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Abstract—ZIP load modeling has been used in various power system applications. The aggregate load
modeling is common practice in utility companies. However, little research has been done on the
theoretical formulation of the aggregate load. This paper formulates the aggregate ZIP load model using
the single ZIP load model. The factors that may affect aggregate ZIP load estimation are studied.
Common ZIP parameter estimation methods including least squares method, optimization method and
neural network method have been used in this paper to estimate ZIP parameters. The case studies are
based on the IEEE 13-bus and 34-bus system built in OpenDSS. The ZIP parameter estimation is also
performed using field data, and the conservation voltage reduction (CVR) factor is computed based on
the estimated ZIP load model.

Keywords— Least squares, load model, neural network, optimization, parameter estimation, ZIP load
model

LINTRODUCTION

Constant impedance, constant current, constant power (ZIP) load modeling has been widely used in
steady-state and dynamic studies [1]. The ZIP load model is used in the optimal power flow study [2],
feeder load forecasting [3], and voltage stability studies [4]. The ZIP load parameters are also useful for
examining the benefits of conservation through voltage reduction (CVR) and voltage and var
optimization (VVO) program [5][6][7]. Accurate load modeling can also benefit accurate fault location
applications [8]. Therefore, it is crucial to have accurate ZIP load model parameters.

Various estimation methods have been used to estimate ZIP parameters. An optimization method was
proposed in [9] to estimate ZIP parameters. The algorithm is tested on a 2-bus system. The least
squares method was proposed in [10] to determine the ZIP coefficients for residential appliances. In
[11], the time-varying ZIP parameters were estimated using a neural network method with sliding
window using the single-phase data at a transformer. All the three estimation methods mentioned above
are used and compared in this paper for ZIP parameters estimation.

The individual load models are used in power system distribution system analysis such as integrating
distributed energy resources with improved power quality and reliability. The household appliances and
industrial equipment were tested in the laboratory by varying the voltage to find individual ZIP
parameters in [10]. In [14], a method for estimating individual ZIP load model by analyzing the load
switching events across the distribution feeder is proposed. In [15], the authors developed a ZIP load
model for a residential house appliances.

The feeder-level aggregate load model is also very important as it is used in various distribution and
transmission system analyses. In [13], the authors proposed a hybrid learning algorithm that combines
the genetic algorithm (GA) and the nonlinear Levenberg—Marquardt (L-M) algorithm for the aggregate
ZIP load model estimation. In [12], the household and feeder level ZIP parameters are obtained by
aggregating the appliance-level ZIP parameters.

However, little research has focused on the theoretical formulation for the aggregate ZIP load and how
different factors can contribute to the estimation results. The measurement noise, load unbalance,
voltage unbalance, and the load connection types are examined in detail in this article.

In Section I, the estimation for single load and different estimation methods will be discussed. In Section
11, the estimation for aggregate loads with detailed examples with different connections will be provided.
In Section 1V, case studies for ZIP parameter estimation based on the IEEE 13-bus and 34-bus systems
will be provided. Section V provides the conclusion.

II. ZIP LoAD MODEL AND PARAMETER ESTIMATION FOR A SINGLE LOAD

A single load can have two possible connection types. One is star connected, i.e., being connected
between a phase and the neutral. The other is delta connected, i.e., being connected between two
different phases.



For a single load, the ZIP load model is described by (1) and (2), where |V], P, and Q are the voltage
magnitude, real power, reactive power, as measured. P, , Q,, V, are the base real power, base reactive
power, and base voltage. a, b, and c are the ZIP parameters and their sum is equal to 1. Subscripts to
the ZIP parameter p and q indicate values for real and reactive power, respectively.

P=", <a,, (% b, (“V’_')Hp) (1)
0 0
Q=0 <aq (“V’—') b, (% ; cp) )

For a star-connected single load, in (1-2), V represents the phase to neutral voltage, and P and Q
represent the phase real and reactive power.

For a delta-connected single load, in (1-2), V should be the voltage difference between the two phases,
and P and Q are the sum of the real and reactive power measured at each phase. For example,
suppose that a load is connected between phase B and C. Equation (1) may be more explicitly written

as
Vscl\* Vsl
PB+PC=P0<ap<\/?—)VO> + b, NE +¢p (3)
VBC = VB - Vc (4)

where, P, and P, are phase B and C real power, v/3V, denotes the base voltage of the delta load, and
Vgc is phase B to C voltage.
However, in practical applications, the phase angle of voltage may not always be available, and only
phase voltage magnitude is measured. Then, the average voltage magnitude of phase B and C is often
used in the ZIP load model, i.e., |VBng| in . For balanced cases, V. = V32 — 120°, we have

[Vl + Vel _ Vel

Wacas! =55 =7 (5)

Wacl
V3V
to-line voltage in the ZIP model for balanced voltage cases. Different results may be yielded for
unbalanced cases, which will be further explained later.

which is the same as . Therefore, using average magnitude will get identical results as using line-

In the following sections, the three commonly used estimation methods for the ZIP load model are
discussed. A window size n is selected for each estimation, i.e., n sets of measurements are used for
each estimation. It is assumed that the ZIP load model parameters remain constant, i.e., a, b, ¢, P, and
Q, stay unchanged during the period of taking the n sets of measurements, although ZIP parameters
may change over time.

A. Least Squares Method

The least squares method has been described in [10], [16][14], [18][16] to estimate ZIP parameters
based on the matrix equation Z = Hx. In summary, we have

Z = [Pl'PZ' ...,Pn]T (6)
‘|v1| AR
Vo
V2|
— — 1
= < ) Vo (7)
MZ M 1
Vo
ayPy
=|byPo (8)
cpPo

where, Z consists of measured real power, H is composed of voltage measurements, and x is the
unknown vector. The solution of the least squares method is given by
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x = (HTH)'H"Z 9)
Once x is obtained, P, is calculated as the sum of x, which implies that the sum of a,, b, and ¢, is one.
The ZIP parameters a,, b, and c,, are calculated by dividing x by P,.
B. Optimization Method

The optimization method has been used in [9] to estimate ZIP parameters and works similarly to the
theory of the least squares method. For a window size of n, (10) can be written based on the ZIP load
model. f is the difference between the measured P and the estimated P (calculated by using the
measured voltage and estimated ZIP parameters). The optimization method will produce the estimation
results that minimize f; (x)* + f,(x)? + -+ + f,(x)*. Constraints can be easily imposed including a, +
b, + c,=1 and a,, by, and c,, being non-negative for loads.

(V. Il )
Vo] Vo

<|vz|)2 Vol - 1[50

T v b, P,

V. V 0

Y ek (10)
Wal\* Dl
R VO VO A

C. Extension to Least Square and Optimization Method

For practical applications, if we only want to obtain an average set of ZIP parameters, then the following
method can be used.

We assume every N; consecutive time points, e.g., 4 points, P, remains constant. Suppose we have a
total of n sets of measurements, say 2 sets, each of which contains such N; points. Then the total
number of measurements will be nN;. We have

P, = Py, [ap (lVll) (Wll) cp]
(2 s (20 )
o <I1121I) b, <I13:1I> . Cp] (1)

2
IVik—1yon, +il IVik—1)en, +il

a, [ ——") 4p, [— 2 | 4

14 < VO 14 VO P

Where, a, + b, + ¢, = 1, k = 1,..,n is measurement set index, and i = 1,..., N, are time points within
each measurement set. The number of equations: nN; and the number of unknown variables is Py,
a,, by, ¢, a total of n + 3 unknowns. Then either the least squares or optimization method can be used
to solve for the unknowns.

PN1=P0N1

P(k—l)*N1+i = Py

In another variant, the power can be written such that one ZIP parameter such as ¢, is eliminated

|VN1| ’ |VN1| (12)
( VO —-1|+ bp TO —-1{+1
D. Neural Network Method

The neural network has been used in [11], [17] to estimate ZIP parameters. The structure of the

PN1=P01{ap

2
proposed neural network is shown in Fig. 1. It has two inputs ((VK) , VK) and one ouput P. The measured
0 0
voltage and power are used as training data to train the neural network. The neural network will be
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trained for every n sets of measurements. After training, the weights and bias can be extracted from
the trained neural network, from which the ZIP parameters can be obtained.

|4
@ O
— P
4' +cpPy

Fig. 1. The structure of the proposed neural network for ZIP load modeling.

2

|4
Vo

E. Measurement Noises

In this section, the ZIP parameter estimation is studied under the effect of measurement noises. The
ZIP parameters and base power are kept constant: a,, = 0.25, b, = 0.15, ¢, = 0.60, P, = 110. The noise
is added to both power and voltage measurements and is defined as normally distributed random
numbers with the mean u = 0 and the standard deviation ¢ = 0.01% of the measurement magnitude.
The base voltage is 120 V. The estimation is performed using the least squares method. With such
small measurement noises, the estimation error can be substantial as shown in Fig. 2.

1 A 6| [ b estLs)
P
0 4 ——b act
% a p
© -1 a est(LS) o 2
2 a act 0 v
-3 P -2
0 10 20 30 0 10 20 30
The i th estimates The i th estimates
] A a 110 v
a0 2
-1 cpest(LS) D_o 7P0est(LS)
-2 cpact ——Pjact
109.5
0 10 20 30 0 10 20 30
The i th estimates The i th estimates

Fig. 2. The ZIP estimation results for a single load with measurement noise (blue: estimated values; red: actual values).

For example, for the 3™ estimate, the voltage and power measurement without noises are:
(114.6535,114.3669,117.1774,116.7569) V and (106.8690, 106.7042,108.3334,108.0877) W . The
estimated ZIP parameters and P, are: (0.2497,0.1506,0.5997) and 109.9998 W, which are very close to
the actual ZIP parameters. The mean squared error (MSE) is 5.61 x 1078. Then, the voltage and power
measurement  with noises are: (114.6320,114.3859,117.1775,116.7657)V and (106.8867,
106.6926,108.3361,108.0999) W . The estimated ZIP parameters and P, are:
(—3.2461,6.8988,—2.6527) and 109.5718 W. The MSE is 2.24 x 10™*. If we use the actual ZIP and
base power value (0.25,0.15,0.60,110), the MSE is calculated as 3.67 x 10™*. Therefore, although the
estimated values deviate from true values, they indeed yield smaller MSE than true values do. Generally

speaking, the larger the voltage variation within the measurement set is, the less sensitive the estimation
is to the measurement noises.



I11. ZIP LOAD MODEL AND PARAMETER ESTIMATION FOR AGGREGATE LOAD

In a power system, the measurement at a single load might not always be available and there is a need
of having a ZIP load model for several loads. Based on the modeling for a single load, we can also
derive the ZIP load model for several loads connected together, i.e., aggregate loads.

This section presents ZIP load model and parameter estimation for aggregate loads. Subsection A
discusses a single delta load continuing from Section II-A.

A. ZIP Load Model for a Single Delta Load

This section studies a single load connected between two phases. In this case, the load is connected
between phase B and C, as shown in Fig. 3. Suppose the load has base power P, = 100kW, base line
to line voltage V,,, = 4.16kV, ZIP parameters a,, = 0.2, a, = 0.5, and ¢, = 0.3.

Va

T o
I'Jl]_‘ VB

Fig. 3. The circuit diagram of a single delta load.

The following subsections study the ZIP estimation for single delta under the balanced and different
unbalanced voltage conditions. For each subsection, the ZIP parameters of the single delta load are
estimated using the average voltage. The line-to-line voltage has also been used in estimation, but the
results are not presented in each subsection since it always gives the accurate results. All the estimation
results are produced by using the least squares method.

1) Case 1: Balanced Voltage

In this section, the ZIP parameter estimation for a single delta load is studied under balanced voltage
condition. The voltage and power data used for estimation are shown in TABLE I. .

TABLE L VOLTAGE AND POWER DATA FOR THE SINGLE DELTA LOAD UNDER THE BALANCED VOLTAGE CONDITION
Vgl (kV) 2V (degree) | |V¢| (kV) 2V (degree) | P (kW)
2.2800 -120 2.2800 120 95.4882
2.4480 -120 2.4480 120 101.7395
2.5680 -120 2.5680 120 106.3245
2.6400 -120 2.6400 120 109.1235

If we use the line to line voltage magnitude, the estimated ZIP parameters are:a,, = 0.2000, b, = 0.5000,
and c, = 0.3000. If we use the average voltage magnitudes, the estimated ZIP parameters are: a, =
0.1998, b, = 0.5000, and ¢, = 0.3002. The results show that using average voltage for estimation can
provide good estimation accuracy.

2) Case 2: Unbalanced Voltage

a) Unbalanced Voltage Magnitude
This section studies the effect of the unbalanced voltage magnitude on ZIP parameter estimation for a
single delta load.

The estimated ZIP are: a, = 0.1993, b, = 0.5012, and ¢, = 0.2995.

TABLE IL VOLTAGE AND POWER DATA FOR THE SINGLE DELTA LOAD UNDER THE UNBALANCED VOLTAGE MAGNITUDE CONDITION
Vgl (kV) 2Vy (degree) Vel (KV) 2V (degree) | P (kW) Voltage
unbalance
2.2572 -120 2.2800 120 95.0714 | 0.50%
2.3998 -120 2.4480 120 100.8314 | 1.00%
2.5423 -120 2.5680 120 105.8296 | 0.50%
2.5898 -120 2.6400 120 108.1460 | 0.96%

b) Unbalanced Voltage Angle
The effect of unbalanced voltage angle on ZIP parameter estimation is studied in this case. The four
sets of measurements used for estimation are shown in TABLE Ill. The estimated a,, = 0.4171, b, =
0.0488, and c, = 0.5341. TABLE IV. shows another set of measurements with voltage angle unbalance,
the estimated a,, = 0.2020, b, = 0.5005, and ¢, = 0.2975.



In the first case, the voltage angle unbalance is relatively small compared to the second case. But the
unbalance is varying and the estimation results deviate a lot from the theoretical values. For the second
case, as long as the voltage angle unbalance is invariant, the estimation results are promising despite
the fact that the voltage angle unbalance is large.

TABLE IIL VOLTAGE AND POWER DATA FOR THE SINGLE DELTA LOAD UNDER THE UNBALANCED VOLTAGE ANGLE CONDITION ONE

Vgl (kV) 2Vpg V¢| (kV) 2V (degree) P (kW)
(degree)

2.2800 -119 2.2800 120 95.9062

2.4480 -119.3 2.4480 120 102.0643

2.5680 -119.5 2.5680 120 106.5736

2.6400 -119.2 2.6400 120 109.5377

TABLE IV. VOLTAGE AND POWER DATA FOR THE SINGLE DELTA LOAD UNDER THE UNBALANCED VOLTAGE ANGLE CONDITION TWO

[Vg| (kV) 2Vg Vel (kV) 2V (degree) | P (kW)
(degree)

2.2800 -118 2.2800 120 95.9062

2.4480 -118 2.4480 120 102.1105

2.5680 -118 2.5680 120 106.7717

2.6400 -118 2.6400 120 109.4862

B. Aggregate ZIP Load Model for Three-Phase Star Load

Va

T o

Vs

Ve

Fig. 4. The circuit diagram for a three-phase star load.
In this section, the aggregate ZIP load model for the three-phase star connected load is discussed. Fig.
4 shows the circuit diagram. The individual ZIP load models for the real power of three single loads
connected at phase A, B, and C can be described by (13)—(15)

Val\* A 13
Py =Py, (am ( Vo + by, Vo + Cpy (13)
Vsl)? A 14
PB = POB (al’B < VO + bl’B VO + CPB ( )
Vel\* Vel 15
Pc = Po, (apc <V_o Fbpe \ ) F e (15)

There is no way to obtain an analytical form of ZIP load model for an aggregate ZIP load like a single
ZIP load model unless the three-phase voltages are balanced. So, if |V,| = V| = V.| =V, then we
can obtain (16) by summing (13)—(15).

B Vy? , v
Pagg = Poyg, D pgg (V_0> + pAggV_0+ Pagg (16)
where
Pagg = Pa+Ps +P; (a7
Po,izg = Pos + Pog + Po, (18)
a — POAaPA + POBaPB + POcaPc (19)
Pagg Py, + Py + Py,
b — POApr + POBbPB + Pocapc (20)
PAgg Py, + Py, + Py,
c _ Po,Cps t+ PogCpp + PocCpc 21)
Pagg Py, + Py, + Py,

The aggregate ZIP parameters are the weighted averages of the individual ZIP parameters of each load
while the weights are the base power of each load.
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For the unbalanced system, the average three-phase voltage magnitude can be used:

V=|VA|+|VB|+|VC| (22)
Then we studied the ZIP parameter estimation for the three-phase star load with four different
configurations. The single loads at phase A, B, and C can have same or different base power (P,) and
same or different ZIP parameters, which make up the four configurations. For each configuration, the
ZIP parameter estimation is performed using the balanced and unbalanced voltage data shown in TABLE
V. The voltage unbalance [19] is calculated by

max deviation from avg. V (23)

unbalance % =
avg.V

The estimation results are shown in TABLE V. — TABLE IX. The fourth row of every table is for the
calculated theoretical ZIP parameters based on (19)—(21). It is shown that the ZIP parameters can be
estimated accurately under balanced voltages condition for all four configurations. However, under the
condition of the unbalanced voltage, the ZIP parameters can only be estimated without much deviation
for the three-phase loads with the same P, and same ZIP parameters configuration.

TABLE V. THREE-PHASE BALANCED AND UNBALANCED VOLTAGES

Balanced Voltages Case | Unbalanced Voltages Case

[Val Vgl [Vel [Val [Vl Vel Voltage
(kV) (kV) (kV) (kV) (kV) (kV) unbalance

2.3040 | 2.3040 | 2.3040 | 2.3040 | 2.2560 | 2.3520 | 2.08%
2.4240 | 2.4240 | 2.4240 | 2.4240 | 2.3520 | 2.4720 | 2.64%
2.5200 | 2.5200 | 2.5200 | 2.5200 | 2.4480 | 2.5920 | 2.85%
2.6160 | 2.6160 | 2.6160 | 2.6160 | 2.5680 | 2.6400 | 1.53%

TABLE VL THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE STAR LOAD (SAME P,
AND SAME ZIP PARAMETERS)

a, b, (o Py (kW)

Load connected at phase A 0.4 0.2 0.4 120
Load connected at phase B 0.4 0.2 0.4 120
Load connected at phase C 0.4 0.2 0.4 120
Calculated Aggregate ZIP 0.4 0.2 0.4 360
Estimated Aggregate ZIP (balanced voltages | 0.4 0.2 0.4 360
case)

Estimated Aggregate ZIP (unbalanced voltages | 0.36 0.27 0.37 360.07
case)

TABLE VIIL THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE STAR LOAD (SAME P,
AND DIFFERENT ZIP PARAMETERS)

a, b, c Py (kW)

Load connected at phase A 0.4 0.2 0.4 120
Load connected at phase B 0.6 0.3 0.1 120
Load connected at phase C 0.2 0.3 0.5 120
Calculated Aggregate ZIP 0.40 0.27 0.33 360
Estimated Aggregate ZIP (balanced voltages | 0.40 0.27 0.33 360
case)

Estimated Aggregate ZIP (unbalanced voltages | 1.14 -1.25 1.10 357.37
case)

TABLE VIII.  THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE STAR LOAD (DIFFERENT
Py AND SAME ZIP PARAMETERS)

a, b, c Py(kW)
Load connected at phase A 0.4 0.2 0.4 120
Load connected at phase B 0.4 0.2 0.4 150
Load connected at phase C 0.4 0.2 0.4 80
Calculated Aggregate ZIP 0.4 0.2 0.4 350
Estimated Aggregate ZIP (balanced voltages | 0.4 0.2 0.4 350
case)
Estimated Aggregate ZIP (unbalanced voltages | 0.94 -0.90 0.96 348.12
case)




TABLE IX. THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE STAR LOAD (DIFFERENT
Py AND DIFFERENT ZIP PARAMETERS)

a, b, ¢ Py(kW)
Load connected at phase A 0.4 0.2 0.4 120
Load connected at phase B 0.6 0.3 0.1 150
Load connected at phase C 0.2 0.3 0.5 80
Calculated Aggregate ZIP 0.44 0.27 0.29 350
Estimated Aggregate ZIP (balanced voltages | 0.44 0.27 0.29 350
case)
Estimated Aggregate ZIP (unbalanced voltages | 1.80 -2.52 1.71 345.32
case)
C. Aggregate ZIP Load Model for Three-Phase Delta Load
Py VA
T o
b Ve

Fig. 5. The circuit diagram for the three-phase delta load.

This section presents the aggregate ZIP load model for the real power of the three-phase aggregate
delta loads. The individual ZIP load model of the three loads can be expressed as in (24)—(26)

_ WVal\*, ,  (Was 24)
Pap = POAB A ap \/§V + PAB \/§V + Cpap
0
[Vacl ? Vgl 25
Ppc = Pog, <aPBz: <W + bppe V3V, + Cppe (25)
0 0
Vacl\* |Vacl
Pyc = POAC (aPAc (\/3_’V + bPAc \/3_’V + Cpac (26)
0 0

If the three-phase voltages are balanced, i.e., |V,| = |Vg| = |V;| =V, then (24)—(26) can be rewritten as

(27)~(29).

V 2
Pyp = POAB ( Apap V_o + bPAB ( ) PAB) (27)
V 2
Ppc = POBC < Appc V_ bPBc ( ) PBC) (28)
Pyc = POAC <aPAc ( 0) PAC ( ) PAC) (29)

Then an analytical form of aggregate ZIP load model can be obtained by summing (27)-(29)

Vy? v 30
PA!]!] POAgg apAgg (70) + prgg V_O + CpAgg ( )
where

Pagg = Pap + Pgc + Py 31)

Po,g0 = Poss + Poge + Poc (32)

a — POABaPAB + POBcaPBc + POAcaPAc (33)
P49g POAB + POBC + POAC

b — POABaPAB + POBcaPBc + POAcaPAc (34)
Pacg POAB + POBC + POAC

c — POABaPAB + POBcaPBc + POAcaPAc (35)
P99 Poys + Poge + Poyc

For the case of unbalanced voltages, we can use the three-phase average voltage as the voltage variable
for the ZIP load model for the three-phase delta load.
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The ZIP parameter estimation for the three-phase delta load is also studied for the four different
configurations under balanced and unbalanced voltages conditions using the voltage data in TABLE V.
The results are shown in TABLE X. —=TABLE XIlll. From the results, we have similar observations: the
voltage unbalance can cause the estimated ZIP parameters to deviate from the theoretical ZIP
parameters, and the deviation is minimum for the three-phase load with the same base power and same
ZIP parameters configuration.

TABLE X. THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE DELTA LOAD (SAME P,
AND SAME ZIP PARAMETERS)
a, b, (o Py(kW)

Load connected at phase A and B 0.4 0.2 0.4 120
Load connected at phase B and C 0.4 0.2 0.4 120
Load connected at phase A and C 0.4 0.2 0.4 120
Calculated Aggregate ZIP 0.4 0.2 0.4 360
Estimated Aggregate ZIP (balanced voltages | 0.40 0.20 0.40 359.73
case)

Estimated Aggregate ZIP (unbalanced voltages | 0.38 0.24 0.38 359.77
case)

TABLE XL THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE DELTA LOAD (SAME P,
AND DIFFERENT ZIP PARAMETERS)

a, b, c Py (kW)

Load connected at phase A and B 0.4 0.2 0.4 120
Load connected at phase B and C 0.6 0.3 0.1 120
Load connected at phase A and C 0.2 0.3 0.5 120
Calculated Aggregate ZIP 0.40 0.27 0.33 360
Estimated Aggregate ZIP (balanced voltages | 0.40 0.27 0.33 359.71
case)

Estimated Aggregate ZIP (unbalanced voltages | 0.53 0.00 0.47 359.20
case)

TABLE XIIL THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE DELTA LOAD
(DIFFERENT P, AND SAME ZIP PARAMETERS)

a, b, (o Py(kW)
Load connected at phase A and B 0.4 0.2 0.4 120
Load connected at phase B and C 0.4 0.2 0.4 150
Load connected at phase A and C 0.4 0.2 0.4 80
Calculated Aggregate ZIP 0.4 0.2 0.4 350
Estimated Aggregate ZIP (balanced voltages | 0.40 0.20 0.40 349.74
case)
Estimated Aggregate ZIP (unbalanced voltages | 0.55 -0.10 0.55 349.19
case)

TABLE XIII.  THE ZIP PARAMETERS OF EACH LOAD AND THE ESTIMATION RESULTS FOR THE THREE-PHASE DELTA LOAD
(DIFFERENT P, AND SAME ZIP PARAMETERS)

a, b, (i Py (kW)
Load connected at phase A and B 0.4 0.2 0.4 120
Load connected at phase B and C 0.6 0.3 0.1 150
Load connected at phase A and C 0.2 0.3 0.5 80
Calculated Aggregate ZIP 0.44 0.27 0.29 350
Estimated Aggregate ZIP (balanced voltages | 0.44 0.27 0.30 349.70
case)
Estimated Aggregate ZIP (unbalanced voltages | 0.69 -0.24 0.55 348.76
case)

D. Aggregate ZIP Load Model for Multiple Three-Phase Star Loads

This section studies the aggregate ZIP load model for multiple three-phase star-connected balanced
loads in power systems. Suppose there are n three-phase balanced star loads connected together.
Assume that |V,| = |Vg| = |V| = V. The real power of each three-phase load are P; (i = 1,2, ...,n); the
ZIP parameters and base power of the ZIP model for three each load are Py, and (a,,, by,, c,). Each
three-phase star-connected loads can be expressed as

9



4% vl 36
Pi=P0i<api<V_0 +me_0+Cm §

Then the aggregate ZIP load model for the multiple three-phase loads can be expressed as

b _p iy, , IV
Agg — " 0agg apAgg V_O + pAggV_OJr CpAgg (37)
where
n
Pigg = Z P, (38)
i=1
n
POAgg = Z POi (39)
rLi:l
o = Zifoutn (40)
Pagg i1 Po;
® . Py.b,
b, =2t oib, @1)
99 o1 P()L'
o = ZorPucy @2)
Pagg ¥ Py,

If the ZIP parameters of all loads are the same, then the aggregate ZIP parameters will also be the same
as the ZIP parameters of each load despite what the base power of each load is and how the base power
of each load changes with time.

If all loads do not have the same ZIP parameters, the aggregate ZIP parameters will only keep constant
if the base power of each load are constant or the ratio between the base powers of all loads are constant.
For unbalanced system, we can use the three-phase average voltage as the voltage variable for the ZIP
load model.

E. Aggregate ZIP Load Model for Multiple Three-Phase Delta Loads

The aggregate ZIP load model for multiple three-phase delta connected loads is exactly the same as the
aggregate ZIP load model for multiple three-phase star loads as given by (37) under the assumption
that the system voltages are balanced.

F. Aggregate ZIP Load Model for Multiple Three-Phase Star and Delta Loads

The aggregate ZIP load model for multiple three-phase star and delta loads can also be described by
(37) since the aggregate ZIP load model for both multiple star loads and multiple delta loads can be
described by (37).

G. Aggregate ZIP Load Model for Multiple Star Loads

In this case, the aggregate ZIP load model for multiple three-phase and single-phase star connected
loads are studied. Fig. 6 shows the circuit diagram.

Va

h
} VE

T o

.||—|:

Fig. 6. The circuit diagram of three-phase and single-phase star loads.

First, the aggregate ZIP load model can be obtained for each phase. Suppose that n single loads are
connected to phase A and the voltage drop on the line is ignored. Thus all loads will have the same
voltage, and the general form of load i (i = 1,2, ...,n ) connected to Phase A can be described by (43)

Val\* |Vl
Pa = Poy (“mi <TO FhoaTy, o, (43)

Then the aggregate ZIP load model can be obtained

10



2
|VA| |VA| (44)
Pasgg = Posy,, (ap Angg (V_o +bp,,0 Vo T Pang,

where
n
PAAM = Z Py (45)
i=1
n
Poryy = D Pon (46)
i=1
Lzt Porn, @7)
a =
pAAg-‘] Z?:l POAi
by, =il (48)
Pangg — Xie1 Po,.
Hea oty (49)
C, =
pAAgg Z?=1 POAi

The aggregate ZIP load model can be derived similarly for the loads connected at phase B to neutral
and phase C to neutral. Suppose V, = Vz =V, =V and there are m loads and k loads connected at
Phase B and C, respectively, the ZIP load model for multiple star aggregate loads can be represented
by (50)

3 V2 1% 50
PAgg = POAgg apAgg (V—0> + bPAgg V_O + CpAgg ( )

where

n m k
- 51
PAgg—ZPAi+ZPBi+ZPCi (61)
En=1 l‘r=n1 L=}:
Pogg = Z POAi + Z POBi + Z POCi %2)
i=1 i=1 i=1

K
Z?zlPoAiapAi + ZﬁlPOBiapBi +Zi=1P°Cial’ci (53)
a =
Pagg Po,g,
n m k
Zi=1PoAipri +Zi=1POBipri + Xi=1 POCipri (54)
Pagg ~ Po,1yq
n m k
Xiz1Po, p, + i1 Poy oy + Xizi Pog, G, (55)
C =
Pagg Po,,,

The aggregate base power is the sum of the base power of each load, and the aggregate ZIP parameters
are the weighted averages of the ZIP parameters of each load while the weight are the base power of
each load. If all loads have the same ZIP parameters, the aggregate ZIP load model will have the same
ZIP parameters regardless of the base power of each load.

H. Aggregate ZIP Load Model for Multiple Delta Loads

In this case, the aggregate ZIP load model for multiple delta-connected loads (three-phase and single
delta loads) are studied. The circuit diagram is shown in Fig. 7.

Va

T T o

Ve

Fig. 7. The circuit diagram of three-phase delta loads.

First, the aggregate ZIP load model can be obtained for every two phases. Suppose that n single
delta loads are connected between Phase A and B. Thus, all loads will have the same line-to-line

11



voltage and the general form of load i (i = 1, 2, ...,n ) connected to Phase A and B can be described
by (56)

2
Jy— a [Vas| +b [Vas| +c (56)
AB; — " 04B; PaB; \/§VO PAB; \/§VO PaB;
Then the aggregate ZIP load model can be obtained
2
[Vas| [Vas| 57
PABAgg - POABAgg (apABAgg (\/3_’V0 * PAB4gg \/§V0 * CpABAgg D
where
n
PABAgg = Z Py, (58)
i=1
n
Posy, = z Pon, (59)
i=1
_ Zin POABiapABi
Pabagy T iy Pogy (60)
b _ Zisy Poss,bp 4,
PABagg — 2?=1P0A8i (61)
_ Lz POABiCpABi
Pabagy Ny Poy, (62)

The aggregate ZIP load model can be derived similarly for the loads connected at phase BC and phase

AC loads. Then if we can assume |V,| = |Vg| = |V | =V (consequently% = VK) the aggregate ZIP
0 0

load model for all three phases can be obtained by summing phase AB, BC, and AC loads. If there are
m and k loads connected at phase BC and phase AC, the aggregate ZIP load model for all three-phase
can be expressed as

V\? 14
Pagg = POAgg (a”Agy (V_0> + prgg V_0 + CpAyy> (63)

where

n m k
PAgg=ZPABi+ZPBCi+ZPACi (64)
i=1 i=1 i=1
n m k
- 65
POAgg_ZPOABi+ZPOBCi+ZP0ACi (65)
i=1 i=1 i=1

a =

Pagg
YtiP,,a +3XM Py Ay +XE Py, a
i=1 OABi pAB’i i=1 OBCi pBCi i=1 OACi PAci

(66)
POAgg
Pagg .
n m
Zi=1 POABiprBi + Zi=1 POBCiprCi + Zi=1 POACiprCi (67)
POAgy
Pagg = .
n m
X POABiCpABi + 2 POBCiCpBCi +Xic POACiCpACi (68)
POAyy

The aggregate base power is the sum of the base power of each load, and the aggregate ZIP
parameters are the weighted averages of the ZIP parameters of each load while the weight is the base
power of each load. If all loads have the same ZIP parameters, the aggregate ZIP load model will have
the same ZIP parameters despite what base power each load has.
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1. Aggregate ZIP Load Model for Multiple Star and Delta Loads

Va

T

T .
3 Ve
Ve

Fig. 8. The circuit diagram of three-phase star and delta loads.

The circuit diagram of star and delta connected loads are shown in Fig. 8. As we can learn from previous
derivation from Section G and H, the analytical form of the aggregate ZIP load model can only be
obtained if we assume the three-phase voltages are balanced. Based this assumption, we can express
the aggregate ZIP load model as

V2 14
Puss = Poas (0135 (1) + B i+ 1) (69)

where

n m k n2 m2 k2
YD WD YLD WRTDWREY YOO .
i=1

m

n
Posy, =Zp% Z s, +ZP0C +ZP0AB +ZPOBC +ZP0AC 1)
i=1 i=1

a =
Pagg

Py, X Pya, +YE Py.a
i=1704; pAi i=170p; pBi i=170¢; pci

POAgg (72)
n2 m2 k2
+ ZIPOABiapABi + Zi:lPOBCiapBCi + Zi=1 PoACiapACi
FbAgy
b =
Pagg
n m
Zi=1P0Aipri+Zi=1POB pB +Z POC Ci
Porss (73)
n2
=1P0AB pAB + Z POBC pBC + Z POAC pAC
+
P(’Ayg
c —
Pagg .
Y POAiCpAi + ¥, PoBichi + )i, Pocicpci
Poryy (74)
n2 m2 k2
+ Zi=1 POABiCpABi + Zi=1 POBCiCpBCi + Zi=1 POACiCpACi
FbAyy

For the circuit with three-phase balanced voltages, the aggregate ZIP parameters are the weighted
averages of the ZIP parameters of each load while the weight is the base power of each load; the weight
of each load solely depends on the base power of that load no matter what the connection type (delta or
wye) is. If all loads have the same ZIP parameters, the aggregate ZIP load model will have the same ZIP
parameters despite what base power each load has.

J. Aggregate ZIP Load Model for Reactive Power

Since Equation (1) and (2) are completely analogous, all the previous discussions regarding ZIP load
model for real power are applicable to ZIP model for reactive power.

Special attention is given to reactive power compensating devices as follows, when calculating the
aggregate ZIP for a load together with the reactive power compensating device.

1) Reactive Power Compensating Device Modeled as Constant Q

13



In this scenario, the reactive compensating device is modeled as a constant Q source. An example will
be a power electronics based reactive power compensator that is capable of regulating its reactive power
output.

Suppose there is a single load connected between phase B and neutral; the load has base power Q,, =
100kVar, ZIP parameter aq, = 0.2, b, = 0.5, and cq, = 0.3. A constant Q source is connected in parallel
to the load with Q,, = —30 kVar, a,, = 0, bg, = 0.0, and ¢,, = 1.0. The aggregate ZIP parameters are
found to be a, = 0.2857, b, = 0.7143, and ¢, = 0. If Qo, = —120 kVar, a4, = 0.0, by, = 0.0, and ¢,, =
1.0, The aggregate ZIP parameters are found to be a, = —1, b; = —2.5, and ¢, = 4.5.

The examples manifest that the aggregate ZIP parameters can be negative for reactive power when
there is a large capacitor bank connected with loads.

2) Reactive Power Compensating Device Modeled as Constant Impedance

In this scenario, the reactive compensating device is modeled as a constant impedance load. An example
will be a regular capacitor bank, whose reactive power is proportional to the square of the terminal
voltage.

Suppose there is a single load connected between phase B and neutral. Suppose the load has base
power Qo, = 100kVar, ZIP parameter a,, = 0.2, b, = 0.5, and ¢,, = 0.3. A Q@ source is connected in
parallel to the load with Q,, = —30 kVar, a,, = 1.0, b;, =0.0, and ¢;, = 0.0. The aggregate ZIP
parameters are found to be: a; = 0.2857, b, = 0.7143, and ¢, = 0. If Qo, = —120 kVar, ag, = 1.0, by, =
0.0, and ¢4, = 0.0, The combined ZIP parameters are found to be: ag, =5,b; =2.5,and ¢, = —1.5.

K. Aggregate ZIP Load Model for a Load Combined with Real Power Source

This section discusses calculation for the aggregate ZIP parameters for a load together with the real
power injecting device such as a PV generator. The real power injecting device is modeled as a constant
P.

Suppose there is a single load connected between phase B and neutral. Suppose the load has base
power Py; = 100kW, ZIP parameter a,; = 0.2, b,; = 0.5, and ¢,; = 0.3. A constant P source is
connected in parallel to the load with Py, = —40 kW, a,, = 0.0, b,, = 0.0, and ¢,, = 1.0. The combined
ZIP parameters are found to be: a, = 0.3333, b, = 0.8333, and ¢, = —0.1666. If the real power source
has Py, = —120 kW, a,, = 0.0, by, = 0.0, and ¢, = 1.0. The combined ZIP parameters are found to be:
a, =—1,b, = —2.5,and ¢, = 4.5.

Iv. CASE STUDIES

We choose the IEEE 13 and 34 bus system for the case studies. The configuration of the 13-bus system
is displayed in Fig. 9.

Main
Generator

Main
Transformer

650

/@7 Voltage Regulator

XFM-1
Transformer
646 645 632 633 634

I—SDIHZFTGOS/ZF 602/3!‘—'—3%7

1F/D 1F/Y 3F/Y

1F-c  , 611 684 - 692 675 3F-C
671
1—‘ }—I—WS/]F—?—GNUF#\—Q—WMJFﬂ—i H
L '
1F/D IF/Y

3F/D

601 BT#;GDI 3F

1F/Y

®— 601/ 3F

§
1652
680

1F /Y

Fig. 9. Configuration of IEEE 13-bus test feeder. [20]
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The ZIP parameters of loads are predefined in the OpenDSS simulation program. Thus the estimation
performance can not only be assessed by the estimation error for the power but also be evaluated by
comparing the estimated ZIP parameters with the preset ZIP parameters.

The measurements data used in estimation are generated using OpenDSS Simulation. The base power
P, and @, are changing hourly while the ZIP load model coefficients (a, b, c) are kept constant. The
window size of each estimation n is set to 4. The measurements are taken every 15 minutes for a day.

Some cases will only show the estimation results for the ZIP load model for P since the results for Q are
similar.

A. IEEE 13-Bus Test Feeder
1) Single Load

a) Single Star Load

In this case, the single star loads in the IEEE 13-bus system, i.e., loads at bus 645, 611, 652, which are
connected between one phase and neutral, are studied. The estimated ZIP parameters for real power
using the three different methods are shown in Fig. 10. We can see that all three methods can estimate
the ZIP parameters accurately. Based on the estimated ZIP parameters, the estimated power is
computed. The estimated power is then compared with the measured power to compute the absolute
percentage error. The errors are also shown in Fig. 10. The estimation results for reactive power are
similar and thus are not shown here.
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Fig. 10. ZIP load model estimation results for the real power of the single star loads.

b) Single Delta Load

In this case, the single delta loads connected between 2 different cases are studied. They are the loads
at bus 646 and 692. In Fig. 11, lines “load 646” and “load 692" are estimated using the average voltage
of the 2 phases while “load 646 2” and “load 692 2” are estimated using the line-to-line voltage. From the
figure, we can see that the estimation results using line-to-line voltage are more accurate than using the
average phase voltage.
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Fig. 11. ZIP load model estimation results for the real power of the phase-to-phase loads.

2) Aggregate Load

a) Three-Phase Star Load
In this case, the ZIP load model for the three-phase star loads at bus 634, 670, and 675 are estimated
using the average phase voltage and the sum of three-phase power.

The base real and reactive power of all three loads at each phase are shown in TABLE XIV. and TABLE

XV. respectively. Among the three three-phase star loads, load 634 is the most balanced load while
load 670 is most unbalanced load.

TABLE XIV. THE BASE REAL POWER OF THE THREE-PHASE STAR LOADS OF IEEE 13-BUs SYSTEM

TABLE XV.

Load | Phase A Py(kW) Phase B P, (kW) Phase C P, (kW)
634 160 120 120
670 17 66 117
675 485 68 290

THE BASE REACTIVE POWER OF THE THREE-PHASE STAR LOADS OF IEEE 13-Bus SYSTEM

Load | Phase A | Phase B | Phase C
Qo (kVar) Qo (kVar) Q, (kVar)

634 110 90 90

670 10 38 68

675 190 60 212

The estimation results using the three methods are shown in Fig. 12. As expected, we can see that the
estimated results differ from the calculated results due to load unbalanced. For bus 634, the estimated
results are close to the calculated results, as it has the smallest load unbalance.
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Fig. 12. ZIP load model estimation results for the real power of the three-phase Y-connected loads.

b) Three-Phase Delta Load

In this case, the load at bus 671, which is the only three-phase A-connected load in the IEEE 13-bus
system, is studied. The estimation results are shown in Fig. 13. The actual ZIP parameters are

computed using (30). All the three methods can estimate the aggregate ZIP parameters
accurately.
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Fig. 13. ZIP load model estimation results for the real power of the three-phase A-connected loads.

¢) Multiple Loads 1

In this case, the aggregate load models for the loads at bus 645 and 646 are studied. Load 645 is a
single star load, which is connected between phase B and neutral, while load 646 is single delta load,
which is connected between phase B and C. The aggregate load is estimated using the average voltage
of phase B and C at bus 632 and the power from bus 632 to 645. The (ap,bp, cp) for 645 and 646 are
both set to (0.2, 0.6, 0.2), with their P, set to 170kW and 230kW .

The estimation results are shown in Fig. 14. From the results, we can see that the estimation for each
load is accurate while the estimated aggregate ZIP parameters deviate from our expectation. The reason
is that this aggregate load consists of both phase-to-neutral and phase-to-phase loads, which means the
ZIP load model for the first load is a function of phase B and C voltage while the second load only
depends on phase B. Thus using the phase B and C average voltage as the voltage for the aggregate
ZIP load model is inappropriate. But we also cannot choose only phase B voltage as the voltage for the
aggregate ZIP load model as the load at bus 646 is also dependent on phase C.
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Fig. 14. ZIP load model estimation results for the real power of the Aggregate Load .

d) Multiple Loads 2
In this case, we changed the load at 646 from phase-to-phase (BC) load to phase-B-to-neutral load. The
purpose of this case study is to demonstrate that the aggregate load can be estimated more accurately
when they are all phase-to-neutral connected especially at the same phase. The load at bus 645 is also
a phase-B-to-neutral load. The (ap, bp,cp) for 645 and 646 are set to (0.2,0.6,0.2) and (0.5, 0.2,0.3),
respectively. The loads have their P, set to 170 kW and 230 kW, respectively. For the easiness of
demonstration, both P, will change hourly but according to the same set of multipliers. In this way, the
aggregate (ap,bp, cp) can remain at (0.3725,0.37,0.2575) . However, if P, and P,, vary based on
different multipliers, then the aggregate (ap, by, cp) will not be static. The estimation results are shown in
Fig. 15. As expected, the aggregate ZIP parameters as well as the ZIP parameters of each load can be
estimated accurately. The estimation results for each load are based on the voltage and power measured

at each load. The aggregate ZIP parameters are estimated using the phase B power flowing from bus
632 to bus 645 and the phase B voltage at bus 632.
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Fig. 15. ZIP load model estimation results for the real power of the case aggregate load.



B. IEEE 34-Bus Test Feeder

840

854

Fig. 16. Configuration of IEEE 34-bus test feeder.

The case studies are also performed based on the IEEE 34-bus system [21]. The distributed load along
the lines in the system are modeled as a load located at the middle of those lines. Since there is just one
three-phase delta load in IEEE 13-bus system, the ZIP parameter estimation for the three-phase delta
load are also studied in the IEEE 34-bus system. The configuration of the IEEE 34-bus system is shown
in Fig. 16.

1) Aggregate Load

a) Three-Phase Delta Load

The ZIP parameter estimation for the three-phase delta loads in the 34-bus system, i.e., load 848, 890,
and 830, is studied in this section. The ZIP parameter estimation results for real power are shown in Fig.
17. The estimation results for reactive power are similar and thus are not shown. The ZIP parameters of
load 848 and 890 can be estimated accurately while the results for load S830 deviate from the theoretical
calculated ZIP parameters. The average voltage magnitude unbalance for load 848, 890, and 830 in the
24 hours are 1.66%, 1.54%, and 1.64%. Voltage unbalance is not the only reason for the deviation of
estimated ZIP parameters. The other reason is the load unbalance. Among the three loads, loads 848
and 890 are balanced while load 830 is unbalanced as shown in TABLE XVI. and TABLE XVII. The
results are consistent with our findings in Section Il1.C.
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Fig. 17.
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ZIP load model estimation results for the real power of load 848, 890, and 890.

TABLE XVI. THE BASE REAL POWER OF THE THREE-PHASE DELTA LOADS OF IEEE 34-BUS SYSTEM

Load | Phase A Py(kW) Phase B P, (kW) Phase C P, (kW)
848 20 20 20

890 150 150 150

830 10 10 25
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TABLE XVII. THE BASE REACTIVE POWER OF THE THREE-PHASE DELTA LOADS OF IEEE 34-Bus SYSTEM
Load | Phase A | Phase B | Phase C
Q, (kvar) Q, (kvar) Qo (kVar)
848 16 16 16
890 75 75 75
830 5 5 10

C. CVR Study Based on Field Data

In this section, the ZIP parameters and CVR factor are estimated using optimization method based on
field data provided by Louisville Gas & Electric and Kentucky Utilities. Field captured three-phase
voltages as well as real and reactive power, with a temporal resolution of 5 minutes, was provided for a
2-day period in February 2021. The data was collected from a representative urban circuit of moderate
length in Louisville, KY, with approximately 260 customers (95% residential, 5% commercial). ZIP
parameters are estimated for every 3 data points resulting in time-varying ZIP estimates over the two-
day span. The mean ZIP parameters are then computed as the average of the individual ZIP parameters
during the 48 hours. The mean ZIP parameters were found to be a, = 0.3948, b, = 0.0660, and C, =
0.5392 for the circuit studied.

Then, based on the individual ZIP parameters and the mean ZIP parameters, the estimated power is
computed. The estimated power is compared with the actual field-measured power to calculate the mean
absolute percentage error (MAPE). The estimated energy is calculated by summing the estimated power.
It is compared to the actual measured energy (calculated by summing the measured power). The results
are shown in TABLE XVIII.

TABLE XVIII. MAPE FOR POWER AND ERROR FOR ENERGY

MAPE for power (%) Error for energy (%)
Using individual ZIP 1.10 7.50 % 107*
Using mean ZIP 3.44 0.14

To estimate a CVR factor for this feeder, the feeder head voltage is reduced by a specific percentage,
and the real power is estimated. The estimated power under 1%, 2%, and 3% voltage reduction is
computed based on the estimated individual and mean ZIP parameters as shown in Fig. 18 and Fig. 19.

Estimated P for a Typical Utility Electric Power Distribution Circuit
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Fig. 18. Estimated power based on the individual ZIP parameters under different levels of voltage reduction.
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Estimated P for a Typical Utility Electric Power Distribution Circuit
T T T T [

g

Pest CVR 1% \H
P act i

| ¥
A ) by

A [ PestCVR2%]| I
i P act ]

35 40 45 50

Ay
JRATA

il

35 40 45 50

Time(Hour)

Fig. 19. Estimated power based on the mean ZIP parameters under different levels of voltage reduction.

The CVR factor is then calculated based on

%Energy Consumption Reduction
CVR factor = 2 9y p (75)

%Voltage Reduction
The computed CVR factors under different levels of voltage reduction are shown in TABLE XIX. .

TABLE XIX. CVR FACTORS UNDER DIFFERENT LEVELS OF VOLTAGE REDUCTION

1% voltage reduction | 2% voltage reduction 3% . voltage
reduction
Using individual ZIP 0.8616 0.8577 0.8537
Using mean ZIP 0.7544 0.8185 0.8371

V. CONCLUSION

This paper provides a comprehensive theoretical formulation for aggregate ZIP load model. The effects
of load combination and voltage unbalance on ZIP parameter estimation are presented. General
estimation accuracy for different load characteristics with voltage unbalance using total power and
average voltage of relevant phases to estimate aggregate ZIP parameters is described in TABLE XX.
The three estimation methods, i.e., least squares, optimization and neural network methods, exhibit
similar estimation accuracy based on the case studies. The CVR factor of a feeder can be calculated
through simulation studies based on the estimated ZIP parameters by computing consumed power while
varying voltage magnitude.

TABLE XX. EFFECT OF LOAD COMBINATION AND VOLTAGE UNBALANCE ON ZIP PARAMETER ESTIMATION

Quantities for different | Balanced Voltages | Unbalanced
phases Voltages
Same P,, Same ZIP Accurate Small errors
Same P, Different ZIP | Accurate Large errors
Different Py, Same ZIP | Accurate Large errors
glilf:ferent P,, Different | Accurate Largest errors
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