by relaxing some
of the main current restrictions in similarity concepts.
One traditional approach in scale modeling is using
the non-dimensional parameters (PIs) that are determined based on the physics behind the understudied
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Fig. 1. A schematic of atomization in a two-fluid
atomizer and a zoom-in view of a liquid fragment with
acting forces on it. F stands for force, while i, σ, µ, and g
represent inertia, surface tension, viscosity, and
gravity, respectively.

problem, and/or interacting forces and energies driving occurring phenomena. For highly coupled problems
with many parameters (and often non-linearly
interwoven), it is typically the discretion of the
researcher to determine the most appropriate PIs.
Scale factors or PIs can also be related to the system
outcome, or variable(s) embodying system performance. In this area of research, finding firm mathematical correlations between PIs and system outputs has
been tedious [1]. The form of correlations (the type of
equations), and the specific applicable PIs are still the
main bottleneck. The former is normally found by
physical analysis combined with heuristic assessments
of the data.
With progress made in predictive capabilities in
modeling of complex, non-linear, multivariate systems,
DDMs (which serve as an umbrella covering machine
learning) can be used to address the observed
challenges. Yet, caution must be practiced in merely
using DDMs for system identification, especially for
scaling. Such models are uninterpretable and usually
are not reproducible from one scale to the other [6].
Therefore, it is imperative to integrate physics-based
models with DDMs to lift their limitations. What follows
is the application of this hybrid method to explore
atomization for a two-fluid nozzle, in particular to
relate atomization conditions and formulation to the
ensued droplet size distribution. Starting with finding
PIs, and after extracting relevant PIs, they will be fed to
a Support Vector Machines (SVM) platform to construct
a mathematical model.
Physics-based modeling
In a two-fluid type gun, the air at high pressure is

ballasted on the liquid film (filament) and after several
breakup stages, droplets at a wide distribution are
generated. The atomization process is dictated by the
balance between several forces. Other factors, such as the
mass flow rates of the liquid and the gas (alternatively,
often captured in terms of the relative velocity between the
gas and the liquid) promote the atomization process
through enhancing shear forces against viscous forces and
acting as a resistance to the atomization process. Surface
tension forces, depending on the breakup stage (the
instabilities involved and the extent of each) can either
promote or resist disintegration and stripping of the
droplets. When the Rayleigh-Plateau instabilities become
important, capillary-induced pinch-off promotes atomization [7]. The main atomization is driving by the Kelvin–
Helmholtz instability due to the high shear forces in twofluid atomization.
Ideally, the sensitivity of the droplet size on process
conditions can be deduced from the relative magnitude
of the involved factors/forces. For example, increasing
the difference between gas and liquid velocity at the
nozzle outlet, either by lowering the liquid flow rate or
raising the air pressure, results in smaller droplets.
There have been various approaches to describe
drop size distribution based on atomization conditions
including instability analysis, maximizing entropy
generation, and other empirical studies [8–11]. One
approach to this end is to develop correlations between
these forces and the associated measured droplet size.
This may be accomplished using non-dimensional
analysis capturing both the physical properties of the
feed solution and operation conditions to droplet size
distribution at an appropriate distance downstream of
the nozzle tip. This approach captures the critical
operational conditions and liquid feed physicochemical
properties into dimensional parameters that describe
the underlying physics governing the breakup phenomena [12]. This approach is meant to compare the
relative magnitude of the significant forces. These
forces are shown in Fig. 1. Note that since gravity for a
micron size droplet is minor, therefore gravity force and
associated Fr number is ignored in this study [13, 10].
The Weber number (We) compares the dynamic gas
pressure acting on the liquid sheet to the liquid
capillary pressure of the liquid sheet [14] as follows.
𝑊𝑒 =

𝑣 𝜌 𝑑
𝜎

(1)

Here, vg, ρg, dL and σ are respectively gas velocity, gas
density, liquid orifice diameter, and liquid surface
tension. We chose gas velocity in the numerator, as the
gas velocity magnitude is much higher than the liquid
velocity for a two-fluid nozzle (in the order of 10-100fold). When We is increased, the atomization mechanism becomes more intense, and the resulting droplets
are smaller [15]. When a gas stream is directed onto a
liquid surface, produced are oscillation and waves on
the surface of the liquid to promote the fragmentation
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process of bulk liquid. This phenomenon is captured in
the numerator of Eq. (1). The resisting force to these
oscillations is liquid capillary force—captured in the
denominator of Eq. (1).
The other dimensionless number that relates gas
inertia to the liquid viscous force is the Reynolds
number (Re) [16, 17]. While working with both We and
Re numbers, to isolate inertia effects, another PI, the
Ohnesorge number (Oh), can be derived via combining
We and Re, Oh = We0.5/Re. This dimensionless number
is purely dependent on feed solution properties and
geometry of liquid orifice. The Oh number is defined as
follows.
𝜇
𝑂ℎ =
(2)
𝜌 𝜎𝑑
where, the liquid density is represented by the variable
ρl. In addition to the involved forces, the information on
the mass flow rate of each phase is needed to analyze
the dynamics of the atomization system and assess the
magnitude of shear forces. The gas-to-liquid ratio,
GLR=ṁg/ṁl, is defined as the ratio between air and
liquid mass flow rates and has often been cited as a
dimensionless quantity that captures the atomization
operating conditions [18]. The next step uses this pool
of resulting PIs (predictors), regardless of their
importance in the final relationship, to arrive at a
generalized physically based data driven model for
describing droplet size. Traditional physics-based scale
modeling requires sound assumptions based on a
careful interpretation and observation of the phenomena. Furthermore, several criteria have to be considered to avoid conflicting scaling law predictions [3, 4].
Yet, via the new hybrid method, these assumptions can
be relaxed and the DDM automatically decides which
PIs are most important for a specific problem.
The Sauter mean diameter (SMD or D [3, 2]) that is
the diameter of a sphere with the same volume to
surface area ratio of the entire spray is used to

water

methanol

acetone

ethanol

represent droplet size for the generated spray [19].
Multiple physics-based empirically driven mathematical correlations have been proposed to link droplet size
and operation conditions. One of the most notable one
that predicts SMD as a function of PIs is offered by
Groom et al. [20] (Cs are constant):
𝑆𝑀𝐷 = 𝑑 𝐶 .

The experimental setup consists of two main
components: a RTS 5114 Malvern Spraytec (Malvern
Instruments, Worcestershire, UK), and a two-fluid
atomizing nozzle. The complete setup and further
details can be found in the previous studies [11, 10].
Full cone sprays were produced with an external
mixing nozzle with liquid orifice diameters, dL, of 0.7
and 0.5 mm, while having a cap diameter of 1.5 mm.
Other operation conditions are liquid flowrate (20–
80cc/min), and gas pressure (50–250kPa), which was
then converted into gas flowrate. These conditions
rendered a SMD range of 2–100 µm. After collecting
data for multiple feed solutions with a wide
physicochemical properties and atomization conditions, data were converted to PIs for further analysis.
The PI data from 440 experimental trials are gathered
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In the Groom study, a commercial two-fluid nozzle
consisting of an external liquid capillary outlet with a
co-flow gas stream at comparatively high relative
velocity was used. The experiments were performed
with water and aqueous glycerol solutions with a
viscosity ranging from 1-100 mPa.s and an atomizing
air pressure ranging from 50–300 kPa [20], the
conditions similar to the other operational conditions.
The explanation of SMD behavior in relation with PIs in
Eq. (3) was provided elsewhere [20, 10], and not
repeated here.
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Fig. 2. Normalized droplet size (SMD/dL) as a function of non-dimensional parameters (PIs).
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𝑏
𝑏
𝑏
𝑏
𝑏
𝑏

Table 1. Coefficients in Eq. (5).
−0.12544
𝑏
0.1798
𝑏
−0.16362
𝑏
−36.041
𝑏
36.951
𝑏
0.0041449
𝑏
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2.5731
0.29245
1.0319
0.053379
0.43261
2.8161

(can be requested by emailing the author). These data
are administered to extract a predictor of the type
SMD/dL = f(We, Oh, Re, GLR) which would contain the
most important/relevant PIs.
Fig. 2 provides the scattered distribution of the PIs
and the relationships between them and the normalized SMD, for a portion of the data pool. Based on this
plot, GLR and We show clear reversal relationships with
normalized SMD. Additionally, the Oh can be used as a
firm classifier for embodying feed selection impacts.
The data for Re show no clear trend.
The base generalized function considered for
optimization that encompasses all possible terms
formed by combining PIs is as follows,
𝑆𝑀𝐷
=
𝑑

𝑏 . 𝑊𝑒 . 𝑅𝑒 . 𝑂ℎ

. 𝐺𝐿𝑅

= 𝑏 + 𝑏 𝑊𝑒 + 𝑏 𝑅𝑒
+ ⋯ + 𝑏 𝑊𝑒 . 𝑅𝑒
+⋯
+ 𝑏 𝑊𝑒 . 𝑅𝑒 . 𝑂ℎ

(4)

Eq. (4) was used as a base function for the latter
optimization and fitting problem. In the next step of the
study, we fed the data to a data-driven modeling tool,
and then trained the model to minimize the error
between actual data and predicted ones. The machine
learning tools offered in MATLAB by fitrsvm function as

an optimizer are applied here together with a leastsquares support vector machine (LS-SVM) optimization model used for objective-function minimization
via quadratic programming [21, 22]. SVM-based techniques are simple in their theoretical background and
very powerful in finding predictors for multivariable
relationships [23]. Especially when seeking for a
generalized correlation, compared to neural networks,
SVM has the advantage of yielding a global model that
is capable of efficiently dealing with high dimensional
input vectors [23]. Based on the data given to LS-SVM
and optimization of the problem, which is interpreted
as minimizing error while avoiding insignificant terms
in the generalized Eq. (4), the following simplified
equation can be derived after further mathematical
operations,
𝑆𝑀𝐷
=𝑏 +𝑏
𝑑

𝑊𝑒
(𝑏 + 𝑏 𝐺𝐿𝑅 )
(𝑏 + 𝑏 𝑂ℎ

(5)
)

with coefficients given in Table 1.
The experimental data, the theoretically predicted
data, and the difference between them are shown in
Fig. 3. Before administering the experimental data
were divided into training and validation datasets.
About 20% of the data were used for validation. The
predictor was assessed according to diverse error
metrics, also referred to as fitness functions (e.g., mean
absolute error, mean square error, or R-squared). Mean
absolute error for the final fit presented in Eq. (5) is
0.001456 and R-squared is 0.98.
Comparing the obtained equation via LS-SVM, Eq. (5)
and the offered equation by Groom et al.[20] and
Poozesh, et al. [8] for a similar two-fluid gun, it is clear
that the physics-based features in Eq. (5) are preserved
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Fig. 3. Response plot of normalized SMD for predicted data via SVM, the actual administered data, and the error
between the two.
– 4 –

PSMIJ, Vol. 2, Issue 1 (2021) Article 02-01-01, pp. 1–6

S. Poozesh

and complemented in data-driven Eq. (5). Even though,
not all coefficients across the two equations are
same/close, having b9~1.0 and |b4|~b5 makes Eq. (5)
very similar to Eq. (3). Furthermore, general arrangements of PIs in the equation and their reversal or direct
correlations to normalized SMD, shows that Eq. (5) not
only retains the physics but presents a more generalized version of the correlations presented in the
relevant literature [10, 20, 24]. Lastly, focusing on Eq.
(4) that includes Re number and its absence in Eq. (5)
shows that this hybrid technique is able to remove
minor and unnecessary PIs/terms that would have
been compensated by other PIs such as Oh and We and
their associated terms.
As a result, this example clearly demonstrates that
the solution provided in this study can address the
earlier mentioned current issues with traditional scaleup methods. All PIs, that may or may not play a role in
the phenomena under consideration, may unintentionally be integrated without regards to their importance.
If this happens, the simplification process which is the
heart of scale modeling [3, 4, 17] may be compromised.
The presented hybrid framework will decide the faith
of each PI, whether or not each can be a part of the final
expression. In the illustrated case study, despite
incorporation of Re, the final expression leaves We and
Oh to account for dependency of normalized SMD on Re.
Besides, the new framework can also address the
correlation/formula type challenge, as it demands a
generalized function and eventually finds the best
formula based on the data behavior—discovering
physical relationships within administered data.
Conclusion
With the surge in data-driven modeling (DDM) in
almost all aspects of engineering, the possibility of
coupling these tools with traditional first-principle
models (FPM) for highly demanding scale modeling
deserves a closer look. Therefore, this paper is the first
attempt to address the current challenges with FPMbased scale modeling, and then present a hybrid
framework to leverage DDM to remediate the observed
issues. To corroborate the idea with a practical and
widely used technology, the framework was examined
with a two-fluid spray nozzle case study, where DDM
techniques were synergized with FPMs to obtain a
robust predictor model. After finding non-dimensional
parameters (PIs), they were administered to a Support
Vector Machine data driven technique to map the data
pool on a base generalized model. This machine learning optimization tool could produce a robust physical
model containing only the most significant terms,
relating normalized droplet size with atomization PIs.
Finally, the extracted predictor model showed similarities with the proposed physics-based models in the
literature. As accurate data-driven modeling techniques demand a large dataset, future improvement

may be needed to address how to effectively extract
data on two-fluid guns in relevant open literature and
present a more inclusive predictor.
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